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Preface

What can we do to reduce global warming? How can we prevent another global financial
crisis? How to fight AIDS? What is the effect of being infected by a virus on dying within
a fixed amount of time? And which political measures can save lives in a specific virus
pandemic? These and similar questions ask about causal effects of political and social in-
terventions, of medical or psychological treatments, or of expositions to potentially harm-
ful or beneficial expositions, for example, to a virus or to asbestos dust. Obviously, inter-
ventions based on the wrong causal theories and hypotheses will cost the lives of thou-
sands, huge amounts of money that could be spent more appropriately, and fundamen-
tally change our lives. Even if our daily problems beyond these issues are less dramatic,
they are of the same nature. Just think about your own actions that you have to chose in
your responsibilities as a student, scientist, teacher, physician, psychologist, politician, or
as a parent! Whatever you do has direct, indirect, and total effects, and these effects might
be different if you take one action instead of another one. Furthermore, on the individual
level, these effects differ for different persons. The effects of being infected by a virus may
be much more severe for persons above 80 years of age if they already have severe health
problems as compared to younger persons or those who do not have such problems. It is
these kind of thoughts that make me believe that there is no other issue in the methodol-
ogy of empirical sciences that deserves and needs more attention and effort than causality.
And because the dependencies we are investigating are of a nondeterministic nature, we
need a probabilistic theory of causality. In other words, we need to understand probability
and causality.

Why Another Book on Causality?

The simple reason is that I wanted to understand the concepts of causality that are and
should be used in our theories in science and in practical live. Existing theories and their
answers never satisfied my own standards of what science should be. For me ‘understand-
ing’ includes to be able to define all relevant concepts in terms of mathematics. None of
the main stream theories, neither Rubin’s potential outcome approach nor Pearl’s graphi-
cal modeling approach satisfy this criterion. Although these pioneers contributed tremen-
dously to our understanding and the popularity of the issue of causality in the empirical
sciences, they lack mathematical rigor, thus opening the ground for misunderstandings
and endless and all too often fruitless discussions.

This book presents a mathematical theory of causality. All terms are well-defined in
terms of measure and probability theory, and all relevant propositions have a mathemati-
cal proof. This does not exclude that I made some mistakes. However, it is now possible to
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find and correct them, where they should have occurred. And, of course, the theory is still
far from being complete.

What This Book is About

Empirical causal research involves several inferences and interpretations. Among these
are:

(a) Statistical inference, that is, the inference from a data sample to parameters charac-
terizing the distributions of random variables.

(b) Causal inference, that is, the inference from parameters characterizing the distribu-
tions of random variables to causal effects and/or dependencies.

(c) The substantive interpretation or meaning of the putative cause.

(d) The substantive interpretation or meaning of the outcome variable.

(e) The specification of the random experiment considered.

This book does not deal with all these points. We will neither discuss the mathematics of
statistical inference nor the content issues of construct validity or external validity (Camp-
bell & Stanley, 1963; Cook & Campbell, 1979; Shadish, Cook, & Campbell, 2002) involved
in points (c) to (e). Instead we will focus on the second point: causal inference, that is,
the inference from true parameters (i. e., not their estimates) to causal effects. Parameters
characterizing the distributions of random variables such as the conditional expectation
values of an outcome variable in two treatment conditions have, per se, no causal inter-
pretation. The inference from true parameters to causal effects is what the probabilistic
theory of causal effects and this book are about. As will be shown, causal effects are also
parameters that characterize the joint distributions of the random variables considered
in a random experiment. However, their definitions are less obvious than ‘ordinary’ con-
ditional expectation values and their differences. And, sometimes causal effects are iden-
tical to differences between ordinary conditional expectation values and sometimes they
are not. In other words, sometimes we can have a positive difference between conditional
expectation values that seemingly indicates a positive treatment effect, whereas the causal
effect is negative, and vice versa.

Basic Idea

In order to get a first impression of what this means, let us briefly formulate the basic idea
that can most easily be explained if the putative (or presumed) cause is a treatment or in-
tervention variable. Suppose an individual, or in more general terms, an observational unit
(this can also be a country), could be treated by condition 1 or it could be treated by con-
dition 0, everything else being invariant. If there is a difference in the outcome considered
(some measure of success of the treatment), then this difference is due to the difference in
the two treatment conditions. This idea goes back at least to Mill (1843/1865).

Multiple Determinacy

The problem with this first version of the basic idea is that most outcomes are multiply
determined, that is, they are not only influenced by the treatment variable, but by many
other variables as well. In the field of agricultural research, for example, the yield (outcome)
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of a variety does not only depend on the variety (treatment) itself, but it also depends
on the quality of the plot (observational unit), such as the average hours of sunshine on
the plot per day, the amount of water reaching the plot, and the number of microbes in
the plot, and so on. Although Mill’s idea sounds perfect, it is not immediately clear which
implications it has for practice, because the number of other causes is often too large for
keeping constant all of them. Furthermore, Mill’s idea fails to distinguish between poten-
tial confounders and intermediate variables. Holding constant all intermediate variables
as well — and not only all pretreatment variables — would imply that there is no treatment
effect any more, if we assume that all treatment effects have to be transmitted by some
intermediate variables.

Because of the problem of multiple determinacy, Mills conception has been comple-
mented by Sir Ronald A. Fisher (1925/1946) and by Jerzy S. Neyman (1923/1990) in the
second and third decades of the last century. Simply speaking, emphasizing and propa-
gating the randomized experiment, Fisher replaced the ceteris paribus clause (‘everything
else invariant’) by the ceteris paribus distributionibus clause: all other possible causes (the
‘pretreatment variables’) having the same distribution. This is what randomized assign-
ment of units to treatment conditions, for example, based on a coin flip, secures.

A Metaphor — The Invisible Man and His Shadow

Imagine an invisible man. Although we cannot see him, suppose we know that he is there,
because we can see his shadow. Furthermore, suppose we would like to measure his size.
Doing that, we have two problems, a theoretical and a practical one. The theoretical prob-
lem is to define size. We have to clarify that we do not mean ‘volume’ or ‘weight’, but
‘height’ — without shoes, and without hat and hair. Unfortunately, actual height varies
slightly in the course of a day. Hence, we define size to be the expectation (with respect
to the uniform distribution over the 24 hours) of the momentary heights. This solves the
theoretical problem; now we know what we want to measure.

However, because the man is invisible, we cannot measure his size directly — and this
is not only because his size slightly varies over the day. The crucial problem is that we
can only observe his shadow. And this is the practical problem: How to determine his size
from his shadow? Sometimes, there is almost no shadow at all, sometimes it is huge. Some
geometrical reflection yields a first simple solution: measuring the shadow when the sun
has an angle of 45°. But what if it is winter and the sun does not reach this angle? Now we
need more geometrical knowledge, taking into account the actual angle of the sun and the
observed length of the shadow. This will yield an exact measure of the size of the invisible
man at this time of the day as well.

The Perfect Randomized Experiment

Determining a causal effect we face the same kind of problems. First, we have to define
a causal effect, and second, we have to find out how to determine it from empirically es-
timable parameters such as true means, that is, from conditional expectation values. The
simple solution — corresponding to the 45° angle of the sun in the metaphor — is the
perfect randomized experiment. The sample mean differences we observe in a random-
ized experiment only randomly deviate from the causal effect (due to random sample
variation). In contrast, in quasi-experiments and observational studies, solutions to the
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practical problem are more sophisticated. They are also more sophisticated than in the
metaphor of the invisible man, because it is not only one other variable (the angle) that
determines the length of the shadow; instead there often are many other variables sys-
tematically determining the sample means as well as the true means that are estimated
by these sample means. This is again the problem of multiple determinacy. Furthermore,
a true effect to be estimated may even be negative although the true causal effect is posi-
tive, and vice versa. And this reversal of effects can be systematic, and not only be due to
sampling error.

This book presents a solution to the theoretical and the practical problems mentioned
above. Unfortunately, both solutions are not as simple and obvious as in our metaphor.
Furthermore, there is not only one single kind of causal effects, even if we restrict ourselves
to total causal effects and do not consider direct and indirect effects.

Total Individual and Average Causal Effects

To our knowledge, the first pioneer tackling the theoretical and the practical problems was
Jerzy S. Neyman (1923/1990). While Fisher propagated the design technique of random-
ization, Neyman introduced the concepts of total individual and average causal effects,
thus attempting a first solution to the theoretical problem mentioned above. (Note, how-
ever, that he used different terms for these concepts). Developing statistical methods for
agricultural research, he assumed that, for each individual plot, there is an intra-individual
(i. e., plot-specific) distribution of the outcome variable, say Y, under each treatment.
He then defined the individual causal effect of treatment x compared to treatment x' to
be the difference between the intra-individual (plot-specific) expectation of Y (the “true
yield”) given treatment (“variety”) x and the intra-individual (plot-specific) expectation of
Y given treatment (“variety”) x’. Once the individual causal effect is defined, the average
treatment effect of x compared to x’ on Y is simply the expectation (true mean) of the cor-
responding individual (plot-specific) causal effects in the set (population) of observational
units (plots). Similarly, several kinds of conditional effects can be defined, conditioning, for
instance, on covariates, that is, on other causes of Y that cannot be affected by X, such as
measures of the quality of the soil before treatment, average hours of sunshine, average
hours of rain, and so on.

Total, Direct, and Indirect Effects

At about the same time as Neyman and Fisher developed their ideas, Sewall Wright
(Wright, 1918, 1921, 1923, 1934, 1960a, 1960b) developed his ideas on path analysis and the
concepts of total, direct, and indirect effects. While his total effect aims at the same idea
as the causal total average effect, his direct and indirect effects were new. Simply speaking,
in the context of an experiment or quasi-experiment, a direct effect of the treatment is the
effect that is not transmitted through the intermediate variables; it is the conditional effect
of the treatment variable holding constant the intermediate variables on one of their val-
ues. In contrast, the indirect effect is the difference between the total effect and the direct
effect.
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Fundamental Problem of Causal Inference

Whereas the basic ideas outlined above are relatively simple and straightforward, trying to
put them into practice — that is, solving the practical problem mentioned above — is of-
ten difficult and needs considerable sophistication. The “fundamental problem of causal
inference” (Holland, 1986) is that we cannot expose an observational unit to treatment 1
and, at the same time, to treatment 0. However, this is exactly what is necessary if we want
to be sure that ‘everything else is invariant’, a clause that is also an implicit assumption in
the solution proposed by Neyman. Comparing the true yield of treatment 1 to treatment
0 within the same plot at the same time and identical conditions is an ideal version of the
ceteris paribus clause, which unfortunately is rarely accomplishable.

Pre-Post Designs

If we choose to first observe a unit under no treatment’ and then observe it again after
‘treatment’, we may be tempted to interpret the pre-post differences as estimates of the
individual causal effects of the treatment given in between. However, this interpretation
might be wrong, because the unit may have developed (maturated, learned), may have
suffered from critical life events, may have experienced historical change, and so on (see,
e.g., Campbell & Stanley, 1963; Cook & Campbell, 1979; Shadish et al., 2002). Hence, in
these pre-post designs or synonymously, within-group designs, we have to make assump-
tions on the nature of these possible alternative interpretations of the pre-post compar-
isons, for example, that they do not hold in the application considered or that they have a
certain structure that can be taken into account when making causal inferences based on
pre-post comparisons.

Between-Group Designs

If, instead of making comparisons within a unit, we compare different units to each other
in between-group experiments, we certainly lose the possibility of estimating the individ-
ual causal effects. However, what we can hope for is that we are still able to estimate
the causal average total effect and certain causal conditional total effects. But how to es-
timate the average of the causal individual total effects if, due to the fundamental problem
of causal inference, the causal individual total effects are not estimable? Both, between-
group experiments and quasi-experiments, have a set of (observational) units, at least two
experimental conditions (‘treatment conditions’, ‘expositions’, ‘interventions’, etc.), and at
least one outcome variable (‘response’, ‘criterion’, ‘dependent variable’) Y. In the medical
sciences, the units are usually patients. In psychology the observational units are often
persons, but it could be persons-in-a-situation, or groups as well. In economics it could
be subjects, companies, or countries, for instance. In educational sciences the units might
be school classes, schools, communities, districts, or countries. In sociology and the polit-
ical sciences, the units could be persons, but also communities, countries, and so on. In
this book we show how to define and also how to make inferences about the average of the
causal individual total effects in such sets (and subsets) of observational units and about
causal conditional total effects, conditioning on attributes of the observational units or on
pretest scores, for instance.
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Scope of the Theory

In order to delineate the scope of the theory, consider the following kind of random exper-
iment: Draw an observational unit « (e. g., a person) out of a set of units, observe the value
z of a (possibly multivariate qualitative or quantitative) covariate Z for this unit, assign the
unit or observe its assignment to x, one of several experimental conditions, and record the
numerical value y of the outcome variable Y. We will use U to denote the random variable
representing with its value u the unit drawn. Note that many observations can be made
additionally to observing U, Z, X, and Y. Although this single-unit trial is a prototype of
the kind of empirical phenomena the theory is dealing with, there are other single-unit
trials in which the theory can be applied as well (see ch. 2). In fact, the theory is applicable
far beyond the true (i. e., the randomized experiment) and the quasi-experiment. This in-
cludes applications in which the putative causes are not manipulable. In this volume, we
also treat the case in which the putative cause is a continuous random variable (see, e.g.,
the causality conditions treated in chs. 8 or 9). The theory has its limitations only if there
is no clear time order of the random variables considered as putative causes or outcomes.

True Experiments and Quasi-Experiments

The single-unit trial described above is a random experiment, but not necessarily a ran-
domized experiment. A randomized experiment is a special random experiment in which
the drawn unit is assigned to one of the treatment conditions via randomization, for ex-
ample, depending on the outcome of a coin flip. (In empirical research, the single-unit
trials are repeated n times, where n denotes the sample size.) Referring to single-unit tri-
als, we can distinguish the true experiment from the quasi-experiment as follows: In the
true experiment, there are at least two treatment conditions and the assignment to one of
the treatment conditions is randomized, for example, by flipping a coin. In a traditional
randomized experiment, for instance, the treatment probabilities are chosen to be equal
for all units. However, equal treatment probabilities for all units are neither essential for
the definition of the true experiment nor for drawing valid causal inferences. We may as
well have treatment probabilities depending on the units and/or on a covariate (for more
details, see, e.g., Rem. 8.59), as long as these treatment probabilities are fixed or known
by the researcher. Note, however, that in designs, in which different units have different
treatment probabilities, standard techniques of data analysis such as ¢-tests or analysis of
variance do not test the hypothesis about a causal effect any more.

For between-group designs, the quasi-experiment may be defined such that there are at
least two treatment conditions; however, in contrast to the true experiment, the treatment
probabilities are unknown. Nevertheless, valid causal inferences can be drawn in quasi-
experiments provided that we can rely on certain assumptions (see the causality conditions
treated in Part III of this book. In specific applications these assumptions might be wrong.
If they are actually wrong, causal inferences can be completely wrong as well.

Who Should Study This Book?
The Methodologist

In the first place, I would like to address the methodologist, that is, the expert in empiri-
cal research methodology, especially in the social, economic, behavioral, cognitive, medi-
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cal, agricultural, and biological sciences. This book provides answers to some of the most
important and fundamental questions of these empirical sciences: What do we mean by
terms like ‘X affects Y’, ‘X has an effect on Y, ‘X influences Y’, ‘X leads to Y’, and so on
used in our informal theories and hypotheses? How can we translate these terms into a
precise language (i. e., probability theory) that is compatible with the statistical analysis of
empirical data? How to design an empirical study and how to analyze the resulting data
if we want to probe our theories and learn from such data about the causal dependencies
postulated in our theories and hypotheses? And last but not least: How to evaluate in-
terventions, treatments, or expositions to (possibly detrimental) environments, and learn
about how which effects they have for which kind of subjects or observational-units, and
under which circumstances?

The Statistician

Many statisticians believe that causality is beyond the horizon of their profession. Causal-
ity might be a matter of empirical researchers and philosophers, they say, but not their
own. They think that it cannot be treated mathematically and therefore a statistician
should refrain from causal interpretations. As a consequence, they ignore the issue of
causality. This book proves that these beliefs are prejudices. The theory of causal effects,
as presented here, is a branch of probability theory, which itself, at least since Kolmogorov
(1933/1977), is a part of pure mathematics — although with an enormous potential for
applications in many empirical sciences and even beyond. The main purpose of this book
is to translate the informal concepts about causal effects shared by many methodologists
and applied statisticians into well-defined terms of mathematical probability theory. The
principle is not to use any term that itself is not defined in other mathematic terms, and
the result is a purely mathematical theory of causal effects. Of course, this will make it
harder to read this book for the methodologist and those not yet trained in probability
theory. However, the reward is a much deeper understanding of what is essential and a
much better grasp of the nature of our theories about the real world.

Of course, undefined terms are still used in this book, but only in the examples, in
the interpretations, and in the motivations of the definitions. The theory itself is pure
mathematics, just in the same way as Kolmogorov’s probability theory presented in 1933,
which explicated the mathematical, measure-theoretical structure of probabilistic con-
cepts. Substantive meaning results, for example, if we interpret the core components of
the formal structure in a specific random experiment considered. And this is also true for
the theory of causal effects presented in this book.

The Empirical Scientist

The empirical scientist in the fields mentioned above has at least three good reasons to
study this book. The first is that some crucial parts of his theories and hypotheses are
explicated, at least when it comes to considering a concrete experiment or study. The am-
biguity in causal language such as ‘X affects Y’, ‘X has an effect on Y, ‘X influences Y’
‘X leads to Y’ are not necessary any more. Reading this book will make it possible to re-
place these ambiguous terms by well-understood and well-defined terms, improving the
precision of empirical research and theories.
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The second motivation of the empirical scientist is that even if he knows his own theo-
retical concepts and hypotheses, he still has to know how to design experiments and stud-
ies that enable him to test them empirically.

Third, the standard ways of analyzing data offered in the textbooks of applied statistics
and in the available computer programs often do not estimate and test the causal effects
and dependencies we refer to in our theories. And this is not only bad for the empirical
scientist but also for all those relying on the validity of his inferences and his expertise. Just
think about all the harmful consequences of wrong causal theories in various empirical
research fields, if they are applied to solving concrete problems!

The Experimental Scientist

There are two messages for those who do their research with experiments, a good one and
a bad one. The good news is that, in a perfect randomized experiment, the causal average
total treatment effect is indeed estimated when comparing sample means between two
different treatment conditions. The bad news is that we can not rely on randomized as-
signment of units to treatment conditions when it comes to estimating direct and indirect
effects. More specifically, in such an analysis it is usually not sufficient to consider inter-
mediate variables, treatment and outcome variables. Instead we also have to include in
our analysis pre-treatment variables such as a pre-test of the intermediate variable and a
pre-test of the outcome variable and apply adjustment methods, very much in the same
way as we have to use these techniques in quasi-experiments. Hence, if we want to study
the black box between the treatment and the outcome variables, we have to adopt the
techniques of causal modeling that are far beyond traditional comparisons of means and
analysis of variance. (For more details see, e. g., Mayer, Thoemmes, Rose, Steyer, & West,
2014).

The Philosopher of Science

Philosophers of science study and teach the methodology of empirical sciences. In that
respect, their task is very similar to that of the methodologist, perhaps only more gen-
eral and less specific for a certain discipline. Therefore, it is not surprising that probabilis-
tic causality has also been tackled by philosophers of science (see, e. g., Cartwright, 1979;
Spohn, 1980; Stegmiiller, 1983; Suppes, 1970). Compared to these approaches, our empha-
sis is more on those parts of the theory that have implications for the design of empirical
studies and the analysis of data resulting from such studies.

The Students in These Fields

For reasons detailed before, I believe that the probabilistic theory causal effects and de-
pendencies is the most rewarding topic in methodology. Although it is tough to get into it,
you will get insights why all this methodology stuff was useful and what it was good for. At
least this is what many of my students said at the end of their curriculum, even if they did
not have the choice whether or not to take the courses on causal effects.
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Research Traditions in Causal Effects

Several research traditions have been contributing to the theory of causal effects in vari-
ous ways. From the Neyman-Rubin tradition, I adopted the idea that it is important to de-
fine various causal effects such as individual, conditional, and average total effects, even
though we modified and extended these concepts in some important aspects. Defining
causal effects is important for proving that certain methods of data analysis yield unbi-
ased estimates of these effects if certain assumptions can be made. Are there conditions
under which the analysis of change scores (between pre- and post-tests) and repeated-
measures analysis of variance yield causal effects? Under which conditions do we estimate
and test causal effects in the analysis of covariance? Which are the assumptions under
which propensity score methods yield estimates of causal effects? Which are the assump-
tions under which an instrumental variable analysis estimates a causal effect? All these
questions and their answers presuppose that we have a mathematical definition of causal
effects. Simply speaking, Rubin’s potential outcome variables are replaced by the true out-
come variables (see ch.5), allowing for variance in the outcome (or response) variables
given treatment and an observational unit. Many important results of the theory, for exam-
ple, about strong ignorability and about propensity scores remain unchanged, while other
results are new, giving more insights, and open the floor for new research techniques.

From the Campbellian tradition (see, e.g., Campbell & Stanley, 1966; Cook & Camp-
bell, 1979; Shadish et al., 2002) we learned that there are questions and problems beyond
the theory causal effects itself that are relevant in empirical causal research, such as: How
to generalize beyond the study? What does the treatment variable actually mean from a
substantive point of view? What is the meaning of the outcome variable? And, perhaps the
most general question: Are there alternative explanations for the effect? The vast major-
ity of social scientists (including myself) have been educated in this research tradition to
some degree. Although this training is still very useful as a general methodology frame-
work, it lacks precision and clarity in a number of issues — and the definition of a causal
effect is one of them that remains unnecessarily vague in their ideas dealing with interval
validity.

From the graphical modeling tradition (see, e.g., Cox & Wermuth, 2004; Pearl, 2009;
Spirtes, Glymour, & Scheines, 2000), we learned that conditional independence plays an
important role in causal modeling. This research tradition has also been developing tech-
niques to estimate causal effects and to search for causal models if specific assumptions
can be made. The fact that randomization in a true experiment in no way guarantees the
validity of causal inferences on direct effects has been brought up by this research tradi-
tion.

Structural equation modeling and psychometrics have been teaching us how to use la-
tent variables and structural equation modeling in testing causal hypotheses. Due to a
number of statistical programs such as AMOS (Arbuckle, 2006), EQS (Bentler, 1995), lavaan
(Rosseel, 2012), LISREL (Joreskog & Sorbom, 1996/2001), Mplus (Muthén & Muthén, 1998-
2007), OpenMx (OpenMx, 2009), RAMONA (Browne & Mels, 1998), structural equation
modeling became extremely popular in the social sciences. Although many users of these
programs hope to find causal answers, it should be clearly stated that structural equation
modeling — and this is true for all kinds of statistical models (including analysis of vari-
ance) — does neither automatically estimate and test causal effects, nor does it provide a
satisfactory theory of causal effects and dependencies. Nevertheless, this research tradi-
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tion contributes — just like other areas of statistics — a number of statistical techniques
that can be very useful in causal modeling.

This book is aimed at embedding — and, where necessary, extending — conventional
statistical procedures such as analysis of covariance, nonorthogonal analysis of variance,
and latent variable modeling, but also more recent techniques based on propensity scores
into a coherent theory of probabilistic causality.

Outline of Chapters

Chapter 1 is intended to motivate the theory by some examples. Specifically, it is shown
that, in general, true mean differences do not have — without further assumptions — a
valid causal interpretation. Furthermore, we present an example showing that, under cer-
tain conditions, traditional techniques of data analysis such as analysis of variance, sys-
tematically estimate the wrong parameters and test the wrong hypotheses if causal effects
are aimed at.

In chapter 2, we describe in more detail some random experiments, that is, some of
the empirical phenomena the theory is dealing with. These include, for example, a simple
experiment in which we study the effect of a treatment on an outcome variable, but also
more complex random experiments in which manifest or latent covariates (e. g., latent
pretest variables) are measured, a treatment variable is observed, and manifest or latent
outcome variables are assessed.

While the first two chapters are accessible without much knowledge in probability the-
ory, the rest of the book is not. Therefore we recommend to study an introduction to prob-
ability and conditional expectation such as Steyer (2024) or Steyer and Nagel (2017) before
reading the rest of this book and/or whenever these terms appear. These books are also
often referred to using the abbreviations RS and SN, respectively.

In chapter 3, we introduce the additional mathematical concepts that are necessary for
the definition of causal effects and that allow to meaningfully raise the question if a depen-
dency of a random variable on another one describes a causal dependency. These terms
include the concept of a filtration that is fundamental in the theory of stochastic processes.
Using a filtration, we can introduce time order between events, families of events, and ran-
dom variables. It will also be used to distinguish potential confounders from others kinds
of random variables.

Chapter 4 introduces the mathematical structure that allows us to define a putative
cause variable X, an outcome variable Y of X, and a potential confounder of X. In many
cases, conditional expectations describing a causal dependence can be distinguished from
conditional expectations that have no such causal interpretation by their relationship to
the potential confounders of the putative cause variable X.

Chapter 5 starts with the concepts of true outcome variables and true effect variables
that play am important role in the definition of total causal effects. Then several kinds
of conditional and average total effects are introduced. As indicated above, the basic ideas
are simple. However, in the subsequent chapters it will become obvious that the theory has
tremendous consequences, for the design of experiments, for data analysis in experiments
and quasi-experiments, and beyond.

In chapter 6, we will study how (conditional and unconditional) prima facie effects
(PFEs) are related to the different kinds of causal effects. Among these prima facie effects
are the true mean differences E(Y | X=x) — E(Y|X=x') between two treatment conditions
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x and x’, and the corresponding mean differences E(Y |X=x,Z=z) - E(Y|X=x', Z=2z) con-
ditioning also on the value z of a covariate Z. For all these concepts, we introduce the
notion of unbiasedness with respect to total effects.

In chapter 7 we intensively study the Rosenbaum-Rubin conditions, which deal with the
relationship between true outcome variables and the putative cause variable. The weakest
of these conditions is equivalent to unbiasedness, the strongest is the probabilistic version
of strong ignorability (see, e.g., Rosenbaum & Rubin, 1984). Although these conditions are
of theoretical interest, they can neither be tested empirically nor can they be used for co-
variate selection.

Chapter 8 deals with other causality conditions, the Fisher conditions, which imply un-
biasedness if the putative cause variable is discrete. However, these conditions also hold
for a continuous putative cause variable, for which unbiasedness and true outcome vari-
ables are not defined. These causality conditions can deliberately be created by the design
technique of randomized assignment of a unit to one of the treatment conditions. Further-
more, these causality conditions are the first ones treated that can be tested in empirical
applications.

In contrast to the Fisher conditions, which deal with the relationship between the pu-
tative cause variable and the potential confounders, the Suppes-Reichenbach conditions
treated in chapter 9 focus the relationship between the outcome variable and the potential
confounders. Just like the Fisher conditions, they are empirically testable and can there-
fore be used for covariate selection.

In chapter 10 we present a fourth kind of causality conditions, the unconfoundedness
conditions. To our knowledge, they are the weakest conditions implying unbiasedness that
are still empirically testable.

In chapter 11 we show that propensities can also be used instead of the original co-
variates to adjust the expectations of the outcomes in the treatment conditions and to
compute the average causal effect. This also involves weighting the outcome variable with
a function of the propensity scores.

How to Use This Book

This book is written such that standard mathematical probability theory is sufficient for a
complete understanding, provided one takes the time that these topics require. In many
parts, this is not a book one can just read; instead it is a book to be studied. This includes
working on the questions and exercises provided in each chapter. We presume that the
reader is familiar with — or learns while studying this book — the essentials of proba-
bility theory, including not only random variables and their distribution, but also con-
ditional expectations and conditional independence. These essentials of probability the-
ory are extracted in Steyer (2024) from the more complete and detailed book Steyer and
Nagel (2017). Both books are also referred to very often for definitions, theorems, and
other propositions used in this text. The references to Steyer (2024) are abbreviated by
RS-Definition, RS-Theorem, RS-Remark, or RS-(3.3), the latter referring to an equation or
a proposition in that book. Similarly, references to Steyer and Nagel (2017) are abbreviated
by SN-Definition, SN-Theorem, SN-Remark, or SN-(10.32), for example.

The largest part of this book is devoted to the theory of causal effects. The Causal Ef-
fects Explorer (Nagengast, Krohne, Bauer, & Steyer, 2007) can be used for exploring prima
facie effects, conditional and average total effects given certain parameters. Furthermore,
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the program EffectLiteR (Mayer, Dietzfelbinger, Rosseel, & Steyer, 2016), can be used to
estimate conditional and average total effects from empirical data in experiments and
quasi-experiments. Both programs, which are available at www.causal-effects.de, may be
used together with this book in a course on causal modeling. In fact, this is the content of
my workshops on the analysis of causal conditional and average total effects, which are
available both as videos-on-demand on the internet and on DVDs, again at www.causal-
effects.de.
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Chapter 1
Introductory Examples

For more than a century there have been examples in the statistical literature showing that
comparing means or comparing probabilities (e. g., of success of a treatment) between a
group exposed to a treatment and a comparison group (unexposed or exposed to a dif-
ferent treatment) does not necessarily answer our questions: ‘Which treatment is better
overall?’ or ‘Which treatment is better for which kind of person?’ Differences between true
means and differences between probabilities (or any other comparison between probabil-
ities such as odds ratios, log odds ratios, or relative risk) are usually not the treatment ef-
fects we are looking for (see, e. g., Pearson, Lee, & Bramley-Moore, 1899; Yule, 1903; Simp-
son, 1951). They are just effects at first sight or “prima facie effects” (Holland, 1986).

Just like the shadow in the metaphor of the invisible man presented in the preface,
prima facie effects reflect the effects of the treatment (the size of the invisible man), but
also the effects of other causes (the angle of the sun). The goal of analyzing causal effects
is to estimate the effect of the treatment alone, isolating it from other potential determi-
nants, such sex, educational background, socio-economic status, and so on. The general
idea is to define and, in applications, estimate a treatment effect that is not biased by pre-
existing differences between treatment groups that would also be observed after treatment
if there were no treatment effect at all.

Overview

We illustrate systematic bias in determining tofal (as opposed to direct or indirect) treat-
ment effects in quasi-experiments by two examples. The first one deals with a dichoto-
mous outcome variable, the second with a quantitative one. Note that the problems de-
scribed in these two examples cannot occur in a randomized experiment, but they are
ubiquitous in nonrandomized quasi-experimental observational studies.

1.1 Example 1 — Joe and Ann With Self-Selection

In this example, the prima facie effect reverses if we switch from comparing the condi-
tional probabilities of success between treatment and control, that is, from comparing

P(Y=1|X=1) to P(Y=1/X=0)

to comparing the corresponding probabilities additionally conditioning on the person
variable U with values u € { Joe, Ann}, that is, to comparing

P(Y=1lU=u,X=1) to P(Y=1lU=u,X=0).
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Table 1.1. Joe and Ann with self-selection

PersonulP(Uzu) P(X=1|U=u) P(Y=1U=u,X=0) P(Y=1|U=u,X=1)

Joe .5 .04 7 .8
Ann .5 .76 2 4

This kind of phenomenon, which is already known at least since Yule (1903), is called
Simpson’s paradox (Simpson, 1951), and it is still being debated (see, e. g., Hernédn, Clayton,
& Keiding, 2011; Wang & Rousseau, 2021).

Table 1.1 shows the parameters specifying a random experiment that is composed of
three parts.

(1) A person is sampled from a set of two persons, Joe and Ann, with identical proba-
bilities for each person u, that is, with probability P(U=u) = .5.

(2) IfJoeissampled, then he obtains treatment (X =1) with probability P(X=1|U = Jjoe)
=.04. If Ann is sampled, then she is treated with probability P(X=1|U=Ann) = .76.
(These numbers may reflect self-selection to treatment and the different inclina-
tions of the two persons to go to treatment.)

(3) IfJoe is sampled and not treated, then his probabilityP(Y=1| U=Joe, X=0) of suc-
cess is .7. If he is sampled and treated, then his probability P(Y=1|U=Joe, X=1)
of success is .8. In contrast, if Ann is sampled and not treated, then her probability
P(Y=1|U=Ann,X=0) of success is .2, and if she is sampled and treated, then her
probability P(Y=1| U=Ann, X=1) of success is .4.

This table describes a random experiment and it contains all information we need to
compute the causal total effects of the treatment on the outcome variable Y (success),
including the causal conditional total effects given the person and the causal average total
effect of the treatment variable. These terms will be defined in chapter 5 and computed for
this example in section 1.1.4.

Note that Table 1.1 does not describe a randomized experiment, in which, by definition,
the treatment probabilities P(X=1|U=u) would be identical for all observational units u.
Instead, it describes a random experiment, which is that kind of empirical phenomenon
that we usually consider when we apply probability theory using terms such as random
variables, their expectations, variances, distribution, correlations, etc. In inferential statis-
tics it is those concepts about which we formulate our hypothesis and that we try to esti-
mate in a sample.

In probability theory, we consider such a random experiment from the pre facto per-
spective. Hence, we do not consider data that would result from actually conducting such
arandom experiment. Data are only important in order to learn from observations about
the laws of a random experiment. Data analysis is only a way to learn about these laws.
But it these laws of the random experiment that are of primary interest. More precisely, if
we know the eight probabilities displayed in Table 1.1, then we have all the information
that we need to compute the causal conditional and average total effects of the treatment
on the outcome (success). All it needs is to define these concepts in terms of probability
theory, and this is what this book is about. Causal effects are nothing philosophical or even
metaphysical. Instead, they are parameters that can be computed from the probabilities
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Table 1.2. Joe and Ann with self-selection — explicit table

Possible outcomes w; Observables Conditional probabilities
P
3 E o=
T § §|_ _ s
g s £ g|2 & X
E g = |8 E 8|7 W O
£ § ¢ 2 |2 £ gz = =
2 H @& A o9 B o= % % Y
w1 = (Joe, no, —) 144 | Joe 0 O 04 6 7
w2 = (Joe, no, +) 336 | Joe 0 1 04 6 7
w3 = (Joe, yes, —) .004 | Joe 1 0 04 42 8
w4 = (Joe, yes, +) .016 | Joe 1 1 .04 42 8
ws = (Ann, no, —) 096 | Ann O 0 76 .6 2
wg = (Ann, no, +) 024 | Ann 0 1 76 .6 2
w7 = (Ann, yes, —) 228 | Ann 1 0 76 42 4
wg = (Ann, yes, +) 152 | Ann 1 1 76 42 4

of events and the distributions of random variables pertaining to the random experiment
considered.

Table 1.2 describes the same random experiment as Table 1.1, but in a different way.
The eight triples such as (Joe, no, —) or (Ann, yes, +) represent one of the eight possible
outcomes wy,...,wg of the random experiment that are gathered in the set Q of possible
outcomes. Remember, an event A is a subset of Q that has a probability P(A), which is
assigned by the probability measure P to each element A in the set «f of all events (see RS-
ch.1 for these elementary concepts of probability theory). The eight probabilities of the
elementary events contain the same information as the eight probabilities in Table 1.1. All
conditional probabilities appearing in Table 1.2, but also all probabilities and all condi-
tional probabilities presented in Table 1.1 can be computed from these eight probabilities
of the elementary events.

Table 1.2 has the virtue of explicitly showing all possible outcomes of the random ex-
periment considered. Furthermore, it shows how the random variables U, X, and Y are
defined, showing the assignments of their values to each of the eight possible outcomes
of the random experiment (see RS-Def. 2.2 for the definition of a random variable). It also
displays the conditional probabilities P(Y =1|X, U), P(Y=1|X), and P(X=1| U), which are
random variables on the same probability space as the observables, that is, the random
variables U, X, and Y (see RS-Def. 4.1 and RS-Rem. 4.12 for the definition of such a con-
ditional probability).

The crucial point is that each of the conditional probabilities mentioned above also
assigns a value to each of the eight possible outcomes of the random experiment. For
example, the values assigned by P(X=1|U) to each outcome w; € Q are the conditional
probabilities P(X=1|U=u). More precisely,

P(X=1|U)(w;) = P(X=1|U=u), ifw;,e{weQ:U(w) =u}. (1.1)
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Table 1.3. Joint and marginal probabilities of treatment and success

Treatment

Success No (X=0) Yes(X=1)

No (Y=0) .240 .232 472
Yes (Y=1) .360 .168 .528
.600 .400 1.000

Note. The entries in the four cells are the joint probabilities P(X=x, Y=y), the other entries are
the marginal probabilities P(X=x) (last row) and P(Y=y) (last column).

Similarly,
P(Y=1|X)(w;) = P(Y=1|X=x), ifw;e{weQ: X(w)=x}, (1.2)
and
P(Y=1|X,0)(w;) = P(Y=1|X=x,U=u), ifw;e{veQ: X =xUw =u} (1.3)

(see Table 1.2 in order to check these assignment rules).

1.1.1 Joint Probabilities P(X=x,Y=y)

Unfortunately, in realistic applications, we cannot estimate the probabilities of all elemen-
tary events displayed in Table 1.2 because, usually, we cannot repeat this random experi-
ment. Once, a person is treated, we cannot undo treatment and repeat this process. This
has been called the “fundamental problem of causal inference” (Holland, 1986). Often-
times a treatment is irreversible and the time between treatment and the assessment of the
outcome variable Y can take months and even years. Nevertheless, it is meaningful to con-
sider the random experiment described by Table 1.2 including the person-specific prob-
abilities of treatment and the probabilities of success given treatment and person. As will
be shown in chapter 5, we even have to consider this kind of random experiment when we
want to define causal effects. And once we do consider such random experiments, causal
effects are relatively easy to define.

What can be estimated in empirical applications are the joint probabilities such as
P(X=x,Y=y) and the conditional probabilities such as P(Y=1|X=1) and P(Y=1|X=0),
that is, the conditional probabilities of success given treatment and given control, respec-
tively. In order to estimate P(X=x, Y=y) we only have to observe the relative frequencies
of the joint occurrence of treatment x and outcome y. In a simulation, we can easily repeat
this random experiment » times in order to generate a data sample of size n (see Exercise
1-7). In contrast, in an empirical application, estimating P(X=x, Y=y) requires to sample
from a very large set of persons (observational units), and not just from the set { Joe, Ann}
of two persons. (See Splawa-Neyman, 1923/1990 for an early sampling model dealing with
the problem of non-replacement).

Table 1.3 shows the joint probabilities P(X=x, Y=y) of treatment and success, as well
as the marginal probabilities P(X=x) and P(Y=y) of treatment and success, respectively.
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Figure 1.1. Probability of success given treatment conditions

These probabilities are easily computed from the probabilities of the elementary events
displayed in the second column of Table 1.2. For example, the probability P(X=0,Y=1)
that the sampled person receives no treatment and is successful is the sum of the proba-
bilities of the elementary events {w,} = {(Joe, no, +)} and {wg} = {(Ann, no, +)}, that s,

P(X=0,Y=1) = P({Uoe no, +)}) + P({(Ann, no, +)}) = .336+.024 = .36.

Similarly, the probability P(X=1,Y=1) that the sampled person receives treatment
and is successful is the sum of the probabilities of the two elementary events {w,} =
{Uoe, yes, +)} and {wg} = {(Ann, yes, +)}, that is,

P(X=1,Y=1) = P({Uoe, yes, +)}) + P ({(Ann, yes, +)}) = .016+.152 = .168.

Table 1.3 is the theoretical analog to a contingency table that would be observed in a
data sample. More precisely, if we multiply the displayed numbers by the sample size, then
we receive the expected frequencies of the corresponding events. For example, if the sample
size is 1000, then we expect 240 cases in cell (X=0, Y =0) and 360 cases in cell (X=0,Y=1),
etc. Of course, in a data sample, the observed frequencies would fluctuate around these
expected frequencies (see again Exercise 1-7).

1.1.2 Marginal Probabilities P(X=x) and P(Y=Y)

The marginal probabilities P(X=x) and P(Y=y) are also easily computed from the prob-
abilities of the elementary events displayed in the second column of Table 1.2. For exam-
ple, the probability P(X=0) that the sampled person receives no treatment is the sum of
the probabilities of the four elementary events {w;} = {(Joe, no, -)}, {w,} = {(Joe, no, +)},
{ws} = {(Ann, no, —)}, and {wg} = {(Ann, no, +)}, that is,

P(X=0) = P({Uoe, no, -)}) + P({Uoe, no, +)}) + P ({(Ann, no, -)}) + P ({(Ann, no, +)})

.144 +.336 +.096 +.024 = .6,
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and this implies
P(X=1) =1-P(X=0) = 4

Similary, the probability P(Y =1) that the sampled person is successful is the sum of the
probabilities of the four elementary events {w,} = {Joe, no, +)}, {w4} = {Uoe, yes, +)}, {we} =
{(Ann, no, +)}, and {wg} = {(Ann, yes, +)}, that is,

P(Y=1) = P({Uoe, no, +)}) + P ({Uoe, yes, +)}) + P ({(Ann, no, +)}) + P ({(Ann, yes, +)})
.336+.016+.024 +.152 = .528,

which implies

P(Y=0) = 1-P(Y=1) = 472.

1.1.3 Prima Facie Effect

Comparing the conditional probability P(Y=1|X=1) of success given the treatment con-
dition to the conditional probability P(Y=1|X=0) of success given the control condition
would lead us to the (wrong) conclusion that the treatment is harmful. These two condi-
tional probabilities can be computed by

P(Y=1,X=1) .168

P(Y=1|X=1) = _ 2%
P(X=1) 4

42

and
P(Y=1,X=0) .36
PY=1|X=0)= ——————~ = — = 6,
P(X=0) .6
respectively (see, e.g., RS-Def. 1.32 for the events {Y =1}, {X=0}, and {X=1}). Figure 1.1
displays both conditional probabilities in a bar chart.

These two conditional probabilities can be compared to each other in different ways.
The simplest one is looking at the difference P(Y=1|X=1)—-P(Y=1|X=0). This is a par-
ticular case of the difference E(Y|X=1) — E(Y|X=0) between two conditional expectation
values, in which the outcome variable Y is dichotomous with values 0 and 1 (see RS-
Rem. 3.22). Following Holland (1986), we will call this difference the (unconditional) prima

facie effect and use the notation
PFE,, = E(Y|X=1) - E(Y|X=0) = P(Y=1|X=1) - P(Y=1|X=0).
Hence, in this example,
PFE)y, = P(Y=1|X=1) — P(Y=1|X=0) = 42 - 6 = —-.18.

Other possibilities of comparing the two conditional probabilities are to compute the odds
ratio, its logarithm, or the risk ratio (see, e. g., SN-sect. 13.3 or chapter 4 of Rothman, Green-
land, & Lash, 2008, for a detailed discussion of these and other effect parameters). No mat-
ter which of these effect parameters we choose, they all lead to the conclusion that the
treatment is harmful (see Exercise 1-8). As shown in the following section this conclusion
is utterly wrong.
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Table 1.4. Joint and marginal probabilities of all three observables

Joe (U=Joe)

Treatment

Success No (X=0) Yes(X=1)

No (Y=0) .144 .004 .148
Yes (Y=1) .336 .016 .352
.48 .02 5
Ann (U=Ann)
Treatment

Success No (X=0) Yes (X=1)

No (Y=0) .096 228 324
Yes (Y=1) .024 152 176
12 .38 5

Note. The entries in the four cells for Joe and in the four cells for Ann are the joint probabilities
P(U=u,X=x,Y=y). The other entries are the joint probabilities P(U=u, X=x) (third and last
row) and P(U=u, Y=y) (last column), respectively, and the two marginal probabilities P(U=u).

1.1.4 Individual Total Effects

The conclusion about the effect of the treatment is completely different if we look at the
treatment effects separately for Joe and Ann. Table 1.4 shows the joint distributions of
treatment, success, and the person variable U with values Joe and Ann. The probabilities
of sampling Joe and of sampling Ann are identical, that is, P(U=Joe) = P(U=Ann) = .5.
Furthermore, the joint probabilities P(U=u, X=x,Y=y) are the probabilities of the ele-
mentary events displayed in the second column of Table 1.2. These joint probabilities are
displayed again in a form analog to (2x2x2)-contingency table in Table 1.4.

As already mentioned in section 1.1.1, in empirical applications, this random exper-
iment cannot be repeated in order to obtain a data sample. However, we can repeat it
in a simulation (see Exercise 1-7). If, in such a simulation, we multiply the numbers dis-
played in Table 1.4 by the sample size, then we receive the expected frequencies of the cor-
responding events. For example, if the sample size is 1000, then we expect 144 cases in
cell (U=Joe,X=0,Y=0) and 336 cases in cell (U=Joe,X=0,Y =1), etc. Of course, in data
samples, the observed frequencies fluctuate around these expected frequencies.

Using the joint probabilities displayed in Table 1.4, the conditional probability of suc-
cess for Joe in the treatment condition can be computed as follows:

P(U=Joe,X=1,Y=1) 016
P(U=Joe,X=1)  .016+.004

(see Exercise 1-9). In contrast, Joe’s conditional probability of success in the control con-
dition is

P(Y=1|X=1,U=Jjoe) =
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P(U=Joe,X=0,Y=1) 336

P(Y=1|X=0,U=Joe) = = =
P(U=Joe, X=0) .336+.144

Hence,
P(Y=1|X=1,U=Joe) — P(Y=1|X=0,U=Joe) = .8 —.7 = .1,

which may lead us to conclude that the treatment is beneficial for Joe. Again, because Y is
binary with values 0 and 1, this difference is a special case of the difference

E(Y|X=1,U=Joe)-E(Y|X=0,U=]Joe),

which we call the individual total (treatment) effect of Joe, using the notation ITEy.,(Joe).
Hence,
ITEy.10(Joe) = E(Y|X=1,U=Joe) — E(Y|X=0,U=Joe)

1.4
= P(Y=1|X=1,U=Joe) — P(Y=1|X=0,U=Joe). 14

What about the individual total effect of Ann? Table 1.4 shows that the conditional prob-
ability of success for Ann in the treatment condition is

P(U=AnnX=1,Y=1) .152
P(Y=1|X=1,U=Ann) = = = 4,
P(U=AnnX=1) 152 +.228
whereas it is
P(U=AnnX=0,Y=1) .024
P(Y=1|X=0,U=Ann) = = =
P(U=Ann,X=0) .024 + .096

in the control condition. Figure 1.2 shows these conditional probabilities in a bar chart.
Considering the individual total effect

ITEy0(Ann) = P(Y=1|X=1,U=Ann) — P(Y=1|X=0,U=Ann)

4-2=2

(1.5)

of Ann may lead us to conclude that the treatment is also beneficial for Ann.
Hence, it seems that the treatment is beneficial for Joe and for Ann. This seems to con-
tradict our finding ignoring the person variable. Just considering the prima facie effect

PFE)y = E(Y|X=1)-E(Y|X=0) = P(Y=1|X=1)-P(Y=1|X=0) = -.18,

ignoring the person variable U, the treatment seems to be harmful.

1.1.5 Prima Facie Effect Versus Expectation of the Individual Total Effects

In contrast to our intuition, the prima facie effect E(Y|X=1)—-E(Y|X=0) is neither the
simple average nor any weighted average of the corresponding individual total effects

ITEy0(w) = E(Y|X=1,U=u) - E(Y|X=0,U=u). (1.6)

This is studied in more detail in the sequel.
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Figure 1.2. Conditional probabilities of success given treatment and person

Prima Facie Effect

The conditional probability P(Y =1|X=0) of success given control is the sum of the corre-
sponding probabilities P(Y=1|X=0,U=Joe) and P(Y=1|X=0,U=Ann), weighted by the
conditional probabilities P(U = Joe | X=0) and P(U =Ann| X=0), respectively, that is,

P(Y=1|X=0) = P(Y=1|X=0,U=Joe)-P(U=Joe |X=0) +
P(Y=1|X=0,U=Ann)-P(U=Ann|X=0)

[see Box 3.2 (ii) and Exercise 1-10]. Because the difference between the conditional prob-
abilities P(U=Joe | X=0) = .48/.6 and P(U=Ann|X=0) = .12/.6 is large, the probability of
success in treatment 0 is much closer to .7 than to .2 (see the dots above X =0 in Fig. 1.3).
Similarly, the conditional probability P(Y=1|X=1) of success given treatment con-
dition (X=1) is the sum of the two corresponding individual conditional probabilities
P(Y=1|X=1,U=Joe) and P(Y=1|X=1,U=Ann), weighted by the conditional probabili-
ties P(U=Joe | X=1) and P(U =Ann|X=1), respectively, that is,
P(Y=1|X=1) = P(Y=1|X=1,U=Joe)-P(U=Joe | X=1) +
P(Y=1|X=1,U=Ann)-P(U=Ann|X=1)
.02 .38
=8 —+.4-— = 42.
A4 A4

Hence, the prima facie effect is
PFE,, = P(Y=1|X=1)-P(Y=1|X=0)

=) P(Y=1|X=1,U=w)-P(U=u|X=1) -
u (1.7)

Y P(Y=1|X=0,U=u)-P(U=u|X=0)

u

=.42-.6. = —-.18.



12 1 Introductory Examples

1.0
2
[«5]
3 .
S 0.8 _ e —— P(Y=1|X=x,U=]oe)
2 ST
o o
> ;
= 0.6
Q0
8
S — P(Y=1|X)
_3 0.4 — P(Y=1|X=x,U=Ann)
<
=)
5 0.2
<
3
Q
0.0

0 1 X

Figure 1.3. Conditional probabilities of success given treatment and person

Because the two (X=1)-conditional probabilities P(U=Joe|X=1) = .02/.4 = .05 and
P(U=Ann|X=1) = .38/.4 = .95 are very different, the probability of success in treatment
1 is much closer to .4 than to .8 (see the dots above X=1 in Fig. 1.3). (The size of the area
of the dotted circles is proportional to the conditional probabilities P(U=u | X=x) that are
used in the computation of the conditional expectation values E(Y|X=x). [This kind of
graphics has been adopted from Agresti, 2007)].

Average of the Individual Effects

The prima facie effect is not identical to the expectation of the individual total effects,
which is the expectation of the random variable ITEy.,o(U), the values of which are the
two individual total effects ITE.;9(Joe) and ITEy.10(Ann) for Joe and Ann, respectively,
that is,

E(ITEy;10(U)) = Y ITEy;0(w)-P(U=u)
u
= gp(yzule,U:u)-P(U:u) - (1.8)

Y P(Y=1|X=0,U=u)-P(U=u).
u

Because the two individual effects are ITEy.19(Joe) = .1 and ITEy,1o(Ann) = .2,
1 1
E(ITEy;10(U)) = .1-P(U= Joe) +.2-P(U=Ann) = 1-o+2.5 =15,

Hence, whereas the prima facie effect PFE;y = P(Y=1|X=1)-P(Y=1|X=0) is negative,
namely —.18, the expectation of the individual total-effect variable is positive, namely .15
(see Exercise 1-15). This expectation will be called the causal average total effect of the
treatment on the outcome variable Y, denoted ATE;,.
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1.1.6 How to Evaluate the Treatment?
The conclusions drawn from the prima facie effect
PFE)y = P(Y=1|X=1)-P(Y=1|X=0)
and from the individual effects
ITEyq0(u) = P(Y=1|X=1,U=u)-P(Y=1|X=0,U=u)

are contradictory. Which of these comparisons should we trust? Is the treatment harmful
as P(Y=1]|X=1) - P(Y=1|X=0) = —.18 suggests? Or is it beneficial as suggested by the
two positive differences P(Y=1|X=1,U=u) - P(Y=1|X=0,U=u)? Which of these com-
parisons are meaningful for evaluating the causal total effect of the treatment on the suc-
cess variable Y? Before we come back to these questions, we consider another example.

1.2 Example 2 — Experiment With Two Nonorthogonal Factors

In this section, we treat an example with three treatment conditions, representing two
treatments and a control, for instance. Furthermore, there are a discrete covariate with
three values, representing, for example, educational status, and a quantitative outcome
variable, indicating the degree of success, for instance.’

Table 1.5 shows the table of a random experiment. Again this random experiment is
composed of three parts.

(a) Aperson issampled from a set of eight persons with identical probabilities for each
person u, that is, with probability P(U=u) =1/8.

(b) If Tom is sampled, then he obtains treatment 1 with probability P(X=1|U=Tom)
= 10/60 and treatment 2 with probability P(X=2|U=Tom) = 3/60. The corre-
sponding probabilities are also displayed for the other seven persons. The proba-
bilities of getting treatment 0 can be computed from the displayed probabilities for
treatment 1 and 2. For example, for Tom itis P(X=0|U=Tom) =1 - (10/60+ 3/60).
And again, all these conditional probabilities may reflect self-selection to one of the
treatments and the different inclinations of the persons to go to those treatments.

(c) After receiving treatment, a value of the outcome variable Y (success) is assessed.
These values cannot be displayed in the table, because we assume that Y is contin-
uous. Instead, the table displays the (U=u, X=x)-conditional expectation values of
Y.If Tomis sampled and noft treated, then his expectation value E(Y |U=Tom, X=0)

1 In this example, we consider a (3x3)-factorial design with crossed, non-orthogonal factors. The analysis of
such designs has been puzzling many statisticians (see, e. g., Aitkin, 1978; Appelbaum & Cramer, 1974; Carlson &
Timm, 1974; Gosslee & Lucas, 1965; Jennings & Green, 1984; Keren & Lewis, 1976; Kramer, 1955; Langsrud, 2003;
Nelder & Lane, 1995; Overall & Spiegel, 1969, 1973b, 1973a; Overall, Spiegel, & Cohen, 1975; Williams, 1972). In
fact, none of the statistical packages such as SAS, SysStat, or SPSS with their Type I, II, III or IV sums of squares
provide correct estimates and tests of the average effects (or main effects) for such a design unless the second
factor has a uniform distribution, with equal probabilities for all values of the second factor. In this case Type III
analysis yields correct results, at least, if the second factor is assumed to be fixed. However, in most applications
in the social sciences, the second factor is not fixed but stochastic with a distribution of this factor (a qualitative
random variable) varying between samples. Mayer and Thoemmes (2019) show how to conduct a correct analysis
including average total effects (see also Exercise 1-17).
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Table 1.5. Random experiment with two nonorthogonal factors
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Tom low 1/8 10/60 3/60 120 100 80
Tim low 1/8 18/60 9/60 120 100 80
Joe | med 1/8 26/60 17/60 90 90 70
Jim | med 1/8 26/60 17/60 100 100 80

Ann | med 1/8 26/60 17/60 120 100 100
Eva | med 1/8 26/60 17/60 130 110 110
Sue hi 1/8 12/60 44/60 60 100 140
Mia hi 1/8 16/60 36/60 60 100 140

of Y is 120. If he is sampled and receives treatment 1, then his expectation value
E(Y|U=Tom,X=1) is 100, and if he gets treatment 2, then his expectation value
E(Y|U=Tom, X=2) is 80. The corresponding conditional expectation values are
also displayed in Table 1.5 for the other seven persons.

This table also contains the values of a qualitative covariate Z, which indicates an at-
tribute of the person, his or her educational status. Because it is an attribute of the person,
there is no extra sampling of Z. The value z of Z is fixed as soon as the person is actually
sampled. In chapter 2, we will also deal with random experiments in which we do have an
extra sampling process of one or several covariates. This will always be the case if, given
the person, his or her value on Z is not fixed. A typical example is Z being a fallible pretest,
for instance, a psychological test (say, of live satisfaction) that is not perfectly reliable, so
that there is measurement error.

For this example to be realistic, we have to assume that there is still variation of the
outcome variable Y in each combination of person and treatment condition. This condi-
tional variance may be due to (a) measurement error, but also to (b) mediator effects, that
is, to effects of variables and events that are in between X and the outcome variable Y in
the process considered. Because Y is continuous and subject to measurement error and
mediator effects, a full table similar to Table 1.2 with all possible outcomes is not feasi-
ble. It will not exist if Y is actually continuous, which would be true if we would assume,
for example, that Y has a normal distribution given the combination of a person u and a
treatment condition x.

Nevertheless, it is still possible to present a table that is analog to Table 1.1. In that table,
the conditional probabilities P(Y =1|X=x,U=u) are identical to the conditional expecta-
tion values E(Y|X=x,U=u) if Y is binary with values 0 and 1 (see RS-Rem. 3.22).
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Table 1.6. Conditional expectation values of the outcome variable Y given treatment

Treatment condition E(Y|X=x) P(X=x)

X=0 (Control) 111.25 1/3
X=1 (Treatment 1) 100 1/3
X=2 (Treatment 2) 114.25 1/3
E(Y) 108.5

1.2.1 Prima Facie Effects

The conditional expectation values of the outcome variable Y given one of the three treat-
ment conditions x are displayed in Table 1.6. The ratios in the last column are the treat-
ment probabilities P(X=x), which are 1/3 for all three values x of X. Note that this is not a
randomized design as will become obvious if we look at the joint probabilities of X and Z
(see Table 1.7). Furthermore, considering the conditional expectation values, and not the
sample means, should make clear that we are not discussing statistical inference (i.e., in-
ference from sample statistics to true parameters), but causal inference, that is, inference
from the conditional expectation values such as E(Y|X=x) or E(Y|X=x,Z=z) to causal
effects.

If our evaluation of the treatment effects were based on the differences between the
conditional expectation values E(Y|X=x) of Y in the three treatment conditions x, then
we would conclude that there is a negative effect of treatment 1 compared to control,
namely,

E(Y|X=1) — E(Y|X=0) = 100—-111.25 = —11.25,

and a positive effect of treatment 2 compared to control, namely,
E(Y|X=2) - E(Y|X=0) = 114.25-111.25 = 3

(see Exercise 1-16).

1.2.2 (Z=z)-Conditional Prima Facie Effects

A second attempt to evaluate the ‘effects’ of the treatment is to look at the differences
between the conditional expectation values of Y in the three treatment conditions given
one of the three values of Z: low, med, and hi. These (Z=z)-conditional effects are also
called simple effects in the literature on analysis of variance.

Table 1.7 displays the conditional expectation values of the outcome variable Y in the
nine cells of the (3x3)-design. The ratios in parentheses are the probabilities that the pairs
(x, z) of values of X and Z are observed. Hence, this table contains the conditional expec-
tation values (true cell means) E(Y|X=x, Z=z) of the outcome variable Y, and the joint
probabilities P(X=x, Z=z) determining the true joint distribution of X and Z 2

2 In this context, ‘true’ just indicates that we are not referring to sample means or relative frequencies in a sample.
Instead these are the true means around which sample means would vary.



16 1 Introductory Examples

Table 1.7. Conditional expectation values E(Y | X=x, Z=z) given treatment and status

Status
Treatment low (Z=0) med (Z=1) hi(Z=2)
X=0 120  (20/120) 110 (17/120) 60 (3/120) (40/120)
X=1 100 (7/120) 100 (26/120) 100 (7/120) (40/120)
X=2 80 (3/120) 90 (17/120) 140 (20/120) (40/120)
(30/120) (60/120) (30/120)

Note. Probabilities P(X=x,Z=z), P(Z=z), and P(X=x) in parentheses.

In the low status condition (Z = 0), there are large negative effects, both of treatment 1
and of treatment 2 compared to the control:

PFE 7.10(0) = E(Y|X=1,Z=0) — E(Y|X=0,Z=0) = 100 — 120 = —-20
and
PFE;90(0) = E(Y|X=2,Z=0) - E(Y|X=0,Z=0) = 80 — 120 = -40.

In the medium status condition (Z =1), there are also negative effects of treatment 1 and
of treatment 2 compared to the control:

PFEz,0(1) = E(Y|X=1,Z=1) - E(Y|X=0,Z=1) = 100 — 110 = —-10

and

PFEz(1) = E(Y|X=2,Z=1) — E(Y|X=0,Z=1) = 90 — 110 = —-20.

Finally, in the high status condition (Z =2), the effects of treatment 1 and treatment 2 are
both positive:

PFE 7,19(2) := E(Y|X=1,Z=2) — E(Y|X=0,Z=2) = 100 — 60 = 40
and
PFE;.5(2) := E(Y|X=2,Z=2) — E(Y|X=0,Z=2) = 140 — 60 = 80.

Based on these comparisons, we can conclude that the ‘effects’ of the treatments depend
on the status of the subjects: the differences between the expectations of Y are negative
for subjects with low and medium status, and they are positive for the subjects with high
status.

1.2.3 Average of the (Z=z)-Conditional Prima Facie Effects

Now we consider the averageof the (Z=z)-conditional prima facie effects, where Z is again
the qualitative covariate status.’> Because we already looked at the corresponding (Z=z)-
conditional prima facie effects (see section 1.2.2), we just have to compute their averages,

3 Note that we assume that Z is a random variable. In contrast, in analysis of variance it is assumed that Z is
a fixed factor with a fixed number of observations for each value z of Z, that is, these numbers of observations
are assumed to be invariant across different samples. In many empirical applications, this assumption is not
realistic, but it does not invalidate the statistical conclusions as long as the parameters of interest do not involve
the distribution of Z. However, a hypothesis about the average total effect does involve the distribution of Z
if we the term ‘average’ is specified as an expectation value, and this is the reason why programs on analysis
of variance usually are not able to correctly estimate and test hypotheses about average total effects. For more
details see again Mayer and Thoemmes (2019).
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Figure 1.4. Conditional expectation values of Y given treatment and status

more precisely, the expectations of these conditional effects over the distribution of status:
1 1 1
E(PFE 7,10(2)) = ) PFE 7,10(2)- P(Z=2) = (-20)- Z L0540 = 0. (L9
Z

Hence, the average of the (Z=z)-conditional prima facie effects of treatment 1 compared
to the control is 0.

Comparing treatment 2 to control yields the average of the (Z=2z)-conditional prima
facie effects:

1 1 1
E(PFEz0(Z)) = ) PFEzx(2)-P(Z=2) = (-40)- 7 +(=20)- 5 +80- - = 0. (L.10)

According to this result, the average effect of the (Z=z)-conditional prima facie effects of
treatment 2 compared to the control is 0 as well.

1.2.4 Individual Effects

In this fictive example we can also look at the individual effects of treatment 1 compared
to control and treatment 2 compared to control. These two effects can be read from Table
1.5 for each person. For example, for Tom the individual effect of treatment 1 compared to
control is

ITEy.10(Tom) = E(Y|X=1,Tom)—-E(Y|X=0,Tom) = 100—-120 = —20,
and his individual effect of treatment 2 compared to control is
ITEy.0(Tom) = E(Y|X=1,Tom)—-E(Y|X=0,Tom) = 80-120 = —40.

Correspondingly, for Joe the individual effect of treatment 1 compared to control is
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ITEy.0(Joe) = E(Y|X=1, Joe) - E(Y|X=0, Joe) = 90—90 = 0,
and his individual effect of treatment 2 compared to control is
ITEy.»(Joe) = E(Y|X=1, Joe)— E(Y|X=0, Joe) = 70—90 = —20.

For the reasons mentioned in section 1.1.1, unlike the (Z=z)-conditional prima facie ef-
fects treated in section 1.2.2, the individual effects usually cannot be estimated in em-
pirical applications. Nevertheless, they will play a crucial role in the definition of causal
effects.

Of course, individual effects are more informative than their average if we want to know
which treatment is the best for which individual. Nevertheless, we might ask: What are the
total individual treatment effects on average? And, which are the (Z=z)-conditional effects,
that is, the total individual treatment effects on average, given the value z of Z? Further-
more, if the total individual effects cannot be estimated in empirical applications under
realistic assumptions, is it possible to estimate at least the average of the total individual
treatment effects and/or the total individual treatment effects on average given the value
z of Z? And if yes, under which conditions?

1.2.5 Average of the Individual Effects

Note that we have two averages of the individual effects in this example; we can com-
pare treatment 1 to control and treatment 2 to control. Because we already looked at the
corresponding individual effects, we just have to compute their averages, that is, the ex-
pectations of these conditional effects over the distribution of the person variable U, that

is,
E(ITEy,10(U)) = ) ITEy;0(w)- P(U=u)
u

1 1 1 1
= (100—120)-§+(100—120)'§+(90—90)-§+...+(100—60)-§ = 0.

Hence, the average total effect of treatment 1 compared to the control is 0. Comparing
treatment 2 to control yields

E(ITEy;20(U)) = Y ITEy,(u) - P(U=u)
u

1 1 1 1
= (80~ 120): =+ (80-120) £ +(70-90)- = +...+ (140 ~60) - = = 0.

According to this result, the average total effect of treatment 2 compared to the control is
0 as well.

1.2.6 (Z=z)-Conditional Total Effects

Again, because we already know the individual effects, we just have to compute their av-
erages given the value z of the covariate, or more precisely, the (Z=z)-conditional expec-
tation values of the corresponding individual effects. We exemplify the computations for
the value med of the covariate (second factor) Z. Comparing treatment 1 to control yields

E(ITEy;0(U)| Z=med) = Y ITEy;10(u)- P(U=u|Z=med)
u

1 1 1 1
= (90-90): -+ (100-100) - - +(100~120) - 5 +(110-130)- = -10.
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Hence, the (Z=med)-conditional total effect of treatment 1 compared to control is —10.
Comparing treatment 2 to control we obtain

E(ITEy;20(U) | Z=med) = ) ITEy,5(u)-P(U=u|Z=med)
u
1 1 1 1
= (70-90) - - + (80— 100) - — + (100 — 100) - = + (110 — 110)- = = —10.
4 4 4 4

Hence, the (Z=med)-conditional total effect of treatment 2 compared to control is —10 as
well.

The computations for the other two values of Z are analogous. For Z=Ilow we obtain
E(ITEy;10(U) | Z=low) = —20 and E (ITEy;2(U) | Z=low) = —40. In contrast, for Z=hi we
obtain E (ITEy,10(U) | Z=hi) = —40 and E (ITEy,» (U) | Z=hi) = -80.

1.2.7 How to Evaluate the Treatment?

To summarize, we discussed several ways that may, at first sight, be used to evaluate the
treatment effects in empirical applications: First, we may compare the differences be-
tween the conditional expectation values E(Y|X=x) of the outcome variable in the three
treatment conditions x € {0,1,2}. Second, we may consider the corresponding differences
between the conditional expectation values E(Y|X=x,Z=z) given each of the three val-
ues z € {low, med, hi} of status. Third, we may compare the expectations of these differ-
ences between the (X=x, Z=z)-conditional expectation values over the distribution of Z.
All these comparisons yield different results. Which of them are meaningful for the evalu-
ation of the treatment effects? All three of them, or only two, just one, or none at all? And
which are the conditions under which they are meaningful?

Furthermore, we also presented three parameters based on individual effects that may
be used to evaluate the treatment effects: First, the individual total effect of a treatment
compared to a control. These effects are hard to estimate in empirical applications, unless
we introduce very restrictive assumptions. Second, the expectation of these individual ef-
fects, which in this example, might also be called average total effects. This kind of effect
is less informative than the individual total effects, but it is a summary parameter that in-
forms us if the treatment is beneficial, ineffective, or even harmful on average. Third, the
conditional expectation values of the individual total effects, which in this example, might
also be called the (Z=z)-conditional total treatment effects. They inform us with a single
number for each value z if the treatment is beneficial, ineffective, or even harmful on av-
erage for those individuals with value z on the covariate Z. Box 1.1 provides a summary of
these effects.

In this example, the averages of the (Z=z)-conditional prima facie effects are identical
to the averages of the individual total effects. Is this just a coincidence? Or is this due to
systematic conditions that hold in this example? If yes, which are these conditions?

1.3 Summary and Conclusion
In this chapter, we treated two examples. In the first one, a dichotomous treatment vari-

able X has a negative (prima facie) effect P(Y=1|X=1) — P(Y=1|X=0) on a dichotomous
outcome variable Y (‘success’), although the corresponding individual treatment effects
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P(Y=1|X=1,U=u)-P(Y=1|X=0,U=u)

are positive. Taking the expectation of these two individual effects also yields a positive
effect.

In the second example, there are nonzero differences E(Y|X=1) — E(Y|X=0) and
E(Y|X=2) — E(Y|X=0), where Y is a quantitative outcome variable, and nonzero condi-
tional ‘effects’ E(Y|X=1,Z=z) — E(Y|X=0,Z=2z) and E(Y|X=2,Z=z) — E(Y|X=0,Z=2)
for the different values z of status. The expectations of these (Z=z)-conditional prima fa-
cie effects (comparing treatment 1 to 0 and comparing treatment 2 to 0) over the three
status conditions are zero.

The Problem

Box 1.1 displays the various total effects that have been computed and discussed in the
two examples. Because the conclusions drawn from each of these putative effects are con-
tradictory, which of these should we trust? In the first example: Is the treatment harmful —
as the difference P(Y=1|X=1) — P(Y=1|X=0) suggests? Or is it beneficial as suggested by
the individual effects P(Y=1|X=1,U=u) — P(Y=1|X=0,U=u)? In the second example:
Do the prima facie effects E(Y|X=1) — E(Y|X=0) have a meaningful causal interpreta-
tion? Or do the (Z=z)-conditional prima facie effects E(Y|X=1,Z=z) — E(Y|X=0,Z=2%)
have a meaningful causal interpretation? And, does this apply also to their expectation?
In the first example, we demonstrated that we cannot expect that the difference

P(Y=1|X=1)-P(Y=1|X=0)
is the average (expectation) of the corresponding person-specific differences
P(Y=1|X=1,U=u)-P(Y=1|X=0,U=u).
Similarly, in the second example, we showed that we can not expect that the difference
E(Y|X=1)-E(Y|X=0)
is the average (expectation) of the corresponding differences
E(Y|X=1,Z=2)-E(Y|X=0,Z=2)

given a value z of status. And, how do we know that these (Z=z)-conditional effects are
meaningful for the evaluation of the treatment? As noted before, these questions are not
related to statistical inference; they are not raised at the sample level, but on the level of
true conditional expectation values!

Hence our examples show that conditional expectation values and their differences,
the prima facie effects, can be totally misleading in evaluating the effects of a treatment
variable X on an outcome variable Y. This conclusion can also be extended to conditional
probabilities, to correlations and to all other parameters describing relationships and de-
pendencies between random variables. They all are like the shadow in the metaphor of the
invisible man (see the preface).

If this is true, is the whole idea of learning from experience — the core of empirical
sciences — wrong? Our answer is ‘No’. However, we have to be more explicit in what we
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Box 1.1 Various effects treated in this chapter

PFE 1 Prima facie effect of treatment x compared to treatment x'. It is de-
fined by
PFE . := E(Y|X=x)-E(Y|X=x").

PFE 4.,,1(2) (Z=z)-conditional prima facie effect of treatment x compared to
treatment x'. It is defined by
PFE ;. ,1(2) := E(Y|X=x,Z=2)- E(Y|X=x' Z=2).
E(PFE ., ./(Z)) Expectation of the (Z=z)-conditional prima facie effects of treat-

ment x compared to treatment x’. If Z is discrete, then it is com-
puted by

E(PFE ,,,1(2)) := ) PFE g ,,1(2)- P(Z=2).
Z
ITEy, . (W) Individual effect of treatment x compared to treatment x”. It is de-
fined by
ITEy, (W) := E(Y|X=x,U=u) —E(Y|X=x,U=u).
E (ITEy, /(1)) Expectation of the individual effects of treatment x compared to
treatment x'. It is computed by
E(ITEy, o' () := Y_ITEy, () - P(U=u).
u
E(ITEy., ' (U) | Z=z) (Z=z)-conditional expectation value of the individual effects of
treatment x compared to treatment x'. It is computed by

E(ITEy, ,1(U)| Z=z) := Y ITEy. . 1(u)-P(U=u|Z=z).
u

mean by terms like ‘X affects Y, ‘X has an effect on Y, ‘X influences Y, ‘X leads to Y’
and so on used in our theories and hypotheses. How can these terms be uniquely defined
in a language that is compatible with statistical analyses of empirical data? How to design
an empirical study and how to look at the resulting data if we want to probe our theories
and learn about the causal effects postulated in these theories and hypotheses?

In the chapters to come we will show that these parameters are meaningful under cer-
tain conditions, just like the shadow of the invisible man can be meaningful under certain
conditions in order to measure his height. In the metaphor a crucial condition is the 45°
degree angle of the sun. Do we also have such a crucial condition for causal inference? We
know that a reversal of total effects does not occur in randomized experiments, that is, in
experiments in which observational units (in the social and behavioral sciences, usually
the subjects or individuals) are randomly assigned to one of at least two treatment condi-
tions. In the randomized experiment comparing conditional expectation values is infor-
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mative about total causal treatment effects. But why? What is so special in the randomized
experiment? Which are the mathematical conditions that we create in a randomized ex-
periment? Are there also conditions that can be utilized in quasi-experimental evaluation
studies? How can we estimate causal effects in quasi-experimental observational studies?
Conclusive answers to these questions can be hoped for only within a theory of causal
effects.

Relevance of the Problem

Obviously, these questions are of fundamental importance for the methodology of empir-
ical sciences and for the empirical sciences themselves. The answers to these questions
have consequences for the design and analysis of experiments, quasi-experiments, and
other studies aiming at estimating the effects of treatments, interventions, or expositions.
No prevention study can meaningfully be conducted and analyzed without knowing the
concepts of causal effects and how they can be estimated from empirical data. Similarly,
without a clear concept of causal effects we are not able to learn from our data about the
effects of a certain (possibly harmful) environment on our health, or about the effects of
certain behaviors such as smoking or drug abuse. Again, this is similar to the problem of
measuring the invisible man’s size via the length of his shadow: only with a clear concept
of size, some basic knowledge in geometry, and the additional information such as the an-
gle of the sun at the time of measurement are we able to determine his size of the man
from the length of his shadow.

Research Traditions

Of course, raising these questions and attempting answers is not new. Immense knowl-
edge and wisdom about experiments and quasi-experiments has been collected in the
Campbellian tradition of experiments and quasi-experiments (see, e. g., Campbell & Stan-
ley, 1963; Cook & Campbell, 1979; Shadish et al., 2002). In the last decades, a more for-
mal approach has been developed supplementing the Campbellian theory and terminol-
ogy in important aspects: the theory of causal effects in the Neyman-Rubin tradition (see,
e.g., Splawa-Neyman, 1923/1990; Rubin, 1974, 2005). Many papers and books indicate the
growing influence of this theory (see, e.g., Greenland, 2000, 2004; Hofler, 2005; Rosen-
baum, 2002a; Rubin, 2006; Winship & Morgan, 1999; Morgan & Winship, 2007) and re-
markable efforts have already been made to integrate it into the Campbellian framework
(West, Biesanz, & Pitts, 2000). Furthermore, these questions have also been dealt with in
the graphical modeling tradition (see, e.g., Pearl, 2009; Spirtes et al., 2000) as well as in
biometrics, econometrics, psychometrics, epidemiology, and other fields dealing with the
methodology of empirical research.

Outlook

In this volume, we present the theory of causal total effects in terms of mathematical prob-
ability theory. We show that a number of questions that have been debated controver-
sially and inconclusively can now be given a clear-cut answer. What kinds of causal effects
can meaningfully be defined? Which design techniques allow for unbiased estimation of
causal effects? How to analyze nonorthogonal ANOVA designs (cf., e. g., Aitkin, 1978; Ap-
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pelbaum & Cramer, 1974; Gosslee & Lucas, 1965; Maxwell & Delaney, 2004; Overall et al.,
1975)? How to analyze non-equivalent control-group designs (cf., e.g., Reichardt, 1979)?
Should we compare pre-post differences between treatment groups (cf,, e. g., Lord, 1967;
Senn, 2006; van Breukelen, 2006; Wainer, 1991)? Should we use analysis of covariance to
adjust for differences between treatment and control that already existed prior to treat-
ment (cf, e.g., Maxwell & Delaney, 2004; Cohen, Cohen, West, & Aiken, 2003)? Should
we use propensity score methods instead of the more traditional procedures mentioned
above (cf., e.g., Rosenbaum & Rubin, 1983b)? How do we deal with non-compliance to
treatment assignment (cf., e. g., Cheng & Small, 2006; Dunn et al., 2003; Jo, 2002a, 2002b,
2002c; Jo, Asparouhov, Muthén, Ialongo, & Brown, 2008; J. Robins & Rotnitzky, 2004;
J. M. Robins, 1998)?

We do not treat the statistical sampling models with their distributional assumptions,
their implications for parameter estimation, and the evaluation (or tests) of hypotheses
about these parameters. However, we will discuss the virtues and problems of general
strategies of data analysis such as the analysis of difference scores, analysis of covariance,
its generalizations, and analysis based on propensity scores.

1.4 Exercises

> Exercise 1-1 Why do we need the concept of a causal treatment effect?

> Exercise 1-2 What is the relationship between the unconditional prima facie effect PFE}y and the
expectations E(Y|X=0) and E(Y|X=1) of the outcome variable Y in the two treatment conditions?

> Exercise 1-3 Compute the probabilities P(X=x, Y=y) presented in Table 1.3 from the probabili-
ties P(U=u, X=x,Y=y) presented in Table 1.4.

> Exercise 1-4 Which are the kinds of prima facie effects treated in this chapter?
> Exercise 1-5 What is the difference between statistical inference and causal inference?

> Exercise 1-6 Why are the conditional expectation values E(Y|X=x) in treatment conditions x
also the (X=x)-conditional probabilities for the event {Y=1} in the first example treated in this chap-
ter?

> Exercise 1-7 Download Kbook Table 1.1.sav from www.causal-effects.de. This data set has been
generated from Table 1.1 for a sample of size N = 10,000. Compute the contingency table corre-
sponding to Table 1.3 and the associated estimates of the conditional probabilities P(Y =1|X=0)
and P(Y=1|X=1).

> Exercise 1-8 Use P(Y=1|X=1) =.42 and P(Y =1|X=0) =.6 computed in section 1.1.3 in order to
compute the corresponding odds ratio, its logarithm, and the risk ratio, according to the definitions
of these parameters presented in SN-sect. 13.3.

> Exercise 1-9 Compute the conditional probability P(Y=1|X=1,U=Joe) from Table 1.4.

> Exercise 1-10 Compute the probability P(Y =1|X=0) from the corresponding conditional prob-
abilities P(Y=1|X=0,U=u).

> Exercise 1-11 What (i. e., how big) are the unconditional prima facie effects of the treatments, that
is, the prima facie effects E(Y|X=1)—-E(Y|X=0) and E(Y|X=2) — E(Y|X=0) in the second example
of this chapter?
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> Exercise 1-12 What are the conditional prima facie effects of the treatments, that is, the prima
facie effects E(Y|X=1,Z=z)-E(Y|X=0,Z=z) and E(Y|X=2,Z=2z) - E(Y|X=0,Z=z) in the second
example of this chapter?

> Exercise 1-13 What are the averages of the conditional prima facie effects
E(Y|X=1,Z=2) - E(Y|X=0,Z=2) and E(Y|X=2,Z=2) — E(Y|X=0,Z=2)
in the second example of this chapter?

> Exercise 1-14 Compute the conditional probability P(U=Tom | X=0) from the parameters pre-
sented in Tables 1.5 and 1.6.

> Exercise 1-15 Open the Causal Effects Xplorer with table K-book table 1.1.tab. Change the condi-
tional probabilities P(X=1|U=u) of receiving treatment 1 for Joe and Ann to 2/5. Then compare the
two individual treatment effects of Joe and Ann and their average to the prima facie effect E(Y|X=1)
—-E(Y|X=0).

> Exercise 1-16 Open the Causal Effects Xplorer with table K-book Table 1.1.tab displaying the con-
ditional probabilities P(U=u | X=x). Then use RS-Box 3.2 (ii) in order to compute the three condi-
tional expectation values E(Y|X=x) displayed in Table 1.6 from the parameters presented in Table
1.5.

> Exercise 1-17 Download Kbook Table 1.5.sav from www.causal-effects.de. This data set has been
generated with the Causal Effects Xplorer from Table 1.5 for a sample of size N = 10,000 with error
variance 10 given each person.

(a) Compute the cell means and the relative frequencies of observations in each of the nine cells
of the (3x3)-table.

(b) Use each of the procedures offered by your statistical program package to analyze the data
including a test of the main effects of the treatment factor (most programs offer Typ I, I and
III sums of squares for such an analysis).

(c) Compare the results of these analyses to the parameters presented in Table 1.7.

Solutions

> Solution 1-1 We need the concept of a causal treatment effect, because the two examples show
that differences between conditional expectation values are meaningless for the evaluation of the ef-
fects of a treatment, unless we can show how the differences between these conditional expectation
values are related to the causal treatment effects. Obviously, without a definition of causal treatment
effects this is not possible. Estimating causal treatment effects is crucial for answering questions
such as ‘Does the treatment help our patients with respect to the outcome variable considered?’

> Solution 1-2 The unconditional prima facie effect PFE is defined as the difference between the
two conditional expectation values E(Y|X=1) and E(Y|X=0).

> Solution 1-3 This can easily be verified by adding the probabilities for the observations of the
pairs (x,z) of X and Z over males and females. This yields .144 +.096 = .24, .004 +.228 = .232, .336 +
.024 = .36 and .016 +.152 = .168.

> Solution 1-4 The kinds of prima facie effects treated in this chapter are: the unconditional prima
facie effect, the conditional prima facie effect given the value z of a covariate Z, and the average of the
(Z=z)-conditional prima facie effects. The unconditional prima facie effect of treatment 1 compared
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to treatment O is the difference PFE o = E(Y|X=1)—- E(Y|X=0) between the conditional expecta-
tion values of an outcome variable Y given the two treatment conditions. The (Z=z)-conditional
prima facie effect is the difference PFE z;19(z) = E(Y|X=1,Z=z) — E(Y|X=0,Z=z) between the
(X=1, Z=z)-conditional expectation value and the (X=0, Z=z)-conditional expectation value of the
outcome variable Y. The average prima facie effect is the expectation of the (Z=z)-conditional
prima facie effects over the distribution of Z [see Egs. (1.9) and (1.10)].
> Solution 1-5 In statistical inference we estimate and test hypotheses about parameters charac-
terizing the (joint or marginal) distributions of random variables from sample data. In causal infer-
ence we interpret some of these parameters as causal effects, provided that certain conditions are
satisfied that allow for such a causal interpretation.
> Solution 1-6 E(Y|X=x) = P(Y=1|X=x), because, in this example, Y is dichotomous with values
0 and 1. In this case, the term P(Y =1|X=x) is defined by E(Y|X=x) (see RS-Rem. 3.22).
> Solution 1-7 No solution provided. Just compare your results to the true parameters presented in
Table 1.3 and to the conditional probabilities P(Y=1|X=0) and P(Y =1|X=1) presented in section
1.1.3.
> Solution 1-8 The odds ratiois
P(Y=1|X=1 P(Y=1|X=0
( | ) / ( | ) ~ 483,
1-P(Y=1|X=1)/ 1-P(Y=1|X=0)
Because this number is smaller than 1 it indicates that there is a negative effect of the treatment. The
natural logarithm of the odds ratio is the log odds ratio, which is

P(Y=1|X=1) / P(Y=1|X=0)
1-P(Y=1|X=1)/ 1-P(Y=1|X=0)
This number is smaller than 0 indicating that there is a negative effect of the treatment. The log odds
ratio is identical to the logistic regression coefficient A, in the equation

exp(lp+11-X)
1+explo+1A1-X)

In ~ —0.728.

P(Y=1|X) =

Another closely related parameter is the risk ratio
P(Y=1|X=1) _
P(Y=1|X=0)
Because this number is smaller than 1, it indicates that there is a negative effect of the treatment.

Hence, no matter which of these parameters we use, we would always come to the same (wrong)
conclusion that the treatment is detrimental for our patients.

> Solution 1-9 Using the joint probabilities presented in Table 1.4, the definition of the conditional
probability yields
P(X=1,Y=1,U=]Joe) .016
P(X=1,U=Joe) _ .016+.004
> Solution 1-10 First of all, note that the theorem of total probability (see RS-Th. 1.38), can also

be applied to conditional probabilities (see RS-Th. 1.42). In this exercise, it is applied to the (X=0)-
conditional probabilities P(Y=1|X=0) = PX=0(y=1). Hence, according to this theorem,

P(Y=1|X=1,U=Joe) =

P(Y=1|X=0) =P(Y=1|X=0,U=Joe) - P(U=Joe | X=0) +
P(Y=1|X=0,U=Ann)- P(U=Ann|X=0).
The probabilities P(Y=1|X=0,U=Joe) = .7 and P(Y=1|X=0,U=Ann) = .2 are computed analo-
gously to Exercise 1-9 and the other two probabilities occurring in this formula are P(U =Joe | X=0) =
.48/.6 and P(U=Ann|X=0) =.12/.6 (see Table 1.4). Hence,
.7-.48 2-.12

P(Y=1|X=0) = + = .6.
48 +.12 48+ .12
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> Solution 1-11 The prima facie effects E(Y|X=1) - E(Y|X=0) and E(Y|X=2) - E(Y|X=0) can be
computed from Table 1.6 as follows:

PFE )y = E(Y|X=1)-E(Y|X=0) = 100.00-111.25 = —-11.25

and
PFE,;y = E(Y|X=2)-E(Y|X=0) = 114.25-111.25 = 3.00.

> Solution 1-12 The conditional prima facie effects
E(Y|X=1,Z=2)-E(Y|X=0,Z=2z) and E(Y|X=2,Z=2)-E(Y|X=0,Z=2)
can be computed from Table 1.7. For low status (Z=low), they are:
PFE z.10(low) = E(Y|X=1,Z=low)-E(Y|X=0,Z=Ilow) = 100—120 = —20
PFE z.50(low) = E(Y|X=2,Z=Ilow)-E(Y|X=0,Z=Ilow) = 80—-120 = —40.
For medium status (Z=med), they are:
PFE 7.10(med) = E(Y|X=1,Z=med)—-E(Y|X=0,Z=med) = 100—-110 = —-10
PFE 7.50(med) = E(Y|X=2,Z=med)—-E(Y|X=0,Z=med) = 90—-110 = —20.
Finally, for high status (Z=hi), the conditional prima facie effects are:
PFE z,19(hi) = E(Y|X=1,Z=hi)-E(Y|X=0,Z=hi) = 100-60 = 40

PFE 7.50(hi) = E(Y|X=2,Z=hi)-E(Y|X=0,Z=hi) = 140—-60 = 80.
> Solution 1-13 Using the results of the last exercise, the average of the (Z=z)-conditional prima
facie effects can be computed from the conditional effects as follows:

E(PFE 2,10(2)) = PFE z,10(low) - P(Z=low) + PFE z,1o(med) - P(Z=med) + PFE z,19(hi) - P(Z=hi)

= (-20) 1+( 10) 1+401—0
- 4 2 4

E(PFEz;20(Z)) = PFE z,5(low) - P(Z=low) + PFE 7,5 (med) - P(Z=med) + PFE 7.50(hi) - P(Z=hi)

(—40) 1+( 20) 1+80 ! =0
4 2 4

> Solution 1-14

P(U=Tom,X=0) P(X=0|U=Tom)-P(U=1Tom)
P(U=Tom|X=0) =

P(X=0) P(X=0)
_ wrie0 a1 _ a7
B 1/3 T 160

> Solution 1-15 With this change, the prima facie effect changes to E(Y|X=1) —E(Y|X=0) = .6 —
.45 = .15, which is the average of the two individual total effects, which still are .10 for Joe and .20 for
Ann. Note that identical treatment probabilities P(X=1|U=u) for all persons u is what we create by
randomly assigning a person to treatment 1 in a randomized experiment.

> Solution 1-16 Rewriting RS-Box 3.2 (ii) for our example,

E(Y|X=x) = ZE(Y|X=x,U=u)-P(U=u|X=x).
u

Hence,
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E(Y|X=0)

ZE(Y|X=O,U=u)-P(U=u|X=0)
u

7 33 8
=120- — +120- — +...+60- — = 111.25,
160 160

E(Y|X=1) = ZE(YIle,Uzu)-P(U=u [X=1)
u

10 18 16
=100- — +100- — +...+100- — = 100,
160 160 160

and

E(Y|X=2) = ZE(Y|X=2,U=u)-P(U=u |X=2)
u

3

9 36
=80 ——+80- — +...+140- — = 114.25.
160 160 160

> Solution 1-17 No solution provided. Just compare your results to the parameters presented in
Table 1.7.






Chapter 2
Some Typical Kinds of Random Experiments

In chapter 1 we have seen that comparing conditional expectation values of an outcome
variable between treatment groups can be completely misleading if used for the evalua-
tion of treatment effects. In this chapter we continue preparing the stage for the theory
of causal total effects and dependencies, describing the kind of empirical phenomena it
refers to: single-unit trials of experiments or quasi-experiments, but also single-unit trials
of observational studies in which causal total effects and dependencies can be investi-
gated. First examples of such a single-unit trial have already been treated in sections 1.1
and 1.2 (see in particular Tables 1.2 and 1.5).

A single-unit trial is a specific random experiment. Note the distinction between a ran-
dom experiment and a randomized experiment. Stochastic dependencies between events
and between random variables always refer to a random experiment, but not necessarily
to a randomized experiment in which the assignment of a subject to one of the treatment
conditions is determined exclusively by a random procedure such as flipping a coin. In
contrast, a random experiment is the concrete empirical phenomenon to which stochas-
tic dependencies between events and random variables (described by conditional distri-
butions, probabilities, correlations, and conditional expectations) refer to.

The single-unit trial is not the sample dealt with in statistical models. In a sample, we
consider repeating the single-unit trial many times in one way or another. This is neces-
sary if we want to deal with estimation of parameters and tests of hypotheses about these
parameters, some of which might be causal effects. The single-unit trial does not allow
treating problems of parameter estimation or hypothesis testing. However, it is sufficient
for defining causal effects and studying how to identify them, that is, investigating under
which conditions and how they can be computed from empirically estimable parameters.

A single-unit trial is also what we refer to in hypotheses and theories of the empiri-
cal sciences. In many text books on applied statistics the dazzling term ‘population’ is
used instead, obfuscating what we are actually talking about when we use probabilistic
terms such as expectation, variance, covariance, correlation, regression, etc. Furthermore,
single-unit trials are what is of interest in practical work. How does the treatment of a pa-
tient affect the outcome of this patient if compared to another possible treatment? What is
the treatment effect for a male, and what is its effect for a female? Which variables explain
inter-individual differences in individual causal total effects? All these practical questions
are raised using concepts referring to a single-unit trial.

Overview

We start with the single-unit trial of simple experiments and then treat increasingly more
complex ones introducing additional design features. Specifically, we will introduce the
single-unit trials of experiments and quasi-experiments with fallible covariates, a multi-
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factorial design with more than one treatment, multilevel experiments and quasi-experi-
ments, and experiments and quasi-experiments with latent covariates and/or outcome
variables.

We also discuss different kinds of random variables that will play a crucial role in the
chapters to come. Among these random variables are the observational-unit variable or
person variable, manifest and latent covariates, treatment variables, as well as manifest
and latent outcome variables. In this chapter, we confine ourselves to an informal descrip-
tion of single-unit trials and the random variables involved, preparing the stage for their
mathematical representations in the subsequent chapters.

2.1 Simple Experiments

As a first class of random experiments we consider the single-unit trials of simple exper-
iments and quasi-experiments. Such single-unit trials are experiments and quasi-experi-
ments in which no fallible covariates are assessed, that is, no covariates whose values con-
sist in part of a measurement error. Such a single-unit trial consists of:

(a) sampling an observational unit u (e. g., a person) from a set of units,

(b) assigning the unit or observing its assignment to one of several experimental con-
ditions (represented by the value x of the treatment variable X),

(c) recording the value y of the outcome (or response) variable Y.

Figure 2.1 displays a tree representation of the set of possible outcomes of this single-
unit trial. Note that this is the kind of random experiment we considered in the Joe-Ann
example presented in section 1.1 and in the two-factorial design example treated in sec-
tion 1.2. The random variables X (treatment), Y (success), and Z (status), the conditional
expectation values E(Y|X=x) and E(Y|X=x,Z=z), as well as the probabilities P(X=x),
P(Z=z), P(X=x,Z=z) all referred to such a single-unit trial. Of course, all these condi-
tional expectation values and probabilities are unknown in empirical applications. Never-
theless, they are among the parameters that determine the outcome of a single-unit trial,
just in the same way as the probability of heads determines the outcome of flipping a coin.

In order to illustrate this point, imagine flipping a deformed coin that has the shape of a
Chinese wok, and suppose that in this case the probability of flipping heads s .8 instead of
.5. Although this probability does not deterministically determine the outcome of flipping
the coin, it stochastically determines the outcome.

In fact, we may consider the single-unit trial of (a) sampling a coin u from a set of coins,
(b) forming (X=1) or not forming (X=0) a wok out of it, and (c) observing whether (Y=1)
or not (Y =0) we flip heads. In this single-unit trial, the difference .8 —.5 = .3 would be the
causal total effect of the treatment variable X on the outcome variable Y. Note that the
probabilities .8 and .5 and their difference .3 refer to this single-unit trial, although these
probabilities can only be estimated if we conduct many of these single-unit trials, that is,
if we draw a data sample. However, if these probabilities were known, we could dispense
with a sample (including the data that would result from drawing it), and still have a per-
fect theory and prediction for the outcome of such a single-unit trial (see Exercise 2-1).
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Figure 2.1. A simple experiment or quasi-experiment

Sampling a Unit

The first part of this single-unit trial consists of sampling an observational unit. In the so-
cial sciences, units often are persons, but they might be groups, school classes, schools
and even countries. Usually such units change over time. Therefore, it should be em-
phasized that, in simple experiments and quasi-experiments, we are talking about the
units at the onset of treatment. Later we will see that we have to distinguish between units
at the onset of treatment and units at the time of assessment of the outcome variable, which
might be months or even years later (for details see Steyer, Mayer, Geiser, & Cole, 2015).
In a single-unit trial of simple experiments and quasi-experiments, the units can be rep-
resented by the observational-unit variable U, whose possible values u are the units at the
onset of treatment.

Note that the unit at the onset of treatment also comprises his or her experiences a year
and/or the day before treatment, as well as the psycho-bio-social situation in which he
or she is at the onset of treatment. Both, the experiences and the situation, already hap-
pen before the onset of treatment (see again Steyer et al., 2015 for more details). Therefore,
they are attributes of the observational units u. They can be treated in the same way as
other attributes such as sex and educational status. However, if these attributes are actu-
ally assessed and if this assessment is fallible, then we have to distinguish between these
attributes and their fallible assessments (see sect. 2.2).

Treatment Variable

In an experiment or quasi-experiment, there is always a treatment variable, which we fo-
cus as a cause' and usually denote it by X. In a true experiment, the unit drawn is assigned

1 We use the term (putative) cause for a random variable if we consider its causal effect on an outcome variable.
Note that a causal effect can also be 0.
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to one of the possible treatments with a probability that is fixed by the experimenter. In
contrast, in a quasi-experiment we just observe selection (e.g., self-selection or selec-
tion by someone else) to one of the treatment conditions. In the simplest case there are at
least two treatment conditions, for example, treatment and control. These treatment con-
ditions are the possible values of the treatment variable X. For simplicity, we use the values
0,1,...,] torepresent J+1 treatment conditions. Furthermore, unless stated otherwise, we
presume that treatment assignment and actual exposure to treatment are equivalent, that
is, we assume that there is perfect compliance.

Selection of a unit into one of the treatment conditions x may happen with unknown
probabilities. This is the case, for example, in self-selection or assignment by an unknown
physician. In this case we talk about a quasi-experiment. However, assignment can also
be done with known probabilities that are equal for different units such as in the sim-
ple randomized experiment or with known probabilities that may be unequal for different
units such as in the conditionally randomized experiment. In this case, these treatment
probabilities may also depend on a covariate Z representing pre-treatment attributes of
the units. As mentioned above, conditional and unconditional randomized assignment,
distinguish the true experiment from the quasi-experiment, in which the assignment prob-
abilities are unknown. (See Remarks 8.58 and 8.59 for more details on randomization and
conditional randomization.)

Potential Confounders and Covariates

In simple experiments and quasi-experiments, the focus is usually on total treatment ef-
fects on an outcome variable. Hence, if we are interested in the treatment variable as a
cause, then each attribute of the observational units is a potential confounder. Examples
are sex, race, educational status, and socio-economic status. Once the unit is drawn, its sex,
race, educational status, and socio-economic status are fixed. This means that there is no
additional sampling process associated with assessing these potential confounders. This
is also the reason why they do not appear in points (a) to (c) describing the single-unit
trial.

A potential confounder is also called a covariate if it is actually assessed and used to-
gether with X in a conditional expectation or a conditional distribution. Note that a po-
tential confounder can also be unobserved, and in this case we usually do not call it a
covariate.

Because potential confounders represent attributes of the unit at the onset of treatment
they can never be affected by the treatment. However, there can be (stochastic) dependen-
cies between the treatment variable and potential confounders. In the Joe-Ann example
treated in sect. 1.1, for instance, there is a stochastic dependence between the treatment
variable X and the person variable U. Similarly, in the second example presented in sec-
tion 1.2 there is a stochastic dependence between Z (status) and the treatment variable
X.

Multidimensional Potential Confounders and Covariates

Potential confounders — and therefore also covariates — may be uni- or multi-dimensional,
qualitative (such as Z; :=sex and Z, := educational status) or quantitative (such as Z3 :=
height and Z; :=body mass index). If it is a multivariate variable made up of several
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uni-dimensional variables, it may consist of qualitative and quantitative potential con-
founders such as Z5 = (7, Zy).

Specific Potential Confounders

Note that the observational-unit variable U and the U-conditional treatment probability
P(X=x|U) (see RS-Def. 4.4) are potential confounders as well. The values of P(X=x |U)
are the conditional probabilities P(X=x |U=u), which are attributes of the persons u [see
Eq. (1.1)]. Similarly, the Z-conditional treatment probability P(X=x | Z) is also a potential
confounder provided that Z is a covariate [see Def. 4.11 (iv) and Rem. 4.16]. Furthermore,
the assignment to treatment x with values ‘yes’ and ‘no’ is also a potential confounder if
assignment to treatment and exposure to treatment (again with values ‘yes’ and ‘no’) are
not identical and exposure to treatment is focused as a (putative) cause. This distinction
is useful in experiments with non-compliance (see, e. g., Jo, 2002a, 2002b, 2002c; Jo et al.,
2008).

Unobserved Potential Confounders

Even if we consider a multivariate potential confounder Z consisting of several univariate
potential confounders, there are always unobserved variables that are prior or simultane-
ous to treatment. Such variables are called unobserved potential confounders. Sometimes
they are also called hidden confounders (cf., e.g., Rosenbaum, 2002a). Of course such an
unobserved potential confounder may bias the conditional expectation values of the out-
come variable just in the same way as an observed covariate. Whether or not the condi-
tional expectation values of the outcome variable in the treatment conditions are unbiased
such that their differences represent causal total effects does not only depend on the rela-
tionship between the observed variables such as X, Y, and the observed (possible multi-
variate) covariate, say Z, but also on the relationship of these variables to the unobserved
potential confounders. Potential confounders exert their maleficent effects irrespective of
whether or not we observe them.

Outcome Variable

Of course, the outcome variable Y refers to a time at which the treatment might have had
its impact. Hence, treatment variables are always prior to the outcome variable. In prin-
ciple, we may also observe several outcome variables, for example, in order to study how
the effects of a treatment grow or decline over time or to study treatment effects that are
not confined to a single outcome variable. All random variables mentioned above refer to
a concrete single-unit trial and they have a joint distribution. Each combination of unit,
treatment condition, and score of the outcome variable may be an observed result of such
a single-unit trial. This implies that the variables U, Z, X, and Y, as well as unobserved
potential confounders, say W, have a joint distribution (see RS-Def. 2.38 and SN-section
5.3). Once we specified the random experiment to be studied, this joint distribution is
fixed, even though it might be known only in parts or even be unknown altogether.
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Causal Effects and Causal Dependencies

There are already several kinds of causal effects that can be considered in the single-unit
trial of a simple experiment or quasi-experiment. For simplicity, suppose the treatment
has just two values, say treatment and control. First, there is the causal average total effect
of treatment (compared to control) on the outcome variable Y. Second, there are the
causal conditional total treatment effects on Y, where we may condition on any function
of the observational-unit variable U. If, for example, Z := sex with values m for male and
f for female, then we may consider the causal (Z =m)-conditional total treatment effect
on Y, that is, the causal average total treatment effect for males, and the causal (Z =f)-
conditional total treatment effect on Y, that is, the causal average total treatment effect
for females. Similarly, if Z := socio-economical status, we may consider the causal condi-
tional total treatment effects on Y for each status group, etc. Third, although difficult and
often impossible to estimate, we may also consider the causal individual total effect of
treatment compared to controlon Y.

By definition, within a simple experiment and quasi-experiment we cannot consider
any direct treatment effects with respect to one or more specified potential mediators, that
is, the effects of the treatment on the outcome variable that are not transmitted through
specified potential mediators. However, the causal total treatment effects discussed above
are, of course, transmitted through potential mediators, irrespective of whether or not we
observe (or are aware of) these potential mediators.

2.2 Experiments With Fallible Covariates

Another class of random experiments are single-unit trials of experiments and quasi-
experiments in which we assess a fallible covariate. In this case, the fallible covariate does
not represent a (deterministic) attribute of the observational units. The single-unit trial of
such an experiment of quasi-experiment consists of:

(a) sampling an observational unit u (e. g., a person) from a set of units,

(b) assessing the values z,..., zx of the covariates (pre-treatment variables) Z,..., Z,
k=1.

(c) assigning the unit or observing its assignment to one of several experimental con-
ditions (represented by the value x of the treatment variable X),

(d) recording the value y of the outcome variable Y.

The crucial distinction between a simple (quasi-) experiment and a (quasi-) experiment
with fallible covariates is that there is variability of at least one of the covariates given the
observational unit u (see Fig. 2.2). In this case, we may distinguish between the latent
covariate, say &, representing the attribute to be assessed and its fallible measures, some
manifest variables that can actually be observed. (For the theory of latent variables see
Steyer et al., 2015). Also note that sometimes it is crucial to adjust the effect of X on Y by
conditioning on the latent variable ¢ in order to fully adjust for the bias of the prima-facie
effect of X on Y. In these cases, only adjusting for the manifest variables that measure the
latent covariate ¢ does not completely remove bias (see, e. g., Sengewald, Steiner, & Pohl,
2019).

Furthermore, this distinction also implies that the unit whose attributes are measured
at the time when the potential confounder is assessed is not identical any more to the unit
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Figure 2.2. Experiment or quasi-experiment with a fallible covariate

at the onset of treatment (see section 2.1). The covariate might be assessed some months
before the treatment is given — enough time and plenty of possibilities for the unit to
change in various ways, for example, due to maturation, learning, critical life events, and
other experiences that are not fixed yet at the time of assessing the covariate. As a con-
sequence, a variable, say W, representing such intermediate events or experiences may
also affect the outcome variable Y and the treatment variable. Hence, such intermediate
variables are also potential confounders. This is one of the reasons why we need to define
causal effects in a more general way than in the Neyman-Rubin tradition (see ch. 5).

Note that assessing a fallible covariate does not only change the interpretation of the
observational-unit variable U (now its values are the units of the time of assessment of the
manifest covariates), but it also changes the random experiment, and with it, the empiri-
cal phenomenon we are considering. Assessing a fallible covariate often involves that the
sampled person fills in a questionnaire or takes a test. Assessing, prior to treatment, a fal-
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lible covariate such as a test of an ability, an attitude, or a personality trait, may change the
observational units and their attributes, as well as the effects of the treatment on a spec-
ified outcome variable, which usually is related to such pre-treatment variables. This has
already been discussed by Campbell and Stanley (1963), who also recommended designs
for studying how pre-treatment assessment modifies the effects of the treatment variable
on the outcome variable.

Potential Confounders and Covariates

Which are the potential confounders of the treatment variable X in such a single-unit trial?
First of all, it is each attribute of the units at the time of the assessment of the observed
covariates. This does not only include variables such as sex, race, and educational status,
but also a latent covariate, say ¢, (which might be multi-dimensional). Furthermore, aside
from the manifest covariates, each variable W representing an intermediate event or ex-
perience of the unit (occurring in between the assessment of the observed covariates and
the onset of the treatment), as well as any attribute of the unit at the onset of treatment is
a potential confounder as well, irrespective of whether or not these potential confounders
are observed.

Note that a latent covariate ¢ may be considered a cause of its fallible measures Z,, ..., Z;
and of the outcome variable Y. This is not in conflict with the theory that the treatment
variable X is a cause of Y as well. In this kind of single-unit trial, we have several causes and
several outcome variables, and a cause itself can be considered as an outcome variable. For
example, it would be possible to consider the treatment variable X to be causally depen-
dent on the manifest or latent covariates. In other words, we may also raise the question
if the conditional treatment probabilities P(X=1|7,..., Z;) or P(X=1]|¢) describe causal
dependencies. This makes clear that the terms ‘potential confounder’ and ‘covariate’ can
only be defined with respect to a focused cause.

2.3 Two-Factorial Experiments

As a third class of random experiments we consider two-factorial experiments. The single-
unit trial of such a two-factorial experiment or quasi-experiment consists of:

(a) sampling an observational unit u (e. g., a person) from a set of units,

(b) assigning the unit or observing its assignment to one of several experimental con-
ditions that are defined by the pair (x, z) of levels of two treatment variables X and
Z, respectively.

(c) recording the value y of the outcome variable Y.
Sampling a Unit
Because we presume that no fallible potential confounders such as ‘severity of symptoms’,

‘motivation for treatment’, etc. are assessed before treatment, sampling an observational
unit means that we are sampling a unit at the onset of treatment.
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Treatment Variables

As a simple example, let us consider an experiment in which we study the effects — in-
cluding the joint effects — of two treatment factors, say individual therapy represented by
X (with values ‘yes’ and ‘no’) and group therapy represented by Z (with values ‘yes’ and
‘no’).

In such a two-factorial experiment, we may consider group therapy as a covariate and
individual therapy to be the cause in order to ask for the conditional and average total
effects of individual therapy given group therapy and given no group therapy. In contrast,
we may also consider individual therapy to be a covariate and group therapy to be the
focused treatment variable. Finally, we may also consider the two-dimensional variable
(X, Z) as the cause. Which option is chosen depends on the causal effects we are interested
in (see below).

Outcome Variable

Again, the outcome variable Y refers to a time at which the treatment might have exerted
the effects to be estimated. Hence, both treatment variables are prior to the outcome vari-
able considered. And again, we may also observe several outcome variables, for example,
in order to study how effects of a treatment grow or decline over time or to study effects
that are not confined to a single outcome variable.

Causal Effects

There are several causal effects we might look at. If X and Z have only two values, then we
may be interested in the following effects on the outcome variable Y:

(a;) the conditional total effect of ‘individual therapy’ as compared to ‘no individual ther-
apy’ given that the unit treated also receives ‘group therapy’,

(b1) the corresponding conditional total effect given that the unit does not receive ‘group
therapy’, and

(c1) the average of these conditional total effects of ‘individual therapy’ as compared to
‘no individual therapy’, averaging over the two values of Z (group therapy).

Vice versa, we might also be interested in the following effects on the outcome variable Y:

(ap) the conditional total effect of ‘group therapy’ as compared to ‘no group therapy’
given that the unit treated also receives ‘individual therapy’,

(by) the corresponding conditional total effect given that the unit does not receive ‘indi-
vidual therapy’, and

(c,) the average of these conditional total effects of ‘group therapy’ as compared to ‘no
group therapy’, averaging over the two values of X.

Furthermore, there are other causal effects on Y we might study, namely

(az) the total effect of receiving ‘individual therapy’ and ‘group therapy’ as compared to
receiving none of the two treatments.

(bs) the total effect of receiving ‘individual therapy’ and ‘no group therapy’ as compared
to receiving ‘group therapy’ and ‘no individual therapy'’.
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All these effects may answer meaningful causal questions. In fact there are even more
causal effects than those listed above. For example, we could compare each of the four
combinations of the two treatments to an average of the other treatments. Furthermore,
many additional causal effects can be considered if we condition on other covariates such
as sex or educational status.

Potential Confounders and Covariates

If we focus on the effect of X (individual therapy), then we consider Z (group therapy)
as a covariate of X. In contrast, we treat X as a covariate of Z if we study the effects of
Z (group therapy). Furthermore, in both cases, each attribute of the unit at the onset of
treatment (such as sex or educational status) could be considered as covariates as well.
Assessing these covariates does not appear in points (a) to (c) of the random experiment,
because these covariates are (deterministic) functions of the observational-unit variable.
Therefore, there is no additional sampling process associated with their assessment.

This is also true for other potential confounders, for example, variables characterizing
the situation in which the unit is at the onset of treatment, the number of hours slept last
night, or day time at which the unit receives its treatment. Even variables that characterize
early experiences in the childhood of the unit such as a broken home or mother’s child care
behavior are potential confounders in this single-unit trial. They are there and exert their
effects even if they are not assessed.

Note again that assessment of these potential confounders in a questionnaire filled in
by the person constitutes a new random experiment that may differ in important ways
from a random experiment in which the unit has no such task (see sect. 2.2). In psychology,
an assessment often is a treatment of its own.

2.4 Multilevel Experiments

In multilevel experiments and quasi-experiments we also study the effect of a treatment
on an outcome variable. However, in such a design the observational units are nested
within higher hierarchical units referred to as clusters. Examples include experiments, in
which students are nested within classrooms, patients are nested within clinics, and in-
habitants are nested in cities and neighborhoods. Multilevel designs can be classified as
designs with treatment assignment at the unit-level or at the cluster-level. Furthermore,
multilevel designs differ with respect to the assignment of units to clusters. There are de-
signs with pre-existing clusters and there are designs with assignment of units to clusters.
All these designs involve different single-unit trials.
A single-unit trial with pre-existing clusters consists of:

(a) sampling a cluster c (e. g., a school class, a neighborhood, or a hospital) from a set
of clusters,

(b) sampling an observational unit u (e. g., a person) from a set of units within the clus-
ter,

(c) assigning the unit or the cluster (depending on the design) or observing their as-
signment to one of several experimental conditions (represented by the value x of
the treatment variable X),

(d) recording the value y of the outcome variable Y.
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In contrast, a single-unit trial with assignment of units to clusters consists of:

(a) sampling an observational unit u (e. g., a person) from a set of units,

(b) assigning the unit or observing its assignment to one of several clusters (repre-
sented by the value c of the cluster variable C),

(c) assigning the unit or the cluster (depending on the design) or observing their as-
signment to one of several experimental conditions (represented by the value x of
the treatment variable X),

(d) recording the value y of the outcome variable Y.

In the experiment with pre-existing clusters, each unit can only appear in one cluster,
whereas in the experiment with assignment of units to a cluster, each unit can be assigned
to any cluster. Note again, that we are considering single-units trials from the pre-factual
perspective, not from the post-factual or ‘counter-factual’ perspective (see the remarks fol-
lowing the description of the random experiment presented in Table 1.1). Hence, in exper-
iments with assignment of units to a cluster, the cluster variable can bias the dependency
of the outcome variable on the treatment variable on the level of the observational unit. In
this aspect this design resembles the multifactorial design described in section 2.3.

Potential Confounders and Covariates

Which are the potential confounders in multilevel designs if the treatment variable X is
considered as the cause? The answer depends on the type of design considered: In de-
signs with assignment of units to clusters, attributes of the observational unit such as sex,
race, or educational status, are potential confounders of X. Other potential confounders
are attributes of the cluster such as school type, hospital ownership, or school-level socio-
economic status or school-level intelligence. The last two kinds of potential confounders
would be defined as conditional expectations of the corresponding potential confounders
at the unit-level given the cluster variable.

In these designs, clusters may not only be considered as potential confounders, but also
as treatments, because some of the effects observed later on may depend on the compo-
sition of the group to which a particular unit, say Joe, is assigned. Receiving group therapy
together with beautiful Ann in the same group might make a great difference as compared
to getting it together with awful Joe. In designs in which clusters as a whole are assigned to
treatment conditions, only attributes of the cluster can influence the assignment. Hence,
in data analysis we would focus on controlling for the potential confounders on the cluster
level (see, e. g., Nagengast, 2009, for more details).

2.5 Experiments With Latent OQutcome Variables

We may also consider single-unit trials of experiments with a latent outcome variable. The
basic goal of such experiments is to investigate the effect of the treatment variable X on a
latent outcome variable, say n. This is of interest, for example, where a quantitative out-
come variable can only be measured by qualitative observations such as solving or not
solving certain items indicating the (latent) ability. However, it can also be of interest if the
manifest measures are linearly related to the latent variable such as in models of classical
test theory (see, e. g., Steyer, 2001) or in models of latent state-trait theory (see, e. g., Steyer
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et al, 2015). If, for example, there are three manifest variables Y;, Y, and Y3 measuring a
single latent variable 7, then we may ask if there is just one single effect of the treatment
on the latent outcome variable 1 — which transmits these effects to the manifest variables
Y1, Y5, and Y; — instead of three separate effects of X on each variable Y;. Hence, the latent
variable may also be considered to be a mediator variable. Showing that all effects of X on
the variables Y; are indirect, that is, mediated by 7 is one of the research efforts that aims
at establishing construct validity of the latent variable 7.

In the simplest case with a single latent variable, we consider the following single-unit
trial:

(a) Sampling a person 1, out of a set of persons,

(b) assigning the unit or observing its assignment to one of several experimental con-
ditions (represented by the value x of the treatment variable X),

(c) recording the values y,,..., y, of the manifest outcome variables Y;,..., Y,,.

In this single-unit trial, a value u, of the observational-unit variable U, represents the
observational unit at the onset of treatment, while the latent outcome variable 7 represents
some attribute of the same unit at the time point at which the outcome of the treatment
is assessed. In such a design we have to distinguish between u;, a unit at time 1, and u,,
the same unit at time 2 (see Steyer et al., 2015) for more details). Obviously, time 2 is after
treatment and prior to the observation of the manifest outcome variables Y;, at least as
long as we preclude change in the latent variable during the process of assessing the man-
ifest outcome variables. If this cannot be precluded, we would have to consider the time
sequence in assessing the manifest outcome variables (e. g., of the items to be solved or
answered) as well.

Potential Confounders and Covariates

Which are the potential confounders in such a single-unit trial? Again, the answer depends
on the cause considered. If it is the treatment variable X, then each attribute of the unit at
the onset of treatment is a potential confounder (with respect to X). Obviously, this again
includes variables such as sex, race, and educational status. Note that in this kind of exper-
iments, the set of potential confounders of X is the same irrespective of the choice of the
outcome variable. Remember, we may not only consider the latent outcome variable n but
also the manifest outcome variables Y;, for example, in order to study whether or not the
effects of X on these manifest outcome variables are perfectly transmitted (or mediated)
through the latent variable 7.

Choosing the latent outcome variable 7 as a cause of the manifest outcomes variables
Y; brings additional potential confounders into play, for instance, all those variables that
are in between treatment and the assessment of 7. If, for example, we consider an exper-
iment studying the effects of different teaching methods, these additional potential con-
founders are critical life events (such as father or mother leaving the family), or additional
lessons taken after treatment and before outcome assessment, for instance.
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Box 2.1 Glossary of new concepts

Note that all terms mentioned in this box are still of an informal nature. Their mathematical
specification starts in chapter 3.

Random experiment The kind of empirical phenomenon to which events, random
variables, and their dependencies refer.

Randomized experiment  Anrandom experiment in which the experimenter fixes the treat-
ment probabilities for each observational unit.

Single-unit trial A particular kind of random experiment that consists of sampling
a single unit from a set of observational units and observing the
values of one or more random variables related to this unit.

Cause A random variable. Its effect on an outcome variable is consid-
ered.

Outcome variable A random variable. Its dependency on a cause is considered.

Potential confounder If we confine the discussion to total causal effects, then it is a ran-

dom variable that is prior or simultaneous to the cause consid-
ered. It might be correlated with the cause and the outcome vari-
able.

Covariate A potential confounder that is considered together with X in a
conditional expectation or a conditional distribution.

Fallible covariate A covariate that is assessed with measurement error.

Latent covariate A covariate that is not directly observed. Instead it is defined us-
ing some parameters of the joint distribution of a set of manifest
random variables.

Intermediate variable A variable that might mediate (transmit) the effect of the cause on

the outcome variable. The cause is always prior to an potential
mediator and an potential mediator is always prior to the out-
come variable. An potential mediator is not necessarily affected
by the cause and it does not necessarily have an effect on the out-
come variable.

Mediator An intermediate variable on which X has a causal effect and
which itself has a causal effect on the outcome variable Y.

2.6 Summary and Conclusion

In this chapter we described a number of random experiments in informal terms. The
purpose was to get a first idea of which kind of empirical phenomena causal theories and
hypotheses refer to. We focused on single-unit trials, which are the kinds of empirical phe-
nomena we are interested in, both in theory and practice. We emphasized that a single-
unit trial is a random experiment and discussed several kinds of random variables playing
a crucial role in the theory of causal effects. We also mentioned that there is a certain time
order among these random variables, for example, saying that the potential confounders
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are ‘prior’ or ‘simultaneous’ to the treatment variable, which itself is ‘prior’ to the outcome
variable. Furthermore, for each single-unit trial and each cause in such a single-unit trial,
we discussed the potential confounders involved. We emphasized that each cause consid-
ered in such a single-unit trial has its own set of potential confounders.

Other Single-Unit Trials

The single-unit trials discussed in this chapter are just a small selection of single-unit tri-
als in which causal effects and causality of stochastic dependencies are of interest. We
might also consider single-unit trials with latent covariates and latent outcome variables
and manifest and/or latent potential mediators, but also single-unit trials with multiple
mediation. Furthermore, we could also consider single-unit trials of growth curve models
(see, e.g., Biesanz, Deeb-Sossa, Aubrecht, Bollen, & Curran, 2004; Bollen & Curran, 2006;
Meredith & Tisak, 1990; Singer & Willett, 2003; Tisak & Tisak, 2000), latent change mod-
els (see, e.g., McArdle, 2001; Steyer, Eid, & Schwenkmezger, 1997; Steyer, 2005), or cross-
lagged panel models (see, e. g., Kenny, 1975; Rogosa, 1980; Watkins, Lei, & Canivez, 2007;
Wolf, Chandler, & Spies, 1981). Causality is also an issue in uni- and multivariate time-
series analysis as well as in stochastic processes with continuous time. However, in this
book our examples will usually deal with experiments and quasi-experiments, including
latent covariates and outcome variables.

Outlook

In chapter 3 we will study additional mathematic concepts that allow us to meaningfully
talk about time order between events and random variables. This will be used in chapter
4, in which we introduce the notions of a causality space and the concept of a potential
confounder. This will provide the mathematical framework and language in which causal
effects can meaningfully be defined (see ch.5).

2.7 Exercises

> Exercise 2-1 Imagine that the probabilities of a crash for a flight with Airline A is ten times smaller
than with Airline B. Which airline would you choose?

> Exercise 2-2 Why does the theory of causal effects refer to single-unit trials?
> Exercise 2-3 Why is it important to know which random experiment we are talking about?

> Exercise 2-4 Which type of random experiment did we refer to in the two examples described in
chapter 1?2

> Exercise 2-5 Why is it important to emphasize that, in simple experiments and quasi-experiments
(see section 2.1), the observational-unit variable U represents the observational units at the onset of
treatment?

> Exercise 2-6 What is the basic idea of a potential confounder of a cause?

> Exercise 2-7 Which kinds of causal effects can be considered in the simple experiment or quasi-
experiment in which no fallible potential confounder and no potential mediator is assessed?
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Solutions

> Solution 2-1 If your answer is A, then you implicitly apply these probabilities to the random ex-
periment of flying once with A or B, even if these probabilities have been estimated in a sample. This
example serves to emphasize that, not only in theory but also in practice, we are mainly interested
in a single-unit trial, not in a sample consisting of many such single-unit trials, and in particular not
in what applies to sample size going to infinity. (This is how many applied statisticians try to specify
the term ‘population’.)

> Solution 2-2 Within such a single-unit trial, the various concepts of causal effects can be defined
and we can study how to identify these causal effects from the parameters describing the joint dis-
tribution of the random variables considered. In such a single-unit trial, there usually is a clear time
order which helps (but is not sufficient) to disentangle the possible causal relationships between the
random variables considered.

> Solution 2-3 Different random experiments are different empirical phenomena. Although the
names of the variables in different random experiments might be the same, the variables themselves
are different entities, implying that the dependencies and effects between these variables might dif-
fer between different random experiments.

> Solution 2-4 The type of random experiment we refer to in these examples is the single-unit trial
of simple experiments and quasi-experiments described in section 2.1, because there is no extra
sampling of a covariate. Instead, the value of this covariate is fixed as soon as the person is sampled.
That is, the covariate is an attribute of the person.

> Solution 2-5 In the social sciences, units are often persons, and persons can change over time.
If, in a simple experiment or quasi-experiment, a value u of U represents the observational unit
sampled at the onset of treatment, each potential confounder is a function of U. If, in contrast, U
represents the observational unit at the assessment of a fallible covariate (see sect. 2.2), which is
some time prior to the onset of treatment, then there can be other potential confounders in between
assessment of the fallible potential confounder and the onset of treatment. We have to consider
these additional potential confounders both in the definition of causal effects and in data analysis.

> Solution 2-6 A potential confounder of a cause is a random variable that is prior or simultaneous
to the cause, at least as long as we only consider total effects. (If we also consider direct effects, then
a potential confounder can also be posterior to a cause.)

> Solution 2-7 If the treatment has just two values, say treatment and control, then there are differ-
ent kinds of causal effects of the treatment variable on the outcome variable Y, such as the average
total treatment effect, the conditional total treatment effects given a value z of a covariate Z, and the
individual total effect of X on Y given an observational unit u. Aside from these treatment effects,
we may also consider the causal effects of a potential confounder Z on the treatment variable X, but
also on the outcome variable Y.
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Chapter 3

Time Order

In chapter 1 we studied some examples showing that the conditional expectation values
E(Y|X=x) of an outcome variable Y and their differences E(Y|X=x) — E(Y|X=x'), the
prima facie effects, can be seriously misleading in evaluating the causal effect of a (treat-
ment) variable X on an (outcome or response) variable Y. Hence, conditional expectation
values cannot be used offhandedly to define the causal effects in which we are interested
when we want to evaluate a treatment, an intervention, or an exposition. For the purpose
of such an evaluation, the concept of a conditional expectation value E(Y|X=x) has two
deficits. The first one is that the terms E(Y|X=x) and E(Y|X=x') do not necessarily de-
scribe the kind of dependency in which we are interested for the evaluation of a treatment.
This deficit is related to (causal) bias, which will be treated in chapter 6. The second deficit
is that it does not guarantee that X is prior to Y in time, which is indispensable for a dif-
ference E(Y|X=x) — E(Y|X=x') to describe a causal effect of a value x of X compared to
another value x’of X.

Overview

In the present chapter, we focus on time order of sets of events and of random variables.
We introduce the concepts of a filtration and the relations prior to, simultaneous to, and
prior or simultaneous to with respect to a filtration. Note that the definitions of these rela-
tions do not involve a probability measure. Instead, they can be introduced for measurable
set systems and measurable maps. In the framework of a probability space, these relations
represent time order of sets of events and random variables, respectively. For brevity, we re-
frain from explicitly treating the corresponding relations among measurable sets (and with
it, among events).

Requirements

Reading this chapter requires that the reader is familiar with the contents of the first two
chapters of Steyer (2024). The first of these chapters deals with the concepts of probabil-
ity and conditional probability of events, including the necessary mathematical frame-
work such as a probability space (2, o, P) consisting of a set Q of possible outcomes, a
o-algebra &/ of events, and a probability measure P on «/. The second chapter introduces
the concepts of a random variable as a special measurable map and its distribution as a
special image measure. These chapters will be referred to as RS-chapter 1 and RS-chapter
2. The same kind of shortcut is used when referring to other parts of that book, such as
sections, definitions, theorems, remarks, or equations, for instance.
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3.1 Filtration

The definition of an event in probability theory does not presume that there is a time or-
der between events, sets of events, and random variables. However, in many applications
of probability theory such a time order is important, in particalur if causal interpretations
of dependencies are intended. In both examples presented in chapter 1, for instance, it
is crucial for the evaluation of the treatment that the treatment variable is prior to the
outcome variable Y. Such a time order can be defined with respect to a filtration, a funda-
mental concept of the theory of stochastic processes (see, e. g., Klenke, 2020, Def. 9.9).

Definition 3.1 [Filtration]
Let (Q, /) be a measurable space, T c R, and T # Q. A family F1 = (%) :er of 0-alge-
bras &, c A is called a filtration in of, if F;< S, foralls,teT withs<t.

Note that this concept is defined in the context of a measurable space (Q2, /) (see RS-
Def. 1.4), which just consists of a set O and a o-algebra «f. No probability measure is in-
volved, and this also applies to the prior-to relations that will be introduced in section 3.2.
Hence, throughout this chapter, we do not presume that there is a probability measure
P on (Q,«). Nevertheless, our examples refer to random experiments, which are repre-
sented by a probability space (Q, <, P).

RST: Vielleicht auch filtered measurable space einfiihren.

Example 3.2 [Joe and Ann With Self-Selection] In the random experiment presented in
Table 1.2, all elements wy, ..., ws of the set of possible outcomes are listed in the first column
of this table. The set of these possible outcomes is the Cartesian product

Q = QU X QX X Qy

= {wy,...,0g} 3.1

= {(Joe,no,-),...,(Ann, yes,+)},
where Qy = {Joe, Ann}, Qx = {no, yes}, and Qy = {—, +}. The o-algebra on Q is specified by
o =22(Q), that is, &« is chosen to be the power set of Q, which is the set of all subsets of Q,
consisting of 28 = 256 elements. Finally, the probability measure P: Q — < is specified by
the assignment of the probabilities P({w;}) to the eight elements of Q. These probabilities
are shown in the second column of Table 1.2. All other 248 probabilities P(A), A € &/, can
be computed from the probabilities P({w;}), i = 1,...,8, because, except for the empty set,

they are unions of the elementary events {w;} [see RS-Box 1.1 (X)].
In this example, the person variable

U:Q—-Qy (3.2)
has the co-domain Qg = { Joe, Ann}, the treatment variable

X: Q—Qy (3.3)
has the co-domain Q% = {0, 1}, and the outcome variable

Y:Q—-Qy (3.4
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has the co-domain Qf = {0, 1}. Table 1.2 shows the assignment of values of these random
variables to each element of Q. Furthermore, we choose the o-algebras «/; = 22(Qy) and
oy = ofy = P({0,1}) to be the power sets of QO and of Q% = Qy, respectively. Hence, the
value space of U is (Qy, <fy), and (Qk, <f%) = (Qf, <fy) is the value space of X and Y (see
RS-Def. 2.2).

Now, we specify the filtration 1 = (%);er, T ={1,2,3}, in « by

e9.1 = G(U)) gz = O-(U)X)r gf} = O-(U)Xr Y) (35)
(see RS-Def. 2.12). The first of these three o-algebras is the o-algebra generated by U,

o(U) = {U'(AN: A" e oy} (3.6)
= {U ' (LJoe), U ({Ann}), U™ (Qu), U (@)}

This o-algebra consists of four events, the inverse images U 1A ={weQ: Ulw) € A’} of
the elements A’ of
oy = P(Qy) = {{Joe}, {Ann}, Qy, O}

under the map U. These inverse images are the sets
U~'({Joe}) = {(Joe,no,-),(Joe,no,+),(Joe,yes,—), (Joe,yes, +)}
= {01, w2, W3, W4} (3.7

U~'({Ann}) = {(Ann, no,-),(Ann, no,+),(Ann,yes,-), (Ann, yes,+)}

= {ws, Wg, W7, Wg} (3.8)
U 'Qy) =Q (3.9)
Ul@=0 (3.10)

(see Exercises 3-1 and 3-2). Hence, these sets are the four events that the person variable
U takes on

the value Joe, which is the event that joe is drawn,

the value Ann, which is the event that Ann is drawn,

— avalue in the set Qy = { Joe, Ann}, which is the event that Joe or Ann is drawn,
— avalue in the empty set, which is the event that no one is drawn.

The o0 -algebra generated by (the bivariate random variable) (U, X) (see RS-sect. 2.1.4) is
o(U,X) ={(U,X)""(A): A € oAy ® oy} (3.11)

This o-algebra consists of 24 = 16 elements, the inverse images (U, X)~!(A") of the ele-
ments A’ of the product o-algebra

Ay®aly = 0(A1x Ayt Ay € Ay, Ay € Ay)
{{(]oe,())}, {Uoe, 1)}, {(Ann,0)}, {(Ann, 1)},
{(Joe,0), (Joe, 1)}, {(Ann,0),(Ann, 1)},
{(Joe,0),(Ann,0)}, {(Joe, 1), (Ann,1)}, 3.12)
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{(Joe,0),(Ann, 1)}, {(Joe, 1), (Ann,0)},

{(Joe,0), (Joe,1),(Ann,0)}, {(Joe,0), (Joe, 1), (Ann,1)},
{(Joe,0), (Ann,0), (Ann,1)}, {(Joe, 1), (Ann,0), (Ann, 1)},
Qux Y, 0}

(see RS-Def. 1.15). In this example, this set is identical to the power set of the Cartesian
product Qy x Q%. Hence, gathering the inverse images of all elements of </ ® ofx [see
Eq. (3.11)] yields

o(U,X) = {{whwz}, {ws, w4}, {ws, We}, {7, Wa},
{w1, w2, w3, W4}, {Ws, W, W7, Wa},
{w1, w2, w5, We}, {W1, W2, W7, We},
{3, w4, 05, W6}, {03, W4, W7, Wg}, (3.13)
{w1, w2, w3, W4, W5, We}, {W1, W2, W3, Wy, W7, Wa},

{(1)1,(,02,(,05,(1)6,(1)7, (1)8}, {(1)3,(,04,(1)5,(1)6,(1)7, (1)8}, Q) @}

(see Exercise 3-4). Comparing o(U) to o (U, X) [see Egs. (3.7) to (3.10)] shows that all ele-
ments of o (U) are also elements of o (U, X). Hence, o(U) c o(U, X).

Finally, the o-algebra o(U, X,Y) generated by (U, X, Y) is identical to the power set of
Q. It consists of 28 = 256 elements. Because o(U) < o(U, X) and the power set consists
of all subsets of Q, we can conclude o(U) c (U, X) c 0(U, X, Y). Hence, & defined by
Equations (3.5) is a filtration in /. <

3.2 Prior-To Relations

Now we introduce time order. More precisely, we define the prior-to relation among mea-
surable set systems (sets of events), and measurable maps (random variables). For these
definitions, it suffices to refer to a measurable space (Q,</). In the framework of a pro-
bability space (Q, o/, P), measurable set systems (i.e., subsets of <) are sets of events (see
RS-Def. 1.4) and measurable maps are random variables (see RS-Def. 2.2).

Reading the following definition, note that 3 means ‘there is’ and A symbolizes the
conjunction of two propositions, that is, the logical ‘and’. Furthermore, remember that
the o-algebra o(X) generated by a measurable map X on (Q, &) is a set system satisfying,
among other things, o(X) c &/ (see RS-Def. 2.12).

Definition 3.3 [Prior-to Relations]
Let (Q, /) be a measurable space, F1 = (%) er a filtration in <f, and €, 2 c A.

(i) Wesay €is priorin Frto 2D (and 9 posterior in Fr to €), denoted €9 if
(@ 3seT: 6cF N D¢ F, and !
M) 3teT: D c%,.

(i) Let X andY be measurable maps on (0, /). Then we say Xis priorin FytoY
(and Y posterior in &1 to X), denoted XY, if 0(X) is priorin Fpto o(Y).
T
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Remark 3.4 [Prior-to Relation of Measurables Sets and of Events] Let (Q,«/) be a mea-
surable space and {C}, {D} be set systems containing the sets C,D € &« as their only el-
ement. In the context of a probability space (Q, « P), the sets C and D represent events.
We say that Cis priorin %rto D (or D posterior in %rto C) and denote it by C = D, if
{C} is prior in &7 to {D}. Using this definition, all propositions about the prior- to rela-
tion of measurable set systems can be applied to the prior-to relation of measurable sets.
However, for brevity, we refrain from explicitly spelling out more details about the prior-to
relation of measurable sets or events. <

Example 3.5 [Joe and Ann With Self-Selection] In Example 3.2, we specified the proba-
bility space (Q, 7, P), the random variables U, X, Y, and the filtration &1 = (%) er in &,
T=1{1,2,3}, by

gl = G(U)y 92 = G(U,X), 93 = G(nyr Y)r

where a(U), 0(U, X), and o(U, X, Y) are the o-algebras generated by the random variables
U, (U,X), and (U, X, Y), respectively.

According to Definition 3.3 (i), the set system o (U) is prior in &7 to the set system o(X)
because o (U) c %, 0(X) ¢ % [see Def. 3.3 (i) (a)], but 0(X) c &%, [see Def. 3.3 (i) (b)]. Note
that

F, = 0U,X) = o(c()uo(X))

[see RS-Eq. (2.16)], which implies o (X) c &,. Similarly, o (U) is prior in %7 to o(Y) because
o(U)c &, 0(Y) £ F, buto(Y) c &;. Again note that

F3 = 0(U,X,Y) = o(c()uc(X)ua(Y))

[see again RS-Eq. (2.16)], which implies o(Y) c %;. Finally, 0(X) is prior in &7 to a(Y)
because 0(X) c % and a(Y) ¢ %, but 6(Y) c %3 (see Exercise 3-5).

Remember, that random variables are measurable maps and that the prior-to relation
of measurable maps is defined via their generated o-algebras . Now that we clarified the
prior-to relation of the set systems o(U), o(X), and o(Y), we can also conclude that U is
prior in &7 to X and Y, and that X is prior in 7 to Y [see Def. 3.3 (ii)]. <

3.2.1 Properties of the Prior-to Relation of Measurable Set Systems

Now we study some properties of the prior-to relations. First of all, let us ascertain that
the prior-to relation of measurable set systems is asymmetric and transitive. Reading this
theorem, note that = denotes the negation of a proposition and = the implicationbetween
two propositions.

Theorem 3.6 [Asymmetry and Transitivity]
Let (Q, <) be a measurable space, F1 = (%) er a filtration in <, and 6,2,6 c A.
Then:
i) €9 = (2<%9) (asymmetry)
Fr Fr
(i) (‘62@ A @;ﬁ’) = ‘gggré". (transitivity)
(Proof p. 70)
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Hence, according to Proposition (i) of Theorem 3.6, the set system % being prior in &
to the set system 2 implies that & is not prior in 7 to €. This property of the prior-to
relation is called asymmetry. Furthermore, according to Proposition (ii) of Theorem 3.6,
the prior-to relation is transitive. That is, if € is prior in % to & that itself is prior in 7 to
&, then € is priorin #rto &.

The following remark prepares another important property of the prior-to relation of
measurable set systems.

Remark 3.7 [Some Propositions About Subsets] Some general properties of subsets are:

(AcBANAc(C) © AcBnO) (3.14)

(AcCABc(C) & (AuB)cC (3.15)
and

(AcBABc(C) = AcC (3.16)

(see Exercises 3-6 to 3-8). Hence, according to Proposition (3.16), if (2, &) is a measurable
space and 7 = (%) e afiltration in &/, then:

(o< NEC<F) => Cy<F. (3.17)

<

Theorem 3.8 [An Implication of ¢ < & for a Subset of €]
T
Let (Q, <) be a measurable space, F1 = (%) 1 afiltration in <f, and €, 2 c of. Then

C<9 = 6p<9, if 6y 6. (3.18)
Fr Fr
(Proof p. 70)

Now we turn to some properties of the prior-to relation of measurable set systems
that involve o-algebras generated by set systems. Let (Q,</) be a measurable space,
Fr = (F)er afiltration in of, and € < «/. Because each &, t€ T, is a 0-algebra,

VieT: €cF o o(6)cFH (3.19)

holds for the o-algebra o(¥) generated by € [see RS-Def. 1.7 and RS-Prop. (1.5)]. This
proposition is used in the proof of the following theorem.

Theorem 3.9 [First Properties of the Prior-to Relation Involving ¢-Algebras]
Let (Q, /) be a measurable space, ¥ = (%) et afiltrationin <, and €, 2 c <. Then:

(@) ‘6;@ & %go(@)
T T
(ii) ‘63;;@ =3 0(‘6)%@.

(Proof p. 70)

Hence, according to Proposition (i) of Theorem 3.9, the set system % being prior in %
to the set system 2 is equivalent to % being prior in &7 to the o-algebra o(2) generated by
2. And, according to Proposition (ii) of this theorem, € being prior in % to 2 is equivalent
to 0 (%) being prior in %1 to 2.
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Remark 3.10 [The o-Algebra Generated by the Union of Two Set Systems] Now we turn
to some properties of the prior-to relation of set systems involving the o-algebra generated
by the union of two set systems. This is of interest because

o(X,Y) = o(a(X)ua(Y)) (3.20)

(see RS-Lem. 2.15). According to this equation, the union of the o-algebras ¢(X) and o(Y)
generated by the measurable maps X and Y on a measurable space (Q, /) generates the
o-algebra generated by the bivariate measurable map (X, Y) (see RS-sect. 2.1.4).

Note that, if € is a 0-algebra on Q, then

oX)ua(Y) c€¢ < o(cX)ua(Y)) c € (3.21)

(see RS-Rem. 1.9). Therefore, and because a filtration &1 = (%;) ;cr is a family of o-algebras,
all properties of the prior-to relation of set systems involving the o-algebra generated by the
union of two set systems can be translated to corresponding properties involving a bivariate
measurable map or a bivariate random variable (see RS-sect. 2.1.4). <

In the following theorem we use the notation

%,@;g’ o %28/\@28. (3.22)

Theorem 3.11 [Properties Involving the Union of Set Systems]
Let (Q, <) be a measurable space, 1 = (%) er a filtration in </, and 6,2, c <.
Then:

(@) (%;@/\EUET:(S’C?E) = %;0(@Ué")
T T

(ii) €, 2<8E <© 0(6uUD)<8E.
Ty Fy
(Proofp. 71)

Hence, according to Proposition (i) of Theorem 3.11, if ¥ is prior in &7 to 2 and &
is in the filtration (i.e., there is a t € T with & c &,), then € is also prior in &7 to c(2 U &).
Furthermore, ¥ and 2 being prior in &7 to & is equivalent to o (% U2) being prior in Fr
to & [see Prop. (ii)].

Remark 3.12 [A Special Case] Note that € 5 & implies the existence of a t € T with § c &,
[see Prop. (b) of Def. 3.3 (i)]. Hence, !

C<2,6 = €=0@DU8) (3.23)

is an immediate implication of Theorem 3.11 (i). In this proposition, the premise is a short-

cut for %; DN ‘5; &. Hence, if € is prior in & to 2 and to &, then % is also prior in &7
T 7T

to the o-algebra generated by the union of 2 and &. <

According to the following theorem, % being prior in &7 to 9 is equivalent to € being
prior in %7 to the o-algebra generated by the union of € and 2.
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Theorem 3.13 [Another Property Involving the Union of Set Systems]
Let (Q, <) be a measurable space, F1 = (%) et a filtration in <f, and 6,2 < <. Then:

€X2 © E0(€UD). (3.24)
! ! (Proofp. 71)

Example 3.14 [Joe and Ann With Self-Selection] In Example 3.2, we already specified the
probability space (Q, « P), the random variables U, X, Y, and the filtration 1 = (%) er
inf, T ={1,2,3}, by

e9.1 = O-(U)r gz = O-(U)X)r gf} = O-(U)Xr Y)~

Remember, 0(X,Y) = o(a(X) Ua(Y)) [see Eq. (3.20)], which implies 6(X),0(Y) c 0(X,Y)
[see RS-Prop. (1.9)]. Similarly, 0(U, X,Y) = o(c(U)uc(X)Ua(Y)), and this implies o(U),
o(X,Y)co(U,X,Y).

In this example,

o(U) x0(X),a(Y),0(X,Y),0(U,X,Y),

because o(U) ¢ &, and o(X),0(Y),0(X,Y),0(U,X,Y) ¢ %, but 0(X) c &% and o(Y),
o(X,Y), o(U,X,Y) c % [see Def. 3.3 (i)]. That is, o(U) is prior in & to o(X), prior to
o(Y), prior to 0(X, Y), and priorto o (U, X,Y).

Finally,

0(X) x0(Y),0(X,Y),0(U,X,Y),

because 0(X) c % and o(Y),0(X,Y),0(U,X,Y) & %, buto(Y),0(X,Y),o0(U,X,Y)cF;
[see again Def. 3.3 (i)]. Hence, o(X) is prior in &7 to o(Y), prior to o(X, Y), and prior to
o(U,X,Y). <

3.2.2 Properties of the Prior-to Relation of Measurable Maps

Now we will translate the properties of the prior-to relation of measurable set systems to
the prior-to relation of measurable maps. For a full understanding, the following remarks
on the measurability of a composition are important.

Remark 3.15 [Composition of Two Maps] Let X: QO — Q} and g: Q% — Qg be maps. Then
amap W: Q — Qg is called the composition of X and g, denoted go X or g(X) if

W = g(X(), YoeQ. (3.25)
<

The following lemma is useful whenever we deal with the composition of two measur-
able maps. (For a proof, see RS-Theorem 2.11, RS-Definition 2.12, RS-Remark 2.13, and
Lemma 2.34).
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Lemma 3.16 [Measurability of a Composition]
Let X: (Q, o) — (QX, ) and g: (Q, <lx) — (Qg, <4y) be measurable maps and assume
W =g(X). Then W is X-measurable, that is, then (W) c o(X).

According to this lemma, we can conclude that Wis X-measurable, whenever it is the
composition of a measurable map X and another measurable map g. Note that no re-
quirements are necessary for the three measurable spaces involved. However, this lemma
only contains a sufficient condition of X-measurability of W.

Remark 3.17 [Measurability of a Composition of X and g] Now we add arequirement for
the measurable space (Qg, o). This yields a necessary and sufficient condition of X-mea-
surability of W. Let X: (Q, o) — (Q%, /%) and W: (Q, /) — (R, %8) be measurable maps on
a measurable space (Q, o). Then o(W) c ¢(X) if and only if there is a measurable map
g: (Qk, ) — (R, ) such that W =g(X) is the composition of X and g (see RS-Lem. 2.35).
Hence, if W is numerical, then it is X-measurable if and only if it can be written as the com-
position of Xand g. <

Example 3.18 [Some Simple Examples] If W=a- X, a € R, then W is X-measurable (see
Exercise 3-9). Another example is W = 7Tx_,, the indicator of X taking on the value x. Note
that, in Lemma 3.16 and Remark 3.17, X may also be a multidimensional map. For exam-
ple, if W=, X; + X, with ;, B2 € R, then W is (X;, X;)-measurable, that is, W is measur-
able with respect to the bivariate map X =(Xj, X») (see Exercise 3-10). Another example is
the product W= 7x_, - y-, of the indicators of X taking on the value x and Y taking on the
value y. In this example, W is (X, Y)-measurable and (7x-,, 7y-,)-measurable. <

Now we turn to properties of the prior-to relation of measurable maps; the most im-
portant ones are gathered in Box 3.1. Because random variables on a probability space
(Q, <, P) are measurable maps on the measurable space (Q2, <), all propositions about
measurable maps in this box and in the present section also hold for random variables.

Box 3.1 starts repeating the definition of the prior-to relation of measurable maps. This
definition is based on the framework of a measurable space (Q, &/ ) and a filtration &t in <.
Proposition (i) of Box 3.1 is the asymmetry property of the prior-to relation of measurable
maps. According to this proposition, if X is prior in %r to Y, then Y is not prior in &7 to X.
This proposition immediately follows from Theorem 3.6 (i) because the prior-to relation
of measurable maps is defined via their generated o-algebras [see Def. 3.3 (ii)].

According to Proposition (ii) of Box 3.1, X is prior in & to Y if and only if X is prior in
Frto(X,Y), where (X, Y) denotes the bivariate measurable map on (Q, «/) that consists of
X and Y (for more details see RS-sect. 2.1.4). This proposition is an immediate implication
of Theorem 3.13 and Definition 3.3 (ii).

According to Propositions (iii) and (iv) of this box, if W is X-measurable, then X being
prior in &7 to Y implies that W is also prior in & to Y and to the bivariate map (X, Y).
Proposition (iii) is an immediate implication of Theorem 3.8, whereas Proposition (iv) fol-
lows from Theorem 3.13, Proposition (3.20), and Theorem 3.8 [see Exercise 3-11].

Now we turn to Propositions (v) and (vi) of Box 3.1, which involve an additional measur-
able map Z on the measurable space (2, o/). We prove these propositions in the following
theorem. In this theorem, we use the notation
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Box 3.1 Properties of the prior-to relation of measurable maps

Let X and Y be measurable maps on a measurable space (Q, &), let 7 = (%) ;e be afiltration
in &/, and let 0(X) and o(Y) denote the o-algebras generated by X and Y, respectively. Then we
say that X is priorin %7 to Y (and Y posterior in 7 to X ), denoted X; Y, if the following two
conditions hold: !

(@) 3dAseT:o0X)cF A o(Y) & F
(b) 3AteT:o(Y)cF.

A first property is
X =9<’1 i Y => (Y =9<’1 i X). (asymmetry) )
Additionally, let (X, Y) denote the bivariate measurable map consisting of X and Y. Then:
Xg<cTY = Xg<cT(X, Y). (ii)
Additionally, let also W be a measurable map on (Q2, «/). Then:
X<Y = W<Y, if (W) ca(X) (iii)
Fr Fr
X<Y = W=<(XY), if a(W) co(X). (iv)
Fr Fr
Additionally, let also Z be a measurable map on (Q, <), let (Y,Z) denote the bivariate map
consisting of Yand Z, and (X, Y) the o-algebra generated by (X, Y). Then:
XY<Z = W<x<Z, if g(W)cao(X,Y) ()
Fr Fr
X;TY A Y;TZ = W;TZ, ifg(W)co(X,Y). (vi)

Additionally, let 0(Z) denote the o-algebra generated by Z. Then:
(XzY AJteT:0(Z)cF) = Wg(Y,2), ifoW)coX). (vii)
T T

X, Y,(;TZ RS (X;Z/\ YaZ). (3.26)

Theorem 3.19 [Further Implications]
Let W, X,Y,Z be measurable maps on a measurable space (0, /) and Fr = (F)er a
filtration in of. Then:

G X, Y<Z = W<Z, ifo(W)co(X,Y).

(i) X<YANY=<Z) = W<xZ, ifo(W)co(X,Y).
Fr Fr Fr
(Proof p. 72)

Hence, according to Proposition (v) of Box 3.1, if X and Y are prior in %7 to Z, then
each (X, Y)-measurable map W is prior in &7 to Z as well. Note that each X-measurable
map W is also (X, Y)-measurable, that is,

oW)coX) => oW co(lX,Y). (3.27)
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Furthermore, according to Proposition (vi) of Box 3.1, if X is prior in &7 to Y that itself
is prior in &1 to Z, then each (X, Y)-measurable map W is also prior in &7 to Z.

Remark 3.20 [Two Special Cases] For W =X, Proposition (ii) of Theorem 3.19 yields
(X;T Y A YE, zZ) = XE,Z (transitivity) (3.28)
Hence, if X is prior in %7 to Y and Y is prior to Z, then X is prior in %r to Z as well. This

is the transitivity property of the prior-to relation of measurable maps.
Furthermore, for W= (X, Y), Proposition (ii) of Theorem 3.19 yields

(X;TY/\Y;TZ) => (X,Y)&;TZ. (3.29)

Hence, if X is prior in &7 to Y and Y is prior to Z, then the bivariate measurable map
(X,Y) is prior in &7 to Z as well. <

Now we turn to Proposition (vii) of Box 3.1, which is proved in the following theorem.

Theorem 3.21 [Another Implication of X P Y for an X-Measurable Map]
T

Let W, X,Y,Z be measurable maps on a measurable space (0, /) and Fr = (F)er a
filtration in <f. Then

(XzYA3teT:0(D)cF) = Wg(,2), ifoW)coX). (3.30)
! ! (Proof p. 72)

Hence, if X is prior in &1 to Y and Z is in the filtration %7, then each X-measurable
map W is prior in &7 to the bivariate map (Y, Z).

Remark 3.22 [More Implications of X Y] For W=X, Theorem 3.21 implies
T
(X<YATteT:0(2)cF) => X<, 2). (3.31)
Fr Fr

Hence, if X is prior in &7 to Y and Z is in the filtration &7, then X is prior to the bivariate
map (Y, 2). <

Example 3.23 [Joe and Ann With Self-Selection] In Example 3.14, we already showed that
G(U);TG(X), o(Y),0(X,Y),0(UX,Y).
and
O'(X)L;TO'(Y), o(X,Y),0(U,X,Y).
Therefore, according to Definition 3.3 (ii),

UsX, Y, (X,Y), (U X,Y). (3.32)
Fr
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That s, U is prior in &7 to X, prior in %7 to Y, and prior in &7 to (the multivariate random
variables) (X, Y) and (U, X, Y). Furthermore,

XY, (X,Y), (U X,7Y), (3.33)
Fr

that is, X is prior in &7 to Y, prior in &7 to the bivariate random variable (X, Y), and prior
in &7 to the trivariate random variable (U, X, Y).

In order to illustrate some propositions of Box 3.1, consider the indicator 7y-j, of the
event that Joe is sampled. Because 1y - j,, is U-measurable, according to Proposition (3.32)
and Box 3.1 (iii),

1U:]Oeg.<Xr Yy (Xy Y)y (Uer Y) (334)
-
Furthermore, according to Propositions (3.32), (3.33), and Box 3.1 (vi),
Tu=je 3 Y, (X,Y), (U, X,Y). (3.35)
Ty

Finally, consider the product 7y-j,. - X, which is the indicator of the event that Joe is
sampled and treated. (Note that, in this example, X is an indicator, too.) This indicator is
(U, X)-measurable, that is, o(7y- . - X) € (U, X). Hence, according to (3.32), (3.33), and
Box 3.1 (v), the random variable 7y_ . - X is priorin #r to Y. <

3.3 Simultaneous-to Relations

In chapter 2, we already discussed that we consider as potential confounders of X all those
random variables that are prior or simultaneous to the focused putative cause variable
X. As an example of a potential confounder that is simultaneous to X we mentioned a
second treatment variable that is manipulated at the same time as X. As another example,
consider studying the effects of X, the amount of antibodies at time t. In such a case, we
might also consider Z, the amount of leucocites at time t, referring to the same time point
t. Then X and Z would be simultaneous to each other.

Again, we start defining the simultaneous-to relation for measurable set systems ¢ and
2, and extend it to measurable maps X and Y via their generated o-algebras o¢(X) and
o(Y).

Definition 3.24 [Simultaneous-to Relations]
Let (Q, of) be a measurable space, F1 = (%) cr a filtration in </, and 6,2 c .

(i) We say that € and 2 are simultaneous in (or, with respect to) ¥, denoted
€ = 9, if the following two conditions hold:

(@ 3teT: €cF
(b) VteT: €c%F & DS
(ii) Let X and Y be measurable maps on (Q,</). Then we say that X and Y are

simultaneous in %r, denoted Xg: Y, if o(X) and o(Y) are simultaneous in
Fr. !
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The simultaneous-to relation always refers to a measurable space (Q2, /) and a fil-
tration ¥ = (%)ter in . For € and 2 to be simultaneous in %7, or, synonymously,
for € to be simultaneous in % to 2, we require that there is an element ¢ € T such that
the set system € is a subset of &; [see Def. 3.24 (i) (a)]. In this case we also say that
%€ is in the filtration &7 . Furthermore, in condition (b) of this definition, we require that
% is a subset of %, if and only if 2 is a subset of %, for all t€T. Note that the conjunc-
tion of (a) and (b) implies that & is in the filtration S as well, that is, there is a t € T such
that 2 c %,. Note again that, in the context of a probability space (2, </ P), a measurable
map is a random variable on the probability space (Q, < P), and measurable set systems
€, 9 c o are sets of events.

Remark 3.25 [Simultaneous-to Relation of Measurables Sets and of Events] Let (Q,</)
be a measurable space and {C}, {D} set systems containing the sets C, D € & as their only
element. We say that C and D are simultaneous in %1, denoted C = D, if {C} and {D} are
simultaneous in 7. Using this definition, all propositions about the simultaneous-to re-
lation of measurable set systems are easily translated to the simultaneous-to relation of
measurable sets. Again remember, in the context of a probability space (Q, o, P), the sets C
and D represent events. Again, for brevity, we will not treat any details of the simultaneous-
to relation of measurable sets. <

Example 3.26 [Joe and Ann With Self-Selection] In Example 3.2, we already specified the
probability space (Q, o, P), the random variables U, X, Y, and the filtration 1 = (%) (e7.
In this example, the person variable U and the event { Joe} x Qx x Qy that Joe is sampled
are simultaneous in . This is because the set system {{ Joe} x Qx x Qy} is a subset of the
o-algebra generated by U and because the first g-algebra % in the filtration & has been
defined to be the o-algebra generated by U. Hence, conditions (a) and (b) of Definition
3.24 (i) hold for € = o(U) and 2 = {{Joe} x Qx x Qy}. <

3.3.1 Properties of the Simultaneous-to Relation of Measurable Set Systems

Now we study some elementary properties of the simultaneous-to relation. First of all, we
show that this relation is reflexive, symmetric and transitive, that is, we show that it is an
equivalence relation.

Theorem 3.27 [Reflexivity, Symmetry, and Transitivity]
Let (Q,</) be a measurable space, Fr = (%;)er a filtration in </, and 6, 2,8 c A.
Then:

(i 3JteT:€cF = %;‘6 (reflexivity)

i) €2 = 9D=€ (symmetry)
Fr Fr

@iii) (€ 519 ND 5T£) > ¥ 5Téa. (transitivity)

(Proof p. 73)

Now we turn to some properties of the simultaneous-to relation involving the o-algebras
0(€) and o(¥€ U2D) generated by the set systems € and € U 9, respectively (see RS-
Def. 1.7). The motivation is to obtain some properties of the simultaneous-to relation of
measurable maps and random variables (see again Rem. 3.10).
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Theorem 3.28 [Properties of the Simultaneous-to Relation Involving o-Algebras]
Let (Q, <) be a measurable space, 1 = (%) et afiltration in <f, and €, 2 < <. Then:

@) %;T@ RaS 0(‘6);9

(i) €=2 = 0o(6uUD)=9.
Fr Fr
(Proof p. 73)

Hence, according to Theorem 3.28, the set systems ¥ and 2 being simultaneous in %
is equivalent to o (%) (i.e., the o-algebra generated by €) being simultaneous in &7 to 9
[see Prop. (i)]. Furthermore, € and 2 being simultaneous in % implies that o (¥ U2) (i.e.,
the o-algebra generated by the union ¥ U 2) is simultaneous in %7 to 2 [see Prop. (ii)].

In the following theorem we treat a property of the simultaneous-to relation involving
a third measurable set system & < /.

Theorem 3.29 [A Proposition Involving a Third Measurable Set Systems]
Let (Q,</) be a measurable space, Fr = (%) er a filtration in <, and 6€,2,8 c A.
Then

(=9 N D2=8) = 0(6CUD)=6E. (3.36)
Fr Fr Fr
(Proof p. 74)

Hence, if the set systems 4,2 and & are simultaneous in &7 to each other, then the
o-algebra generated by the union of ¢ and 2 is simultaneous in & to &.

Example 3.30 [Joe and Ann With Self-Selection] In Example 3.2, we already specified the
probability space (Q, <, P), the random variables U, X, Y, and the filtration %1 = (%) ter
for the random experiment presented in Table 1.2. In this example,

O(X);TO(U,X),

and

O(Y)L%O(X, Y),o(U,X,Y).

That is, 0(X) is simultaneous in %7 to (U, X), and o (Y) is simultaneous in % to 0(X,Y)
and to (U, X, Y). Therefore, according to Definition 3.3 (ii),

X;T(U,X)
and
Y=(X,Y),UXY).
Fr

That is, X is simultaneous in %7 to (the multivariate random variable) (U, X), and Y is
simultaneous in %7 to (X, Y) and to (U, X, Y). <
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Now we treat some theorems involving the prior-to and the simultaneous-to relations.
In the first one we show that the set system % being prior in %7 to the set system 2 implies
that 0 (€ U 9), the o-algebra generated by the union of ¢ and 2, is simultaneous in &7 to
2 and that € being simultaneous in %7 to 2 implies that € is not prior in % to 2.

Theorem 3.31 [Combining the Prior-to and Simultaneous-to Relations]
Let (Q, /) be a measurable space, 1 = (%) et a filtration in «f, and €, D c . Then:

@) ‘6;1‘@ = G(Cto”u@)%@

i) €32 = (€2
(Proof p. 74)

In the following theorem we study an implication of € and 2 being prior or simultane-
ous in & for a subset 6, of the o-algebra generated by the union of € and 2.

Theorem 3.32 [Combining the Prior-to and Simultaneous-to Relations]
Let (Q,</) be a measurable space, F1 = (F1)rer a filtration in , and 6,9 < . If
Gy < 0 (€ UD), then:

(@) ‘to”;T@ => (‘60;1‘@ v Cg(];T@)

(i1) Cg:;]@ = (%”0;19 v %;@).
(Proof p. 74)

Hence, according to the two propositions of this theorem, if the set system %€ is prior or
simultaneous in %7 to the set system 2 and % is a subset of 0 (€ U 2), then %6 is prior or
simultaneous in % to 9.

Finally, we show: If ¥ is simultaneous in & to 2 that itself is prior in & to &, then
%, is prior in &7 to &, provided that % is a subset of o (¢ U2). Furthermore, if 6 is prior
in Zr to 2 that itself is simultaneous in &7 to &, and %, is a subset of %, then we can
conclude that %6 is prior in &7 to &.

Theorem 3.33 [Combining the Prior-to and Simultaneous-to Relations]
Let (Q, /) be a measurable space, Fr = (%):er a filtration in <, and 6,9, < A.
Then:

(@) (‘651‘@/\@23) = (6028' if 6pca(€uUD)

(ii) (‘62@ A QZ‘;]‘(S") = ‘6026", if 6p < 6.
(Proof p. 75)

In the following remark, we consider the special case of Theorem 3.33 in which €, =%.

Remark 3.34 [A Special Case] Let (Q, /) be a measurable space, %1 = (%;)r a filtration
in o/, and 6,9, & c <. Then:

(i) (‘ggT@/\@;Té") = %28



62 3 Time Order

(ii) (‘52@/\@28) = <€§§Téa.

Hence, if the set system ¥ is simultaneous in & to the set system 2 that itself is prior
in &7 to the set system &, then € is prior in & to & as well. Furthermore, if € is prior in
Fr 1o and 9 is simultaneous in &7 to &, then € is also prior in 7 to &. <

3.3.2 Properties of the Simultaneous-to Relation of Measurable Maps

Now we turn to properties of the simultaneous-to relation of measurable maps, the most
important of which are gathered in Box 3.2. Again remember, because random variables
on a probability space (Q, «, P) are measurable maps on the measurable space (Q, .of), all
propositions about the simultaneous-to relation of measurable maps in this box and in
this section also hold for random variables.

Box 3.2 starts repeating the definition of the simultaneous-to relation of measurable
maps. Propositions (i) (reflexivity) and (ii) (symmetry) of Box 3.2 immediately follow from
Propositions (i) and (ii) of Theorem 3.27 because the simultaneous-to relation of measur-
able maps is defined via their generated o-algebras [see Def. 3.24 (ii)].

Proposition (iii) of Box 3.2 is an immediate implication of Theorem 3.31 (ii) because
the simultaneous-to and prior-to relations of measurable maps are defined via the corre-
sponding relation of their generated o-algebras [see Defs. 3.3 (ii) and 3.24 (ii)]. According
to this proposition, if X is simultaneous in %t to Y, then X is not prior in %7 to Y, noris Y
prior in &7 to X (which follows from symmetry).

According to Propositions (iv) and (v) of Box 3.2, X being simultaneous or prior in %y
to Y implies that the bivariate map (X, Y) is also simultaneous in &1 to Y. The first of these
propositions immediately follows from Theorem 3.28 (ii), Definition 3.24 (ii), and Equation
(3.20), the second from Theorem 3.31 (i), Definition 3.24 (ii), and Equation (3.20).

Proposition (vi) of Box 3.2 is called transitivity of the simultaneous-to relation of mea-
surable maps. According to this proposition, if X is simultaneous in % to Y and Y simul-
taneous in Z7 to Z, then X is also simultaneous in &r to Z. This proposition immediately
follows from Theorem 3.27 (iii), Definition 3.24 (ii), and Equation (3.20).

According to Proposition (vii) of Box 3.2, X being simultaneous in % to Y and Y being
simultaneous in &7 to Z implies that the bivariate map (X, Y) is also simultaneous in
to Z. This proposition immediately follows from Theorem 3.29, Definition 3.24 (ii), and
Equation (3.20). Symmetry immediately yields

(X2YAY=2Z) = (X,2)2Y. (3.37)
Lg.T Lg.T Lg.T

According to Propositions (viii) and (ix) of Box 3.2, X being prior or simultaneous in
Frto Y implies that each (X, Y)-measurable map W is prior or simultaneous in &7 to Y
(see again Rem. 3.15 to Example 3.18). These two propositions are proved in the following
theorem.

Theorem 3.35 [Two Propositions Involving the Prior-to Relation]
Let W, X, Y be measurable maps on a measurable space (Q, ), let F1 = (%) ier be a
filtration in <f, and assume o (W) c 0(X,Y). Then

(i) X%Y = (W%YVW;TY)
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Box 3.2 Properties of the simultaneous-to relation of measurable maps

Let X and Y be measurable maps on a measurable space (Q, &), let 7 = (%) ;e be afiltration
in &/, and let 6(X) and o(Y) denote the o-algebras generated X and Y, respectively. Then we
say that X is simultaneous to Y in %7, denoted X z Y, if the following two conditions hold:
T
(@ 3JteT:o0X)cF
(b) VteT:0X)c% © o(Y)cZ.

Some first properties are

JteT:0c(X)cF = X;X (reflexivity) (i)
.

X 5TY = Y ;}X (symmetry) (i)

X ETY = (X ;1 Y). (iii)

Additionally, let (X, Y) denote the bivariate measurable map consisting of X and Y. Then:
X ;TY = (X,Y) ;TY (iv)
X;?TY = (X, Y);TY. W)
Additionally, let also Z denote a measurable map on (Q2, «¢). Then:
(X EI‘Y ANY gzZ ) = X gzZ (transitivity) (vi)

(X 5TY ANY §1~Z) = (X,Y) 5TZ. (vii)

Additionally, let also W be a measurable map on (Q2, «/). Then:

X;?TY = (WL;TY \% W;TY), ifoW)co(X,Y) (viii)
X§1~Y = (WL;TY \% W§1~Y)’ ifoW)co(X,Y) (ix)
(XETY A Y9<€TZ) = W§<€TZ’ ifo(W)co(X,Y) x)
(X;c].y A Y;TZ) = Wg<cTZ, ifo(W) c o(X). (xi)

(ii) X;TY = (W%Y \Y W;}VY).
(Proof p. 76)

According to Proposition (x) of Box 3.2, if X is simultaneous in %7 to Y thatitself is prior
in &7 to Z, then each (X, Y)-measurable map W is also prior in & to Z. This proposition
immediately follows from Theorem 3.33 (i), Definition 3.3 (ii), and Definition 3.24 (ii) (see
Exercise 3-12).

Finally, according to Proposition (xi) of Box 3.2, if X is prior in &7 to Y that itself is
simultaneous in &7 to Z, then each X-measurable map W is also prior in &7 to Z. This
proposition immediately follows from Theorem 3.33 (ii), Definition 3.3 (ii), and Definition
3.24 (ii). Note that X-measurability of W implies that W is (X, Y)-measurable, but not vice
versa.
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Remark 3.36 [Two Special Cases] For W=X, Proposition (x) of this box yields
(X;YAYaz):: XxZ. (3.38)

Hence, if X is simultaneous in &7 to Y that itself is prior in & to Z, then X is prior in ¢
to Z.
Similarly, for W=X, Proposition (xi) of Box 3.2 yields

(X<YAYRZ) > X=<Z (3.39)
Fr Fr Fr

According to this proposition, if X is prior in % to Y and Y is simultaneous in %r to Z,
then X is also prior in %1 to Z. <

3.4 Prior-or-Simultaneous-to Relations

As noted before, the intuitive idea of a potential confounder W of X is that is it a random
variable that is prior or simultaneous to X. This concept is now defined for measurable
maps — and with it for random variables — and for measurable set systems — and with
for sets of events. Reading the following definition, remember that the o-algebra o (X) gen-
erated by a measurable map X is a set system (see RS-Def. 2.12).

Definition 3.37 [Prior-or-Simultaneous-to Relations]
Let (Q, /) be a measurable space, F1 = (%) er a filtration in <, and 6,2 c .

(i) We say that € is prior or simultaneous in %7 to 9, denoted <€-<QZ, if € is
prior in % to 9 or simultaneous in rto 9.

(ii) Let X and Y be measurable maps on (Q, /). Then we say that X is prior or
simultaneous in 1 to Y, denoted X < Y, if o(X) is prior or simultaneous in
Frtoo(Y).

Remark 3.38 [Prior-or-Simultaneous-to Relation of Measurables Sets and of Events]

Let (O, «/) be a measurable space and {C}, {D} set systems containing the sets C,D € o
as their only element. Then we say that C and D are prior or simultaneous in %7, denoted
C= ; D, if {C} and {D} are prior or simultaneous in &r. Remember again that in the con-
text of a probability space (Q, «, P), the sets C and D represent events. Again, for the sake
brevity, we will not treat any details of the prior-or-simultaneous-to relation of measurable
sets. However, using this definition, all propositions about the prior-or-simultaneous-to
relation of measurable set systems treated in this section are easily translated to the prior-
or-simultaneous-to relation of measurable sets. <

3.4.1 Properties of the Prior-or-Simultaneous-to Relation of Measurable Set
Systems

Now we show that the prior-or-simultaneous-to relation is reflexive, pseudo-antisym-
metric, linear, and transitive.
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Theorem 3.39 [Reflexivity, Pseudo-Antisymmetry, and Transitivity]
Let (Q, /) be a measurable space, F1 = (%) e a filtration in <f, and €, 2 < of. Then:

@ 3teT: €<% = ‘6;‘6 (reflexivity)
T
i) (€ ;@ ND ;cg) > ¥ ;@ (pseudo-antisymmetry)
T T T
(iii) As,teT: € cFANDF) > (‘5;@ Vv 9;‘5). (linearity)
T T

If, additionally, & c of, then

(iv) (‘6‘;‘9 A @;6”) = %;6" (transitivity)
! ! ! (Proof p. 76)

Hence, according to Proposition (i) of Theorem 3.39, if the set system % is in the filtra-
tion, then it is prior or simultaneous in &7 to itself. Furthermore, if € is prior or simulta-
neous in %y to the set system & that itself is prior or simultaneous in %r to €, then we
can conclude that € and & are simultaneous in %7 to each other [see Prop. (ii)]. Further-
more, if € and 2 are in the filtration &7, then € is prior or simultaneous in % to 2 or 9
is prior or simultaneous in &7 to € [see Prop. (iii)]. Finally, according to Proposition (iv),
if € is prior or simultaneous in % to & that itself is prior or simultaneous in % to the set
system &, then € is prior or simultaneous in #7 to &.

Now we treat an implication of a set system % being prior or simultaneous in a filtration
Fr to a set system 2 for a subset €, of 0(€ U2), the o-algebra generated by the union of
the sets € and 2.

Theorem 3.40 [An Implication of € ; 2 for a Subset of 6 (€ U D)]

Let (Q,</) be a measurable space, letTf}"T = (%) ter a filtration in of, and 6,2 c .
Then:

%;@ = %0;@, if 6yc0(€UD). (3.40)
r ! (Proof p. 78)

Hence, if the measurable set system % is prior or simultaneous in &7 to a measurable
set system &, then each subset of the o-algebra generated by the union € U2 is also prior
or simultaneous in %1 to 2.

The following corollary is a generalization of relexivity of the prior-or-simultaneous-to
relation of measurable set systems to subsets of a measurable set system.

Corollary 3.41 [A Generalization of Reflexivity]
Let (Q, /) be a measurable space, F1 = (%) er a filtration in of and € c of. Then:

JteT: €% > ‘60;]“6, if 6y 6. (3.41)
(Proof p. 78)

According to Proposition (3.41), if € is in the filtration %7, then each subset of € is
prior or simultaneous to €.
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In the following theorems we treat some properties of the prior-or-simultaneous-to re-
lation of measurable set systems involving o-algebra generated by the union of two set
systems (for the motivation see again Rem. 3.10).

Theorem 3.42 [An Implication of € < 2 for a Subset of 6 (€ U D)]
Let (Q, /) be a measurable space, let Fr = (F)ier a filtration in o, and €, D c A.
Then:

‘6;@ ES %05 0(6u), if 6yco(€UD). (3.42)
’ ’ (Proof p. 78)

According to this theorem, if the set system % is prior or simultaneous in %7 to the set
system 2, then each subset 6, of the o-algebra o (¢ U2) generated by the union of ¢ and
9 is prior or simultaneous in %y to o (€ U92).

Remark 3.43 [A Special Case] In the special case 6, =%, Proposition (3.42) yields
C€'<92 = Cg 0(‘5U@) (3.43)

Hence, if the measurable set system %€ is prior or simultaneous in % to a measurable set
system 9, then % is also prior or simultaneous in & to 0(€ U2). <

In the next theorem we use the notation

‘69 é" o (FXENDXE). (3.44)
Fr Fr

Theorem 3.44 [Propositions Involving the Union of Two Set Systems]
Let (Q, /) be a measurable space, 1 = (F):er a filtration in <, and 6,9, 8 c .
Then:

€28 = 0(6UD)XE. (3.45)
Fr Fr

(Proof p. 78)

Hence, if the measurable set systems ¥ and 2 are prior or simultaneous in &y to a
measurable set system &, then the o-algebra generated by their union € U 2 is also prior
or simultaneous in %r to §.

In the following theorem we show that the set system % being prior or simultaneous
in &7 to the set system & is equivalent to € being prior or simultaneous in %7 to the
o-algebra generated by 2. Furthermore, it is also equivalent to the o-algebra generated by
% being prior or simultaneous in %y to 9.

Theorem 3.45 [More Properties Involving ¢ -Algebras]
Let (Q, <) be a measurable space, Fr = (%) cr a filtration in <, and 6,2 < <. Then:

(i)‘to” @ o ‘to” 0(@)

(ii) ‘6%‘@ = 0(‘5)%
(Proof p. 79)
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Box 3.3 Properties of the prior-or-simultaneous-to relation of measurable maps

Let X and Y be measurable maps on a measurable space (Q, &), let 7 = (%) ;e be afiltration
in &/, and let 0(X) and o(Y) denote the o-algebras generated by X and Y, respectively. Then we
say that X is prior or simultaneous to Y in %r, denoted X; Y, ifXL; Y or X; Y.

T T T

Two first properties are:

< < N anti :
(X %‘Y A Y91~X) ES X?TY (pseudo-antisymmetry) (i)

@steT:cX)cFHAcY)cF) = (X; Y v Y; X). (linearity)  (ii)
T T

Additionally, let also W be a measurable map on (Q2, «¢). Then:

X=Y = WXY, ifo(W)cao(X,Y) (iii)
Fr Fr
XY => WY, ifo(W)co(X,Y) (iv)
Fr Fr
XY > WX(XY), ifo(W)co(X,Y) V)
Fr Fr
dteT:0X) S = W; X, ifo(W)co(X). (vi)
5

Additionally, let also Z be a measurable map on (Q, /). Then:

~ - < . ..
(XS%Y A YL%‘Z) => W§TZ, ifoc(W)co(X,Y) (vii)
< ) ) .
(XL;TY A Yg?TZ) => W§TZ, ifoc(W)co(X,Y) (viii)
XyYsz > W=x_Z ifo(W)co(X,Y). (ix)

Fr Fr

3.4.2 Properties of the Prior-or-Simultaneous-to Relation of Measurable Maps

Now we turn to the prior-or-simultaneous-to relation of measurable maps, the most im-
portant properties of which are gathered in Box 3.3. The first two, pseudo-antisymmetry
and linearity, are immediate implications of Definition 3.37 (ii) and Theorem 3.39 (ii) and
(iii), respectively. According to Proposition (i) of Box 3.3, if X is prior or simultaneous in
Frto Y and Y is prior or simultaneous in &1 to X, then we can conclude that X and Y
are simultaneous in %7 to each other. And, according to Proposition (ii) of Box 3.3, if X
and Y are in the filtration %7, then X is prior or simultaneous in &% to Y, or Y is prior or
simultaneous in %7 to X.

Proposition (iii) of Box 3.3 has already been proved in Theorem 3.35 (ii). According to
this proposition, X and Y being simultaneous in & implies that each (X, Y)-measurable
map W is prior or simultaneous in %7 to Y.

Proposition (iv) of Box 3.3 is an immediate implication of Theorem 3.35 (i) and (ii). Ac-
cording to this proposition, if X is prior or simultaneous in &r to Y, then W is prior or
simultaneous in &7 to Y as well, provided that W is measurable with respect to (X,Y),
that is, provided that o(W) co(X, Y).

According to Proposition (v) of Box 3.3, if X is prior or simultaneous in % to Y, then
W is prior or simultaneous in %t to the bivariate measurable map (X,Y), provided that
W is measurable with respect to (X,Y). This is the case, for example, if W=X or W=Y.
Proposition (v) is an immediate implication of Theorem 3.40 and Definition 3.37 (ii).
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According to Proposition (vi) of Box 3.3, if X is in the filtration & and W is X-measur-
able, then W is prior or simultaneous in &7 to X. In the special case W =X, this implies

JteT:cX) % = X; X. (reflexivity) (3.46)
T

Note again that (W) c o(X) implies 6(W) < o(X,Y), but not vice versa. The analog of
Proposition (vi) for measurable set systems has been treated in Theorem 3.39 (i). Together
with Definition 3.37 (ii), this proves Proposition (vi) of Box 3.3, and with it, Proposition
(3.46).

According to Proposition (vii), if X and Y as well as Y and Z are simultaneous in &7 to
each other, then each (X, Y)-measurable map W is prior or simultaneous in %1 to Z. For
example, if 7x_, is the indicator of the event that X takes on the value x, X is simultaneous
to Y, and Y simultaneous to Z in &7, then Tx_, is prior or simultaneous to Z.

Furthermore, according to Proposition (viii) of Box 3.3, if X is prior or simultaneous in
Frto Y and Y is prior or simultaneous in &7 to Z in 7, then W is prior or simultaneous
in &r to Z as well, provided that W is (X, Y)-measurable.

Also note, for W = X, Proposition (viii) of Box 3.3 yields

XY ANY=2Z) => X=xZ (transitivity) (3.47)
Z Py Fy

T

The proofs of Propositions (vii) and (viii) of Box 3.3 are found in the following theorem.

Theorem 3.46 [Further Implications]
LetW, X, Y, Z be measurable maps on a measurable space (Q, <f), let Fr = (%) er be
a filtration in </, and assume o (W) c a(X,Y). Then:

@) (X;TYAYETZ) = W;TZ

(i) (X;TY A Y;TZ) = W;TZ.
(Proof p. 79)

Finally, we consider Proposition (ix) of Box 3.3. According to this proposition, if X and
Y are prior or simultaneous to Z in %1 and W is (X, Y)-measurable, then W is prior or
simultaneous in &7 to Z as well. The proof of this proposition is found in the following
theorem, in which we use the notation

XYSZ & (XSZAYZ2). (3.48)

Theorem 3.47 [An Implication Involving an (X, Y)-Measurable Map]
Let W, X, Y, Z be measurable maps on a measurable space (Q0, &) and Fr = (F1) et a
filtration in <f. Then

X,Y;Z = W;Z, ifo(W)co(X,Y). (3.49)
! ! (Proof p. 80)
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Box 3.4 Glossary of new concepts

Let (Q, «/) be a measurable space, that is, let Q be a set and «f a o-algebra on Q.
Fr Filtration in of. Afamily &1 := (%) et of 0-algebras &; c o satistying % < %,
forall s,reTwiths<t¢, TcR,and T # Q.
Additionally, let €, 2 c <.

%; 7 %€ is prior in Zrto 2 . This means:

T
(a) thereis an s € T such that ¢ ¢ % and 9 ¢ %;, and
(b) thereisa t €T such that ¥ c %,.

%5 7 € is simultaneous in %7 to 9 . This means:
’ (c) thereisa teT such that € c %, and

(d) forallteT: € c % ifandonlyif 2 c Z;.

CE; 7 € is prior or simultaneous in 1 to 2 . This means that € is prior in &%t to 2 or
’ % is simultaneous in 7 to 2.

Let X, Y be measurable maps on (2, «/) and let ¢(X), o(Y) denote their generated o-algebras.
X; Y X is prior in % to Y. This means that o(X) is prior in &t to o(Y).
.
X; Y X is simultaneous in % to Y. This means that o(X) is simultaneous in %7 to a(Y).
T

X ; Y X is prioror simultaneous in 1 to Y. This means that o (X) is prior or simultane-
! ous in Fr to o(Y).

3.5 Summary and Conclusions

In this chapter we introduced the fundamental concept of a filtration 1 = (%;)er in the
o-algebra </ of a measurable space (2, o). Such a filtration induces time order among
measurable set systems (i.e., subsets of «/) and among measurable maps on a measur-
able space (Q, <), provided that we interpret T as a time set. In the context of a probabi-
lity space (Q, 7, P), this means that a filtration induces time order among sets of events,
and random variables. Referring to a filtration, we defined the prior-to, simultaneous-
to, and prior-or-simultaneous-to relations of measurable set systems and of measurable
maps. In the framework of a probability space this yields the prior-to, simultaneous-to,
and prior-or-simultaneous-to relations of sets of events and of random variables. Box 3.4
summarizes these concepts. The properties of the prior-to relation, the simultaneous-to
relation, and the prior-or-simultaneous-to relation of measurable maps have been gath-
ered in Boxes 3.1, 3.2, and 3.3, respectively.

It should be noted that these concepts are defined in the framework of a measurable
space (0, «/). No probability measure on & is involved. Hence, whether or not a random
variable X is prior to arandom variable ¥ does not depend on the stochastic dependencies
between these random variables, let alone on data that result from conducting a random
experiment.
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3.6 Proofs

Proof of Theorem 3.6

(i). If € is prior in &7 to 9, then

(@ IseT € FAND ¢ F,
(b) IteT: D c F.

Because r is a filtration, " (3reT: @ c & A€ ¢ F). This implies that 9 is not prior to
%, which proves asymmetry.
(ii). If € is prior to & in Z7, then (a) holds, and if 2 is prior to &, then

(c) 3teT: D FNE LT,
(d) FreT: &c .

Because Z7 is a filtration, the conjunction of (a) and (c) implies
() AseT € cFNE L F.

In conjunction with (d) this is equivalent to € X & [see Def. 3.3 (i)].

Proof of Theorem 3.8

(i). If € is prior in &7 to 9, then

(@ IseT € cFNDLZ,
(b) AteT D c F,.

According to Proposition (3.17), Proposition (a) and €, c € imply
(c) AseT: Gy FND & F.

However, the conjunction of (c) and (b) is equivalent to 6, 5 9 [see Def. 3.3 (1)].
T

Proof of Theorem 3.9

(). €x2is equivalent to the conjunction of
T

(@ 3seT:CcF AND L F,
(b) VteT: €% © DcF.

According to Proposition (3.19), (a) is equivalent to
(c) 3seT: € cF No(D) & F,
and for the same reason, (b) is equivalent to
d) VteT: €%, © 0(9D)c%,.
However, the conjunction of (c) and (d) is equivalent to € L;T 0(9).
(ii). As mentioned above, € 51@ is equivalent to the conjunction of (a) and (b). Accord-
ing to Proposition (3.19), (a) is equivalent to
(e) AseT:0(€)cF ND & F,.
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Furthermore, again according to Proposition (3.19), (b) is equivalent to
f) VteT:0(€6)cF © DcF.

However, the conjunction of (e) and (f) is equivalent to ¢ (%) 5 9.
T
Proof of Theorem 3.11

@@.

(<D NIteT: EcF)
Fr

o (AreT:€cHFAND¢F, [Def. 3.3 (i) (a)]
ANIAseT: D [Def. 3.3 (i) (b)]
A3 tET:é"cg,) [part 2 of the premise in (i)]
= (AreT:€cFHA0QUE LT D¢ % Dco(@UE)]
ANJueT:0(QUé) cF,) [u = max{s, t}]
= %L;TO(@Ué?). [Def. 3.3 (i)]

(ii). First of all, note that €, 2 = & is equivalent to the conjunction of:
)

(@ AreTT €cHANE LS,
(b) IseT D FNE L S
(c) JteT EcF;

[see Prop. (3.22) and Def. 3.3 (i)]. Without loss of generality, we assume r < s. Because Fr
is a filtration, this implies

(d) 6,2 c%
(e) YueT: €, 9<%, © 0(€UD)c S,

[see RS-Prop. (1.9)].
€, @;6 => 0(6uU9D) ;é? The conjunction of (b), (d), and (e) implies
(f) I3seT: c(BUD)cFH N EZ F.
However, the conjunction of (c) and (f) is equivalent to o (€ U 2) < & [see Def. 3.3 (i)].

6,9 5 & < 0(¥uD) - &. Asjust has been said, the conjunction of (c) and (f) is equiv-
alent to 0(‘6 u9) < 8. Now, the conjunction of (f) and (e) implies (a) and (b). However, the
conjunction of (a) (b) and (c) is equivalent to €, 2 5 é.

Proof of Theorem 3.13

€ < 9D => € < 0(‘6 U 92). This proposition is a special case of Theorem 3.11 (i), in which €
also takes the role of &. The existence of a t € T with € < &%, is a part of the premise € 5 7%
[see Def. 3.3 (i)].

€ = 5 9 = €0(€UD). According to Definition 3.3 (i), € S 0(€ U9) is equivalent to
the con]unctlon of
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(@) d3seT: 6 <cF ANo(CUD) & F
(b) AteT: 0(€UD) cF,.
According to RS-Proposition (1.9), Proposition (a) implies
(c) AseT: 6 cF ANDL F,.
Furthermore, because 9 c ¢ (¢ U2), Proposition (b) implies
(d) IteT: D Z,.

However, according to Definition 3.3 (i), the conjunction of (c) and (d) is equivalent to
€ = .
T

Proof of Theorem 3.19
®.
X,YzZ e oX),0(Y)z0(2) [Def. 3.3 (ii)]
& o(o(X)ua(V)) g0(2) [Th. 3.11 (ii)]
< 0X,Y)=0(2) ((3.20)]
= o(W)z0(2) [c(W)<co(X,Y), Th. 3.8]
& WxZ [Def. 3.3 (ii)]
(iD).
XgYAY<2Z) & (0X)g0(Y)Ao(Y)<0(2) [Def. 3.3 (ii)]
= (0(X)g0(Z2)A 0(Y)20(2)) [Th. 3.6 (ii)]
& oX),0(V)zZ [(3.22)]
© XY<Z [Def. 3.3 (ii)]
= WxZ [c(W)co(X,Y), ()]
Proof of Theorem 3.21

X<YANTteT:0Z)cF,
.

& (0X) g0(Y)ATteT:0(2)cF) [Def. 3.3 (ii)]
= 0(X) g0(0(Y)uo(2)) [Th. 3.11 (i)]
= oW)s0(Y,2) [Th. 3.8, (3.20)]
<

W (Y,2). [Def. 3.3 (ii)]
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Proof of Theorem 3.27

(i). The premise
(@) 3teT:6 %
implies
(b) VteT: € cF © €cF.
According to Definition 3.24 (i), the conjunction of (a) and (b) is equivalent to € ;T%.

(ii). The premise € ;TQZ is equivalent to the conjunction of (a) and
(c) VteT: €c% o DcF.
Now, the conjunction of (a) and (c) implies
(d) 3teT: 9%,
and
(e) VteT: D% & €.
However, the conjunction of (d) and (e) is equivalent to & ;T%.
(iii). € ;TQ is equivalent to (a) and (c), and 2 ng implies (d) and
f) VteT: 9c %, © EcF.
Now, the conjunction of (c) and (f) implies

(g) VteT: €cF © EcF,.

However, the conjunction of (a) and (g) is equivalent to € = 8.
T

Proof of Theorem 3.28

DH. € =z 92 is equivalent to the conjunction of the following two propositions:
-

(@) 3teT: €cF%
(b) VteT: €c%F o DcF.

Furthermore, according to Proposition (3.19), (a) is equivalent to
(c) 3teT:0(¥) < F,

and (b) is equivalent to
(d) VteT: 0(6)cF; o DcF.

However, the conjunction of (c) and (d) is equivalent to o (%) 5{'@'

(ii). As mentioned above, € ;9 is equivalent to the conjunction of (a) and (b). &1
being a filtration implies that eactht, teT, is a o-algebra. Therefore, and because of RS-
Proposition (1.9), (b) is equivalent to:

(e) VIeT: €% o o0(€uUD)cF.
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However, the conjunction of (a) and (e) is equivalent to € = 6 (€ U D) [see Def. 3.24 (i)], to

o(€u @);‘6 [see Th. 3.27 (ii)], and to o (€ U @)5.@ [see Th. 3.27 (iii)].

Proof of Theorem 3.29

(€52 ND58) = (0(‘6U@)5T@ A @gﬁ) [Th. 3.28 (ii)]
= 0(6uU2D)z 6. [Th. 3.27 (iii)]
T

Proof of Theorem 3.31

(). €x2is equivalent to the conjunction of
)

(@) IseT: C<cF N DL F
(b) teT: D c%F.
Because &7 is a filtration, the conjunction of (a) and (b) implies
(c) VIeT: D F = € cF.
Because of RS-Proposition (1.9), (c) is equivalent to
d) VIET: D% = 0(6UD) c .
Furthermore, because 9 c (¢ U9),
(e) VIET: 0(6CUD)cF => D F.
However, the conjunction of (d) and (e) is equivalent to
f) VIeET: D cF © 0(UD) cF.

Finally, according to Definition 3.24 (i) and Theorem 3.27 (ii), the conjunction of (b) and
(f) is equivalent to o (6 U @);‘9.

(ii). € =z 9 is equivalent to the conjunction of
T

(h) VteT: €% © D%,

Now, (h) implies
(i) " 3JteT:C<F ND¢F,

which in turn implies — (¢ £ 9) [see again Def. 3.24 ()].
T

Proof of Theorem 3.32

(i). According to Theorem 3.28 (ii), € =z 2 is implies ¢(€ U2) z 2, which in turn is
equivalent to the conjunction of ! !
(@) JteT:0(€UD) cF
(b) VIeET:0(6UD)cF & D F
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[see Def. 3.24 (i)]. Because of 6, c 0(%¢ U2D) and Proposition (3.17), Proposition (a) implies
() 3teT: 6y F.
Now, we distinguish two cases.
Casel: VteT: 6y F; < o(€UD)cF.Together with (b), this proposition implies
d) VIeET: 6€yc F; © D .
Now, the conjunction of (c) and (d) is equivalent to 6, ’;‘@ [see Def. 3.24 (i)].
Case2: 7(VIeT: 6y F < 0(€UD)cF).In conj'unction with (c), this proposition
implies
(e) IseT: 6y F ANG(CUD) ¢ F.
Together with (b), this proposition implies
f) I3seT: 6y F ND ¢ F.
Furthermore, the conjunction of (a) and (b) implies
(g) JteT: D F,.

However, the conjunction of (f) and (g) is equivalent to 6, 39 [see Def. 3.3 (i)].
T

(ii).

‘6;@ = 0(‘6U@)5 9 [Th. 3.31 ()]
= (65D VvV C6zD). [o(c(€u2)UD), ()]
Proof of Theorem 3.33

(i). Accordingto Theorem 3.28 (i),
(€2 N258) = (0(<€u@)§T@ A @518)'

The right-hand side of this proposition is equivalent to the conjunction of

(@) 3teT:0(FUD)cF,

(b) VIeET:0(€UD)cF © D F
() AseT: D FNELF)

d) I3reT:8c%.

Now the conjunction of (b) and (c) implies
(e) IseT: (0(CUD) c FHNE L F).

However, according to Definition 3.3 (i), the conjunction of (e) and (d) is equivalent to
0(6 V) 5 &. Now, Proposition (i) follows from Proposition (3.18).
T

(ii). € = DND Z & is equivalent to the conjunction of
7T T

) IseT:(C<FND ¢ F)
(g FteT: 92 F
(h) VteT:9cZ; o EcF,.
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Now, the conjunction of (f) and (h) implies
(i) IseT:(cFANE L F),

and the conjunction of (g) and (h) implies
() FteT:EcF,.

However, according to Definition 3.3 (i), the conjunction
€ P &. Now, Proposition (ii) follows from Proposition (3.18).
T

Proof of Theorem 3.35
(@.
XL%Y
o(X) £ (V)
G(G(X)UG(Y))%O(Y)
o(X, Y);IVO(Y)
(eW) x0(¥) v o(W) z 0(Y))
(W;TY \Y W;TY).

[o(W)

I A

(if). Similarly,

X=Y
Fr
O'(X);TO'(Y)
o(o(X)uo(Y));To(Y)
o(X, Y); o(Y)
(G(W)L;TG(Y) v o(W);To(Y))

W<Y v W=Y).
Fr Fr

¢ U ¢ U 9

Proof of Theorem 3.39
().
dteT:FcF => =6
Fr
> FXF.

Fr

(ii). According to Theorem 3.6 (i),

(a) %2‘@ = —u(@%‘g)

and, according to Theorems 3.31 (ii) and 3.27 (ii),

3 Time Order

of (i) and (j) is equivalent to

[Def. 3.3 (ii)]

[Th. 3.31 (i)]

[(3.20)]

co(X,Y), Th.3.32 ()]
[Defs. 3.3 (ii), 3.24 (ii)]

[Def. 3.24 (ii)]
[Th. 3.28 (ii)]
[(3.20)]

[c(W)co(X,Y), Th. 3.32 (i)]

[Defs. 3.3 (ii), 3.24 (ii)]

[Th. 3.27 ()]
[Def. 3.37 ()]
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b) €2 = ~@5%6).

Hence, in both cases in which € <% holds, we can conclude —.(9 < ‘6) and in both cases

Fy
in which @ < % holds, we can conclude ﬂ(‘to” < 9). Therefore,

(X9 N DX6)
Zr Zr

= ﬁ(‘é; D) A —l(@;%) [(a), (b), Def. 3.37 ()]
= ﬂ(‘g;‘@ A @2(6)
o ﬂ(‘g; D) VvV —l(@; 6). [de Morgan]

Now - (‘6 < 92) implies <€ 9, because we assume <€ <9 [see Def. 3.37 ()], and

- (@ 5 €) 1mp11es ‘6 9

(iii). We presume EIs,

because we assume 9 <‘€ [see Def. 3.37 (i) and Th. 3.27 (ii)].

teT: € cF, NDcF.

Case 1: VteT: €cF o DcF)
= ‘6;9 [@seT: € c%F, Def. 3.24 (i)]
T
> E€X9. [Def. 3.37 ()]
Fr
=> (€39 V 925%6).
Fr Fr
Case 2: (VteT:€cF & D)
=> (€T (€cFHFANDLF)V (€L F NDFy))
= (‘6;1‘9 v @2(6) [Def. 3.3 (i)]
= (639 Vv 23%6). [Def. 3.37 ()]
Fr Fr
(iv). Note that
(CIDNDXE)
Fr Fr
> ((‘6;1‘9 VESZDNDLEV @;16)). [Def. 3.37 (i)]

© ((622NDLEV(CZDNDEEN (E2DNDLE)V (65D ND 56)).

The latter proposition follows from repeatedly applying the first distributive law. Accord-

ing to the last proposition, we consider four cases.

Case 1:

Case 2:

Case 3:

(%;T@ A QZ;T&)

= Cg‘;‘g [Th. 3.6 (ii)]
= %;g’ [Def. 3.37 (i)]
(%‘;T@ A @5;5”)
= € ;‘g [Th. 3.33 (ii)]
> E=6. [Def. 3.37 ()]
9T

(%5;@ A @;Té’)
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=> %k;‘g [Th. 3.33 ()]
=> €x6. [Def. 3.37 (i)]
Fr
Case 4: (=9 N D=E)
Fr Fr
= ¥=& [Th. 3.27 (iii)]
Fr
= %;6’ [Def. 3.37 (i)]
Proof of Theorem 3.40
%29 < (‘6%92 \Y% ‘629) [Def. 3.37 ()]
& Grx9. [Def. 3.37 ()]
Fr
Proof of Corollary 3.41
JteT:€cF = ‘6;‘6 [Th. 3.39 (i)]
T
= ‘60;‘6. [Th. 3.40]
Proof of Theorem 3.42
€52 o (659V €z [Def. 3.37 (i)]
= (¢z0(6U2) Vv €x0(€UD) [Ths. 3.13, 3.27 (ii), 3.28 (ii)]
T T
> (€z0(€UD) Vv (€ 50(€LD) v 6 z0(6UD)|  [Th332)
T T T
< (6x0(€UD) v € x0(EUD))
< ‘5(]; G(6uUD). [Def. 3.37 ()]
T
Proof of Theorem 3.44

First of all, note that
C,DE
gT
o (EENDXE)
Fr Fr
PN ((%L;Té” v %;Té") A (@;Té" v@;ré"))

[(3.44)]
[Def. 3.37 ()]

= ((%L;Tg/\ @;Té") Vv (%L;Té”/\ QZ;T@’) \Y; (%;Té’/\ @;Té") Vv (%gﬁ’/\@;ré")).
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The last proposition follows from repeatedly applying the first distributive law. Accord-
ingly, we consider four cases.

Case 1: (%;6" A @;6") o 0(6u9) L;‘é" [Th. 3.11 (ii)]
=> o(6u 9);8. [Def. 3.37 (i)]
T

Case2: (6€xEND5E) = (o€ Ué) x & A 85;@) [Ths. 3.31 (i), 3.27 (ii)]
= o(0(CuDuE)x & [Ths. 3.29, 3.27 (iii)]
T
= 0(6U2) 5 6. [Th. 3.32 (i), Def. 3.37 (i)]
T

Case3: (€=END<8E) © (D<ENE=xE)
Fr Fr Fr Fr
= 0(‘€U@)§<<‘J’. [Case 2,0(QU€6) =0(6UD)]
T

Cased: (€=END=E) > (=D ND=E) [Th. 3.27 (ii), (iii)]
Fr Fr Fr Fr
= a(6u @);‘éa [Th. 3.29]
= 0(6uU9) ; é. [Def. 3.37 ()]
T
Proof of Theorem 3.45
).

‘6;}@ =3 (‘6;1‘@ \Y %;T@) [Def. 3.37 ()]

o (¢20@) v 6z02) [Ths. 3.9 (i), 3.28 (i), 3.27 (ii)]

T T
< ‘65‘0(@). [Def. 3.37 ()]

(ii). Similarly,

‘6; 2 o (‘6{;‘@ \Y ‘6;‘@) [Def. 3.37 ()]
e (0®) 22 Vv 0(6)22) [Ths. 3.9 (ii), 3.28 (i)]
< 0(6) ;@ [Def. 3.37 ()]
Proof of Theorem 3.46

.

X=YANY=Z) => X=Z7 [Box 3.2 (vi)]
Fr Fr Fr
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= WsZ. [Th. 3.35 (ii), Def. 3.37 (ii)]
(if).

XSYAYS2) o (G(X);‘G(Y) A O(Y);VG(Z)) [Def. 3.37 (ii)]

= oX)50(2) [Th. 3.39 (iv)]

° X5z [Def. 3.37 (ii)]

= WsZz [Th. 3.35 (ii), (i)]

Proof of Theorem 3.47

XYSZ o XXZAYS2) [Prop. (3.48)]
e (o) 50(2) Aa(Y) X 0(2)) [Def. 3.37 (ii)]
= o(c(X)uo(Y)) 5a(2) [Th. 3.44]
e oX,Y)50(2) [(3.20)]
= XY)5Z [Def. 3.37 (ii)]
= WxZ [o(W) co(X,Y), Box3.3 (iv)]

3.7 Exercises

> Exercise 3-1 Which are the elements of the o-algebra o(U) in Example 3.2?

> Exercise 3-2 Consider Table 1.2 and write down the inverse image X ~(A’) of the set A’ = {1} in
terms of a subset of Q = {w7,wy,...,wg}.

> Exercise 3-3 Consider the random experiment presented in Example 3.2 and enumerate all ele-
ments of the o-algebra generated by X. Instead of specifying the value space (Q%, 2(Q%)) of X with
Q)’( ={0,1} as in Example 3.2, choose (R, %), where 9 denotes the Borel o-algebra on the set R of real
numbers (see RS-Rem. 1.14).

> Exercise 3-4 Consider Table 1.2 and write down the inverse images
U, X)71(AD = {0eQ: (U, X)) e A}, i=12
in terms of subsets of Q = {w1, wy, ..., wg} for A'l ={(Joe,0)} and A%, = {(Joe, 1), (Ann,0),(Ann,1)}.

> Exercise 3-5 Consider Example 3.5 and name three more pairs of sets systems such that one is
prior in &7 to the other.

> Exercise 3-6 Prove(Ac B A Ac(C) o Ac(BnO).
> Exercise 3-7 Prove(AcC A Bc(C) < (AuB)cC.

> Exercise 3-8 Prove: (AcB A BcC) = AcC.
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> Exercise 3-9 Prove: If X is a real-valued measurable map on (Q2,«/) and W =a- X, a € R, then W
is X-measurable.

> Exercise 3-10 Show: If W=, X; + B2X, with 1, f2 € R, then W is (X, X»)-measurable.
> Exercise 3-11 Prove Proposition (iv) of Box 3.1.

> Exercise 3-12 Prove Propositions (x) and (xi) of Box 3.2.

Solutions

> Solution 3-1 The probability space (Q, <, P) representing the random experiment described in
Table 1.2 is specified in Example 3.2. Furthermore, the random variable U is specified in Table 1.2.
The o-algebra o(U) has four elements. Aside from Q and @, these are the events

C = {Joe} x Qx xQy = {(Joe, no,-),(Joe,yes,-), Joe, no,+), Joe, yes, +)}
that Joe is drawn and
C° = {Ann} x Qx xQy = {(Ann, no,-),(Ann,yes,-),(Ann, no,+),(Ann,yes,+)}

that Ann is drawn.
> Solution 3-2 This inverse image is X ~ LA = X~ 1({1}) = {w3, ws, w7, wg}. This is the event that X
takes on the value 1.

> Solution 3-3 There are four different inverse images of sets B € 98 under X:

{wy, w2, w5,w6}, ifOeBand1¢B
{ws,w4,w7,wg}, if0¢BandleB
Q, if0eBand1€eB
0, if0¢Band1¢B.

VBe®: X '(B) =

These four inverse images are the elements of 0(X). The same four elements are obtained if, instead
of (R,98), we choose (QY, 2(Q%)) = ({0,1},{{0},{1},{0,1},@}) as the value space of X (cf. Exercise
3-2).

> Solution 3-4 The first inverse image is
U, X))~ 1AD = (U, X) 7 ({Uoe,0)}) = {w1,ws}.
This is the event that Joe is drawn and not treated. The second inverse image is
U, X714 = (U,X)" ({(Joe,1),(Ann,0),(Ann,1)}) = {ws, w4, ws, e, W7, e}

[consider again Egs. (3.11) to (3.13)]. This is the event that Joe is drawn and treated or Ann is drawn.

> Solution 3-5 o (U) is prior in &7 to o(U,X), o(U) is prior to (U, X,Y), and o(X) is prior to
o(U,X,Y).

> Solution 3-6
(AcBANAcC) © VYaeA:a€eB A aeC

< VYaeA:ae(BnO)
< Ac(BnOQ).
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> Solution 3-7

(AcCABc(C) <

¢

> Solution 3-8

(AcBABc(C) <
=

<

3 Time Order

VaeA:aeC AVbeB:beC
VceAUB: ceC
AUBcC.

Va€eA:ae BAVbeB:beC
YacA:aeC
AcC.

> Solution 3-9 Ifa e R, then W=a-X is the composition g(X) of the measurable maps X: (Q, o) —

R, %) and g: (R, B) — (R, %) defined by

gx) = a-x, VxeR.

According to Remark 3.17, W is X-measurable.

> Solution 3-10 If §;, B2 € R, then Vl/ = El Xj + P2X5 is the composition g(XlLXg) of_the_bivariate
measurable map (X1, X2): (Q, &) — (R 2 B,) and the measurable map g: (R 2 B,) — (R, B) defined

by

g(x1,%2) = Prx+Paxe, V(x1, %) ERZ

According to Remark 3.17, W is (X;, X»)-measurable.

> Solution 3-11

XzY o oX)zo(V) [Def. 3.3 (ii)]
o oX) ;ﬁ‘c(o(X) uo(Y)) [Th. 3.13]
e o(X) g oX,Y) ((3.20)]
= oWz o(X,Y) [Th. 3.8]
=S [Def. 3.3 (ii)]

WL;T(X, Y).
> Solution 3-12 Box 3.2 (x).
(X;TY A YL;TZ)

e (60 zo(Y) A a(Y)20(2))

[Defs. 3.3 (ii), 3.24 (ii)]

Fr
< [O(U(X)U o(Y)) oY) A o(Y):;”o(Z)) [Th. 3.28 (i)]
= oW)x0(2) [6(W) co(X,Y), Th.3.33 ()]
WzZ. [Def. 3.3 (ii)]
Box 3.2 (xi).
(X;TY A Y;TZ)
e (o) xo(V) A oY) 20(2)) [Defs. 3.3 (ii), 3.24 (i)]

= U(W)‘;‘G(Z)

o WL;TZ.

[o(W) co(X), Th. 3.33 (ii)]
[Def. 3.3 (ii)]



Chapter 4
Regular Causality Space and Potential Confounder

In chapter 1 we studied some examples showing that the conditional expectation values
E(Y|X=x) of an outcome variable Y and their differences E(Y|X=x) — E(Y|X=x'), the
prima facie effects, can be seriously misleading in evaluating the causal effect of a treat-
ment variable X on an outcome variable Y. These examples demonstrate that the standard
probabilistic concepts — such as conditional expectation values or conditional probabili-
ties — cannot be used offhandedly to define the causal effects in which we are interested
when we have to evaluate a treatment, an intervention, or an exposition. In chapter 2, we
described random experiments of various research designs in which a causal total effect is
of interest. In chapter 3 we started the mathematical theory of causal effects introducing
the prior-to, simultaneous-to, and prior-or-simultaneous-to relations among measurable
set systems and among measurable maps. In the context of a probability space (Q, &, P),
these relations also apply to sets of events and random variables, respectively.

Overview

In the present chapter, we introduce the concepts of a regular causality space and a regular
causality setup. A regular causality setup provides the mathematical structure that allows
us to define a putative cause variable X, an outcome variable Y of X, a potential confounder
of X, and a potential mediator between X and Y. In many cases, conditional expectations
describing a causal dependence can be distinguished from conditional expectations that
have no such causal interpretation by their relationship to the potential confounders of
the putative cause variable X. This will be substantiated in the chapters on causality con-
ditions.

Just as in chapter 3, none of the concepts treated in this chapter involves a probabi-
lity measure. Instead, a measurable space (Q,</) (i.e., a set Q and a o-algebra </ on Q)
suffices. Note, however, that all properties of a regular causality space still hold if we add
a probability measure P on (Q, &), considering a probability space (Q, o/, P). This will be
necessary as soon as we turn to random variables and their stochastic dependencies on
each other (see the chapters to come). In empirical applications, (Q, <, P) represents a
concrete random experiment, Q) the set of possible outcomes, and </ the set of possible
events in this random experiment.

Prerequisites

Reading this chapter requires that the reader is familiar with the concepts of a o-algebra, a
measurable space, and a measurable map as treated, for example, in the first two chapters
of Steyer (2024). These chapters will be referred to as RS-chapter 1 and RS-chapter 2, and
the same kind of shortcut is used when referring to other parts of that book.



84 4 Regular Causality Space and Potential Confounder

4.1 Regular Causality Space and Setup

In this section, we introduce the notions of a regular causality space and a regular proba-
bilistic causality space. A regular causality space is the minimal formal framework in which
we can introduce the concepts of a putative cause variable, a potential confounder, a po-
tential mediator, and an outcome variable. In a regular probabilistic causality space we
can define true outcome variables, (causal) unbiasedness, and causality conditions, which
imply unbiasedness of various conditional expectations and their differences.

4.1.1 Regular Causality Space

Defining a regular causality space (see Def. 4.6), we refer to a measurable space (Q, /)
that is assumed to be the product of four measurable spaces (Q;, ), t€ T = {1,2,3} (see
RS-Def. 1.15). This implies that Q is the set product of the four sets Q;, Q,, and Q3, each of
which can itself be a set product of other sets.

Remark 4.1 [Intuitive Background of the Product Space (Q2, «/)] When we consider the
effect of a putative cause variable X (treatment, intervention, or exposition variable) on
an outcome variable Y that is assessed for an observational unit to be sampled (often-
times a person), then there are variables that are prior to X. They represent attributes of
the observational unit before treatment. It is obvious that these pretreatment attributes or
their fallible observations cannot be caused by a subsequent treatment. Simple examples
are age, sex, race, socioeconomic status, or educational status before treatment. The set
occurring in Definition 4.6 should be chosen such that these pretreatment variables solely
depend on the elements of ;.

Next, there might be variables that are simultaneous to X, for example, a second treat-
ment variable that varies at the same time as X. For example, you can drink coffee (or not)
and alcohol (or not) at the same time. The set (2, in Definition 4.6 should be chosen such
that variables that are simultaneous to a focused putative cause variable X (including X
itself) only depend on the elements of Q,.

Finally, the set Q3 should be chosen such that the outcome variable Y depends, at least
in part, on the elements of this set. For details and a mathematical formulation of these
ideas, see Definitions 4.6 and 4.11. <

Remark 4.2 [Intuitive Background of the Projections] Definition 4.6 refers to the projec-
tions (or coordinate maps) 7, to 73 (see, e. g., RS-Def. 2.27). Intuitively speaking, the pro-
jection 77, is a map that contains the information about all events that are prior to the pu-
tative cause variable. In any case, all nonconstant maps that only depend — in the sense of
measurability, not in the sense of a probabilistic dependence — on 7; are potential con-
founders.

In contrast, 7, contains the information about all events that are simultaneous to the
putative cause variable, say X, including the events represented by X itself. The projection
7, can be multidimensional, that is, it may consist of several projections 7,;. Hence, 7, =
(2, j € J) is a family of projections for a nonempty index set J.

Finally, the projection 73 contains the information about all events that are simultane-
ous or posterior to the outcome variable, say Y. We will require that Y depends at least in
part on 73. This will allow us to choose V>—V; as an outcome variable, where V; is a func-
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tion of 73, and V; a function of 7,. Examples for V; and V, are achievement, well-being, or
health scores, before and after treatment, respectively. <

Remark 4.3 [Filtration (%,);c7] In Definition 4.6 we specify a specific filtration (%)cr,
T = {1,2,3}. From the perspective of the focused putative cause variable, the o-algebras
Z and &, represent the sets of past and present events, respectively. In contrast, %3 rep-
resents all events that are posterior to X. <

Remark 4.4 [Cause o-Algebra] In Remark 4.2, we already discussed the relation between
the projection 7, and a putative cause variable X. In Definition 4.6 (i), this relationship is
made explicit for the cause g-algebra € with respect to which we will require a putative
cause variable X to be measurable (see Def. 4.11). <

Remark 4.5 [Potential Confounder o-Algebra] Intuitively speaking, we consider all vari-
ables as potential confounders of a putative cause variable X that are prior or simultane-
ous to X, except for X itself. In Definition 4.6 we introduce the concept of a confounder
o-algebra of €, denoted 2. This o-algebra Y« can be interpreted to represent the set of
past and present possible events from the perspective of the cause o-algebra €, except for
those that are represented by ¥ itself. The o-algebra 2 also plays a crucial role in the
definition of a true outcome variable and all other concepts based thereon (see ch.5). <

Definition 4.6 [Regular Causality Space]

Let (Q, <) denote the product of the measurable spaces (Q;, <;), te T ={1,2,3}, where
forallw, e Q,, te T, weassume {w,} € ;. Furthermore, letm,;: Q — Q,, t € T, denote the
projection with ,(w) = w,, for allw € Q, and define the filtration (%) et by

F:=0(m), Fp:=0(m,72), F3:= 0 (1,72, 3). (4.1)

Finally, let , = (m2), j € J), where ] is a nonempty finite subset of N and assume that
{Q,0} #0 (s, j €K), D # K c J. Then we call

(i) €:=0(myy,jeK),D#Kc],the cause o-algebra

(i)  D¢:=0(m, 72, j € J\K) the confounder o-algebra of €

i) (), (F) e, €, D) a regular causality space.

Remark 4.7 [Regular Probabilistic Causality Space] Beginning with chapter 5, we will ad-
ditionally consider a probability measure P on the o-algebra «f, and then

(4 P),(F)rer, €, D)
will be called a regular probabilistic causality space. <

Remark 4.8 [Cause o-Algebra ¥ and Confounder o-Algebra 9] According to Definition
4.6 (i), the cause o-algebra € can be chosen to be generated by 7, itself or by any proper
subset of the projections 75, j € J, that constitute 7,. This choice of the cause o-algebra €
also determines the confounder o-algebra 2. In particular, the choice of the index set
K < J and with it, the choice of €, determines which projections 7,; generate, together
with 73, the confounder o-algebra 2« [see Def. 4.6 (ii)]. <
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Table 4.1. Joe and Ann with a single treatment variable

Possible outcomes Projections Observables

Unit
Treatment
Success
m

2

3

w; = (Joe, no, —) Joe no —
w2 = (Joe, no, +) Joe no +
w3 = (Joe, yes, —) Joe yes —
wg = (Joe, yes, +) | Joe  yes +
ws = (Ann, no, —) Ann  no -
we = (Ann, no, +) Ann  no +
w7 = (Ann, yes, —) Ann  yes —
wg = (Ann, yes, +) Ann  yes +

— = © © = = © o | Treatment variable X
— © = © = © = © | Outcome variable Y’

Remark 4.9 [(%;)cr Is a Filtration in «/] The family of o-algebras ()7, T = {1,2,3},
specified in the definition of a regular causality space [see Eq. (4.1)] is a filtration in .
This immediately follows from RS-Equation (1.3) and RS-Equation (2.15). <

Example 4.10 [Joe and Ann With a Single Treatment Variable] We illustrate the concepts
treated in Definition 4.6 by the kind of experiment presented in Table 4.1. It is the same
kind of experiment as already presented in Table 1.2. The first part of the experiment con-
sists of sampling a person u from the set Q; = { Joe, Ann}. Then the sampled person re-
ceives (yes) or does not receive (no) a treatment. The two treatment conditions are the
elements of the set Q, = {no, yes}. Finally, it is observed whether or not a success criterion
is reached at some appropriate time after treatment. These two possible outcomes are the
elements of the set Q3 = {—, +}. Hence, the sets Q;, te T = {1,2,3}, occurring in Definition
4.6 are
Q; = {Joe,Ann}, Q, = {no,yes}, Q3 = {—,+}.

Furthermore, we choose the o-algebras on these sets to be <7, = 22(Q,), te T, the cor-
responding power sets. Because, in Definition 4.6, we require that (Q, /) is the product
of the measurable spaces (Q;, ;) (see again RS-Def. 1.15), the measurable space (Q, &) is
completely specified, and with it the projections 7;, 7,, and 73. The assignment of values
of these projections to all elements w; of Q is explicitly shown in Table 4.1. Note that the
projection 7, is identical to the person variable U specified in Table 1.2.

The o-algebras of the filtration (%) ser, T =1{1,2,3}, are

F = a(m), Fy = 0(m, 7o), F3 = 0(m, 72, 73) (4.2)

(see Exercises 4-1 to 4-4). Furthermore, according to Definition 4.6, in this kind of experi-
ment,
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€ = 0(m2) = {{o1,ws,ws,ws}, {03, 04, 07, ws}, 2,0} (4.3)

is necessarily the cause o-algebra because J = K = {1} implying 7, = 75 = (7}, j € K) (see
Exercises 4-5 and 4-6). Finally,

@% = O-(ﬂl) = {{(1)1,...,(1)4},{(1)5,...,(1)8},Q,@} (44)

is the confounder o-algebra of € because J = K. Hence, we completely specified the reg-
ular causality space ((Q, ), (%) re1, €, D).

Note that the structure of this kind of experiment is essentially the same for every sim-
ple experiment of the type described in section 2.1. Only the numbers of values of the
projections 7, increase if we consider more than two observational units, more than two
treatment conditions, or more than two values of the outcome variable. <

4.1.2 Regular Causality Setup and Potential Confounder

Now we introduce a regular causality setup, which, additionally to a regular causality
space, comprises a putative cause variable and an outcome variable. Furthermore, we de-
fine the concepts of a potential confounder of a putative cause variable and a global poten-
tial confounder of a putative cause variable. In particular it is explicated how these maps
are related to a regular causality space.

Definition 4.11 [Regular Causality Setup and Potential Confounder]
Let ((Q, A, (F)ter,E, @cg) be a regular causality space and X,Y, Dx, W measurable
maps on (Q, /). Then we call
(i) X a putative cause variable of Y if
(@) {Q,0} # 0(X) 6 =0(m,jeK)
(b) 73Ky c K, Ky # K, such that o(X) < 6 (72}, j € Ko)
(i) Y an outcome or response variable if 6(Y) & .
(iii) Dy a global potential confounder of X if 6(Dx) = P«
(iv) W a potential confounder of X if o(W) c 0(Dx)
W (), (F)ier,€, D¢ X, Y) a regular causality setup.

A potential confounder W of X is called trivial if c(W) = {Q, ?}.

In Definition 4.11, we require that all variables introduced in this definition are mea-
surable maps on the same measurable space (Q, «/). Specifying (Q, «/) and (%) e, we fix
which kind of experiment we are talking about, and with X and Y, we choose the puta-
tive cause variable and the outcome variable, respectively. Finally, with Dy we specify the
global potential confounder of X. Note that the set of all potential confounders of X is the
set of all measurable maps on (Q, /) that are Dx-measurable.

Remark 4.12 [Regular Probabilistic Causality Setup] As mentioned before, in chapter 5,
we will additionally consider a probability measure P on the o-algebra </, and then

((Q)'Q{)P)) (gl)tET)cg) @%) Xv Y)

will be called a regular probabilistic causality setup. <
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Remark 4.13 [ Putative Cause Variable] In Definition 4.11 (i), we postulate o(X) # {Q,@}.
Hence, a putative cause variable X is not a constant. Requiring ¢(X) € ¥ — and not
0(X) = ¥ —means that X is not necessarily the only putative cause variable we might con-
sider in the framework of a given regular causality space. Instead we can also coarsen an
original putative cause variable and consider a new one with fewer values (see the example
in sect. 4.2.1). According to condition (b) of Definition 4.11 (i), there is no proper subset K,
of K such that a putative cause variable X is measurable with respect to (75}, j € Kj). This
requirement secures, for example, that we cannot choose a putative cause variable that is
measurable with respect to a single projection, say 7,1, if we choose € to be generated by
(7m21,T22). If, in a setting with m, = (72, 722), @ 721 -measurable putative cause variable X is
desired, then we have to choose € = o (7,), implying o () € D¢ = o(71, 7). Hence, if
7y = (1, Tp) and o(X) c o(my), then the projection 7y, is a potential confounder of X.
For more details see the first regular causality setup presented in the example of section
4.2.2. <

Remark 4.14 [Outcome Variable] Requiring o(Y) ¢ %,, we secure that an outcome vari-
able is neither a constant nor a potential confounder of X. We allow for outcome variables
that are functions of a potential confounder and a map that is measurable with respect
to o(m3). A typical example is a change variable Y = V, — V; between a o(73)-measurable
variable V; and a o (7;)-measurable V; — for example, a pretest — assessing the same at-
tribute as V5, but before treatment. In this case, the change variable still depends on the
elements of Q3, but not exclusively (see Rem. 4.2).

Of course, a o(3)-measurable map is an outcome variable as well. The definition of
an outcome variable also allows us to rescale, coarsen, or aggregate a new outcome vari-
able from other outcome variables. For example, instead of considering a ten-dimensional
outcome variable (Y3,..., Yyo) representing the binary answers to ten items in a question-
naire, one might be interested in a uni-dimensional outcome variable Y defined as the
sum Y +...+ Y. <

Remark 4.15 [Potential Confounder] According to Definition4.11 (iv), each non-constant
measurable map W satisfying o (W) c @ is a potential confounder of X. Hence, each pre-
treatment variable W — which is measurable with respect to the projection 7; — is a po-
tential confounder of a putative cause variable X [see Def. 4.11 (iv)]. However, a treatment
variable can also be a potential confounder of another treatment variable if this other
treatment variable is focused as the putative cause variable [see Defs. 4.6 (ii) and 4.11 (i)].
<

Remark 4.16 [Covariate of X] If W is a potential confounder of X, then we also call it a
covariate of X, in particular in a context in which we condition on W and X in a con-
ditional expectation such as E(Y|X,W) or in a conditional distribution Py x . From a
mathematical point of view, the terms potential confounder of X and covariate of X are
synonyms. Note, however, that, in the statistical literature, the term ‘covariate’ is not used
unanimously. Sometimes it even refers to a putative cause variable of Y. <

Remark 4.17 [Global Potential Confounder] According to Definition 4.11 (iii), each non-
constant measurable map Dy satisfying o(Dy) = @« is a global or comprehensive potential
confounder of X. Hence, instead of specifying the o-algebra 24 we may also specify a
global potential confounder Dy, which may often be more convenient. The concept of a
global potential confounder also plays a crucial role in the definition of a true outcome
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Figure 4.1. The filtration (%) ;¢ and various o-algebras in a regular causality space.

variable and all other concepts based thereon (see ch.5). The o-algebra o(Dy) generated
by Dy can be interpreted to represent, from the perspective of the cause o-algebra %, the
set of past and present possible events, except for those that are represented by € itself. <

Remark 4.18 [There Are Several Global Potential Confounders] There are always several
global potential confounders of X. For example, in Table 4.1, the projection 7; and the in-
dicator variable 7y - j,. of the event that Joe is sampled generate the same o-algebra, which
is also the confounder o-algebra if we consider the treatment variable X as the putative
cause variable. Therefore, we talk about ‘@’ — and not about ‘the’ — global potential con-
founder of X unless a specific global potential confounder is already specified. In contrast,
the confounder o-algebra 9« = o (DY) is uniquely determined, once the measurable space
(Q, ), the filtration () e, and the cause o-algebra € are specified (see Def. 4.6). <

Remark 4.19 [Reference to X] According to Definition 4.11, a potential confounder of X
is every non-constant map that is measurable with respect to the o-algebra generated by a
global potential confounder Dy of X. Note that the reference to X is important. Choosing
another putative cause variable may lead to another confounder o-algebra [see the exam-
ples in sect. 4.2] and with it, to other potential confounders. <

Figure 4.1 shows the subset relationships between the various o-algebras in a regular
causality setup. These relationships follow from the conditions specified in Definitions 4.6
and 4.11. The figure also shows which of the o-algebras occur for the first time in one of the
four o-algebras &, %,, and %;. Note that W;, W,, and W; denote potential confounders of
X. The o-algebra o(Y) generated by the outcome variable Y is not shown in the figure. It
can be a subset of o (713) or a any other subset of </ as long as it is not a subset of %,.
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4.1.3 Restriction of a Regular Causality Space and Setup

In experiments in which we have more than two treatment conditions, for example, treat-
ment a, treatment b, and control, we might be interested in comparing treatment a or
treatment b against control, or treatment a against treatment b. In each of these cases, we
use putative cause variables that are not maps on the original measurable space (Q, /)
but on (Qo,ﬂlgo), where , is a subset of Q) and d|90 denotes the restriction of the
o-algebra of to Q. For detailed examples see sections 4.2.1 and 4.2.2.

Remark 4.20 [Restriction of a Set System and a o-Algebra] Let & be a set of subsets of a
nonempty set Q and Qy < Q. Then

g, = (QnA:Acé) (4.5)

is called the restriction of &to Q, or the trace of &in Q. If o/ is a o-algebra on Q, then
| g, is a 0-algebra on . (For a proof see SN-Exercise 1-5). <

Remark 4.21 [Restriction of a Map] In the sequel we will also use the restriction of a map
f:Q— Q' to the subset Q of Q, defined by

f|QO(w) = f(w), forallwe Q. (4.6)

This concept also applies to multivariate maps f = (fi,..., fi:) consisting of several maps
fi,--, fm- In this case

Flag= (e fdlay = (filag-- fulay)- 4.7

Note that we can also consider the restrictions
”I|Qo (w) = m;(w), forall we )y, (4.8)

of the projections 7;, t € T, introduced in Definition 4.6. That is, each map 7| Q0 is the re-
striction of the corresponding map 7, to the subset Q, of Q. <

A regular causality space ((Q, A, (F)ter, €, @%o) is a structure that entirely consists
of o-algebras on the set Q. According to the following theorem, the restrictions of these
o-algebras to a subset Qy of Q constitute a new regular causality space, which is the frame-
work for putative cause variables that are measurable maps on Q, (see sect. 4.2.1 for a
detailed example).

Theorem 4.22 [Restriction of a Regular Causality Space]
Let ((Q,9),(F) e, €, D) be a regular causality space and

Qp = (Qo1 X Qo2 x Qo3) © Q.

Th
en Filq, = 0(mlg,)

Falq, = 0((7[1!”2)'90) (4.9)
Fslq, = 0((11,72,73) | )

and
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((de)y(gt)tETY(g! @%ﬂ)lgo = ((Qordlgo);(gtlgo)lepcglgon@%lgo) (4.10)

is a regular causality space. It is called the restriction of (Q, ), (%)) e1,€, D) 10 Q.
(Proof p. 106)

Remark 4.23 [Restriction of a Putative Cause Variable and a Potential Confounder] Let
us also consider the restriction of the putative cause variable X to Qy,

X|Qo(w) = X(w), forallweQy, (4.11)
and the restriction of the outcome variable Y to Q,
Y| QW) = Y(w), for all w € Q. (4.12)

Adding these maps to the restriction of a regular causality space yields a new regular cau-
sality setup. <

Definition 4.24 [Restriction of a Regular Causality Setup]
Let the assumptions of Theorem 4.22 hold. Then

((Q)ﬂ)r(gt)[ET)(gr @%)Xr Y)|QO = ((Q(]vdlﬂo))(g:llgo)th’Cglﬂov@%lﬂovxlﬂo! YlQo)

is called the restriction of ((Q,¢f), (F)er,€, D, X, Y) t0 Q.

4.2 Examples

4.2.1 Joe and Ann With Three Treatment Conditions

We illustrate the concepts treated in section 4.1 by the kind of experiment presented in Ta-
ble 4.2. In this kind of experiment, we first sample a person u from the set Q; = { Joe, Ann}.
Then the sampled person receives treatment 4, b, or ¢. These treatment conditions are the
elements of the set Q, = {a, b, c}. In this experiment, there is no other treatment variable.
Finally, it is observed whether or not a success criterion is reached at some appropriate
time after treatment. These two possible outcomes are the elements of the set Q3 = {—, +}.
Hence, the sets Q, t € T = {1, 2,3}, occurring in Definition 4.6 are

Ql = {]O@,Ann}, QZ = {ar brc}y QS = {_y+}7

and Q = Q; x Q, x Q3 contains the twelve elements listed in first column of Table 4.2.

Furthermore, we choose the o-algebras on these sets to be «f; = 22(Q,), t€ T, the cor-
responding power sets. Because, in Definition 4.6, we require that (Q, /) is the product
of the measurable spaces (2, ;) (see RS-Def. 1.15), the measurable space (Q, <) is com-
pletely specified, and with it the projections m;,7,, and 73. The assignment of values of
these projections to all elements of Q is explicitly shown in Table 4.2.
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Table 4.2. Joe and Ann with three treatment conditions

Possible outcomes Projections Observables Restrictions
g 3
< & O = 2
= & & <
§ T 2 o 3 e R
= T : % % 5% 3
< = £ &2 &§ 2| g 3
(=] =] =] =1 =} 5} =} 3]
Q 172) (5] Q Q (5] E (5] E
E 8 E E E E S| E ¢
2 8 8 s 8 ®§ & 2|8 =
s @ =1 — N n @ 2 2 =] = = =
D B & & 3 3 HE HF B EH O &= o
w1 = (Joe, a, —) Joe a - |0 1 0 0 0 1 0
w2 = (Joe, a, +) Joe a + 0 1 0 0 1 1 1
w3 = (Joe, b, —) Joe b -1 0 1 0 0 0 0
w4 = (Joe, b, +) Joe b + |1 0 1 0 1 0 1
ws = (Joe, ¢, —) Joe c - | 2 0 0 1 0
wg = (Joe, ¢, +) Joe c + | 2 0 0 1 1
w7 = (Ann, a, —) Ann a -1 0 1 0 0 0 1 0
wg = (Ann, a, +) Ann a + 0 1 0 0 1 1 1
wg = (Ann, b, —) Ann b — 1 0 1 0 0 0 0
w19 = (Ann, b, +) Ann b + |1 O 1 0 1 0 1
w11 = (Ann, ¢, —) Ann ¢ - | 2 0 0 1 0
w12 = (Ann, c, +) Ann ¢ + | 2 0 0 1 1
Note. For the definition of Q,j, see the text.
The filtration (%);er, T = {1,2,3}, is specified by
F = a(m), Fo=00m,m), F3 = 07,7, 7T3). (4.13)

Furthermore, according to Definition 4.6, in this kind of experiment,

€ =0(m) = {{w1, 02, 07,ws}, {03, Ws, W9, W10}, {Ws, W, W11, 012},

{w1, w2, W3, Wy, W7, Wg, W9, Wip},
(4.14)
{w1, w2, W5, We, W7, Wg, W17, W12},

{wSrw4ywSwangrwwrwllrwlZ}r ng}

is necessarily the cause o-algebra because J = K = {1}, implying 7, = 715, = (75}, j € K) (see
Def. 4.6 and Exercise 4-7). Finally,

9‘5 = G(HI!HerjEJ\K) = 0‘(7-[1) = {{wlr---ywﬁ}y{w%---rwlZ}rng}

is the confounder o-algebra of € because J = K. Hence, we completely specified the reg-
ular causality space ((Q, &), (%) rer, €, D¢ ).

In the framework of this space, we can consider several putative cause variables. The
first one is X as specified in Table 4.2. The o-algebra generated by X is identical to € =
o (7,). (Comparing X to 7, in the table shows why.) Other putative cause variables are the
indicator variable of treatment a defined by
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1, if w € {w1, w2, W7, Wg}
14(w) = ) (4.15)
0, if w € Q\ {wy,ws, w7, ws},
the indicator variable of treatment b defined by
1, if w € {w3, W4, W9, ®
1) = . {ws, w4, Wy, W10} (4.16)
0, if w € Q\ {ws, Wy, W9, W10},
and the indicator variable of treatment c defined by
1, if w € {ws, Wg, W17, W
folw) = . {ws, e, W11, W12} (4.17)
0, if w € Q\ {ws, e, W11, W12}

The o-algebras generated by these three putative cause variables are subsets of €. They
can be used for comparing one treatment condition against the other two. All four putative
cause variables, X and the three indicator variables listed above, are maps on Q, sharing
the same cause and confounder o-algebras, and the same set of potential confounders.
Hence, we specified the four regular causality setups

((Q)‘d)y (gt)IETngv @%y X) Y)v ((de))(gt)tETv(gy 9‘5» 1Ay Y)v
((Q)‘d)y (gt)IETngv @%y 1Bv Y)y ((Q)d)y (gt)IETngv @%y 1Cv Y)y

which only differ in their putative cause variables (see Exercise 4-8).

Comparing Treatment a to b

However, if we intend to compare treatment conditions a and b to each other, then we
have to use the restriction of the regular causality space ((Q, A), (F)ter,6, @%) to the sub-
set

Qap 1= {01, W2, W3, W4, W7, Wg, W9, Wi}

of Q. That is, we use the regular causality space ((Q, A, (F)ter, 6, 9<g)| Qup- All o-algebras
in this space are the restrictions of the corresponding o-algebras in ((Q, A), (F) ter,6, @%)
to the set Q,;, < Q (see Def. 4.24). For example, for the cause o-algebra € specified in Equa-
tion (4.14), this means

€la,, ={QanC: A€}
= {Qab N {0\)1! w2, W7, wS}v Qab N {wSr Wy, Wy, wlO}! Qab N {(1)5, We, W11, wlZ}r
Qap N {01, W2, 03, W4, W7, Vg, Wy, W1o},
ab 1 2, W3 4, W7 8, W9 10 (4].8)
Qap N{W1, W2, W5, Ws, W7, Wg, W11, W12},
Qab N {(1)3, Wy, W5, We, W9, W10, W11, wlZ}r Qab N Q! Qab N @}
= {{(.01, W2, W7, U)B}) {(,Ug, Wy, Wy, wlO}y Qab! 0}
Note that €|, , contains only four elements (see the last equation), whereas the orig-
inal o-algebra € contains eight elements. Checking conditions (a) to (c) of RS-Definition

1.4 for the set in the last displayed line shows that €|, , is in fact a o-algebra on Qg (see
Exercise 4-9).
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Finally, we may consider the restriction X|,  of the original putative cause variable X
to Qg specified by

0, if w € {w;, Wy, W7, W
Xlq, @ = X(@) = . {w1, w2, W7, Wg}
a 1, if w € {w3, w4, Wy, W1},

and the restriction Y|, , of the original outcome variable Y to Qg specified by

0, if w € {wy, w3, w7, W
YIQ @ = V() = . {w1, w3, w7, we}
ab 1, if w € {0y, w4, g, W10}

(see the last two colums of Table 4.2). Hence, ((Q, ), (F)ier, €, Dg, X, Y)| Qu is aregular
causality setup in which we can compare treatments a and b to each other with respect to
the outcome variable Y|, .

Comparing Two Other Treatment Conditions To Each Other

If we intend to compare two other treatment conditions to each other, for example, a to ¢
or bto c, then each of these comparisons would be based on the restriction of the regular
causality space ((Q, A, (F)ter,6, @(g) to another subset of Q. For comparing a to c, this
subset of Q is

Qqe 1= {01, W2, W5, Ws, W7, W5, W11, W12},
and for comparing b to ¢, it is
Qpe 1= {w3, 04, W5, Wg, W9, W19, W11, W12}
The corresponding restrictions of the regular causality space ((Q, ), (%) e1,€, D) are

((Qrd))(gt)teTr%) @%)IQLIC and ((Q)'d)r(gt)[ETr%) @%NQM

4.2.2 Joe and Ann With Two Simultaneous Treatment Variables

Now we illustrate the concepts introduced in section 4.1 by the kind of experiment pre-
sented in Table 4.3. Again, we sample a person u from the set Q; = {Joe, Ann}. Then the
sampled person receives or does not receive treatment a (e. g., drug a) and, simultane-
ously, he or she receives or does not receive treatment b (e. g., drug b). The pairs of these
treatment conditions are the elements of the set

Qy = Q1 xQy = {no,yes} x {no, yes}

(4.19)
= {(no, no), (no,yes), (yes,no), (yes,yes)}.

Finally, it is observed whether or not a success criterion is reached at some appropriate
time after treatment. The set Q3 = {—,+} contains these two possible outcomes as ele-
ments.

Furthermore, we choose the o-algebras on these sets to be the power sets «f; = 2(Q,),
te T ={1,2,3}, and specify (Q, &) to be the product of the measurable spaces (Q;, <) (see
Def. 4.6 and RS-Def. 1.15). Hence, the measurable space
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Table 4.3. Joe and Ann with two simultaneous treatment variables

Possible outcomes Projections Observables Restrictions

Unit
Treatment a
Treatment b
Success

7 = (m21,722)
73

S

w1 = (Joe, no, no, —) Joe (no, no)
w2 = (Joe, no, no, +) Joe (no,no) +
w3 = (Joe, no, yes, —) Joe (no,yes) -—
w4 = (Joe, no, yes, +) Joe (no,yes) +
ws = (Joe, yes, no, —) Joe  (yes, no) —
we = (Joe, yes, no, +) Joe (yes, no) +

© © | Treatment variable X |Qo
— < | Outcome variable Y|QO

|
— - - - O 00O KHMKMKHO O O © | Treatment variable Z
—_—_- 0 O - OO KOO — ~ © © | Treatment variable X
—_— -0 0000 O ~M~OO o o o o | Treatmentvariable 74
— O~ OFHRORFROMROHMRO —~ O ~ © | Outcome variable Y

w7 = (Joe, yes, yes, =) | Joe (yes, yes) -— 1 0
wg = (Joe, yes, yes, +) | Joe (yes, yes) + 1 1
wg = (Ann, no, no, —) Ann (no, no) -— 0 0
w19 = (Ann, no, no, +) Ann (no,no) + 0 1
w11 = (Ann, no, yes, —) Ann (no, yes) -—

w12 = (Ann, no, yes, +) Ann (no, yes) +

w13 = (Ann, yes, no, =) | Ann (yes, no) -—

w14 = (Ann, yes, no, +) | Ann (yes, no) +

w15 = (Ann, yes, yes, —) Ann  (yes, yes) -— 1

w16 = (Ann, yes, yes, +) | Ann (yes, yes) + 1 1

Note. For the definition of Q¢ see the text.

(Q, o) = (Q1xQp xQ3, o) @ oy ® of3)

is completely specified, and with it the projections 71,7, 73, and the o-algebras of the fil-
tration (%) 7 [see Egs. (4.1)].

Note that the first projection 7, is identical to the person variable U that has been used
in the examples of chapter 1, for instance. In this example, the second projection 7, =
(7121, 722) consists of two projections 7z : Q — Qy; and ma: Q — Q,, [see Eq. (4.19)]. Note
that 7, generates the same o-algebra as (Z, X).

Table 4.3 shows the sixteen elements w; of the set Q = Q; x Q, x Q3 of all possible out-
comes of this kind of experiment. It also shows the values assigned to these elements by
the projections 7, to 3, the treatment variable Z (that represents treatment a vs.—a), the
treatment variable X (representing treatment b vs.—b), and by the outcome variable Y.

First Regular Causality Setup. Again, in this kind of experiment, we can choose among
several maps as the focused putative cause variable. However, in contrast to the example
presented in section 4.2.1, now the cause and confounder o-algebras change, even if we
stick to the unrestricted measurable space (Q, 7).
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Referring to Definition 4.6, the index set J is {1,2} because 7, = (751, 72,). If we want to
choose X to take the role of the putative cause variable, then we have to specify K = {2},
which yields

<€1 = ()'(ﬂzj,jEK) = 0(m). (4.20)

Another choice of the index set K would not meet conditions (a) and (b) of Definition 4.11
(i) for X. For K = {2}, condition (a) is satisfied because @ # o(X) = 0(7r) = 6,. Condition
(b) is met as well because there is no proper subset K, of K = {2} such that X is measurable
with respect to (72}, j € Kp). In contrast, for K = {1}, condition (a) is not satisfied because
0(X) ¢ a (). Finally, for K = {1,2}, condition (a) is satisfied, however, condition (b) does
not hold because K, = {2} is a proper subset of K and the o-algebra generated by X is
identical to (and therefore a subset of) o (75}, j € Ky) = 0(72).

Choosing K = {2} does not only imply ¥, = o(72,) but also that the corresponding con-
founder o-algebra is

D¢, = 0, 2, j €J\K) = 0 (71, 7021). (4.21)

In Table 4.3 we already specified the putative cause variable, the treatment variable X, and
the outcome variable Y. In this example, 0(X) = 0(72) = 61, 0(Z) = 0(21) < D, and
o(Y) = o(mw3). Hence, the treatment variable Z, which is simultaneous to X, as well as
and 7, are potential confounders of X because they all are %, -measurable.

Finally, the bivariate projection (my,7,;) as well as (7, Z) are global potential con-
founders of X and can take the role of Dy [see Def. 4.11 (iii)] because o (711, 75;) = 0(7, Z) =
9+,. Hence, we completely specified the regular causality setup

((de); (gt)IETycglr @(ger; Y)

Second Regular Causality Setup. Because X and Z are simultaneous treatment vari-
ables, their roles can be exchanged. Hence, now we consider Z as the focused putative
cause variable and X as a potential confounder of Z (see again Table 4.3). For this purpose,
we specify K = {1}, which yields €, = 0(r5;) and that @, = 0 (7, 72,) is the confounder o-
algebra of Z (see again Def. 4.6). Now, the bivariate projection (71, 72,) as well as (73, X) are
global potential confounders of Z and can take the role of D, [see Def. 4.11 (iii)]. Hence,
the regular causality setup is now

((Q,ﬂ), (gt)tETychv @(ggr Z, Y);

and (my,72), 71, as well as X are potential confounders of Z. The outcome variable is still
Y.

Third Regular Causality Setup. In this example, we can also choose the bivariate map
(X, Z) to take the role of a putative cause variable. This allows us to study the joint effects
of treatment a and b. In this case, K = {1,2}, €5 = o(my,72,) is the cause o-algebra, and
9<«, = o(m) the confounder o-algebra (see again Def. 4.6). Now, 7, is a global potential
confounder of the putative cause variable (X, Z). Hence, a third regular causality setup in
the example presented in Table 4.3 is

((Q)'Qq)r (gt)[ETycg3r @%3) (X) Z)r Y))

with the outcome variable Y specified in Table 4.3.
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Fourth Regular Causality Setup. In the regular causality space ((Q, A), (F)ier, 63, @<g3)
we can choose among several putative cause variables. The first one, the bivariate map
(X, Z), has been selected above. However, we can also choose the indicator variable

1, if w € {w7, wg, W15, W16}
14(w) = .
0, otherwise.

This new putative cause variable allows us to compare receiving both treatments to re-
ceiving at most one of the two treatments. The cause and the confounder o-algebras are
still €5 = 0(13) = 0 (721, 72) and D, = 0(7;), respectively, because 1, is measurable with
respect to 7, but neither with respect to m,; nor with respect to 7. Hence, we specified
the fourth regular causality setup

((de)y (gt)tETy(gf}r 9‘53; 1A7 Y)

Fifth Regular Causality Setup. If, for example, we intend to compare receiving both
treatments to receiving no treatment, then we have to use the restriction of the regular
causality space ((Q, /), (F)) rer, 63, D, ) to the subset

Qp = {w1, w2, w7, w5, Wy, W19, W15, W16}

of Q. That is, we have to use ((Q,d), (F) e, 65, @cgs) | Q0 because the comparison of re-
ceiving both treatments to receiving no treatment only involves the elements of Q, and
not the other elements of Q (see Table 4.3). All o-algebras involved in this space are the
restrictions of the corresponding o-algebras to Q. For example, for the cause o-algebra

€ = 0(m) = 0(my) (o) = o(m) ™! (P(Q)
= {{w1, w2, g, W10}, {3, Ws, W11, W12}, (W5, We, W13, W14}, {W7, W, W15, W16},

{w1, w2, W3, W4, W9, W19, W11, W12}, {W1, W2, W5, We, W, W10, W13, W14},
{w1, w2, W7, W, W9, W19, W15, W16}, {W3, Wy, W5, We, W11, W12, W13, W14},
{ws, w4, W7, Wg, W11, W12, W15, W16}, {W5, We, W7, Wg, W13, W14, W15, W16},
{w1, w2, W3, W4, W5, Wg, Wg, W19, W11, W12, W13, W14},

{w1, w2, W3, W4, W7, Wg, W9, W19, W11, W12, W15, W16},

{ws, Wy, W5, Wg, W7, Wg, W11, W12, W13, W14, W15, W16}

{(1)1,(1)2,(1)5,(1)6,(1)7,(,08,(x)g,(l)l(),(l)lg,(l)14,(l)15,(l)16}, Q,@}
this means
€slq, = {{w1, w2, w9, w10}, {w7, g, W15, W16}, Qo, O}

For, the intended comparison we can use the restriction X|, of the original putative
cause variable X (see Table 4.3) to Q, specified by,

0, if w € {w1, W2, W9, W10}

X| g, (@) = X(w) =
[, {1, if w € {w7, wg, W15, W16},

and the restriction Y| of the original outcome variable Y to Q, specified by,
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0, if w € {w;, w7, w9, w
V)o@ = ¥(w) = . {w1, w7, w9, W15}

L, if w € {w,, wg, W19, W1}
Hence, the fifth regular causality setup is

((Q)'d)r(gt)tETr%:}! @%3,)(, Y)|QO = ((QOyd|Qo)v(gt|Qo)t€T!<€3|QO’ @(53|90’X|Q()’ YIQQ)'

Of course, we might also want to compare receiving only treatment a to only receiving
treatment b, or receiving both treatments to receiving only one single treatment, and so
on. All such comparisons would need their own restriction of the regular causality space
((Q, ), () ie1, 63, D, ) to the appropriate subset of Q (see Exercise 4-10).

4.2.3 Nonorthogonal Factors

Consider again the example presented in Table 1.5. In contrast to the previous examples,
now we consider an outcome variable Y whose possible values are not only 0 and 1 any
more. Therefore, this example cannot be presented in the same format as before.

Nevertheless, we can specify the sets Q,, t € T ={1,2,3}, occurring in Definition 4.6. In
this example, they are O, = {Tom, Tim, ..., Mia}, Q, = {control, treatment 1, treatment 2},
and Q3 = R. Furthermore, we choose the o-algebras on these sets to be &, = 22(Q,),
t=1,2,and «/; = 98, the Borel o-algebra on R (see RS-Rem. 1.14).

Requiring (Q, &) to be the product of the measurable spaces (Q;, ), t € T (see Def. 4.6),
the measurable space (Q, <) is completely specified and with it the projections 7; to 3.
The projection 7;: Q — Q, has the possible values Tom, Tim, ..., Mia. Hence, 7 is identi-
cal to the person variable U used in Table 1.5. The projection 7,: Q — , has the possible
values control, treatment 1, treatment 2, and the possible values of 73: Q — Q3 are the real
numbers.

The filtration (%) er is specified by

F1 = o(m), Fy = 0(m, 1), F3 = 0(m, W2, 3).

Furthermore, the index sets occurring in Definition 4.6 are J = K = {1}, implying that the
cause o-algebra is
€ = 0(mz),j €K) = o(m2)

and that the confounder o-algebra of € is
D¢ = o(my, 725, j €J\K) = o(my).

Choosing X as the putative cause variable and Y as the outcome variable (see Table 1.5),
we specify the regular causality setup

((Qrd)) (gt)teTycgr @%) Xr Y)

Note that the putative cause variable X is the composition of the projection 7, and
a measurable map g: (Q, 2(Q)) — (R,98) (see RS-sect. 2.1.7), that is, X = g(m,). This
implies 0(X) c o(m,) (see RS-Lemma 2.35). Although X is a measurable map on (Q, <),
intuitively speaking, X = g(m,) means that the values of X only depend on the elements
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of the set Q, = {control, treatment 1, treatment 2}, the second factor set in the set product
Q= Ql X Qg X Qg.

Similarly, the outcome variable Y'is the composition of the projection 74 and a measur-
able map f: (R,%8) — (R, ), that is, Y = f(n,). This implies o(Y) c o(r,) (see again RS-
Lemma 2.35). Hence, the values of Y only depend on the elements of Q4 = R, the fourth
set in the set product Q = Q; x Q, x Q3.

According to Definition 4.11 (iv), each non-constant measurable map W that satisfies
o(W) c D¢ is a potential confounder of X. In this example, this applies, for instance, to
educational status specified in Table 1.5, but also to sex, which is also an attribute of the
persons in the set Q; = {Tom, Tim, ..., Mia}. Again, each of these variables can be written
as the composition of some map and the projection ;, implying that they are measurable
with respect to o (7;) = D (see Exercise 4-11).

4.3 Properties

In this section, we study some properties of a regular causality space, a putative cause
variable, an outcome variable, a potential confounder, and other maps that are measur-
able with respect to these maps.

4.3.1 Cause o-Algebra and Potential Confounder o -Algebra

According to the following theorem, the intersection of the cause o-algebra € and the con-
founder o-algebra 9 is the trivial o-algebra, and the cause and confounder o-algebras, €
and 2, are measurable with respect to %,. In contrast to €, the confounder o-algebra 2
can also be measurable with respect to &;. According to Definition 4.6 (ii), this is the case
if J= K, implying @« = o (). This is the case if there are no events A € of that are simulta-
neous to the cause o-algebra € and that are not elements of €.

Theorem 4.25 [Properties of € and P]
If (Q, &), (F) rer, €, D) is a regular causality space, then

€N De = {Q,0) (4.22)
€ ¢ F (4.23)
€ < F (4.24)
D < F>. (4.25)

(Proof p. 109)

4.3.2 Putative Cause Variable

Proposition (4.22) has two immediate implications for the o-algebra generated by a puta-
tive cause variable and the o-algebra generated by a potential confounder.

Remark 4.26 [Two Immediate Implications] If ((Q, <), (%) 1,6, P4, X,Y) is a regular
causality setup, then
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o(X) N D¢ = {Q,0} (4.26)

because o(X) c 6. Furthermore, if Wis a potential confounder of X, then
o(X)nao(W) = {Q,0}, (4.27)
because o (W) ¢ De. <

Remark 4.27 [Implications Involving a Global Potential Confounder] Remember, by def-
inition, a global potential confounder Dy of X satisfies o (D) = 2. Hence, Equation (4.26)
is equivalent to

o(X)no(Dyx) = {Q,0}. (4.28)

In the framework of a regular probabilistic causality setup ((Q,d, P), (%) 1,6, D¢, X, Y),
this equation neither implies stochastic independence nor dependence of X and Dy. That
is, X and Dy can be stochastically dependent or independent of each other, and this solely
is determined by the probability measure P on (Q, ). <

Example 4.28 [Joe and Ann With a Single Treatment Variable] The issue addressed in Re-
mark 4.27 is exemplified by RS-Tables 1.2 and 1.4. These tables present random experi-
ments that differ from each other only in the probability measure P, whereas the structure
is the same as described in Example 4.10. Hence, in both examples, o(X) N o(U) = {Q, 0}
holds for the putative cause variable X and the global potential confounder U. Because,
in this example, 6(X) = ¢ and o (U) = D, this can be seen from Equations (4.3) and (4.4).
Obviously, the only elements shared by these o-algebras are Q and @.

Furthermore, while X and U are stochastically independent in the example of RS-Table
1.2, they are stochastically dependent in the example of RS-Table 1.4. This can be seen
from comparing the columns P(X=1|U=u) in the two tables to each other. In RS-Table
1.2, the conditional probability P(X=1|U=u) is the same for both persons u, which im-
plies stochastic independence of X and U. In contrast, in RS-Table 1.4, the conditional
probabilities P(X=1|U =Joe) and P(X=1|U =Ann) differ from each other, and this implies
stochastic dependence of X and U. <

According to the following theorem, a putative cause variable is not a potential con-
founder of itself, it is measurable with respect to %,, and it is not measurable with respect
to F 1.

Theorem 4.29 [Properties of a Putative Cause Variable]
If (Q, &), (F) e, 6, D¢, X, Y) is a regular causality setup, then

o(X) & D¢ (4.29)
a(X) c % (4.30)
o(X) . (4.31)

(Proof p. 110)
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4.3.3 Potential Confounder

Now we study some properties of a potential confounder. In the following theorem, we
show that every potential confounder is measurable with respect to the o-algebra %, but
not measurable with respect to the cause g-algebra o (X).

Theorem 4.30 [Two Properties of a Potential Confounder]
If ((Q,d), (FD) ter,€, D, X, Y) is a regular causality setup and W a potential con-
founder of X, then

o(W) c &% (4.32)

o(W) ¢ o(X). (4.33)
(Proofp. 110)

Now we turn to time order concerning a putative cause variable and a potential con-
founder. According to the first proposition of the following theorem, a measurable map
V that is prior in (%)< to a putative cause variable X is measurable with respect to 2.
And, according to the second proposition, if V is Z¢-measurable, then it is prior or simul-
taneous in (%) er to X. Note that V can also be a global potential confounder of X.

Theorem 4.31 [A Measurable Map That Is Prior to X Is 4-Measurable]
Let ((Q, A, (P rer,E, D, X, Y) be a regular causality setup, V. a measurable map on
(Q, <), and let F1 denote the filtration (%;)cr. Then

V<X = olV)cy (4.34)
gT

oa(V)c D¢ = V;‘X. (4.35)
! (Proof p. 110)

Proposition (4.34) and Definition 4.11 (iv) immediately imply the following corollary, in
which we consider a non-constant measurable map on (Q, <) that is prior in (%) ;er to X.

Corollary 4.32 [A Non-Constant Measurable Map That Is Prior to X]
Under the assumptions of Theorem 4.31, if V is prior in %7 to X and (V) # {Q, 0},
then V is a potential confounder of X.

An immediate implication of Proposition (4.35) and Definition 4.11 applies to potential
confounders, which, by definition are non-constant.

Corollary 4.33 [A Potential Confounder Is Prior or Simultaneous to X]
Under the assumptions of Theorem 4.31, if W is a potential confounder of X, then W is
prior or simultaneous in % to X.
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Hence, according to this corollary, each potential confounder of X is prior or simulta-
neous in &7 to X. Remember, however, a potential confounder of X is not measurable
with respect to X [see Prop. (4.33)].

According to the following corollary, each non-constant W-measurable map is a poten-
tial confounder of X, if W is a potential confounder of X.

Corollary 4.34 [Measurable Maps of a Potential Confounder]
Let ((Q, ), (F)rer, 6, De, X, Y) be a regular causality setup and let V, W be measurable
maps on (Q, ). If W is a potential confounder of X and {Q,0} # o(V) c (W), then V
is a potential confounder of X as well.

(Proofp. 111)

4.3.4 Outcome Variable

Now we study some measurability properties of an outcome variable Y. According to the
following theorem, an outcome variable Y is &3;-measurable but not measurable with re-
spect to ;.

Theorem 4.35 [An Outcome Variable Is .5;-Measurable]
If ((Q, &), (F) rer,6, D, X, Y) is a regular causality setup, then o (Y) ¢ F, and

ag(Y)c Z. (4.36)
(Proofp. 111)

Remark 4.36 [Immediate Implications] Note that o(Y) ¢ %, implies o(Y) ¢ % because
(Z4) et 1s a filtration. It also implies o (Y) ¢ P« because Y c %, [see Prop. (4.25)]. <

According to the following corollary, a potential confounder of X is priorin (%) ,;crto Y.
According to Remark 4.16, this also applies to a covariate of X. This corollay immediately
follows from Theorems 4.30, 4.35, and Definition 3.3.

Corollary 4.37 [A Potential Confounder of X is Priorin (%;)r to Y]
If ((Q,d), (F)ter,€, D¢, X, Y) is a regular causality setup and W a potential con-
founder of X, then

WL;T Y. (4.37)

Now we consider a map V on (Q, &) that is not %,-measurable. If it is measurable with
respect to (W,Y), where W is &,-measurable and Y is &;-measurable, then, according to
the following theorem, V is measurable with respect to ;.
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Theorem 4.38 [Measurable Map of Y and W]
Let ((Q,d ), (F) ter,E, D, X, Y) be a regular causality setup, let W be &,-measurable,
and V a measurable map on (Q, &) that is not %,-measurable. Then

oV)coW,Y) = o(V)cFs. (4.38)
(Proofp. 111)

Under the assumptions of Theorem 4.38, a (W,Y)-measurable map Von (Q, &) that is
not %,-measurable is posterior in (%)t to X.

Corollary 4.39 [X Is Prior to V]
Let the assumptions of Theorem 4.38 hold and let 1 denote the filtration (%) ;cr. Then

agV)cao(W,Y) = X; V. (4.39)
! (Proofp. 111)

According to RS-Lemma 2.34, the premise o(V) c o(W, Y) holds for the composition of
(W,Y) and a measurable map g. Hence, the propositions of Theorem 4.38 and Corollary
4.39 apply to such a composition g(W,Y).

Corollary 4.40 [X Is Prior to g(W, Y)]

Let ((Q,d ), (FD) ter,E, Dg, X, Y) be a regular causality setup, let 1 denote the filtra-
tion (%) rer, and let W: (Q,of) — (Qiy, <)) be measurable with respect to &,. Fur-
thermore, assume that g:(Qyx Qyy, oy ® o) — (Qg,94g) is a measurable map and
o(gW,Y)) ¢ F,. Then

o(gW,Y)) c F; (4.40)

and
X <g(W,Y). (4.41)
Ir

Hence, if the composition g(W,Y) is not measurable with respect to the o-algebra ,,
then g(W,Y) is &#3-measurable and X is prior in &7 to g(W, Y).

Example 4.41 [Linear Combination of W and Y] A special case of a map g(W,Y) men-
tioned in Corollary 4.40 that is not &,-measurable is a linear combination g(W,Y) = aW+
BY, a,p € R, provided that f # 0. Note that in Definition 4.11 (ii) we assume o(Y) & %,,
which implies o(Y) # {Q, @}. <

Example 4.42 [Change Score Variable] A special case of alinear combination of W and Y
mentioned in Example 4.41 is the difference variable g(W,Y) = Y- W, where W assesses
the same attribute as Y, only before treatment (see sect. 2.2). Again, remember the require-
ment o(Y) ¢ &%, [see Def. 4.11 (ii)], which implies o (Y) # {Q,D}. <
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Example 4.43 [Residual] Another special case of a function g(W, Y) mentioned in Corol-
lary 4.40 that is not &,-measurable is the residual g(W,Y) = Y — E(Y|W) of Y with respect
to its W-conditional expectation. [Here, we additionally assume that P is a probability
measure on (Q, /) (see RS-sect. 4.5).] Of course, the requirements for ¥ mentioned in the
last examples still stand. <

The conjunction of Definition 4.11, Remark 4.9, and Corollary 4.40 implies the following
corollary.

Corollary 4.44 [A New Regular Causality Setup]
Let the assumptions of Corollary 4.40 hold. Then

((Qrd)) (gt) IET)%) @‘f) Xr g(W) Y)) (4'42)

is a regular causality setup.

According to this corollary, X is a putative cause variable of the outcome variable
g(W,Y), provided that the assumptions of Corollary 4.40 including c(g(W, Y)) ¢ %, hold.
Hence, according to Example 4.41,

(Q, ), (F) e, €, Deg, X, aW + BY) (4.43)
is a regular causality setup, provided that p # 0. Furthermore, according to Example 4.42,
(Q, ), (F) 1e1,€, D, X, Y-W) (4.44)
is a regular causality setup. Finally, according to Example 4.43,
((Q, e, P),(F)e1,€, D, X, Y-E(Y|W)) (4.45)

is a regular probabilistic causality setup. Note that in all of these setups we assume that Y
is not measurable with respect to &,, which implies o (Y) # {Q, @}.

4.4 Summary and Conclusions

In this chapter, we specified the mathematical structure, and formulated the assumptions
under which we can define causal effects. The most important concepts are gathered in
Box 4.1 and their properties are summarized in Box 4.2.

The fundamental concept is a regular causality space ((Q,d ), (%)) teT,6, @cg), which
consists of a measurable space (0, &), a filtration (%,)cr, a cause a-algebra € and a con-
founder o-algebra 9. None of these concepts involves a probability measure. However,
in the context of a probability measure P on (Q, &), a measurable space (X2, /) is the math-
ematical framework for any statement about events, their probabilities, and their (causal
or noncausal) dependencies. It is also the framework for the definition of random vari-
ables, their distributions, and their (causal or noncausal) dependencies (see, e. g., Steyer &
Nagel, 2017).

A filtration (%) ;1 in of allows to define time order among elements of o/, among sub-
sets of &/, and among measurable maps on (Q, &) (see ch. 3). In the context of a probability
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Box 4.1 Glossary of new concepts

(©Q,2),(F)ter, 6, D)

Q)

(gt)zeT

D¢

(Q, ), (F) te1,6, D, X, Y )

Dx

((Q,&f), (Ft)ter, 6, @%)l Qo

(), (Fie1, 6, D6, X, V)|

Regular causality space. It consists of a measurable space,
a filtration on ¢, and two o-algebras € and P« on /.

Measurable space. (2, /) is assumed to be the product of
the measurable spaces (Q;, <), T = {1,2,3}. For all teT
and all w; € Q;, we assume {w} € o7;.

Filtration (%) ¢er in <. It consists of the g-algebras &
= a(my), F» = o(my,mp), and F3 = o(my, 7, 3), Where 7y,
te T, are the projections 7;: Q — Q; defined by 71; (w) = w;,
for all w € Q. The projection m, may itself consist of several
projections, that is, 7, = (m2j,j€1), J=N.

Cause o-algebra. For @ # K c ] it is defined by
€ = 0(n2j,j €eK).

Confounder o-algebra of €. It is defined by
D¢ =0(m, 725, j € J\K).

Regular causality setup. It consists of a regular causality
space, a putative cause variable X, and an outcome vari-
able Y, which are measurable maps on (Q, «/).

Putative cause variable. By definition, it satisfies

@ {Q,0} #0(X) =€

(b) 73 Ko =K, Kp # K,such that 6(X) < o(73}, j € Ko).

Outcome variable or response variable. It is defined by
a(Y)Z .

In the framework of a regular causality space this implies
that Y is measurable with respect to 3.

Potential confounder of X or covariate of X. It is a measur-
able map on (Q, &) satisfying o(W) c D.

Global potential confounder of X. A potential confounder
of X satisfying o(Dx) = De.

Restriction of a regular causality space to Qy < Q. It is
a new regular causality space in which all o-algebras of
((Q, &), (F1) reT,€, D) are restricted to Q.

Restriction of a regular causality setup to Qg c Q. It is a reg-
ular causality setup in which we consider the restrictions
of X and Y to Qo, and ((Q, &), (F1)re1,6, D¢)| -
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space (Q, &, P), this is tantamount to time order among events, among sets of events, and
among random variables, respectively. Such a time order is indispensable for a formaliza-
tion of the intuitive idea that a cause precedes its outcome. The filtration (%) ;e consists
of three o-algebras. Their substantive interpretation is that, from the perspective of the
cause, & represents the set of all past events, &, the set of all past and present events, and
F3 the set of all past, present, and future events.

The third and fourth components of a regular causality space are the cause o-algebra
€ and its confounder o-algebra 9. In the context of a probability space and from the
perspective of a focused putative cause variable X, the o-algebra € represents the set of
all present events with respect to which a putative cause variable X is measurable. In con-
trast, 9« consists of all past and all other present events. They are the events that might
confound or disturb the stochastic dependency of the outcome variable Y on the putative
cause variable X.

Adding a putative cause variable X and an outcome variable Y to a regular causality
space constitutes a regular causality setup ((Q,d ), (F) teT, €, D, X, Y). By definition, the
putative cause variable X satisfies two conditions. According to condition (a), it is €-
measurable and its generated o-algebra is not trivial. The latter would be the case if X
would be a constant map. According to the condition (b), there is no family of projections
(725, j € Ko), Ky © K, such that X is measurable with respect to this family of projections.
This condition secures that the confounder o-algebra 2 is chosen such that all other pu-
tative cause variables that are simultaneous to X are measurable with respect to Z.

By definition, the outcome variable Y is not measurable with respect to %,. Hence, an
outcome variable Y can either solely depend on 3 or depend on 3 and one or more of the
projections 7, and . This allows, for instance, to consider pre-post difference variables
(‘pre’ and ‘post’ with respect to the focused putative cause variable) as outcome variables
(see Examples 4.41 to 4.43).

Furthermore, we introduced the concepts of a potential confounder and a global po-
tential confounder of a putative cause variable X. By definition, a potential confounder W
of a putative cause variable X is a nonconstant Z-measurable map, and a global potential
confounder Dy of X is a potential confounder that generates the confounder o-algebra Z.
Hence, all potential confounders are measurable with respect to Dy.

Last but not least, in Theorem 4.22 we showed that the restriction of a regular causality
space ((Q,d ), (F)teT, 6, 92<g)| Q, to Qy < Q is a new regular causality space in which all
o-algebras involved in ((Q, A), (F)ter,E, @%a) are restricted to Qy. Adding the restrictions
of the maps X and Y to Qo then yields ((Q, ), (%) ic1,6, 2. X, Y )| qo» the restriction of
a regular causality setup to Qy, which is the formal framework in which we can consider
putative cause variables and outcome variables that are measurable maps on Q, (see the
Examples in sect. 4.2.1 and 4.2.2).

4.5 Proofs

Proof of Theorem 4.22

Remember, (Q, ) is the product of the measurable spaces (Q;, /), t € T. Hence, first we
show that (Q, /| QO) is the product of the measurable spaces (Qo;, /] Qm), teT. That is,
we show o/ | o = o/ o, ® | o, ® 3| - NOW cOnsider the set system
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Box 4.2 Properties of a regular causality setup and potential confounders

All propositions gathered in this box refer to the same regular causality setup
((Q,d),@%) teT,6, D¢, X, Y) and throughout this box, W denotes a potential confounder
of X, which by definition, satisfies a(W) c 2.

€n D¢ = 1Q,0) @
¢ ¢ F (ii)

% F (i)

D¢ © Fo (iv)

o(X) no(W) = {Q,0} ©
o(X) < F )

o(X) ¢ F (Vi)

o(X) & D¢ (viii)

o(Y) < F (0

Vie(l,2): oY) ¢ &)
oY) ¢ D D)

(W) € F» (D)

o(W) ¢ o(X) ity

WX Gt

If V is a measurable map on (Q, /) that is not %#,-measurable, then

oV)cao(W,Y) = (a) o(V)cT3 (xv)
(b) X;.V (xvi)
(¢) V is an outcome variable. (xvii)

If Z is a measurable map on (Q, /), then

g(Z)co(W) = Visapotential confounder of X. (xviii)

3
éao = XIAOI: AO[’ EdtlQOt}
t=
3
= Xl Aot Aot €1Q0: N A Ay Edt}} [(4.5)]
t=
Qo N A): A€ ot} [Ao; = Q0,1 A
t=1

X

3
Qo N X Az A, egg}}
1 =1

~
Il

1l
—_—— —_—— —_—— —_—— —_——
X

3 3
QomXAt:Atedt}. Q(,:xlgm
t=
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According to RS-Equation (1.10), the set system &, is a generating system of the product
o-algebra o/| o ® 9| o, ® 3] - Hence, using this fact and the last equation yields

édﬁl 00, = 0(&0) [RS-Eq. (1.10)]
he
= o{{2n glA,:i,m,}) [goz{gm glA,;A,Zd,}]
=o({aona: ae gd,}) [Rs-(1.3), {?51 A Acesd)c gd,]
={una: e é)w}} [RS-(1.6)]
t=1
={QynA:Ae} [Def. 4.6, RS-Eq. (1.10)]
=g, [(4.5)]

Hence, /|, N is in fact the product of the o-algebras <7, oo LET, as required in the defini-
tion of a regular causality space.

Next we show that (F| )., is a filtration in </ | o .

teT
91 ngcgg
=> {QnNA:AeF}c{QynNA:AeF}c{QynNA: Ae F3}
o 91|QO c §2|QO c §3|QO. [(4.5)]
The filtration (F ) . satisfies Equations (4.9), which can be seen as follows:

Filg, = QN A: Ae T} [(4.5)]
:{A0:A0€g1|90} [Ag:=QonN A]
= {{w ey mlg, (@) € Ak: Aye Fil g, } [(4.8)]
={(mlq,) " (A0: Arestlq,, | [RS-(2.1)]
=0(mlgq,)- [RS-(2.11), (2.12)]

Folq, = {QoNA: A€ T} [(4.5)]
= {AoiAgegzlﬂo} [Ag:=QonNA]
= {0 €Q0: (mlg, mlg,) @) € Aok: Age Fol g, } [(4.8)]
= {(”1|QO’ T QO) YAp): A € | oy, ® o QOZ} [RS-(2.1)]
=0 (mil gy 72l ) [RS-(2.11), (2.12)]

Fslq, = {QoN A: Ae F3} [(4.5)]
={Ao: Aye F4|q,} [Ap:=QoNA]
= {{(x) € QOZ (HIIQO, ﬂzIQO, ﬂ3|QO)((1)) € Ag}: A() € gglﬂo} [(4.8)]

3
= { 7T1|QO, 2| 0 7T3|QO)_1(A123)1 Az € ®£¢tl Qm} [RS-(2.1)]
t=1

= 0(mlq, T2l gy sl q,)- [RS-(2.11), (2.12)]
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Now we show that €|, is a cause o-algebra. Let @ # K < J,

Clg, ={QNA: A€ €} [(4.5)]
={QynA: Aca(m,, j €K)} [Def. 4.6 (i)]
={Ao: Age o(mzj] , j €K)} [Ag=QoN A]

= 0(m2jl o J €K).

Finally, we show that 2| () is the confounder o-algebra of €|, .

Dl o, = QN A: A€ D} [(4.5)]
={QynA: Aca(my, 1z, j €J\K)} [Def. 4.6 (ii)]
:{AO:AOEU(HIIQOJﬂZjIQOrjE]\K)} [Ag=QgnN A]

= 0(n1|Q0’ﬂ2j|QOyj E]\K).

Proof of Theorem 4.25

Equation (4.22). Note that Kn ({1} u J\ K) = @ holds for the sets used in Definition 4.6.
Hence,

ENDe =0(mz,j€K) N 0(my,m25,j€JVK) [Def. 4.6 (i), (ii)]
= {Q,0}. [RS-Eq. (2.39)]

Proposition (4.23). The proofis by contradiction.

CcF o Ccolm) [(4.1)]
=> €YDy, [(3.16), Def. 4.6 (ii)]

which is a contradiction to Proposition (4.22) because € # {Q,Q} [see Def. 4.6 (i)].
Proposition (4.24). We assume @ # K c J (see Def. 4.6). Hence,

€ =0(my), j€K) [Def. 4.6 ()]

=> € co(my,jel) [(3.16)]

& € ca(m) [Def. 4.6]

> P [(3.16), (4.1)]

Proposition (4.25).

D¢ =0(m,m2j,j€J\K) [Def. 4.6 (ii)]
= Deco(my,myy,jE)) [(3.16)]
o Yecolm,ms) [Def. 4.6]
]

o Do F. [(4.1)
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Proof of Theorem 4.29

Proposition (4.29). In Definition 4.11 (i), we assume o(X) # {Q,@}. Hence, 0(X) € D¢
would be a contradiction to Equation (4.26).
Proposition (4.30).

o(X)c€¥ [Def. 4.11 (i)]
= oX)co(m)uao(my) [Def. 4.6 (i), (3.16)]
= oX)co(om)ua(r) [RS-(1.6), RS-(1.7)]
< o(X)co(m,m) [(3.20)]
o 0X)c%,. ((4.1)]

Proposition (4.31). The proofis by contradiction.

oX)cF <o oX)co(m) [(4.1)]
=> 0X) <D, [(3.16), Def. 4.6 (ii)]

which is a contradiction to Proposition (4.29) because we assume o(X) # {Q,0} [see
Def. 4.11 (i)].

Proof of Theorem 4.30

Proposition (4.32).

o(W)c D [Def. 4.11 (iv)]
=> oW)co(my,ms) [Def. 4.6 (ii), (3.16)]
o o(W)cZ,. [(4.1)]

Proposition (4.33). The proof is by contradiction. Hence, additionally to o(W) c Q¢
and o(W) # {Q, 0} [see Def. 4.11 (iv)], we assume o (W) c o(X). Then

(W)cZeno(W)co(X)) < o(W)c (Z¢nao(X)) ((3.14)]
=> o(W)c{Q,0}, [(4.26)]

which is a contradiction to the assumption o (W) # {Q,@}.

Proof of Theorem 4.31

Proposition (4.34). According to Propositions (4.30) and (4.31), 0(X) € %, and o(X) & &,.
Hence,

V:;‘X > oV)csH, [(4.30), (4.31), Def. 3.3]
< o(V)co(my) ((4.1)]
=> o(V)c YDe. [Def. 4.6 (ii), (3.16)]

Proposition (4.35).
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ag(V)c D¢
= o(V)co(r,mn) [Def. 4.6 (ii), (3.16)]
o oV)c% [(4.1)]
=> oV)cFH v(o(V)cFna(V)EF) [(F1c Fl
= O'(V)k;‘()'(X) \Y; G(V)g o(X) [Def. 3.3, 1 # 0(X) € %,, Def. 3.24]
= V; X. [Def. 3.37 (ii)]
Proof of Corollary 4.34
{Q,0}#£a(V)co(W)
= {Q,0}#c(V) =Dy [0(W) €D, (3.16)]
< Visapotential confounder of X. [Def. 4.11 (iv)]
Proof of Theorem 4.35

The property o(Y) ¢ %, is required in Definition 4.11 (ii). Furthermore,

oY)co [Def. 4.11, SN-Cor. 2.28]
o oY)cof @l ®ofs [Def. 4.6, RS-Def. 1.15]
o o(Y)co(my,ms,ms) [RS-Th. 2.30]
o o(Y)c % [(4.1)]
Proof of Theorem 4.38
oW)cHF, Ao(Y)cF [(4.36)]
> oW)cHFs3no(Y)cF [F, € F3,(3.16)]
= (c(V)uoW))cF; ((3.15)]
& oWY)cHs [(3.20), (3.21)]
=> o(V)cZ. [o(V)cao(W,Y), (3.16)]
Proof of Corollary 4.39

According to Proposition (4.30), o(X) < %, and according to Theorem 4.38, o(V) c Z3.
However, this implies X = V (see Def. 3.3).
T
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4.6 Exercises

> Exercise 4-1 Write down the set of all values of the bivariate projection (1, 72) occurring in Equa-
tion (4.2).

> Exercise 4-2 Consider Table 4.1 and gather in a set all elements of the o-algebra o(r;), using RS-
Equations (2.1), (2.11), and (2.12).

> Exercise 4-3 Consider Table 4.1 and write down the product o-algebra <7 ® o with all its ele-
ments. The o-algebras «#) and < are specified in Example 4.10 to be the power sets of Q; and Qp,
respectively. Use RS-Equation (1.10) as well as RS-Definitions 1.4 and 1.7.

> Exercise 4-4 Consider Table 4.1 and gather in two sets all elements of the two inverse images
(71, 2) L ({(Joe, no)}) and (71, 2) ~* ({(Joe, no), (Ann, no)}), using RS-Equation (2.1).

> Exercise 4-5 In the context of a probability space (Q, o, P), what is the substantive interpretation
of the sets {w;, w2, w5, we} and {w3, w4, w7, wg} occurring in the set € specified in Equation 4.3?

> Exercise 4-6 Enumerate all elements of the o-algebra generated by the map X: Q — R speci-
fied in Table 4.1, using o(X) = X ~1(28) [see RS-Eqs. (2.11) and (2.12)], where 98 denotes the Borel
o-algebra on R.

> Exercise 4-7 The o-algebra ¢ in Equation (4.14) is identical to o(m2) = {ng’l(Az): Ay edz},
where o, = 2 ({a, b, c}) [see RS-Egs. (2.11) and (2.12))]. Write down the power set Z({a, b, c}), list-
ing its elements in the sequence corresponding to the sequence of the elements in 6.

> Exercise 4-8 Gather in a set of all elements of the o-algebra o(74) generated by the indicator vari-
able 74: Q — {0,1} specified in Equation (4.15). Use the power set of {0,1} as the o-algebra on {0,1},
and RS-Equations (2.1), (2.11), and (2.12).

> Exercise 4-9 Check conditions (a) to (c) of RS-Definition 1.4 for the set in the last displayed line
of Equation (4.18).

> Exercise 4-10 Consider Table 4.3 and specify the two subsets of Q for the restriction of the regular
causality space ((Q, A),(F) e, 63, @<g3 ) within which we can compare

(a) receiving only treatment a to receiving only treatment b

(b) receiving both treatments to receiving only one single treatment.
> Exercise 4-11 Consider the example presented in Table 1.5 and specify the measurable map
W: Q — {male, female} by assigning to each element of Q the values male or female according to

the sex of the person to be sampled. Then specify Wonce again as the composition of the projection
m1: Q1 — Qp and amap g: Q) — {male, female}.

Solutions

> Solution 4-1 The set of all values of (771, 75) is {(]oe, no), (Joe,yes), (Ann, no), (Ann,yes)}.

> Solution 4-2 In this example, Q) = { Joe, Ann} and o) = {{]oe}, {Ann},Ql,Q} is the power set of
Q, (see Example 4.10). Hence,
o(my) = {m A Ay e} [RS-(2.11), RS-(2.12)]
= {m '({Joe}), m”  ({Ann}), m Q) 1 N @)} [ty = P()]
= {lo1,..., 04}, {05,..., 0g}, Q, B}. [RS-(2.1), Table 4.1]
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> Solution 4-3 In Example 4.10, Q; = {Joe, Ann} and
o = {{Joe}, {Ann}, 1, O}
is the power set of ; . Similarly, Q, = {no, yes} and
b = {{no}, {yes}, Oz, O}
is the power set of Q,. Hence,

@ty =0({A1x Az Ay € ey, A € ob}) [RS-(1.10)]
= o({{Uoe, no)}, {(Joe, yes)}, {(Ann,no)}, {(Ann, yes)},
{(Joe, no), (Joe,yes)}, {(Ann, no),(Ann, yes)},
{(Joe,no),(Ann, no)}, {(Joe, yes),(Ann, yes)},
{(Joe, no), (Joe, yes),(Ann,no),(Ann, yes)}}) [def. of A; x Ap]
= {{(Joe, no)}, {(Joe, yes)}, {(Ann,no)}, {(Ann, yes)},
{(Joe, no), (Joe, yes)}, {(Joe,no), (Ann,no)},
{(Joe, no), (Ann,yes)}, {(Joe,yes),(Ann,no)},
{(Joe,yes),(Ann,yes)}, {(Ann,no), (Ann,yes)},
{(Joe, no), (Joe, yes),(Ann,no)},
{(Joe, no), (Joe, yes),(Ann,yes)},
{(Joe,yes),(Ann,no), (Ann,yes)},
{(Joe, no),(Ann, no),(Ann,yes)}, Q1 x Qp, (7)}. [RS-Defs. 1.4, 1.7]

> Solution 4-4 The two inverse images are

(m1,m2)”  ({(Joe, n0)}) = {w € Q: (m1,7m2) (w) € {(Joe, no)}}

= {w1, w2}
and v

(m1,m2) "' ({Uoe, no), (Ann, no)}) = {w € Q: (m,72)(w) € {(Joe, no), (Ann, no)}}
= {(1)1,(1)2,(1)5,(1)6}.
> Solution 4-5 In the context of a probability space (Q, <, P), the set {01, w2, ws, wg} is the event

that the sampled person receives treatment and {ws3, w4, w7, wg} is the event that it does not receive
treatment.

> Solution 4-6 Although there is an uncountably infinite number of elements B in the Borel o-al-
gebra 28 on the set R of real numbers (see RS-Rem. 1.14), there are only four different inverse images
X~1(B) of sets B € % under X because

{w3,w4,07,0g}, ifO¢BandleB
{wy, w2, w5,w6}, ifOeBand1¢B
Q, if0eBand1eB
Q, if0¢B and 1¢B.

VBe®: X '(B) =

These four inverse images are the elements of the o-algebra o(X) = X~ 1) generated by X [see
RS-Egs. (2.11) and (2.12)]. Because, in this example, X is binary, o(X) = X ~1(%) = X! (22({0,1})).

> Solution 4-7 o, = 2({a, b, c}) = {{a},{b},{c},{a, b}, {a,c},{b,c},Q,,0}.
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> Solution 4-8

o(14) = {12 1(O): Ce 2({0,1})} [RS-(2.11), RS-(2.12)]
= {1atdop, 147, 170 1), 14T @) [22(10,1)) = {{0},{1},{0,1},@}]
= {{w1, w2, 07,08}, {V3,..., 06, We,..., w12}, Q, O}. [RS-(2.1), Table 4.2]

> Solution 4-9 Condition (a) of RS-Definition 1.4 holds for the set <€| Qup because Qg € <€| Q-
Condition (b) also holds because the complement C¢ = Q,,\ C of each set C € <€| Quw is an element
of €| Qg 38 well. Finally, Condition (c) of RS-Definition 1.4 holds too. For each sequence C;,Co, ...
of elements of €| Q,, the union of these elements is an element of €| Q,,, as well. Examples of such
sequences are
{wy, w2, 07,08}, 9,0, ...

{w1, w2, w7, wg}, {w3, W4, W9, W10} Lapy Lap, .-
and

{w1, w2, w7, wg}, {w3, w4, w9, w10}, Lup, D, 9, ... .

The union of the elements of such sequences is always itself an element of € | Q-

> Solution 4-10 For comparison (a) we have to use the restriction of the regular causality space
((Q,af),(ﬂt)tg,(&, @cg3) t0 Qg = {wz,...,ws, ®11,...,w14} and for comparison (b) we have to use
the rescriction of ((Q, /), (F1)ter, €3, @cg3) t0 Q(p) ={w3,..., w8, ®11,..., W6}

> Solution 4-11 The potential confounder W: Q — {male, female} can be defined by

W) male, ifwe{Tom,..., Jim} x Qy x Qg
w) =
female, ifwe{Ann,...,Mia}xQp x Q3.

Alternatively, we may define W as the composition W = g(m;) of the first projection 7; and a map
g: O — {male, female}, where

m(w) = m(w,wz,w3) = 01, V(w],w,wz) € xQx0Q3,
Q, ={Tom, Tim,...,Mia} (see the first column of Table 1.5), and

male, if w, € {Tom, ..., Jim}
glwy) = ) .
female, if w, € {Ann, ..., Mia}.



Chapter 5
True Outcome Variable and Causal Total Effects

In chapter 4, we introduced the notion of a regular causality setup, which is the formal
framework in which we can discuss time order of measurable maps (see ch.3), define
putative cause variables, their potential confounders, outcome variables, and study their
mathematical properties. We also defined the concept of a global potential confounder of
a putative cause variable X, denoted Dy. A global potential confounder of X comprises all
potential confounders of X in the sense that the o-algebra generated by a potential con-
founder of X is a subset of the o-algebra generated by Dx (for a detailed summary see Box
4.1).

In chapter 4, we also mentioned that a regular causality setup is also called a regular
probabilistic causality setup if there is a probability measure P on the measurable space
(Q, 7). In the framework of a probability space (Q, o, P), the measurable maps mentioned
above, including the putative cause variables, their potential confounders, and the out-
come variables are random variables on (Q, &/, P) (see RS-Def. 2.2).

In this and all other chapters to come we assume that there is such a regular prob-
abilistic causality setup ((Q,.szf,P), (F)ter,6, D, X, Y), which has all the properties of a
regular causality setup studied in chapter 4. In the framework of such a regular probabilis-
tic causality setup we can meaningfully define causal effects and dependencies among
two random variables X and Y on a probability space (Q, 7, P).

We begin this chapter defining a true outcome variable 1, = E X=x(Y|Dyx) as a version
of the Dx-conditional expectation of Y with respect to the (X=x)-conditional probabil-
ity measure PX=* on of (see RS-ch.5), where x denotes a value of X for which we assume
P(X=x) > 0. As mentioned above, with Dx we condition on all potential confounders of X.
Although, in empirical applications, the values of such a true outcome variable are rarely
estimable, the expectation of 7, as well as the conditional expectation of 7, given a covari-
ate of X, can be estimated under appropriate and realistic assumptions.

Based on the concept of a true outcome variable we then define a true total effect vari-
able. The expectation of the true total effect variable is then defined to be the causal aver-
age total effect on Y comparing x to x’, where x’ denotes a second value of X. Then we turn
to the definition of a causal conditional total effect of x compared to x' given the value z
of a random variable Z, and a causal Z -conditional total effect function comparing treat-
ment x to treatment x’'. Each of these kinds of conditional total effects or effect functions
provides specific information that might be of interest in empirical causal research and
evaluation studies.

In the first place, these parameters and effect functions are of a purely theoretical na-
ture. However, in the next chapter we study how and under which assumptions these vari-
ous kinds of causal effects can be identified by empirically estimable parameters and how
the causal effect functions can be identified by empirically estimable functions.
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Requirements

Reading this chapter requires that the reader is familiar with the contents of the first five
chapters of Steyer (2024), referred to as RS-chapters 1 to 5, the first two of which have al-
ready been required in chapters 3 and 4 of this book. RS-chapter 3 deals with the concepts
expectation, variance, covariance, and correlation, and RS-chapter 4 with the concept of a
conditional expectation. The most important one for the present chapter is RS-chapter 5,
introducing the concept of a conditional expectation with respect to the probability mea-
sure PX=%,
In this chapter, we will often refer to some of the following assumptions and notation.

Notation and Assumptions 5.1

(a) Let ((Q, A, P), (F) teT,6, D, X, Y) be a regular probabilistic causality setup and
let Dx denote a global potential confounder of X.

(b) Let (Qx,sly) denote the value space of X, let x € Q, let {x} € ofx, and let Tx—,
denote the indicator of the event {X=x} = {w € Q: X(w) = x}.

(c) LetY be real-valued with positive variance.

(d) Assume 0 < P(X=x) <1, define the probability measure PX=%:. o — [0,1] by
PX=%(A) = P(A|X=x), for all A€ of, let E*X=*(Y|Dy) denote a (version of the)
Dx-conditional expectation of Y with respect to PX=% and §X=*(Y|Dyx) the set
of all such versions.

(e) Let Z be a random variable on (Q, <, P) and let (Q}, «/;) denote its value space.

(f) LetzeQy beavalueof Z, let{z} € of;, assume P(Z=z) > 0, and define the pro-
bability measure PZ=%: of — [0,1] by PZ=%(A) = P(A|Z=z), for all A€ «.

(g) Let x'€ Q% and {x'} € of¥, let 1x_, denote the indicator of the event {X=x'} =
{weQ: X(w)=x'}, assume 0<P(X=x")<1, and let EX:““/(YIDX) denote a
(version of the) Dx-conditional expectation of Y with respect to PX=*', which is
defined analogously to P*=* in Assumption (d).

5.1 True Outcome Variable

In this section, we introduce the concept of a (total effects) true outcome variable of Y
given the value x of X. This concept can be defined in the framework of a regular proba-
bilistic causality setup ((Q, &4 P), (%) ie1,6, D¢, X, Y) if we assume P(X=x) > 0. Although
this concept is not mandatory for all causality conditions (see, e.g., chs. 8 and 9, it is fun-
damental for several causality conditions and useful for others.

In the definition of a true outcome variable we consider a Dx-conditional expecta-
tion of Y with respect to the conditional probability measure P*=% denoted EX=*(Y|Dy)
(see RS-Def. 5.4), where Dy denotes a global potential confounder of X (see Def. 4.6).
Considering the term E X=X(Y|Dy) is tantamount to conditioning on the event {X=x} =
{we Q: X(w) = x} and on all potential confounders of X, presuming P(X=x) > 0.

Remark 5.2 [Intuitive Background] Conditioning on a global potential confounder, we
share John Stuart Mill’s idea already described in the preface. However, we make a slight
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modification. Instead of comparing values of Y, we compare to each other the Dx-condi-
tional expectations of Y given the values x and x' of the putative cause X.

The intuitive idea is most easily explained by an example. For instance, in Example 4.10
(see also RS-Tables 1.2 and 1.4), the projection 7, (with values Joe and Ann) takes the role
of a global potential confounder of X. Now, suppose a person u may receive treatment
(X=1) or control (X=0) (e.g., no treatment or an alternative treatment). If there is a differ-
ence between the conditional expectation values E(Y|X=1,U=u) and E(Y|X=0,U=u),
then this difference is due to (i. e., caused by) the treatment variable X.

In this example, conditioning on a person u means that ‘everything else is invariant’, for
example, the severity of symptoms, the motivation for treatment, educational status, and
so on, which all are attributes of the person. Hence, this is a probabilistic version of the
ceteris paribus clause.! Note that the treatment effect can be different for different values
of the global potential confounder, that is, in this example, it can be different for different
persons. <

Remark 5.3 [Two Concepts] The intuitive idea of a true outcome variable outlined in Re-
mark 5.2 can mathematically be specified by conditional expectations E*=*(Y | Dx) with
respect to a conditional probability measure PX=* (see RS-section 5.1). If P(X=x) > 0, then
this concept can be used to describe how a numerical random variable Y depends on a
random variable Dy given the event {X=x} that X takes on the value x. The difference

EX=*(Y|Dy) — EX=¥(Y|Dy)

then defines the true effect variable comparing the values x and x’ to each other (see
Def. 5.18), provided that we assume that EX=*(Y|Dy) and EX:X'(YI Dy) are P-unique (see
sect. 5.2 below).

Alternatively, we might use the partial conditional expectations E(Y|X=x,Dx) and
E(Y|X=x',Dy) (see RS-Def. 5.34) comparing conditions x and x’ to each other. According
to RS-Theorem 5.40, if P(X=x) > 0, then E(Y | X=x, Dy) is also a version of the conditional
expectation E X=x(y| Dy) with respect to the conditional probability measure PX=*_Hence,
we may use both concepts and their corresponding notation for the definition of a true
outcome variable. However, EX=*(Y| Dy) is more convenient because we can immediately
utilize the (at least since Kolmogorov, 1933/1977) well-known properties of conditional
expectations, which are presented in some detail in RS-chapter 4. Reading the following
definition, remember that X (Q) = {X(w): w € Q} denotes the image of Q under the map X.
g

Definition 5.4 [True Outcome Variable ]
Let the Assumptions 5.1 (a) to (d) hold. Then
17, := EX*X(Y|Dy) (5.1)

is called a true outcome variable of Y given (the value) x (of X).

1 The idea of comparing conditional expectation values on the individual level is already found in Splawa-
Neyman (1923/1990). Later, it has been oversimplified by Rubin, who compares the values Yy («) and Yy ()
of his potential outcome variables between two treatment conditions x and x' (see, e. g., Rubin, 1974, 2005).
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Note that 7, is a random variable on the probability space (Q, « P), just as the putative
cause X, the outcome variable Y, and the global potential confounder Dy of X. Only Y
has to be real-valued whereas X and Dx may take on their values in any set Q% and Qp,,
respectively.

Remark 5.5 [Uniqueness of a True Outcome Variable 7,] According to Equation (5.1), a
true outcome variable 7, denotes any element of the set &X=*(Y|Dyx) of versions of the
Dx-conditional expectation of Y with respect to the probability measure P*=* (see RS-
Rem. 5.8). Note that, in general, there are many elements in the set & X=x(Y|Dx). However,
if 7., 7 € £X7%(Y| Dy), then T2 xrx*, that is, the versions 7, and 7, are identical P*=*-al-
most surely. Hence, a true outcome variable is uniquely defined up to almost sure identity
with respect to the measure PX=% In this case we also say that 7, is PX=*-unique. <

Remark 5.6 [Total Effects] To emphasize, controlling for a global potential confounder
Dy, we do not condition on potential mediators. This is why we may explicitly refer to
‘total effects’ if the context is ambiguous. <

Remark 5.7 [A Caveat on Notation] The shortcut 7, for (a version of) the conditional ex-
pectation EX=*(Y|Dy) is meaningful only in a context in which the references to a speci-
fied outcome variable Y, a specified putative cause variable X with its value x, and a global
potential confounder Dy of X are unambiguous. <

Remark 5.8 [Value of a True Outcome Variable] A value of a true outcome variable 7, is
called the true (or expected) outcome of Y given the value x of X and the value d of Dx or
given the event {X=x,Dx=d}. According to Equation (5.1) and RS-Equation (5.25),

VoeQ: 7(w) = EX*(Y|Dy)(w) = EX**(Y|Dx=d), ifwe{Dx=d). (5.2)
Furthermore, if P(X=x,Dx=d) > 0, then
EX=*(Y|Dx=d) = E(Y|X=x,Dx=d), (5.3)

[see RS-Eq. (5.26)]. That is, a value of a true outcome variable 7, is identical to a con-
ditional expectation value of Y given the value x of X and the value d of a global po-
tential confounder Dy. Such a conditional expectation value is uniquely defined only if
P(X=x,Dx=d) >0 (see RS-Rem. 4.33). <

Remark 5.9 [The Values of 7, Cannot be Observed] Because the values of 7, are the con-
ditional expectation values E X=x(Y|Dx=d), they cannot be observed. In contrast, the val-
ues of X and Y can be observed, if the random experiment represented by (Q, «/, P) is con-
ducted. In most applications, the values of 7, even cannot be estimated (for more details,
see Rem. 5.13). <

Remark 5.10 [ 7, is Dx-Measurable] Note that 7, is a random variable on the probability
space (Q, </, P) that is measurable with respect to Dy, that is, o(1,) € 0(Dy). This immedi-
ately follows from RS-Definition 5.4 (a). <

Remark 5.11 [Factorization of 7] According to RS-Corollary 4.18, there is a measurable
function g.: (Qp,, p,) — (R,2) such that 7, = EX=*(Y|Dx) = g.(Dx) is the compo-
sition of Dx and the factorization g, of EX=*(Y|Dx) (see RS-sect. 5.29). Therefore, if
P(X=x,Dx=d) >0, then we may rewrite Equations (5.2) and (5.3) as follows:
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Table 5.1. Joe and Ann with self-selection revisited

Probability
Possible outcomes w; measures Observables | Conditional expectations
s 3

3 8 S s
o B = fcg z E = = 5 56
£ 3 3| f % g|l2 o 5§ 1L
E g = ¢ ~ | & E sl 2 X m m|y
£ 8 ¢ 2 L % |2 § Z|lx = =5 U oufs
2 FE & Ay _ Ry ~ = O _ 55 5] 5 s )
w1 = (Joe, no, —-) 144 24 0 Joe 0 0 .04 .6 7 7 .8 1
wy = (Joe, no, +) 336 .56 0 Joe 0 1| .04 6 7 7 8 1
w3 = (Joe, yes, —) .004 0 .01 Joe 1 0 04 42 8 7 .8 1
w4 = (Joe, yes, +) .016 0 .04 Joe 1 1 04 42 8 7 .8 1
w5 = (Ann, no, —) .096 .16 0 Ann 0 0 | .76 6 2 2 4 2
wg = (Ann, no, +) .024 .04 0 Ann 0 1 | .76 6 2 2 4 2
w7 = (Ann, yes, —) 228 0 57 | Ann 1 0 76 42 4 2 4 2
wg = (Ann, yes, +) .152 0 38 | Ann 1 1 76 42 4 2 4 2

VoeQ: 1.(w) = EX*(Y|Dy)(w) = g:(Dx)(®) = gx(Dx(w)) = g«(d)

X= . (5.4)
= E*7*(Y|Dx=d) = E(Y|X=x,Dx=d), ifwe{Dx=d},

Hence, in order to assign a value of 7, to an outcome w € Q of the random experiment,
first we may assign to w — via the global potential confounder Dy — a value d of this
map, and then assign to d — via the factorization g, — the corresponding conditional
expectation value EX=*(Y|Dx=d), which is identical to E(Y|X=x,Dx=d) [see Eq. (5.3)
and Example 5.12]. <

Example 5.12 [Joe and Ann With Self-Selection] Consider the random experiment pre-
sented in Table 5.1. It describes the same random experiment as Table 1.2 and it has
the same structure as the experiment presented in Table 4.1. However, in Table 5.1 we
added some terms that are important to illustrate the true outcome variables 7y, 7, and
their difference 7, — 7. Furthermore, we also used the more general notation for condi-
tional expectations, which also apply if the outcome variable is not an indicator vari-
able with values 0 and 1. In Example 4.10, we already specified the set Q = Q; xQ, x Q3
of possible outcomes with its elements w; = (#,wx,wy), the probability space (Q, 7, P),
the random variables U = m;, X, Y, and the filtration (%;);er in </, where T = {1,2,3}.
Furthermore, in Example 4.10 we also asserted that U = m; is a global potential con-
founder of the treatment variable X, playing the role of Dy in the general theory. Therefore,
1, = EX=*(Y|Dx) = EX=*(Y| U) for both treatments x=0 and x = 1.

Now we specify the values of the true outcome variables 7, = E X=x(y|U) for the two
treatment conditions x =0 and x = 1. According to Remark 5.11,

7o = &(U), (5.5
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where U: Q — Qy with
U = U((n,wx,0y)) = u, forallw;eQ, (5.6)
and go: Qy — R with
g(u) = E(Y|X=0,U=u), forallueQy (5.7)

[see Eq. (5.4)]. Hence, in order to assign a value of 7, to an outcome w; € Q of the random
experiment, first we have to assign to w; a value u (Joe or Ann) of the person variable
U, and then assign to u via g, the number E(Y|X=0,U=u), that is, the corresponding
conditional expectation value.

If, for instance, w3 = (Joe, yes, —) (see the third row in Table 5.1), then U(w3) = Joe, and
the value of 7, is

To(w3) = g(U(ws)) = goJoe) = E(Y|X=0,U=Joe) = P(Y=1|X=0,U=Joe) = .7.

This is true even though X(w3) = 1 and the value of the conditional expectation E(Y| X, U)
is
E(Y|X,U)(w3) = E(Y|X=1,U=Joe) = P(Y=1|X=1,U=Joe) = .8.

Hence, the true outcome variable 7, given treatment 0 takes on a well-defined value for w3
even though the unit drawn receives treatment 1. This illustrates the distinction between
the random variables 7, = EX=°(Y|U) and E(Y| X, U). While 1, = go(U) is solely a function
of U [see Eq. (5.5)], the conditional expectation E(Y | X, U) is a function of X and U, that is,
there is a function g: QkxQy — R such that E(Y|X,U) = g(X, U), where g(X, U) denotes
the composition of (X, U) and g. Again, we simply say that E(Y|X,U) is a function of X
andU.

Because, in this example, the outcome variable Y is dichotomous with values 0 and
1, the conditional expectation value E(Y|X=0,U=u) is also the conditional probability
P(Y=1|X=0,U=u) of success, and because in this example, U has only two values, Joe
and Ann, the true outcome variable 7, also has only two different values, the two condi-
tional probabilities P(Y=1|X=0,U=Joe) =.7 and P(Y=1|X=0,U=Ann) = .2 (see Table
5.1). Hence, if w; € {U=Ann} = {w € Q: U(w) = Ann}, then the value of 7 is

To(w;) = g(U(w;)) = go(Ann) = E(Y|X=0,U=Ann) = P(Y=1|X=0,U=Ann) = 2.
Similarly, the true outcome variable 1, = EX='(Y |U) given treatment 1 is specified by
7 = &), (5.8)
where g;: Qy — R is defined by
g1(w) = EY|X=1,U=u), forallueQy. (5.9)
Hence, if w; € {U=Joe} = {w € Q: U(w) = Joe}, then the value of 1; is
T1(w;) = gl(U(u)i)) = g1(Joe) = E(Y|X=1,U=Joe) = P(Y=1|X=1,U=Joe) = .8,
and if w; € {U=Annj}, then the value of 7, is
T1(w;) = & (Uwy) = gi(Ann) = E(Y|X=1,U=Ann) = P(Y=1|X=1,U=Ann) = A.

The last two columns of Table 5.1 show which values the two random variables 7, =
EX=0(Y|Dy) and 7, = EX~1(Y | Dy) assign to each of the eight possible outcomes w; of the
random experiment. <
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Remark 5.13 [The Fundamental Problem of Causal Inference] In Remark 5.9 we already
mentioned that the values of 7, cannot be estimated. The reason is as follows: Consider
the last but one column of Table 5.1 with the values EX='(Y|U=u) of 11, namely .8 for
u = Joe and .4 for u = Ann. Imagine that we would conduct the random experiment pre-
sented in this table and that Joe is sampled and he selects treatment (X=1). Then we can
observe the value of Y for Joe under treatment, which is an estimate of EX=!(Y |U = Jjoe),
although a bad one. However, in many applications, we cannot estimate E X=0(y|U=Joe)
at the same time because, if he selects treatment, then we cannot observe his value of Y
under control, and vice versa. This has been called “the fundamental problem of causal
inference” by Holland (1986). Observing Joe’s value of the outcome variable Y, first under
control and then under treatment may yield a value of Y for Joe under treatment that may
systematically differ from the corresponding value that would be observed if Joe would not
have been in control, in the first place. There are numerous reasons for this fact that are
discussed in great detail by Campbell and Stanley (1966). From a formal point of view, it
should be noted that observing Joe’s value of the outcome variable Y under control and
then again under treatment refers to a different random experiment (represented by a dif-
ferent probability space) than observing his outcome value under treatment without the
preceding observation under control. <

Example 5.14 [Nonorthogonal Factors] In Example 4.2.3 we already showed that U is
a global potential confounder of X and that Z is a potential confounder of X. In the
last three columns of Table 1.5 we specified the true outcome variables 7o = E =0y |y,
1, =EX=1(Y|U), and 1,= EX=2(Y|U). In this example, all three true outcome variables are
uniquely defined because P(X=1|U) > 0 (see RS-Th. 5.27). <

Remark 5.15 [True Outcomes vs. Potential Outcomes] Rubin (1974, 2005) assumes that,
given an observational unit z and a treatment condition x, the values of his potential out-
come variables Y, and Y; are fixed numbers. In the example presented in Table 5.1, this
would mean to replace the two true outcome variables 7¢ and 7, by the two potential out-
come variables Y; and Y; that can take on only the values 0 and 1. Substantively speaking,
this would mean that, given a concrete treatment and a concrete observational unit, the
outcome is fixed to 0 or 1. For example, if the outcome is being alive (Y =1) or not (Y =0) at
the age of 80 and the treatment is receiving (X=1) or no receiving (X=0) an anti-smoking
therapy before the age of 40, then this deterministic idea is not in line with our knowledge
of causes for being alive or not being alive at the age of 80.

In contrast, the two true outcome variables 7, and 7; can take on any real number
as values. In the example of Table 5.1, they can take on any value between 0 and 1, in-
clusively. In the smoking example, their values would be the person-specific probabil-
ities of being alive at the age of 80 given treatment or given no treatment. [As we will
see later on, it is irrelevant that we usually cannot estimate these conditional probabili-
ties P(Y=1|X=1,U=u).] Therefore, the true outcome variables can be considered to be
a generalization of the potential outcome variables. Most important, in contrast to po-
tential outcome variables, true outcome variables are in line with the idea that mediators
and events that may occur between treatment and outcome might also affect the outcome
variable Y.

Hence, in Rubin’s potential outcome approach the observational unit # and treatment
x determine the value of the outcome variable Y. In contrast, according to true outcome
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theory, u and x only determine the conditional distribution Py x-x y=,, and with it, the
conditional expectation value E(Y|X=x, U=u) of the outcome variable Y. <

5.2 True Total Effect Variable

Now we introduce the concept of a true (Dx=d)-conditional total effect comparing x to x',
the latter being two different values of the focused putative cause variable X. The basic
idea of this concept is to hold constant all those other possible causes of Y that are prior or
simultaneous to X at one combination of their values and then compare the conditional
expectation values of Y between the two values x and x' of X.

As mentioned before, the intuitive version of this basic idea goes back at least to John
Stuart Mill (1843/1865). It is often referred to as the ceteris paribus clause (all other things
equal). Remember that a global potential confounder can be a multivariate random vari-
able, consisting of several univariate random variables (potential confounders). Also note
that a global potential confounder of X does not comprise potential mediators, that is,
variables that might be affected by X and might have an effect on Y. The term ‘does not
comprise’ is used here in the sense that the o-algebra generated by such a potential medi-
ator is not a subset of the o-algebra generated by Dy.

If we assume P(X=x,Dx=d) > 0 and P(X=x’,Dx=d) > 0, then a true (Dx=d)-condi-
tional total effect

E(Y|X=x,Dx=d) — E(Y|X=x',Dx=d)

is a uniquely defined number [see RS-Eq. (3.23)]. This difference may also be called the
true total effect on Y comparing x to x' given (the event) {Dx=d}.

For different values d and d’ of the global potential confounder Dy, the true conditional
total effects can differ from each other. This necessitates a second concept, a true total
effect variable of Y comparing x to x', that is,

E**(Y|Dy) — EX**(Y|Dy) = 7, — 7y

In general, this random variable is not uniquely defined so that there can be many versions
of such a true total effect variable. However, assuming P-uniqueness of 7, = E X=x(Y|Dy)
andofr, = E X:x'(Yl Dy) implies that the difference 7, — 7, is P-unique as well [see RS-Box
5.1 (vii)].

Remark 5.16 [True Outcome Variables Are P ~*-Unique] InRemark 5.5 we already men-
tioned that, according to its definition as a Dx-conditional expectation of Y with respect
to the probability measure PX=%, a true outcome variable 7, is P*=*-unique. That is, if
&%=*(Y|Dyx) denotes the set of all versions of the Dx-conditional expectation of Y with
respect to the measure PX=*, then

Vi, T €6 (YIDY: T = T (5.10)
holds, where
TR T e P ({weQ: 1i(w) =15 (w)}) = 1. (5.11)

That is, whenever 7, and 7 are two versions of the Dx-conditional expectation of Y with
respect to P*=*, then they are identical PX=*-almost surely. <
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Remark 5.17 [Assuming P-Uniqueness of True Outcome Variables] However, in the def-
inition of a true total effect variable (see Def. 5.18) we assume that the true outcome vari-
ables 7, and 7, are P-unique. Remember,

T, is P-unique :& V71,75 € X (Y|Dx): 1, =1y, (5.12)
where
=7, & PloeQin(w)=1(w})=1. (5.13)

According to RS-Theorem 5.27, P-uniqueness of 7, is equivalent to P(X=x|Dx) > 0, which
is defined by

P(X=x|Dy)30 :& P({weQ:P(X=x|Dx)(®) >0})=1. (5.14)

That is, P-uniqueness of 7, is equivalent to P(X=x|Dy) being positive, P-almost surely. <

Definition 5.18 [True Total Effect Variable and True Total Effect |
Let the Assumptions 5.1 (a) to (d) and (g) hold. Furthermore, let T, and 7, denote true
outcome variables of Y given the values x and x' of X, respectively.

(i) Ift. and 7,1 are P-unique, then we call CTEp,,..: Qp, — R a version of the
true total effect function comparing x to x' (with respectto Y), if

CTEpy;xx'(Dx) 5 Tx— T (5.15)

holds for the composition CTEp ;' (Dx) of Dx and CTEp ;.

(i) Ift, and T,/ are P-unique, then the composition CTE ., ../ (Dy) is called a ver-
sion of the true total effect variable comparing x to x' (with respectto Y ).

(iii) Ifd is avalue of Dx such that P(X=x,Dx=d), P(X=x',Dx=d) > 0, then we call

CTEp,; . (d) := E(Y|X=x,Dx=d) - E(Y|X=x',Dx=d) (5.16)

the true total effect on Y given the value d of Dxcomparing x to x'.

Of course, the concepts of a true total effect and a true total effect variable are of a the-
oretical nature and can be estimated only under rather restrictive assumptions. However,
other causal total effects such as the expectation of 7, — 7,/ (see sect. 5.3) can be estimated
under realistic assumptions.

Remark 5.19 [CTEp, ;. (Dyx) Versus CTEp;,,/] While CTEp, /(D) is a random vari-
able on the probability space (Q, <, P) assigning values to all w € Q, the function CTEp ;
is a random variable on the probability space (Qp,,/p, Pp,) that assigns values to all
de Q’DX (see RS-Rem. 2.39). From a substantive point of view the two maps contain the
same information. <

Example 5.20 [Joe and Ann With Self-Selection] In Example 5.12, we already specified
the true outcome variables 7, and 7,. Their difference 7, — 7 is a version of the true to-
tal effect variable. Because, in this example, the person variable U is a global potential
confounder of X, the true total effect variable may also be written
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CTEy.0(U) = EX*Y(Y|U) - EX°(Y|U) = 1,-1,.

It is a random variable on the probability space (Q, < P). In contrast, the true total effect
function CTEy:;19: Qy — R is arandom variable on the probability space (Q U,QZ‘(QU),PU).
Using the functions g, and g; defined by Equations (5.7) and (5.9),

CTEy;10 := 81— &o-
Its values are
CTEy.10(Joe) = gi1(Joe) — go(Joe) = .8 —-.7 = .1,
the treatment effect of Joe, and
CTEy;0(Ann) = g1(Ann)—go(Ann) = 4-.2 = .2,

the treatment effect of Ann. Hence, CTEy:;;, assigns to each person u €Qy the person-
specific true effect on the outcome variable Y (success) comparing x =1 to x = 0. <

Remark 5.21 [Uniqueness of a True Total Effect Variable] For simplicity, we denote a true
total effect variable CTEp, . .,/ (Dx) also by

6xx/ = Ty — Tyx!. (5-17)

It is a random variable on (Q, & P) that is not necessarily unique. However, if P (X=x) and
P(X=x'") are positive and 1, T, are P-unique, then the difference variable 8, is also P-
unique [see RS-Box 5.1 (viii)]. That is, two versions of such a difference variable are iden-
tical P-almost surely. Hence, if §,,» and J;,s are two such versions, then E(J,,/) = E(65/)
[see RS-Box 3.1 (vi) with A = Q]. Other implications are that d,, and d;, have identical
distributions, variances, and covariances with other random variables (see RS-Rem. 4.11).
<

Remark 5.22 [Uniqueness of a True Total Effect Function] In contrast to J,,/, which is a
function on Q, a true total effect function CTEp,, is a function on Q). It is also not
necessarily unique. However, if there are two versions of CTE, , .,', then they are identical
Pp,-almost surely. This follows from 6, = 05, (see Rem. 5.21) and RS-Theorem 2.54. <

Remark 5.23 [Values of a True Total Effect Variable] As mentioned above, 6,/ is a ran-
dom variable on (Q, &, P). According to Equation (5.1), and RS-Equations (5.25) and (5.26),

VoeQ: 68w = EX*Y|Dy)(0) - EX**(Y|Dy)(w)
= EX(Y |Dx=d) - E***(Y | Dx=d) (5.18)
= E(Y|X=x,Dx=d)-E(Y|X=x',Dx=d), ifwe{Dx=d}.

Hence, a value of a true total effect variable 6, is the difference between the conditional
expectation values of Y given the values (x,d) and (x',d) of (X, Dx). If d is a value of Dx
such that P(X=x,Dx=d),P(X=x',Dx=d) > 0, then

VoeQ: 8w = CTEp, (d), ifwe{Dx=d} (5.19)

[see Def. 5.18 (iii) and RS-Def. 5.30]. If P(X=x,Dx=d),P(X=x',Dx=d) > 0, then this value
is identical for all versions of the true total effect function CTEp ;.. and for all versions of
the true total effect variable CTEp ; vy (Dx) = 8yy.

<
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Remark 5.24 [Probabilistic Ceteris Paribus Clause] Considering a value CTEp ;' (d) is
tantamount to comparing x to x’ (with respect to the outcome variable Y) keeping con-
stant the global potential confounder Dy, and with it, keeping constant all potential con-
founders of X. Keeping constant Dy, is the translation of the ceteris paribus clause for total
effects into probability theory. <

Example 5.25 [Joe and Ann With Self-Selection] In Example 5.20, we already specified
the true total effect function CTEy;o: Qy — R. The corresponding true total effect vari-
able CTEy; (V) is the composition of U and CTEy;),. It is a random variable on (Q, <, P).
For all w; € Q, its values are assigned by

CTEy;0(Joe) =.1, ifw;€{U=Joe}

Ouw (@) = CTE o) (01) = CTE o (Utwi)) = {CTE (Ann) =2, ifo; € {U=Ann}
U;10 — Ly i -

(see the last column of Table 5.1). <

5.3 Causal Average Total Effect

Now we define a causal average total effect by the expectation
E(6y) = E(ty—1x) = E(1y) — E(10) (5.20)

of a true total effect variable [see Eq. (5.17) and RS-Box 3.1 (vii)]. Hence, the causal average
total effect is the expectation of a true total effect variable §,,/; it is not an unweighted
average as the name might suggest.

As mentioned before, this expectation can be estimated under assumptions that are
less restrictive than those that allow estimating the total effect variable J,, itself. This will
be detailed in the chapters on unbiasedness and its sufficient conditions.

Definition 5.26 [Causal Average Total Effect]

Let the Assumptions 5.1 (a) to (d) and (g) hold, let T, and T, denote true outcome vari-
ables of Y given the values x and x' of X, respectively, and let 6,1 = T, —1y. Further-
more, assume that T, and 1, are P-unique and that the expectations E(t,) and E(t/)
are finite. Then

ATE, .+ := E6y), (5.21)
is called the causal average total effect on'Y comparing x to x' (with respect to P).
Taking the expectation of 6, (with respect to P) means that we consider the average
total effect with respect to the measure P, that is,
ATE, .1 = E(6,) = E(CTEp,,./(Dx) = E(EX**(Y|Dx) —E***(Y|Dy).  (5.22)

Note again that CTEp ;' (Dx) is a random variable on (Q, </, P). In principle, we can also
consider the average total effect with respect to another measure than P (for more details
see Rem. 5.45).
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Remark 5.27 [Expectation of CTE, ;.. With Respect to the Distribution of Dx] Accord-
ing to RS-Theorem 3.11, ATE ./ is identical to the expectation of a true total effect function
CTEp,, ' with respect to the distribution of the global potential confounder Dy, that is,

ATEyr = E(6yy) = Epy(CTEp,;xx). (5.23)

Note that CTEp,; ' is a random variable on (Q'Dx,dbx, Pp,), not on (Q, <, P) (see again
RS-Rem. 2.39). <

Remark 5.28 [P-Uniqueness and Expectations of 7, and 7,/] According to RS-Box 5.1 (vii),
P-uniqueness of 7, also implies

V1,15 € E55(Y|Dy): E(r,) = E@)). (5.24)

Hence, under the assumptions of Definition 5.26, the expectation of 7, is a uniquely de-
fined number, and the same applies to the expectation of 7. > <

Remark 5.29 [Expectation of ,,/] Under the assumptions of Definition 5.26, E(J,,/) is a
uniquely defined real number because

E(ﬁxx’) =E(y—1x) = E(1) — E(7y) [(5.20)]
= E(EX=*(Y|Dy) - E(E*=*(Y|Dy)). [(5.1]

If the true outcome variables 7, and 7,/ are not P-unique or the expectations E(t,) and
E(7,s) are not finite, then the causal average total effect ATE,,’ is not defined. <

Now we gather some sufficient conditions for E(7y) to be finite. For more details and
proofs see SN-Remark 14.47, from which the following remark is adapted.

Remark 5.30 [Sufficient Conditions for Finiteness of £(7,)] Remember, the expectation
of a random variable Y on a probability space (Q, «#, P) exists if the integral f Y*dP of
the positive part of Y or the integral [Y~dP of the negative part of Y is finite (see RS-
Def. 3.1). Hence, under the assumptions of Definition 5.26, some sufficient conditions for
the expectation E(t,) of any version 7, € £ *=*(Y| D) to exists and to be finite are:

(a) o(Dy) is a finite set and EX=*(Y) is finite
(b) 74 has only a finite number of real values
(c) 7, is P-almost surely bounded on both sides, thatis, 3a € R: —« % Ty % o
(d) Y is P-almost surely bounded on both sides, thatis, 3Ja e R: —«a % Y % a.

Note that 0 % Y % o, for0<aeR, aswell as Y = 14, for A € o, are special cases of (d). <

Remark 5.31 [Causal Average Effect] If X represents a treatment variable, then ATE,,- is
also called the ‘average causal effect’ or the ‘causal average treatment effect’ comparing
treatment x to treatment x’, which is unambiguous as long as no direct and/or indirect
treatment effects are discussed in the same context. <

2 The expectation E(ty) corresponds to the term E[Y |do(x)] in Pearl’s and to E(Yy) in Rubin’s terminologies (see,
e.g., Pearl, 2009, p. 108 and Rubin, 2005, p. 323).
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Remark 5.32 [Hypothesis of a -Test in a Randomized Experiment] The causal average
total effect to be zero is what is tested by a ¢-test of the hypothesis py = p; [i.e., E(Y|X=0) =
E(Y|X=1)] in an experiment with randomized assignment of an observational unit to a
treatment condition. The expectations E(7y) and E(7;) occurring in Equation (5.20) are es-
timated, for example, by the sample group means in such a randomized experiment with
treatment conditions 0 and 1. In this case, the expectations E(7y) and E(t;) are identical
to the conditional expectation values E(Y|X=0) and E(Y|X=1), respectively. (For more
details see ch. 8, in particular Th. 8.43.) <

Example 5.33 [Joe and Ann With Self-Assignment] In Tables 1.2 and 5.1 we presented an
example in which the person sampled assigns him- or herself to one of the two treatment
conditions, 0 and 1. In Example 5.12, we specified the true outcome variables 1y = go(U)
and 1; = g1 (U) and their values gy () and g; (u) for this example.

Now we illustrate the causal average total effect comparing treatment to control, which
can be computed as follows:

ATEyy = E(EX"'(YIU)-E*°(Y|U)) = E(11-7) = E(11) — E(%)
=) &w-PWU=u)-) gu)-P(U=u)
u u

= P(Y=1|X=1,U=Joe)-P(U=Joe) + P(Y=1|X=1,U=Ann) - P(U=Ann)
- (P(Y=1]X=0,U=Joe) - P(U=Joe) + P(Y=1|X=0,U=Ann) - P(U=Ann))

=.80-.50 + .40-.50 — (.70-.50 + .20-.50) = .15,

using the transformation theorem (see RS-Th. 3.11 and RS-Rem. 3.13).
Figure 1.3 visualizes the causal average total effect, which, in this example, is not iden-
tical to the difference

E(Y|X=1)-E(Y|X=0) = P(Y=1|X=1)-P(Y=0]/X=0) = .48—-.6 = —.18.

Figure 1.3 also illustrates various conditional probabilities of success. The points marked
by the dashed line are the probabilities P(Y=1|X=1,U=Joe) and P(Y=1|X=0,U=Joe) of
success for Joe given that he is treated and given that he is not treated, respectively. Simi-
larly, the two points marked by the solid line show the probabilities P(Y=1|X=1,U =Ann)
and P(Y=1|X=0,U=Ann) of success for Ann given that she is treated and given that she
is not treated, respectively. The points marked by the dotted line represent the conditional
probabilities P(Y=1|X=1) and P(Y=1|X=0) of success given treatment and given con-
trol, respectively. The size of the area of the dotted circles is proportional to the conditional
probabilities P(U=u|X=x) that are used in the computation of the conditional expecta-
tion values

E(Y|X=x) = ZE(YIsz,Uzu)-P(Uzulex) (5.25)
u

[see RS-Box 3.2 (ii)]. <

5.4 Causal Conditional Total Effect and Total Effect Function

So far we considered the random variables X, Y, and Dy, a global potential confounder
of X. Now we bring into play an additional random variable Z on (Q, &, P) and introduce
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the concepts of the causal conditional total effect given the value z of Z and of a causal Z-
conditional total effect function. Often Z is a pretest that assesses the ‘same’ attribute as the
outcome variable Y, only prior to treatment. In other examples, Z could be X itself. First,
we explain the assumptions based on which we can introduce these concepts, present
their definitions, and then turn to re-aggregating conditional effects.

5.4.1 Notation, Assumptions and Definitions

One of the assumptions in the definition of a causal conditional total effect is P#=*-unique-
ness of the true outcome variables 7, and 7/, which is defined in the following remark.

Remark 5.34 [P#=*-Uniqueness of a True Total Effect Variable] Let the Assumptions 5.1
(a) to (f) hold. Then

T,is P“*-unique & Y71,,7; €8 (Y|Dx): P (lw e Q: To(0) =T (@)}) =1,  (5.26)

That is, if 7, is P?=*-unique, then all versions of the Dx-conditional expectation of Y with
respect to the probability measure P*=* are identical, P?=*-almost surely.

Also note that P?=?-uniqueness of 7, is equivalent to P(X=x|Dy) > 0 (seeRS-Th.5.27),
which is defined by pes

P(X:xIDX)PZ>:ZO = PZ:Z({u) €eQ: P(X=x|Dx)(w) > 0}) =1. (5.27)

Hence, PZ:Z-uniqueness of 7, is equivalent to P(X=x|Dyx) being positive, PZ=%_almost
surely. <

Remark 5.35 [An Implication of P?=*-Uniqueness of 7, and 7,/] The conditional expecta-
tion value E(r,—1,/|Z=2) is a uniquely defined number if P(Z=z) > 0 and we assume
PZ=*_uniqueness of 7, and 7. In other words, if 7, 7,/ are PZ=*-unique and 8,,/, 8}, are
different versions of the true total effect variable CTE xx! (Dx) [see Def. 5.18 (ii)], then

EZ%(6,.) = EZ#(81.0) = E(6.| Z=2) = E(6}./|Z=2) (5.28)
[see RS-Box 5.1 (viii)]. <

Remark 5.36 [P-Uniqueness Implies PZ:Z—Uniqueness] If P(Z=z) > 0, then P-unique-
ness of 7, = EX=*(Y|Dy) implies that 7, is also PZ:Z-unique [see RS-Box 5.1 (v)]. In con-
trast, PZ=*-uniqueness of 7, does not imply that it is also P-unique. Hence, PZ=*-unique-
ness of 7, is a weaker assumption than P-uniqueness of 7,. However, there are conditions
under which P#=*-uniqueness implies P-uniqueness, so that they are equivalent to each
other. <

Lemma 5.37 [A Condition Under Which P#=*-Uniqueness Implies P-Uniqueness]
Let the Assumptions 5.1 (a) to (e) hold. Furthermore, assume 5.1 (f) for all z € Z(Q).
Finally, let T, denote a true outcome variable of Y given the value x. Then

(VzeZ(Q): 7ois PP -unique) <  t.is P-unique. (5.29)
(Proof p. 147)
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Hence, under the assumptions of Lemma 5.37, 7, is P#=*-unique for all values z of Z
if and only if 7, is P-unique. However, note that P-uniqueness of 7, is also defined if Z is
continuous and P(Z=z) =0, for all z € Z(Q). In this case, Proposition (5.29) does not hold.

Definition 5.38 [Causal Conditional Total Effect Function]

Let the Assumptions 5.1 (a) to (e) and (g) hold, let T, and 7, denote true outcome vari-
ables of Y given the value x and x', respectively, and let CTE 7. .,1: (Q, ) — (R, %) be
a measurable function.

(@) If 1. and 1, are P-unique, then the composition
CTEZ;xx’(Z) % E(Tx_rx’lz) (5.30)

is called a version of the causal Z-conditional total effect variable comparing x to
x' (with respectto Y ), and CTE ., is called a version of the causal Z-conditional
total effect function comparing x to x' (with respectto Y ).
(ii) Letthe Assumptions 5.1 (a) to (g) hold and assume that T, and T, are P*=*-unique.
Then
CTE ;. ,y(2) = E(ty—Tu|Z=2). (5.31)

is called the causal (Z=z)-conditional total effect on Y comparing x to x'.

Under the assumptions of Definition 5.38 (ii), CTE, /() is uniquely defined. Further-
more, if 7, and 7,/ are P“~*-unique for all z € Z(Q), then, according to Lemma 5.37, they
are also P-unique and

V2z € Z(Q): CTE (Z) (@) = CTE v (2), ifwe{Z=z}. (5.32)

That is, if 7, and 7,/ are P?=*-unique for all z € Z(Q), then the causal (Z=z)-conditional
total effects CTE ;. .,/ (z) are the uniquely defined values of the causal Z-conditional total
effect function CTE, .

Remark 5.39 [A Characterization of CTE 7., (Z)] Lemma 3.16 and RS-Proposition (4.8)
imply that CTE . ,,/(Z) is Z-measurable and a version of the Z-conditional expectation of
T, — Ty, that is,

CTE 3.1/(Z) € 1y~ 2). (5.33)
<

Remark 5.40 [CTE ;, ./ (Z) Versus CTE ;;.,/] While the composition CTE; .,/ (Z) is a ran-
dom variable on the probability space (Q, 7, P), which assigns values to all w € Q, the func-
tion CTE ., is a random variable on (Q%, <7, Pz), which assigns values to all z € Q7. It is
the factorization of the conditional expectation CTE ., (Z) (see RS-sect. 4.3). <

Remark 5.41 [Conditioning on Dy Versus Conditioning on Z] So far, we considered two
kinds of random variables on which we condition. The first is Dy, a global potential con-
founder of X. Such a variable is essential for the theory and in particular for translating the
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ceteris paribus clause into the language of probability theory. It has been used to define a
true outcome variable 7, = EX=*(Y|Dy).

Estimating the true outcome variables 7, and 7, or their difference 6, requires strong
assumptions. Considering a causal Z-conditional total effect variable, we re-aggregate the
true total effect variable 7, — 7,/ [see Eq. (5.30)]. This yields a less fine-grained or coarsened
total effect variable, but it is still a causal conditional total effect variable. Considering
E(1,— 1| Z) instead of 7, — 7, itself, we may loose information, but we do not loose causal
interpretability. In contrast to a true total effect variable 7, — 7,/, a Z-conditional total effect
variable E(t,—1,/|Z) can often be identified under realistic assumptions by empirically
estimable conditional expectations (see, e.g., chs. 6 to 11). <

Remark 5.42 [E(1, | Z) Versus EX=*(Y | Z)] Note the distinction between the two Z-condi-
tional expectations E(1,| Z) and E(7/| Z) on one side and the two Z-conditional expecta-
tions EX=*(Y|Z) and EX=*'(Y| Z) on the other side. The difference between the first two
conditional expectations is a causal Z-conditional total effect variable, that is,

CTEyx(Z) 5 E(t—141Z) = E(1,Z) — E(142). (5.34)

In contrast, the conditional expectations EX=*(Y'|Z) and E X=x"ty| 7), and their differ-
ence have no causal meaning unless they are unbiased (see Def. 6.13). The difference
EX=*(Y|Z) - EX:X/(YI Z) is just a Z -conditional prima facie effect variable, which can be
seriously misleading if erroneously interpreted as a causal conditional total effect variable.
<

Remark 5.43 [Coarsening the True Total Effect Variable 7, — 7,,] With E(7,|Z) we coarsen
(or re-aggregate) the true outcome variable 7, = E X=X(Y|Dy). Conditioning on the global
potential confounder Dy we control for all potential confounders of X. Therefore the con-
ditional expectations EX=*(Y|Dx) and EX =x(Y|D x) inform us how Y depends on the val-
ues x and x' controlling for all potential confounders of X. Hence, considering the Z-con-
ditional expectation of the difference variable 7, — 1, does not introduce bias. As already
stated in Remark 5.41, it just coarsens the most fine-grained total effects to causal total
effects that are less fine-grained. In contrast, considering the conditional expectations
EX=x(Y|Z) and EX=*'(Y| Z) and their difference, we only control for Z, possibly neglecting
important potential confounders. In chapter 6 we will define EX=*(Y| Z) to be unbiased or
biased depending on whether or not EX=*(Y|2) = E(7,| Z) (see again Def. 6.13). <

Remark 5.44 [Values of a Causal Conditional Total Effect Variable] Note that the compo-
sition CTEz. ., (Z) of the conditional total effect function CTE . ., and Z is arandom vari-
able on (Q, o, P), and according to RS-Equation (4.18),

VweQ: CTE v (Z2)(w) =E(tx—1v|2)(w)

(5.35)
= E(ty— Ty Z=2) = CTE,v(2), ifwe{Z=2}.

Hence, if z is a value of Z such that the assumptions of Definition 5.38 (ii) are satisfied, then
CTE . ,,(2) is uniquely defined and it is identical to the (Z=2z)-conditional expectation
value of 7, — 7, given the event {Z=z} = {w € Q: Z(w) = z}. Furthermore, according to RS-
Equation (3.35),

CTE . ,1(2) = E(ty— 1| Z=2) = E(14|Z=2) - E(1/| Z=2). (5.36)



5.4 Causal Conditional Total Effect and Total Effect Function 131

That is, a value of the causal conditional total effect variable CTE ;. .,/ (Z) is the difference
between the (Z=z)-conditional expectation values of 7, and 7. <

Remark 5.45 [Average Total Effect With Respect to P?=%] In Definition 5.38 (ii) it is as-
sumed that P(Z=z) > 0 and that 7, and 7,/ are P“=*-unique. Therefore, the causal (Z=z)-
conditional total effect CTE,.,,’(z) on Y comparing x to x’ is identical to the causal aver-
age total effect on Y comparing x to x’ with respect to the measure PZ=%. That is,

CTE . ,c1(2) = E(ty—To|Z=2) = E“**(1,—1,1). (5.37)
<

Remark 5.46 [Causal Conditional Versus Causal Average Total Effects] A causal condi-
tional total effect variable is more informative than the causal average total effect. If the
values z of Z are pretest scores that assess the ‘same’ attribute (e. g., life satisfaction) as the
outcome variable Y (the post-test), but prior to the onset of the treatment, then compar-
ing the conditional total effects CTE,.,,/(z) and CTE.,/(z") shows if these conditional
total effects are different for different values z and z’ of this pretest. If they are, then the
numbers CTE . ,(z) and CTE../(z") may inform us about the differential indication of
the treatment. That is, they answer questions such as “Which treatment is good for which
kind of persons?” <

5.4.2 Causal (X=x")-Conditional Total Effect

A special case of a (Z=z)-conditional effect is the (X=x*)-conditional effect comparing x
to x’. In this case, the random variable X does not only play the role of the focused putative
cause variable, but also of the variable on whose values we condition. Note that x* can be
identical to x, x’, or to a third value of X. For Z=X and z =x*, Definition 5.38 (ii) yields

CTEyx'(x") = E (1~ 70| X=X7), (5.38)
the causal (X=x")-conditional total effect on Y comparing x to x’.

Remark 5.47 [Substantive Meaning] Suppose X represents a treatment variable in an ex-
periment or in a quasi-experiment. If there are two treatment conditions, treatment (X=1)
and control (X=0), then we may consider CTEx;o(1), the (X=1)-conditional total effect
comparing treatment (X=1) to control (X=0), and CTEx.;¢(0), the (X=0)-conditional to-
tal effect comparing treatment (X=1) to control (X=0). These effects are also known as
the ‘average effect on the treated’ and the ‘average effect on the untreated’, respectively. <

Remark 5.48 [Pre-Facto Perspective] At first sight, the concept of an (X=x")-conditional
total effect comparing x to x’ seems strange. If, for example, x’ represents ‘no treatment’,
how can we talk about the causal average (or conditional) total treatment effect on the
untreated? However, remember that we are not talking about data that resulted from an
experiment — an interpretation that is suggested by the term ‘treatment effect on the un-
treated’ Instead, we are considering a random experiment that is still to be conducted, that
is, we look at the random experiment from the pre facto perspective. This is what proba-
bilistic theories are about: a random experiment that is not yet conducted. Talking about
the probability of an event does not make sense for an event that already occurred, unless
we do as if it did not yet occur, that is, unless we take the pre facto perspective. Hence, we
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can talk about a causal individual total effect although the individual is not yet treated and
even if it will never be treated, just in the same way as we can talk about the probability of
flipping ‘heads’, even if the coin is never flipped. <

Remark 5.49 [Causal (X =x")-Conditional Total Treatment Effects] Causal conditional
total effects given a specific value x* of the treatment variable X are often more informa-
tive than the causal average total effect, especially, if the X-conditional expectations of the
true outcome variables 7, and 7,/ actually depend on the values of X. However, if 7, and
7,» are mean-independent from X, that is, if

E(1,|X) 5 E(ry) and E(tv|X) 5 E(1y), (5.39)
then
CTExcx'(X) = E(tx—Tu|X) = E(1e|X) - E(e|X) = E(ty) —E(1y) = ATE,y.  (5.40)

Hence, if Proposition (5.39) holds, then the causal (X=x")-conditional total treatment ef-
fects CTEy.,,’(x*) are identical for all values x* of X for which P(X=x") > 0. A sufficient
condition of Proposition (5.39) is stochastic independence of X and the global potential
confounder Dy (see Exercise 5-12), a condition that is created in the randomized experi-
ment. (For more details see ch. 8.) <

Remark 5.50 [CTEy. .,/ (x) Versus CTEy.,,(x')] Suppose we are interested in the effects
of a treatment (represented by X=x) compared to a control (represented by X=x’) with
respect to the outcome variable Y, say well-being, and assume that there is no random
assignment of persons to treatments. In this case, the persons that tend to take the treat-
ment may differ in their well-being before treatment and in other pre-treatment variables
from those who tend to be in the control condition. In this case, there might be large dif-
ferences between the causal (X=x)-conditional total effect CTEY:.,,’(x) compared to the
causal (X=x')-conditional total effect CTEy,,/(x'). In this scenario the causal average
total effect ATE ., would not be of much interest. The causal (X=x)-conditional effect
CTEy. .. (x) helps us evaluating how good the treatment is on average for those who tend
to take this treatment. In contrast, CTEy:.,,’(x') informs us about the average effect of the
treatment on those who tend not to take the treatment — under the side conditions under
which the random experiment is to be conducted. Hence, if the causal conditional total
effect CTEy, .,/ (x) is smaller than the causal conditional total effect CTEy, .,/ (x’), one may
raise the question whether or not it would be worthwhile to change the regime of assigning
units to treatment, provided, of course, that this regime is under our control. <

Remark 5.51 [Multivariate Random Variable Z] Also note that the concept of a causal
(Z=2z)-conditional total effect is not restricted to a univariate random variable Z. Instead,
Z = (Zy,...,Zy) may also be an m-variate random variable on (Q, o/, P) such that a value
z=(z1,...,2y) of Z is an m-tupel of values of the random variables 7, ..., Z,,. <

5.4.3 Complete Re-Aggregation

In this section we consider complete re-aggregation of conditional effects, that is, we con-
sider the expectation of a causal total effect variable CTE. ,,/. According to Theorem 5.52,
this expectation is identical to the causal average total effect on Y comparing x to x'.
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Theorem 5.52 [Complete Re-Aggregation of a Conditional Total Effect Variable]
Let the Assumptions 5.1 (a) to (e) and (g) hold, and let CTE .,/ (Z) denote a causal
Z-conditional total effect variable comparing x to x' with respectto Y. Then

E(CTE .y (Z)) = ATE,,1. (5.41)
(Proof p. 147)

Remark 5.53 [Expectation With Respect to the Distribution of Z] According to Theorem
5.52, the expectation of a causal Z-conditional total effect variable is identical to the aver-
age total effect. To emphasize, the expectation is with respect to the distribution of Z, that
is,

E(CTEz,/(2Z)) = Ez(CTEz. ) = ATE,, (5.42)
which immediately follows from RS-Equation (3.11). Taking this expectation means to re-
aggregate the (Z=2z)-conditional total effects to a single number, the causal average total
effect. <

Remark 5.54 [The Proper Way of Re-Aggregation] Inserting the definition of CTE 7.,/ (Z)
[see Eq. (5.30)] into Equation (5.41) yields

ATE,,» = E(CTE,./(2)) [(5.41)]
= E(E(tx— 11 2)) [(5.30)] (5.43)
= E(Ty—Ty) [RS-Box 4.1 (iv)]
= E(ty) — E(1y). [RS-Box 3.1 (ix)]

Hence, complete re-aggregation actually yields the average causal effect, that is, the ex-
pectation of the true effect function 7, — 7, [see Def. 5.18 (i)].
If Yis binary, then this implies that we take the expectation of the Dx-conditional prob-
abilities
PN (Y=1IDx) = E***(Y|Dy =7, and P***(Y=1|Dy) = E***(Y|Dy) = 1y,

and not of their log odds ratios or other transformations of these probabilities. In general,
a re-aggregation of such transformed probabilities does not yield the causal average total
effect. In fact, the expectation of log odds ratios may result in negative ‘effects’ although
the causal average effect is positive and vice versa (see Exercise 5-13). To emphasize, if Y
is an indicator variable with values 0 and 1, then Equations (5.43) yield

ATE,, = E(P***(Y=1|Dy)) — E(P***(Y=1|Dy). (5.44)
<

5.4.4 Partial Re-Aggregation

Now we turn to a less rigorous re-aggregation of a causal total effect variable CTE ;. .,/ (Z),
considering a W-conditional expectation of CTE.,,’(Z), which, according to Theorem
5.55, is a causal W-conditional total effect variable CTEy,.,,'(W), provided that W is Z-
measurable, that is, provided that (W) c (Z). Furthermore, the conditional expectation
value E (CTE 2,/ (Z) | W=w) is identical to the causal (W=w)-conditional total effect on
Y comparing x to x’, if we assume P(W=w) > 0.
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Theorem 5.55 [Partial Re-Aggregation of a Conditional Total Effect Variable]
Let the assumptions of Theorem 5.52 hold and assume that W is a Z-measurable ran-
dom variable on (2, <, P).

(i) Then
E(CTE ./ (2)| W) = CTEy,x'(W). (5.45)
(@) IfweW(Q) is a value of W such that P(W=w) > 0, then

E(CTE 1,55 (2)|W=w) = CTEyy, (). (5.46)
(Proof p. 147)

Remark 5.56 [Partial Re-Aggregation] According to Theorem 5.55 (i), the W-conditional
expectation of a causal Z-conditional total effect variable is P-almost surely identical to
a causal W-conditional total effect variable, provided that W is Z-measurable. If W is Z-
measurable, then o(W) c 0(Z), and if also o (W) # 6(Z), then the conditional expectation
E(CTE, v/ (2) | W) may be called a partial re-aggregation of the original causal total effect
variable CTE ., (Z).Itis tantamount to coarsening the original causal total effect variable
CTE ., (Z) to aless fine-grained causal total effect variable CTE . .,/ (W). <

Remark 5.57 [The Proper Way of Partial Re-Aggregation] Inserting the definition of the
causal conditional total effect variable CTE ., (Z) [see Eq. (5.30)] into Equation (5.45)
yields

CTEyy,c'(W) 5 E(CTE 7, (2)| W) [(5.45)]
= E(E(t,—1012)| W) ((5.30)]

(5.47)
= E(T,— 1| W) [RS-Box 4.1 (xiii)]

= E(1,[W) — E(to|W).  [RS-Box 4.1 (xviii)]

Hence, partial re-aggregation actually yields the causal W-conditional effect variable, that
is, the W-conditional expectation of the true effect variable 7, — 7,/ [see Def. 5.18 (i)].
If Yis binary, then we take a W-conditional expectation of Z-conditional probabilities

P¥X(Y=1|Dy) = EX**(Y|Dx) =7, and P***(Y=1|Dx)=E*(Y|Dx) =1y,

and not of their log odds ratios or other transformations of these probabilities. In general,
a partial re-aggregation of such transformed probabilities does not yield a causal W-con-
ditional total effect variable. <

5.5 Example: Joe and Ann With Bias at the Individual Level

Now we illustrate the various causal total effects by an example in which there are two
treatment variables. Such a two-factorial experiment has already been discussed at an in-
formal level in section 2.3 and at a structural level in section 4.2.2. In contrast to the ex-
ample in section 4.2.2, now the outcome variable is not binary any more. In this example,
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we also exemplify that bias can occur at the individual level if we just control for the per-
son variable but not for the second treatment variable that is simultaneous to the focused
putative cause variable.

The Random Experiment and the Probability Measure

The parameters displayed in Table 5.2 refer to a random experiment in which

(a) aperson is sampled from the set Qy = { Joe, Ann} of persons,

(b) the sampled person may (yes) or may not (n0) receive treatment a (represented by
Z) and, at the same time, receive (yes) or not (no) receive treatment b (represented
by X).

(c) After an appropriate time a real-valued outcome variable Y (e.g., well-being, life
satisfaction, or a score on a symptom checklist) is observed.

The set of possible outcomes of this random experiment is
Q=1 xQ xQ5 = Qux (Qzx0Qx) x Qy,

where
Qy = Quy := {Joe, Ann},

O, = QzxQyx := {(no, no), (no,yes), (yes,no), (yes,yes)},

and Qy is the set of possible observations based on which the score of the outcome vari-
able Y is computed.

If Q3 = Qy is finite or countably infinite, then we may choose of = 2(Q) as the o-al-
gebra on Q, where 22(Q) denotes the power set of Q. However, if Qy =R, then & is the
product o-algebra of = 2(Qy) ® P (Qzx Qx) ® B, where 28 denotes the Borel o-algebra on
R (see RS-Rem. 1.14).

The probability measure P on (Q, &) is known only in that part which can be com-
puted from the parameters displayed in Table 5.2. For example, the conditional prob-
abilities for the two kinds of treatments are as follows: Joe receives treatment a (Z=1)
with probability P(Z=1|U=Joe) = 1/2 and he receives treatment b (X=1) with probability
P(X=1|U=Joe, Z=0) = 3/4 if he does not receive treatment a (Z=0), and with probability
P(X=1|U=Joe, Z=1) = 1/4 if he receives treatment a (Z=1) as well. Similarly, Ann receives
treatment b (X=1) with probability P(X=1|U=Ann, Z=0) = 3/4 if she does not receive
treatment a (Z=0), and with probability P(X=1|U=Ann, Z=1) = 1/4 if she also receives
treatment a (Z=1). This is a realistic scenario if the probability of a person getting treat-
ment b is fixed by design depending on whether or not this person receives treatment a.
(Availability of resources might be a reason for such a design.)

Specifying the Filtration in «/

We specify the filtration (%) ;cr, T = {1,2,3}, as follows: &, = o (1) =0 (U), F» = 0(m1,72) =
o(U,Z,X), and &; = o(m1,7m2,3) = 0(U, Z, X,Y), presuming that the two treatment vari-
ables X and Z are simultaneous. Of course, treatments are processes in time and they
could be represented by a more fine-grained filtration that would allow us to study de-
pendencies within the treatment process. However, for our present purpose the filtration
(Z4) et specified above will suffice.
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Table 5.2. Joe and Ann with bias at the individual level
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0 1/2  3/4 68 82 | 1/4 3/4
Joe 1/2

1 1/2  1/4 96 100 | 3/4 1/4

0 1/2 3/4 80 98 1/4 3/4

Ann 1/2
1 1/2 1/4 104 106 | 3/4 1/4

Focused Treatment Variable and Potential Confounders

There are several true total causal effects we might look at. In principle, we might be inter-
ested in

(1) the causal individual total effect on Y of treatment a (Z=1) compared to not treat-
ment a (Z=0) given that Joe (Ann) also receives treatment b (X=1),

(by) the causal individual total effect on Y of treatment a (Z=1) compared to not treat-
ment a (Z=0) given that Joe (Ann) does not receive treatment b (X=0), and

(c1) the average of these causal individual total effects, averaging over the two values of
X (representing treatment b and not treatment b, respectively).

Of course, the causal average effect is certainly less informative than the two conditional
effects.
Similarly, we may also be interested in

(ay) the causal individual total effect on Y of treatment b (X=1) compared to not treat-
ment b (X=0) given that Joe (Ann) also receives treatment a (Z=1),

(by) the causal individual total effect of treatment b (X=1) compared to not treatment b
(X=0) on Y given that Joe (Ann) does not receive treatment a (Z=0), and

(c2) the average of these causal individual total effects, averaging over the two values of
Z (representing treatment a and not treatment a, respectively).

Looking at the effects (a;) to (c;), we consider treatment b to be a (qualitative) covariate
and treatment a to be the putative cause variable asking for the causal conditional effects
of treatment a given treatment b and their average, the ‘main effect’ of treatment a. In
contrast, looking at the effects (a) to (c2), we consider treatment a to be a (qualitative)
covariate and treatment b to be the putative cause variable.

In principle, both treatment variables, X and Z, may take the role of a covariate (and
potential confounder), depending on which treatment effects we are studying, the causal
effects of X on Y or the causal effects of Z on Y. In this example, we focus on X as a
putative cause variable of Y, that is, we consider the regular probabilistic causality setup
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((Q, 4, P),(F)ier,6, D¢, X, Y). In this setup, the index sets in Definition 4.11 are J = {1,2}
and K = {2}, implying

€ = 0(maj,j €K) = 0(2) = 0(X)
and
D¢ = 0(n2j,j€J\K) = o(my,7m121) = 0(U,Z).

In this setup, Z is a potential confounder of X because 0(Z) c 9« [see Def. 4.11 (iv)]. Fur-
thermore, the bivariate random variable (U, Z) is a global potential confounder of X be-
cause (U, Z) = a(my,7,) [see Def. 4.11 (iii)].

True Outcome Variables and True Total Effects

As stated above, Dx = (U, Z) is a global potential confounder of X. Hence, choosing X as
putative cause, the true outcome variables are

170 = EX%Y|Dy) = EX%Y|U,Z) and 1, = EX°Y(Y|Dy) = EX"Y(Y|U,Z). (5.48)

The values of 7, and 17, denoted EX=°(Y|U=u,Z=2z) and EX='(Y|U=u, Z=z), are dis-
played in Table 5.2. According to RS-Equation (5.26),

EX%Y|U=u,Z=2) = E(Y|X=0,U=u,Z=2z)

and
EXYY|U=u,Z=z) = E(Y|X=1,U=u,Z=2).

The true total effect variable is
CTEw,2);10(U,Z) = 11— Tp.

It is (U, Z)-measurable. According to Table 5.2, its values are as follows: If Joe does not re-
ceive treatment a (Z = 0), then his causal total effect of treatment b compared to —b is

CTE . z):10(Joe,0) = E(Y|X=1,U= Joe, Z=0) — E(Y|X=0,U= Joe, Z=0)

(5.49)
=82 — 68 = 14.
In contrast, if he does receive treatment a (Z =1), then it is
CTEw,z;10(Joe,1) = E(Y|X=1,U=Joe,Z=1) — E(Y|X=0,U=Joe, Z=1) (5.50)
=100 — 96 = 4. ’
Similarly, Ann’s total effect of treatment b compared to —1b is
CTEw,z);10(Ann,0) = E(Y|X=1,U=Ann,Z=0) — E(Y|X=0,U=Ann,Z=0) (5.51)
=98 — 80 = 18, '
if she does not receive treatment a (Z =0), whereas it is
CTEw,z;10(Ann,1) = E(Y|X=1,U=Ann,Z=1) - E(Y|X=0,U=Ann,Z=1) (5.52)

=106 — 104 = 2,
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if she does (Z =1). Hence, all these (U=u, Z=z)-conditional total effects are positive, and
they are the true total effects on Y comparing treatment b to treatment —b [see Def. 5.18
(iii)]. However, in this example, these effects are not identical to the individual effects
CTEy;10(u), as will be shown later on in this section. The individual total effect CTE; (1)
is an attribute of the person u, whereas the true total effect CTE y, z).10(u, 2) is an attribute
of the person u in treatment z.

Causal Average Total Effect

Using the true total effects [see Egs. (5.49) to (5.52)], the causal average total effect of treat-
ment b (X=1) compared to b (X=0) can be computed by

E(CTEw, 210U, 2)) = Y. CTEw,z10(,2) - P(U=u, Z=2)
u z
1 1 1 1
=14-—+4--+18-—+2-— = 9.5,
4 4 4 4

Because CTE y, z),10(U, Z) denotes the composition of (U, Z) and the true total effect func-
tion CTEy, 2);10 [see Def. 5.38 (i)], in these computations we used RS-Equation (3.13), and

PU=u,Z=z) = P(Z=z|U=u)-P(U=u) = 1/2-1/2 = 1/4,

for all values (u, z) of the global potential confounder (U, Z). Note that in other examples
the probabilities P(U=u, Z=z) may not be identical for all pairs (u, z) of values of U and
Z.

(U=u)-Conditional Prima Facie Effects

Now we compute the (U=u)-conditional prima facie effects, that is, the differences
E(Y|X=1,U=Joe) — E(Y|X=0,U=Joe)

and
E(Y|X=1,U=Ann) — E(Y|X=0,U=Ann).

These differences may also be called the individual or person-specific prima facie effects.
They are not identical to the causal individual total effects, that is, they are not the values
of the causal U-conditional total effect function, which will be computed in the next sub-
section. Hence, in this example, these individual prima facie effects are biased (see ch.6
for more details).

In order to compute the conditional expectation values of Y given treatment and unit,
we use the equation

EY|X=x,U=u) = ZE(YIsz,Uzu,Zzz)-P(Z=z|X=x,U=u), (5.53)
z

which is always true if Z is discrete with P(X=x,U=u, Z=2z) > 0 for all values of Z [see
RS-Box 3.2 (ii)]. Both kinds of parameters occurring on the right-hand side of this equa-
tion are displayed in Table 5.2. This does not only include the conditional expectation
values E(Y|X=x,U=u, Z=2z) = EX=*(Y|U=u, Z=2z), but also the conditional probabilities
P(Z=z|X=x,U=u) = P***(Z=2z|U=u), which have been computed via:



5.5 Example: Joe and Ann With Bias at the Individual Level 139

P(X=x|U=u,Z=2)-P(Z=z|U=u)

P(Z=z|X=x,U=u) =
Y P(X=x|U=u,Z=2)-P(Z=z|U=u)
¥4

(5.54)

(see Exercises 5-14 and 5-15).
Hence, using Equation (5.53), the (X=x, U =Joe)-conditional expectation values for Joe
are

1 3
E(Y|X=0,U=Joe) = 68'Z+96-Z = 89,

3 1
E(Y|X=1,U=Joe) = 82-Z+100-Z = 86.5,
and his individual prima facie effect is
E(Y|X=1,U=Joe) — E(Y|X=0,U=Joe) = 86.5 — 89 = -2.5. (5.55)

In this example, the individual prima facie effect of treatment b compared to not treat-
ment b is negative, namely —2.5, although all (U =Joe, Z=z)-conditional effects are posi-
tive, namely 14 for U=Joe and Z =0 (i. e., given Joe and not treatment a) and 4 for U=Joe
and Z =1 (i.e., given Joe and treatment a).

Similarly, using Equation (5.53), the (X=x, U =Ann)-conditional expectation values for
Ann are

E(Y|X=0,U=Ann) = 80-i+104-% = 98,
E(Y|X=1,U=Ann) = 98-z+106-i = 100,
and her individual prima facie effect of X on Y is
E(Y|X=1,U=Ann) — E(Y|X=0,U=Ann) = 100 — 98 = 2. (5.56)

This prima facie effect does not have a causal interpretation. It is not identical to the causal
(U=Ann)-conditional total effect of X on Y, which is computed in the following subsec-
tion.

Causal (U=u)-Conditional Total Effects

Because Dy = (U, Z) is a global potential confounder in the example presented in Table
5.2, for Joe the causal (U= u)-conditional (or individual) total effects of treatment b (X=1)
compared to not treatment b (X=0) can be computed by

CTEy;10(Joe) = E(CTEw,z;10(U, Z) |U = Joe)
=E(E*'(YIU,2)-E*="(Y|U, Z)|U=Joe)

=) Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u, Z=2))- P(U=u, Z=z|U=Joe)
u z

1 1
= (82—68)-5+(100—96)-5+(98—80)-0+(106—104)-0 =9
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[see Egs. (5.31), (5.48), and RS-Eq. (3.28)]. This is an example of partial re-aggregation (see
Th. 5.55). For Ann, the corresponding causal total individual effect is

CTEy.10(Ann) = E(CTE(U,Z);lo(U,Z) |U=Ann)
=E(E*='(Y|U,2)-E*="(Y|U,2)|U=Ann)

=Y Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u, Z=z|U=Ann)
u z

1 1
=(82-68)-0+(100—-96)-0+ (98 —80) - §+(106—104)-5 = 10.

Hence, in this example, the two causal individual total effects for Joe and Ann are both
positive.

Comparing the causal individual effect CTE ;7,1 (Joe) = 9 to the corresponding prima fa-
cie effect —2.5 [see Eq. (5.55)] shows that the individual prima facie effect E(Y | X=1, U= Joe)
— E(Y|X=0,U=joe) strongly differs from its causal counterpart, and the same applies to
the individual prima facie effect of Ann. This is evident if we compare her prima facie effect
E(Y|X=1,U=Ann) — E(Y|X=0,U=Ann) =2 to her causal individual effect CTEy;o(Ann)
=10.

According to Equation (5.41), the expectation of these causal individual effects,

E(CTEy;0(1)) = E(EX='(Y|U,2)-E*°(Y|U, 2) | U)

1 1
= ) CTEy,o(w)-P(U=u) = 9-= + 10-= = 9.5,
m 2 2

is the causal average total effect ATE), of treatment b compared to not treatment b.

Causal individual total effects are more informative than the causal average total ef-
fect and usually more informative than causal conditional total effects given a value of a
pre-test or a second treatment variable. However, note again that causal individual [i. e.,
(U=u)-conditional] total effects are not necessarily the most fine-grained causal total ef-
fects. In this example, there is a second treatment variable, denoted Z, that contributes
to the variation of the outcome variable Y beyond the individual level. This is exem-
plified comparing the causal (U=u, Z=z)-conditional total effects to the causal (U=u)-
conditional total effects.

Causal (Z=z)-Conditional Total Effects

In the example presented in Table 5.2, the causal (Z=0)-conditional (i. e., given not treat-
ment a) total effect of treatment b (X=1) compared to not treatment b (X=0) can be com-
puted by

CTEz10(0) = E(CTEw, 210U, 2) | Z=0)
=E(EX"'(Y|U,2)-E*°(Y|U,2)| Z=0)

=Y Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u,Z=z|Z=0)
u z

1 1
= (82—68)-E+(100—96)-0+(98—80)' E+(106—1O4)-0 =16
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[see Egs. (5.31), (5.48), and RS-Eq. (3.28)]. The corresponding causal (Z=1)-conditional
(i.e., given treatment a) total effect is

CTEz10(1) = E(CTEw, 20U, 2)| Z=1)
=E(E*'(YIU,2)-E*° (YU, 2)| Z=1)

=Y Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u, Z=z| Z=1)
u z

1 1
= (82-68)-0+(100—96)- ~ + (98- 80) -0+ (106 -104)- - = 3.
According to Equation (5.41), taking the expectation
1 1
E(CTEz10(2)) = Y_E(CTEz10(2)| Z=2)-P(Z=2) = 16- 5 T35 =95 (5.57)
z

again yields the average total effect. In this equation, we used the theorem of total prob-
ability in order to compute P(Z=z) = )., P(Z=z|U=u)-P(U=u) (see RS-Th. 1.38), which
yields P(Z=0)=P(Z=1)=1/2.

Causal (X=x)-Conditional Total Effects

Consider again the example presented in Table 5.2. Because Dx = (U, Z), the causal
(X=0)-conditional total effect of treatment b (X=1) compared to not treatment b (X=0)
can be computed by

CTEx;10(0) = E(CTEy, 210U, Z)| X=0)
=Y Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u, Z=z| X=0)
u z

1 3 1 3
= (82—68)-§+(100—96)-§+(98—80)-§+(106—104)-§ = 6.25

[see again Eqgs. (5.31), (5.48), and RS-Eq. (3.28)].
In contrast,

CTEx;10(1) = E(CTE(y,2;10(U, 2)| X=1)
=Y Y (E(Y|X=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u, Z=z| X=1)
u z

3 1 3 1
= (82—68)'§+(100—96)'§+(98—80)-§+(106—104)-§ = 12.75

yields the (X=1)-conditional total effect of treatment b (X=1) compared to not treatment
b (X=0). In these equations, we used

P(X=x|U=u,Z=2)-P(U=u,Z=2)
P(X=x) ’
According to Equation (5.41), taking the expectation

P(U=u,Z=z|X=x) = (5.58)

1 1
E(CTEx;10(X)) = ) CTEx;;0(x)- P(X=x) = 6.25- 5 T 12755 =95
X

yields the causal average total effect. In this equation, we again used the theorem of total
probability, thatis, P(X=x) =Y, ;. P(X=x|U=u,Z=2)- P(U=u, Z=z) (see RS-Th. 1.38),
which yields P(X=0) = P(X=1) =1/2.
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Causal (X=x, Z=z)-Conditional Total Effects

Because, in the example presented in Table 5.2, (U, Z) is a global potential confounder,
the causal conditional total effect CTE x, z);10(x, z) of treatment b (X=1) compared to not
treatment b (X=0) given X=x and Z=z can be computed by

CTE x,2);10(x, 2)
= E(CTEw,2,0U,2) | X=x,Z=z2) = E(61|X=x,Z=2) (5.59)

=Y Y (EX'(YIU=u,Z=2")-E*"(Y|U=u,Z=2"))-P(U=u,Z=2*|X=x, Z=2)

u z

[see Egs. (5.31), (5.48), and RS-Eq. (3.28)]. In this equation, the summation is over all
values u of U and all values z* of Z. In the term P(U=u,Z=z*|X=x,Z=2z) we con-
dition on a fixed value x of X and a fixed value z of Z. The conditional probabilities
P(U=u,Z=z"|X=x,Z=z) can be computed via

" PU=u|X=x,Z=z2), ifz*=z
PU=u,Z=z"|X=x,Z=2) = . (5.60)
0, ifz*#z,

because, if z=z", then
PU=u,Z=z*X=x,Z=2)
P(X=x,Z=2)
_P(U=u,X=x,Z=2)
P(X=x,Z=2)
_ P(X=x|U=u,Z=z)-P(U=u,Z=2)
P(X=x|Z=2)-P(Z=2)

PU=u,Z=z"X=x,Z=2) =

= PU=u|X=x,Z=2) (5.61)

’

where

P(X=x|Z=2) = ZP(szI U=u,Z=z)-P(U=ul|Z=2), (5.62)
u

with P(U=u|Z=2z) = P(Z=z|U=u) - P(U=u)/P(Z=z). In this example, P(U=u|Z=xz) =
1/2, for all values of U and Z. Hence, Equation (5.62) yields

P(X=0|Z=0) = 1/4-1/2+1/4-1/2 = 1/4,

and using Equation (5.60) we receive:

1/4-1/4 1

PU=u,Z=0|X=0,Z=0) = ———— = =
(W=u | ) 1/4-1/2 2

for u=Joe and for u=Ann. Hence, the equation for E (CTE(U,Z);H)(U, Z) |X=x, Z:z) yields
E(CTEw,210(U,Z)| X=0,Z=0) = E(610|X=0,Z=0)
1 1
= (82—-68) - 5 +(100—-96) -0+ (98 —-80) - 5 + (106 -104)-0 = 16.

For X=1 and Z=0, we receive



5.6 Summary and Conclusions 143
E(CTEw,2,10(U,2)| X=1,Z=0) = E(610|X=1,Z=0)
=(82-68)- % +(100—-96) -0+ (98— 80) - % +(106-104)-0 = 186,
for X=0 and Z=1, we receive

E(CTEw,2,10(U,2)| X=0,Z=1) = E(610|X=0,Z=1)

= (82—68)-0+(100—96)-%+(98—80).0+(106—104)-% =3,
and for X=1and Z=1,
E(CTEw, 210U, Z) | X=1,Z=1) = E(610|X=1,Z=1)
= (82—68)-0+(100—96)-%+(98—80).0+(106—104)-% = 3.

Hence, in this example, the conditional total effects E(619| Z=z) and E (69| X=x, Z=z) are
identical.
According to Equation (5.41), taking the expectation

E(E(CTEw, 200U, 2)| X, 7)) = E(E@10]X,2))

=Y Y E(b1|X=x,Z=2)-P(X=x,Z=2)
X zZ
1 1 1 1
=16-— +3-— +16-~ + 3-~ = 9.5,
4 4 4 4

yields again the causal average total effect ATE ). In this equation, we used P(X=x,Z=z) =
P(X=x|Z=z)-P(Z=z), where the conditional probabilities P(X=x | Z=z) are obtained via
Equation (5.62).

5.6 Summary and Conclusions

In this chapter, we introduced the concept of a true outcome variable of the value x of a pu-
tative cause variable X, which was then used to define various causal total effects. Assum-
ing P(X=x) > 0, a true outcome variable 7, has been defined such that its values are the
conditional expectation values E(Y|X=x, Dx=d) of the outcome variable Y holding con-
stant X at the value x and Dy at a value d, where Dx denotes a global potential confounder
of X. These conditional expectation values are uniquely defined if P(X=x,Dx=d) > 0.
Note that this requirement is not necessary in the definition of a true outcome variable
itself. Also note, in this definition we only consider total effects.

Based on the concept of a true outcome variable 7, = E X=X(Y|Dy), we defined several
kinds of causal total effects of treatment x compared to another treatment x’ using the
true total effect variable

6xx’ =Ty — Tyl

The definitions of a causal average total effect ATE ., and of a causal Z-conditional total
effect variable CTE ., (Z) (see Box 5.1) are based on the assumption that the two true
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Box 5.1 Glossary of new concepts

Let ((Q,d,P), (F)te1,6, D¢, X, Y) be a regular probabilistic causality setup, let Dx denote a
global potential confounder of X, let Y be real-valued with Var(Y) > 0, let x € X(Q2) be a value
of X, and assume P(X=x) > 0.

T True outcome variable of Y given the value x of X. It is a version of the
Dx-conditional expectation of Y with respect to the probability measure
PX=X that is, 7, = EX=*(Y|Dy). This is a random variable on (Q, <, P)
that is defined only if P(X=x) > 0. With a global potential confounder
Dy, we condition on all potential confounders of X.

Additionally, let also x’ EQ)’(, assume P(X=x') > 0, and let 7, and 7,/ denote true outcome
variables of Y given the values x and x'of X, respectively.

ATE 1 Causal average total effect comparing x to x'. If 7, and 7,/ are P-unique,
then it is defined by

ATExx’ = E(Tx - Txl).
Additionally, let also Z be a random variable on (Q, < P).

CTEy. 1 (Z) Causal Z-conditional total effect variable comparing x to x'. If 7, and 7y
are P-unique, then

CTE . 1y (Z) = E(ty Ty Z).

Itis the composition of Z and CTE ;. ..+, and therefore a random variable

on (Q, <, P).
CTE . .y Causal Z-conditional total effect function comparing x to x'. It is a factor-
ization of E(ty — 7/ | Z). Hence, it is a random variable on (Q7, <47, P7).
CTE z,,(2) Causal (Z=z)-conditional total effect comparing x to x'. If P(Z=z) > 0

and 7y, T, are P Z:Z-unique, then
CTEZ;xxr(z) = E(ty— 14| Z=2).
CTEy, vy (1) Causal individual total effect comparing x to x' for unit u.
CTEy, v/ x™) Causal (X=x")-conditional total effect comparing x to x'.

CTE(x,7),xx' (%, 2)  Causal (X=x", Z=2z)-conditional total effect comparing x to x'.

outcome variables 7, and 7,/ are P-unique. Defining the causal (Z=z)-conditional total ef-
fect CTE . ., (z) we only assume that 7, and 7, are P#=*-unique. The term ‘total’ is used in
order to distinguish these effects from direct and indirect effects, which are not considered
in this volume.

While Dy is a global potential confounder of X on which we condition in order to con-
trol for all potential confounders of X, the variable Z may be used to re-aggregate the
(Dx=d)-conditional total effects in order to consider less fine-grained causal conditional
total effects. Examples of Z are the observational-unit variable U, a pre-treatment variable
Z, and a treatment variable X.
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Causal Average Total Effect

Often we have to content ourselves with the causal average total effect or with causal con-
ditional total effects. Note however, that there might be cases in which half of the units
have positive causal individual total effects and the other half negative ones. The causal av-
erage total effect can then be zero. This is not a paradox but the nature of an average. Also
remember that a causal average total effect is informative for causal inference, whereas
an ordinary true mean difference E(Y|X=1) — E(Y | X=0), the prima facie effect, is not.
These prima facie effects have no causal interpretation at all, unless they are identical to
the causal average total effect. This will be detailed in chapter 6.

Main Effects Versus Conditional Effects in Analysis of Variance

Conceptually, the causal average total effect is what is tested in a ¢-test for two independent
groups, provided that the data are sampled in a perfect randomized experiment. Similarly,
in this case, a test of the main effect of the ‘treatment factor’ in orthogonal analysis of vari-
ance is a simultaneous test of several causal average total effects if there are more than
two treatment conditions. Furthermore, if Z is a qualitative covariate of X, then it is con-
sidered a second ‘factor’ in analysis of variance. In this case, the (Z=z)-conditional total
effects are often called the ‘simple main effects’ (see, e. g., Woodward & Bonett, 1991).

Note that causal average total effects are uniquely defined even if there are inter-indivi-
dual differences in the causal individual total effects, and even if there is interaction be-
tween X and a covariate Z of X in the sense that the effect of X depends on the values of
Z.However, only in the randomized experiment can we be sure that, with the main effects
in analysis of variance, we test the causal average total effects.

Of course, the causal conditional effects given the values of a covariate are usually more
informative than their average, that is, than the causal average total effect; but sometimes
averaging is useful in order to avoid information overload, and sometimes we may be able
to estimate precisely enough only the causal average effect, but not the causal conditional
effects, for example, because of small sample sizes.

Pre-Facto Versus Post-Facto or ‘Counterfactual’ Perspective

Note that our definitions of the various kinds of total effects solely use concepts of prob-
ability theory. No concepts have to be borrowed from philosophy or any other science,
although the basic idea goes back at least to Mill (1843/1865). We do not take a counter-
factual but a pre-facto perspective, which is the perspective taken in every application of
probability theory. Causal total effects are parameters, just in the same way as the proba-
bility of flipping ‘heads’ is a parameter about which we can talk before the coin is flipped
and even if the coin is never flipped. It is even meaningful to talk about the causal condi-
tional total effect of a treatment given control [see Eq. (5.38) and Rem. 5.47].

Theoretical Parameters Versus Data

Note that all concepts introduced in this chapter such as the causal average total effects,
causal conditional total effects, causal individual total effects, and so on, are of a purely
theoretical nature. This does not mean that they are irrelevant for practical research. On
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the contrary, they explicate what exactly we are looking for when we ask for the causal total
effects, for example, comparing two values of a treatment variable with respect to an out-
come variable Y. It is these effects that we have to estimate if we want to evaluate (a) if and
how dangerous an infection is, and (b) the overall effects of medical, psychological, social,
or political interventions on a specified criterion. And this includes their (undesired) side
effects.

The examples treated in chapters 4 and 5 exemplify what we mean by ‘purely theoretical
nature‘. For example, Table 5.2 does not show data that might be obtained in a data sam-
ple. Instead, it contains the theoretical parameters we would like to estimate from sample
data. Data serve to estimate theoretical parameters, including the various causal effects.
Defining these parameters is necessary if we want to study the conditions under which
these parameters can in fact be estimated.

Causal Versus Noncausal Theoretical Parameters

Not all theoretical parameters have a causal meaning. In terms of the metaphor presented
in the preface, the causal total effects are the size of the invisible man. In contrast, in chap-
ter 1, we only dealt with (a) ordinary conditional expectation values E(Y|X=x) of an out-
come variable Y given treatment x, (b) conditional expectation values E(Y|X=x,Z=z) of
the outcome variable given treatment x and value z of another random variable Z, (c)
differences between these (conditional) expectation values, the (conditional) prima facie
effects, and (d) averages over these conditional prima facie effects.

The conditional expectation values E(Y|X=x) and E(Y|X=x,Z=z) are easily estimated
under the usual assumptions made for a sample, such as the assumption of independent
and identically distributed observations. However, they are only like the length of the in-
visible man’s shadow; depending on the angle of the sun, they can be seriously biased if
mistaken for the size of the invisible man itself.

Limitations

A limitation of the concept of a true outcome variable and the definitions of causal effects
based thereon is that they are defined only for values x of a putative cause variable X that
have a positive probability. This is not restrictive as long as we confine ourselves to con-
sidering only experiments and quasi-experiments. True outcome variables are restrictive,
however, if we study causal dependencies among continuous random variables and causal
dependencies on latent variables. In these cases, the concept of a true outcome variable
does not apply. In chapter 8 we will treat a class of causality conditions that do also apply
if the putative cause variable X is a continuous random variable. Furthermore, the class
of causality conditions presented in chapter 9 also applies if X is continuous or a latent
variable. In these cases causal effects and causal dependencies have to be defined with-
out true outcome variables. Nevertheless, true outcome variables are important for many
applications.

Another limitation is that we did not consider potential mediators, that is, variables that
are between X and Y. However, focussing only on causal total effects does not imply that
we denie that there are variables mediating these effects. This is one of the virtues of true
outcome theory: Given treatment x and person u, only the expectation of the outcome
variable Y is fixed, not the value of Y itself. In contrast, in Rubin’s potential outcome ap-
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proach it is assumed that the value of a potential outcome variable is fixed if we condition
on a treatment x and a person u. Such a determinism is at odds with the idea that potential
mediators might also affect the outcome variable Y. True outcome theory remedies this
deficiency. Nevertheless, defining potential mediators, direct, and indirect causal effects
would necessitate a filtration (%) ;e with more than three o-algebras %,.

5.7 Proofs

Proof of Lemma 5.37
Define the event A := {w € Q: P(X=x|Dx)(w) > 0}. Then

Vz € Z(Q): T,is P““*-unique

© VzeZ(Q): P(X=x|Dx) >0 [RS-Th. 5.27]

o VzeZ(Q): P (A)=1 [def. of A, (5.27)]

=> Y P(A|Z=2)-P(Z=2) = ), 1-P(Z=2) [RS-(5.1)]
ze€Z(Q)) z€Z(Q)

=> P(A) =1 [RS-(1.38), ) P(Z=2) =1]

& P(X=x|Dx)30 [def. of A, (5.14)]

© T,is P-unique. [RS-Th. 5.27]

The reverse implication immediately follows from RS-Box 5.1 (v).

Proof of Theorem 5.52
E(CTE 4,y (2)) = E(E (1, — 14| 2)) [(5.30)]
= E(T,—Tyr). [RS-Box 4.1 (iv)]
= ATE, . [Def. 5.26]
Proof of Theorem 5.55
Proposition (i).
E(CTEz.(2)|W) = E(E (1.~ 1| 2) | W) [(5.30)]
= E(1x— 1o/ | W) [RS-Box 4.1 (xiii)]
% CTEW;xx’(W)- [(5.30)]

Proposition (ii).

E(CTE 7,41/ (Z)| W) = CTEyy, 0l (W) [(5.45)]
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o E(CTEy . (2)|W) = E(1,~ 7| W) [Def. 5.38 (i)]
= E(CTEz . (2)|W=w) = E(t,—1o|W=w) [RS-(2.68), RS-(4.17)]
& E(CTEz . (Z2)|W=w) = CTEy, v (w). [Def. 5.38 (ii)]

5.8 Exercises

> Exercise 5-1 What is the conceptual framework in which we can define a true outcome variable?
> Exercise 5-2 What does it mean that a true outcome variable 7, is P-unique.

> Exercise 5-3 Which are the values of the true outcome variable 7y and of the conditional expec-
tation E(Y| X, U) for w4 = (Joe, yes,+) in the example presented in Table 5.1?

> Exercise 5-4 Compute the values of the true outcome variable 7o = EX=%(Y|U) in the example
presented in RS-Table 2.1.

> Exercise 5-5 Suppose that X is a binary treatment variable and Y an outcome variable. Why are
the conditional expectation values E(Y |X=0), E(Y|X=1), and their difference, the prima facie effect
E(Y|X=1)-E(Y|X=0), often useless in the evaluation of the causal total effect?

> Exercise 5-6 Suppose that X is a treatment variable and Y an outcome variable. If the conditional
expectation values E(Y|X=x) and their differences E(Y|X=x)—-E(Y|X=x') do not represent the
treatment effects we are interested in, then what are the treatment effects we would like to study?

> Exercise 5-7 What is the difference between the causal average total effect ATE - and the prima
facie effect PFE .12

> Exercise 5-8 What is the causal conditional total effect CTE ;. ,../(z) on Y comparing x to x’ given
the value z of a random variable Z?

> Exercise 5-9 What is the causal conditional total effect CTE;. ' (x*) on Y comparing x to x’ given
the value x* of the putative cause variable X?

> Exercise 5-10 What is the causal conditional total effect CTE x )., (x" z) on ¥ comparing x to
x'given treatment x* and the value z of a random variable Z?

> Exercise 5-11 Use RS-Theorem 1.38 to compute the probability P(X=1) for the example dis-
played in Table 5.2.

> Exercise 5-12 Show that Proposition (5.39) follows from independence of X and Dx.

> Exercise 5-13 Open your RStudio, go to www.causal-effects.de, tools, Aggregation[0,1]Xplorer,
shinyapplication.r, download, open the file, Run App. Then choose the example ‘Treatment effect, X
and Z are dependent [Inversion of SME and MEM]’, and click on ‘Compute aggregated effects and
visualizations’.

> Exercise 5-14 Compute the probability PX=!(U=Ann, Z=0) in the example of Table 5.2.
> Exercise 5-15 Compute the conditional probabilities PX=X(Z=z|U=u) in Table 5.2.

> Exercise 5-16 Compute the causal average total effect ATE( for the random experiment pre-
sented in Table 5.2.
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> Exercise 5-17 Compute the causal conditional total effect CTE £;10(0) given no group therapy for
the random experiment presented in Table 5.2.

> Exercise 5-18 Let Z represent sex with values m (males) and f (females). Furthermore, suppose
CTEz,10(m) =11, CTEz,10(f) =5, P(Z=m) =1/3, and P(Z=f) = 2/3. Which is the causal average
total effect ATE¢?

Solutions

> Solution 5-1 First, we assume that there is a probability space (2, « P). (In an empirical applica-
tion, this probability space represents the concrete random experiment considered.) Second, there
are two random variables on (Q, 7, P), say X and Y, where X represents the putative cause variable
and Y the outcome variable. Third, there is a filtration (%) ;e in &/ in which X is prior to Y (see Box
3.1). Fourth, we assume that P(X=x) > 0. Fifth, we assume that Dy is a global potential confounder
of X. By definition, 7, = E X=X(Y|Dy) is PX:x—unique. In this definition, we do not assume that the
true outcome variable 7, = E X=x( Y|Dy) is P-unique (see Exercise 5-2).

> Solution 5-2 By definition of a true outcome variable 7, = E X=xy|D x), there may be different
versions of a true outcome variable. In general, two such versions 7, and 75 are identical almost
surely with respect to the probability measure PX=*, This is what we mean saying that 7, is PX=*-
unique (see Rem. 5.16). If we assume that 7, is P-unique, then two versions 7, and 75 are identical
almost surely with respect to the probability measure P (see Rem. 5.17).

> Solution 5-3 The value 7¢(w4) of the true outcome variable 7 is E(Y|X=0,U=Joe) = .7. In con-
trast, the value E(Y|X,U)(w4) of the conditional expectation E(Y|X,U) is E(Y|X=1,U=Joe) = .8
(see the fourth row in Table 5.1).

> Solution 5-4 The values of the true outcome variable 7g = EX=0(Y | U) are the two conditional ex-
pectation values E(Y|X=0,U=Joe) and E(Y|X=0,U=Ann). Because Y is binary, E(Y|X=0,U=u)
= P(Y=1|X=0,U=u). These conditional probabilities can be computed from the probabilities of
the elementary events presented in RS-Table 2.1 as follows:

P(Y=1,X=0,U=Joe) .35
P(Y=1|X=0,U=Joe) = = =
P(X=0,U=Joe) .15+.35
and
P(Y=1,X=0,U=Ann) .06
P(Y=1|X=0,U=Ann) = = =
P(X=0,U=Ann) .24+ .06

> Solution 5-5 A potential confounder W of X may determine the probabilities of being treated
[i.e.,, P(X=x|W) # P(X=x), x € {0,1}] and the (X=x)-conditional expectation values of the out-
come variable Y [i.e., Esz(YI W) #EX=X(Y), x € {0, 1}]. In this case, there are examples in which
the difference E(Y|X=1) — E(Y|X=0) is not identical to the treatment effects to be studied. Simp-
son’s paradox presented in chapter 1 is such an example. Another example of such a potential con-
founder is W = severity of symptoms. If there is self-selection or if there is systematic selection to
treatment by experts that is also determined by the severity of the symptoms, then W will affect the
treatment probability and the conditional expectation values of the outcome variable (e. g., severity
of symptoms after treatment).

> Solution 5-6 The basic idea is to consider the true total effect variable, that is, the difference
T — Ty = EX=X(Y|Dx) - EXZ"I(YIDX), where we condition on a global potential confounder Dy of
X. This means controlling for all potential confounders. If we take the expectation of the difference
7, — Ty (over the distribution of Dy), then this yields the causal average total effect on Y compar-
ing x to x'. Note that taking this expectation necessitates to assume that 1, and 7y are P-unique.
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This assumption implies that the expectation E(t, — 7y/) is identical for all versions of 7, and 7, (see
Remarks. 5.27 to 5.29).

> Solution 5-7 The causal average total effect ATE s comparing treatment x to treatment x’ has
been defined by Equation (5.21) (see also the solution to Exercise 5-6). It is this causal average total
effect that is of interest in the empirical sciences if our goal is to evaluate the treatment conditions x
and x’ with respect to the outcome variable Y by a single number. In contrast, the prima facie effect
PFE, . comparing x to x' is usually not of interest for the evaluation of such a treatment effect be-
cause it can be biased. Both terms differ from each other because PFE, = E(Y|X=x)—-E(Y|X=x')
is notneccesarily identical to ATE s = E(ty) — E(t). Note, however, that there are conditions under
which PFE 1= ATE, . Such conditions, which are called causality conditions, are studied in some
detail in the next chapters.

> Solution 5-8 The causal conditional total effect (on the outcome variable Y) comparing x to x’
given the value z of a random variable Z is the (Z=z)-conditional expectation value of the true total
effect variable 8,/ = 7, — 7y, that s,

CTE 5, 411(2) = E(yp|Z=2).

It is presumed that P(Z=z) > 0 and that 7, and 7,s are PZ=?-unique. These assumptions imply that
CTEy. ,,(z) is a uniquely defined number.

> Solution 5-9 The causal conditional total effect (on Y) comparing x to x’given the value x* of the
putative cause variable X is the (X=x")-conditional expectation value of §,,./ = 7x — Ty, that s,
CTEX;xx/(x*) = E(6,|1X=x"),

where we presume P(X=x*) > 0 and that 7, and 7, are PX :x*—unique. If X represents a treatment
variable, x*= x, and x’ = 0 represents a control group, then CTEx; o (x) is the causal conditional total
effect comparing treatment x to control given treatment x. If x*=x' and x’=0 represents a control
group, then CTEx, (0) is the causal conditional total effect comparing treatment x to control given
control. Although this sounds paradoxical, the term CTE; 0 (0) is meaningful and well-defined. Like
all other causal effects it refers to a random experiment to be conducted in the future. This means

that these concepts are well-defined even if the experiment is not yet conducted, or will never be
conducted (see sect. 5.4.2 for more details).

> Solution 5-10 The causal conditional total effect CTE x,z); ' (x*%2) (on Y) comparing x to x’
given treatment x* and value z of Z is the (X=x" Z=z)-conditional expectation value of the true-
effect variable, that is,

CTE(x ) xx! (X% 2) = E@|X=x%Z=2),

where we presume P ((X, Z)=(x"*z)) > 0 and that 7, and 7, are PXIx*'Z:Z—unique. If X represents
a treatment variable, x*=x, the value 0 of X represents a control group, and m (male) the value
of Z = sex, then CTE x z)x(x, m) is the causal conditional total effect comparing treatment x to
control given treatment x and the person to be sampled is male. If x*= 0, then CTE x ), x0(0,m) is
the causal conditional total effect comparing treatment x to control given control and the person to
be sampled is male.

> Solution 5-11 Note that the four pairs (u, z) of values of U and Z are disjoint and all these pairs
of values have positive probabilities. Hence, we can apply the theorem of total probability [see RS-
Eq. (1.38)]:
P(X=1) = ) Y P(X=1|U=u,Z=2)-P(U=u, Z=z)
z

u

(3131)1 1
=|-+-+-+-|-- =

4 4 4 4

4 2
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Also note that P(X=1) = E(1x=1) = E[E(1x=1|U, Z)] [see RS-Box 4.1 (iv)], and that the proba-
bilities P(X=1|U=u, Z=z) are the values of the conditional expectation E(1x=;|U, Z). Then using
RS-Equation (3.13) yields the same formula. This second way makes clear that the unconditional
probability P(X=1) is the expectation of the conditional probability P(X=1|U, Z) [see again RS-Box
4.1 (iv)].

> Solution 5-12 Independence of X and Dy implies that also X and EX=*(Y| D) are independent
because Esz(YIDX) is Dx-measurable [see RS-Box 2.1 (iv)]. Hence,

E(x|X) = E(E*=*(Y|Dx) | X) [z = EX=*(Y|Dx), RS-Box 4.1 (xiv)]
= E(EX=X(Y|Dx)) [RS-Box 4.1 (v)]
= E(ty). [7x = E¥=¥(Y|Dx), RS$-Box 3.1 (v)]

The prove for 7, is analog.

> Solution 5-13 No solution provided. See what happens with the various techniques of re-aggre-
gating conditional effects, for example, re-aggregating the log odds ratios and compare it to re-ag-
gregating conditional effects according to Equation (5.44). Play with other parameter constellations.

> Solution 5-14 We have to use the equation

P(X=x,U=u,Z=z) _ P(X=x|U=u,Z=z)-P(U=u,Z=2z)

P*(U=u,Z=2) =
P(X=x) P(X=x)

[see RS-Eq. (5.1)]. For U=Ann, Z=0, and X=1, this equation yields

_ P(X=1|U=Ann,Z=0)-P(U=Ann, Z=0)
- P(X=1)

PX=YU=Ann,Z=0)
_3/4-1/4 3

172 8

> Solution 5-15 If P(X=x) > 0, then, applying RS-Equation (5.1) several times, yields

PX=X(Z=z,U=u)
PX=X(U=u)

_ P(Z=z,U=u,X=x)/P(X=x)

T P(U=u,X=x)/P(X=x)

= P(Z=z|X=x,U=u).

PX=¥(Z=z|U=u) =

For both units u, the complementary conditional probability to P(X=1|U=u,Z=0) = 3/4 (see
Table 5.2) is P(X=0|U=u,Z=0) = 1/4. Similarly the complementary conditional probability to
P(X=1|U=u,Z=1) = 1/4 (see again Table 5.2) is P(X=0|U=u, Z=1) = 3/4. Now we can use the
equation

P(X=x|U=u,Z=z)-P(Z=z|U=u)
Y P(X=x|U=u,Z=z)-P(Z=z|U=u)’

z

P(Z=z|X=x,U=u) =

which follows from Bayes’ Theorem (see RS-Th. 1.39) using P(Z=z|X=x,U=u) =P Ust(z=7|X=x)
[see RS-Eq. (5.26)]. For example, the probability of not receiving group therapy (Z=0), if Ann is
drawn (U=Ann) and does not receive individual therapy (X=0), is

P(X=0|U=Ann,Z=0)-P(Z=0|U=Ann)
Y P(X=0|U=Ann, Z=z)-P(Z=z|U=Ann)’
z

P(Z=0|X=0,U=Ann) = (5.63)

where P(X=0|U=Ann,Z=0)=1/4, P(Z=0|U=Ann) =1/2, and
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ZP(XzO |\U=Ann,Z=z)-P(Z=z|U=Ann)
V4
=P(X=0|U=Ann,Z=0)-P(Z=0|U=Ann) + P(X=0|U=Ann,Z=1)-P(Z=1|U=Ann)

+

| =
DN | =
| w
DN | =
[\S]

Inserting this result into Equation (5.63) yields the conditional probability
P(Z=0|X=0,U=Ann) = PX=%(Z=0|U=4nn) = 1/4.

Using the same procedure for all values of U, X, and Z leads to the other conditional probabilities
displayed in the last two columns of Table 5.2.

> Solution 5-16 In this example, (U, Z) is a global potential confounder of X. Hence, according to
RS-Equation (3.14), Equations (5.20) and (5.21), using the parameters shown in Table 5.2 results in

ATE1g = Y. ) (E(YIX=1,U=u,Z=2)-E(Y|X=0,U=u,Z=2))-P(U=u, Z=z)
u z
1
= [(82 —68) + (100—-96) + (98 —80) + (106 — 104)) 2 = 9.5.
> Solution 5-17 In this example, (U, Z) is a global potential confounder of X. Hence, according to

RS-Equation (3.14) and Equation (5.31), E(6191Z=0) = EZZO(610), using the parameters displayed
in Table 5.2 results in

CTEz100) = .Y (E(Y1X=1,U=u,Z=2) - E(Y|X=0,U=u, Z=2))- P(U=u, Z=z | Z=0)
u z
=Y Y (E(Y|X=1,U=u,Z=2)- E(Y|X=0,U=u,Z=2))- P*="(U=u, Z=2)
u z
= (82-68)- % +(100-96) -0+ (98 - 80) - % +(106-104)-0 = 16.
> Solution 5-18 Using Equation (5.41), we can compute the causal average total effect as follows:

1 2 1 2
ATE o = CTEz;l()(m)~§+CTEz;10(f)~§ = 11~§+5~§ =17.
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Chapter 6

Unbiasedness and Identification of Causal Effects

In chapter 4, we introduced the concepts of a regular probabilistic causality setup, a po-
tential confounder or covariate of X, and a global potential confounder of X. In chapter 5,
we turned to the concepts of a true outcome variable, a true total effect variable, a causal
average total effect, a causal conditional total effect variable, and a causal conditional total
effect. All these parameters and variables are of a theoretical nature. It is not evident how
they can be computed (identified) from parameters of the joint distribution of observable
random variables such as X, Y, and a (possibly multivariate) covariate Z. That is, it is not
yet evident how causal effects can be computed from those parameters that can be esti-
mated in a data sample.

Tackling this problem, in this chapter we introduce and study unbiasedness of various
conditional expectation values, conditional expectations, prima facie effects, and prima
facie effect functions. In particular, we study how and under which conditions these pa-
rameters and random variables can be used to identify the corresponding causal effects
and effect functions. Hence, in this chapter we provide the link between causal effects and
causal effect functions on one side and parameters and functions that can empirically be
estimated on the other side. The unbiasedness conditions are the first and logically weak-
est kind of causality conditions, which, together with the structural components listed in
a regular probabilistic causality setup, distinguish causal stochastic dependencies from
ordinary stochastic dependencies that have no causal meaning.

We start with the concept of unbiasedness of a conditional expectation value E(Y | X=x),
unbiasedness of the corresponding prima facie effects, that is, of the differences E(Y | X=x)
— E(Y|X=x"), and unbiasedness of a conditional expectation E(Y|X). We also treat a
first way to identify the causal average total effect ATE,,/. Then we consider an addi-
tional random variable Z that is assumed to be a covariate of X, and define unbiased-
ness of a conditional expectation value E(Y|X=x,Z=z), unbiasedness of the conditional
expectations EX~*(Y|Z), E?7*(Y|X), and E(Y'|X, Z), as well as the prima facie effect vari-
ables EX=*(Y|Z) - EX=¥(Y|Z). We also show how to identify the causal average total ef-
fect ATE,, as well as a causal conditional total effect function CTE.,, and a causal
conditional total effect CTE . ,,/(z). Next, we illustrate these concepts by some numer-
ical examples. Finally, we show that unbiasedness can be accidental, presenting an ex-
ample in which the conditional expectation values E(Y|X=x) are unbiased, whereas the
conditional expectation values E(Y|X=x,Z=z) are not, although Z is a covariate of X.
This example emphasizes the limitations of unbiasedness, in particular if compared to the
causality conditions presented in chapters 8 and 10.
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Requirements

Reading this chapter we assume again that the reader is familiar with the contents of the
first five chapters of Steyer (2024), referred to as RS-chapters 1 to 5. Furthermore, we as-
sume familiarity with chapters 4 and 5 of the present book.

In this chapter we often will refer to the following notation and assumptions.

Notation and Assumptions 6.1

(a) Let ((Q, A, P), (F) te1,6, D¢, X, Y) be a regular probabilistic causality setup and
let Dy denote a global potential confounder of X.

(b) Let (Qx,sly) denote the value space of X, let x € Q, let {x} € ox, and let Tx—,
denote the indicator of the event {X=x} = {w € Q: X(w) = x}.

(¢) LetY be real-valued with positive variance.

(d) Assume P(X=x)>0, define the probability measure PX=*. o — [0,1] by
PX=*(A) = P(A|X=x), for all Ae o, let 1, = EX=*(Y|Dy) denote a (version of
the) true outcome variable of Y given x, and &*=*(Y| Dx) the set of all such ver-
sions.

(e) Let Z be a covariate of X, that is, let 6(Z) c o(Dy), and let (Qy, <f7) denote its
value space.

(f) LetzeQy beavalueof Z, let{z} € of;, assume P(Z=z) > 0, and define the pro-
bability measure P?~*: of — [0,1] by P?=*(A) = P(A|Z=2), for all A€ .

(g) Letx'€Qy and {x'} € oy, let 1x_,s denote the indicator of the event {X=x'} =
{weQ: X(w) =x'}, assume 0< P(X=x') <1, define the measure PX=*' qnalo-
gously to PX=*in Assumption (d), let T, = EX:x'( Y| Dx) denote a (version of the)
true outcome variable given x', and define 6,1 := T, — Ty/.

(h) Let X(Q) = {0,1,...,]} denote the image of Q under X, for all x € X(Q), let
{x} € Ay and assume 0 < P(X=x) < 1. Finally, let T := (1o, 7y,...,T;) denote the
(J + 1)-variate random variable of the true outcome variables 1., x € X (Q).

6.1 Unbiasedness of E(Y | X) and Its Values E(Y | X=x)

Under the Assumptions 6.1 (a) to (d) and (g), and assuming that 7, = E X=x(y|Dy) and
T =E X:x'(YIDX) are P-unique, we defined the average total effect by ATE,,» = E(0y.')
(see sect. 5.3). Inserting the definition of a true total effect variable §,,’ = 7, — 1, and the
definition of a true outcome variable yields

ATE, .1 = E(6yy) = E(Tx—Ty)

- . (6.1)

= E(t) - E(ty) = E(E*~(Y|Dy)) - E(E*=*(Y|Dy).
Under the assumptions mentioned above, including P-uniqueness of 7, and 7,-, all terms
in these equations are uniquely defined numbers [see RS-Th. 5.27 (v)].

Remark 6.2 [A Condition Equivalent to P-Uniqueness] Remember, according to RS-The-
orem 5.27 (ii), P-uniqueness of 7, is equivalent to P(X=x|Dy) > 0, which is defined by

P(X=x|Dy)30 :& P({oeQ: P(X=x|Dx)(w)>0})=1. (6.2)
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Hence, assuming P(X=x|Dy) > 0 means that the probability of P(X=x|Dx) taking on a
value greater than zero is one. <

Definition 6.3 [Unbiasedness of E(Y | X=x) and E(Y|X)]
Let the Assumptions 6.1 (a) to (d) hold.

(i) We call the conditional expectation value E(Y | X=x) unbiased and denote it by
E(Y|X=x) \ Dy ifthe following two conditions hold:

(@) Ty is P-unique
(b) E(Y|X=x)=E(1y).

(ii) Let the Assumptions 6.1 (a) to (d) and (h) hold. Then we call the conditional
expectation E(Y|X) unbiased, denoted E(Y|X) & Dy if, for all x € X(Q), the
conditional expectation values E(Y |X=x) are unbiased.

Remark 6.4 [Unbiased With Respect to 2] Note that Definition 6.3 refers to fotal effects
true outcome variables. Considering these true outcome variables 7, = E X=x(y|Dy), we
condition on a global potential confounder Dy of X, and with it on its generated o-algebra
0(Dx) = 9« (see RS-Def. 5.4). This is also the reason why ¢ occurs in the shortcuts for
unbiasedness. <

Example 6.5 [No Treatment for Joe] In the example displayed in RS-Table 2.1, we assume
that the regular causality space is the same as specified in Example 4.10, and again, X, Y,
and U take the roles of the putative cause variable, the outcome variable, and the global
potential confounder Dy. Furthermore, the co-domain Q% of X is any subset of R (includ-
ing R itself) containing the elements 0 and 1. The values of the two true outcome variables

1, = PXY(Y=1U) = EX**(Y|U), x=0,1,

are displayed in the table. Whereas 1 is the only element of the set & X=0(y|U) (which
means that 7, is uniquely defined and therefore P-unique), 7; is not the only element
in the set &*=1(Y|U) because the random variable = PX=ly=11U0)" displayed in the
last column of RS-Table 2.1 is also an element of &*=!(Y|U). Furthermore, 7, = 7," does
not hold. Instead, 7;(w) # 7;* (w) for w € {w,,..., w4} and P({w;,...w,}) = .5. Hence, in this
example, the conditional expectation value E(Y|X=0) is unbiased, whereas the condi-
tions of the definition of unbiasedness neither hold for E(Y|X=1) nor for the conditional
expectation E(Y|X) because 1; is not P-unique (see Def. 6.3). In fact, in this example,
E(r)) = E(PX"Y(Y=1|U)) # E(z}) = E(P**}(Y=1]/U)"), which is easily seen looking at
the last two columns of RS-Table 2.1 and the probabilities P({w;}) displayed in the first
numerical column. <

Remark 6.6 [Unbiased Estimators Versus Unbiased Parameters] Unbiasedness in statis-
tics usually refers to estimators of a parameter. In the framework of the theory of causal ef-
fects, we say that the conditional expectation value E(Y|X=x) is unbiased if it is identical
to E(t,), which is the parameter of interest in causal inference. Of course, this parameter
has to be uniquely defined. This is secured by requiring P-uniqueness of 7, [see Def. 6.3
and RS-Th. 5.27 (v)]. <
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Remark 6.7 [Expectation With Respect to the Measure P*=*] If P(X=x) > 0, then
E(Y|X=x) = EX**(Y) (6.3)

[see RS-Eq. (3.24)]. Hence, if P(X=x) > 0, then the conditional expectation value E(Y | X=x)
is unbiased if and only if the expectation E*X=*(Y) of Y with respect to the conditional
probability measure PX=% [see again RS-Eq. (5.1)] is unbiased, that is, if and only if 7, is
P-unique and

E*=*(Y) = E(ry) = E(E*=(Y|Dy)). (6.4)
<

Remark 6.8 [Identification of E(7,)] Unbiasedness of E(Y|X=x) is important because it
gives us access to the expectation E(t,) of the true outcome variable 7. If E(Y|X=x) is
unbiased, then, according to Definition 6.3 (i), an estimate of E(Y | X=x) is also an estimate
of E(zy). In contrast to E(1,), the conditional expectation value E(Y|X=x) can often be
estimated from a data sample of the random variables X and Y. The sample mean of the
values of Y that are observed together with the value x of the putative cause variable X is
such an estimate of E(Y|X=x) (see RS-Exercise 3-4). If X is a treatment variable, then this
is the sample mean of the observed values of Yin treatment x. <

Equivalent Conditions of Unbiasedness of E(Y |X) and E(Y | X=x)

In the following theorem, we present three conditions that are equivalent to unbiasedness
of E(Y|X=x). Each of these conditions involves a true outcome variable 7,. Reading this
theorem, remember

LElx=x © E@llx=2) 5 E®@) (6.5)

[see RS-Prop. (4.35)]. Hence, we read 7, F 1x-, as 1, is mean-independent from 1x_,, the
indicator variable of the event {X=x} = {w € Q: X(w) = x} that X takes on the value x.

Theorem 6.9 [Equivalent Conditions of Unbiasedness of E(Y | X=x)]
Let the Assumptions 6.1 (a) to (d) hold and assume that T, is P-unique.

(i) Then each of the following two equations is equivalent to E(Y|X=x) - Dy.

E* (1) = E(1) (6.6)
E(Tx| 1X:x) f E(Tx)- (67)

(ii) If, additionally,
& = Ty — E(Ty| Tx=yx), (6.8)

then each of the following two equations is also equivalent to E(Y |X=x) - Dx

E***(¢,) = E(&)) (6.9)

E(&xl Tx=x) 5 E(&). (6.10)
(Proof p. 187)
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Remark 6.10 [Sufficient Conditions of Unbiasedness] Later it will be shown that EX=*(t,)
= E(1,) as well as 1, F 1x_, follow from independence of 7, and 7x_, (see Th. 7.7), which
itself follows from Dx Il 7x_,, that is, from independence of a global potential confounder
Dy of X and the indicator 7x-, [see Th. 8.22 (i) for X = 7x_,]. Note that, in an experi-
ment in which X is the treatment variable and the person variable U takes the role of a
global potential confounder of X, the independence condition Dyl 7y_, can be created
by randomized assignment of the observational unit to treatment x (see the examples in
RS-Table 1.2 and in Table 6.3). <

Remark 6.11 [Dichotomous X] If X is dichotomous and x is one of the two values, then
E(Tx|X) f E(Tx| 1X=x) f E(Txl 1X¢x)y (6.11)

because, if X is dichotomous, then the o-algebras generated by X, 7x-,, and 7x., are iden-
tical. Remember, the o-algebras o (X), 0(7x-,), and o(7x.,) play a crucial role in the defini-
tion of the conditional expectations E(1y| X), E(7x| Tx=x), and E(7y| Tx.x) (see RS-Def. 4.4).
Hence, if X is dichotomous and the conditional expectations E X=x(Y|Dy) and EX**(Y|Dy)
are P-unique, then

w.FX & 1,Flxox ¢ E{|X)F Dy, (6.12)

where E(Y|X) | Dx denotes unbiasedness of E(Y|X). Remember, if X is dichotomous,
then unbiasedness of E(Y| X) is defined by unbiasedness of E(Y|X=x) and E(Y|X#x) [see
Def. 6.3 (ii)], that is, in this case

EY|X)FDx ¢ E(Y|X=x)FDxA E(Y|X#x) I Dy. (6.13)
<

Remark 6.12 [Unbiasedness of E(Y|X) in Quasi-Experiments] In empirical applications
in which there is no randomized assignment of the observational unit to one of the treat-
ment conditions, unbiasedness of E(Y|X) or E(Y|X=x) is not very likely. However, if we
additionally consider a (uni- or multivariate) covariate Z of X and the conditional expecta-
tion values E(Y|X=x, Z=z), then unbiasedness of these parameters and of the conditional
expectation E(Y|X, Z) is much more realistic, even beyond experiments with randomized
assignment of the unit to a treatment condition. This motivates the following section. <

6.2 Unbiasedness of E(Y | X, Z) and Related Terms

Now we extend the concept of unbiasedness to conditioning on a (possibly multivariate)
covariate Z of X or on one of its values z. That is, we assume o(Z) c o(Dy). Note that
Z:=(24,...,Zy) is acovariate of X if and only if Z3, ..., Z,, are covariates of X (see RS-sect.
2.1).

6.2.1 Definition and First Properties

Remember that a true outcome variable 7, denotes a version of the Dx-conditional expec-
tation of Y with respect to the probability measure P*=*. That is, 7, denotes an element of
the set £X=*(Y|Dyx) (see Def. 5.4 and Rem. 5.5). Furthermore, remember
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PX¥(7Z=2)>0 o PF*X=x)>0 < P(X=x,Z=z)>0, (6.14)
and that P(X=x, Z=z) > 0 does not only imply PX=%(Z=z)>0and P(Z=z) >0, but also
EX¥(Y|Z=2z) = EF4Y|X=x) = E(Y|X=x,Z=2) (6.15)

[see RS-Eq. (5.26)]. All terms appearing in Proposition (6.14) and Equation (6.15) have been
introduced in RS-section 5.1.
Furthermore, remember, under the Assumptions 6.1 (a) to (f),

T,is P“*-unique & VY1,,1; € 8X*(Y|Dx): P ({w e Q: 1o(0) =5 (w)}) =1, (6.16)

and that this property follows from P-uniqueness of 7, [see RS-Box 5.1 (v)]. Also note that
PZ:Z-uniqueness of 7, is equivalent to P(X=x|Dy) > 0 (see RS-Th. 5.27), which is de-
fined by P

P(X=x|Dy) >0 :e P77 ({weQ: P(X=x|Dx)(w) >0}) = 1. (6.17)

If P(X=x|Dyx) PZ>:z 0, then we also say that P(X=x|Dy) is positive, PZ%=%_almost surely.

Definition 6.13 [Unbiasedness of EX=*(Y|Z) and EX=*(Y|Z=2)]
Let the Assumptions 6.1 (a) to (e) hold.

(i) Then EX=*(Y|Z) is called unbiased, denoted EX=*(Y|Z) \ Dy, if

(@) T, is P-unique
(b) EX=*(Y|Z) = E(1,12).

(i) If we additionally assume 6.1 (f) and PX~*(Z=z) > 0, then EX~*(Y|Z=2) is
called unbiased, denoted EX~*(Y|Z=2z) - Dy, if

(@) T,is PZ=*-unique
(b) EX=X(Y|Z=2) = E(1,| Z=2%).

Under the assumptions of Definition 6.13 (ii), the (Z=z)-conditional expectation value
E(1,|Z=z) is uniquely defined. Furthermore, if 7, is PZ=*.unique for all z € Z(Q), then,
according to Lemma 5.37, it is also P-unique and

VzeZ(Q): EyZ)(w) =E(|Z=2), ifwe{Z=z}. (6.18)

Thatis, if 7, is PZ:z-unique forall z € Z(Q), then the (Z=z)-conditional expectation values
E(7,| Z=z) are the uniquely defined values of the conditional expectation E(1.|Z).

Remark 6.14 [Unbiasedness of EZ=*(Y|X=x) and E(Y|X=x, Z=2z)] Let the assumptions
of Definition 6.13 (ii) hold. Then Proposition (6.15) allows us to define

EZ¥(Y|X=x) FDy :& EX™(Y|Z=2)F Dy (6.19)
and
E(Y|X=x,Z=2)F Dx :& EX¥(Y|Z=2) + Dy. (6.20)

Hence, unbiasedness of EZ=*(Y|X=x) and of E(Y|X=x, Z=2z) are equivalent to unbiased-
ness of EX=*(Y|Z=z) and to each other. <
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Remark 6.15 [Identification of E(7,| Z=z) and E(7,| Z)] According to Defniition 6.13 (i), if
EX=*(Y|Z) is unbiased, then we can identify the Z-conditional expectation E(1.|Z) by
E*=%(Y|Z). Hence, an estimate of EX=*(Y|Z) is also an estimate of E(t,|Z) provided that
EX=*(Y|Z) is unbiased. Analogously, if E X=x(y|Z=z) is unbiased, then, according to Defi-
nition 6.13 (i), we can identify the (Z=z)-conditional expectation E(7,| Z=z) of a true out-
come variable 7, by the (Z=2z)-conditional expectation EX=*(Y|Z=z) of Y with respect to
the conditional probability measure P*=*_Hence, an estimate of EX=*(Y|Z=z) is also an
estimate of E(1,| Z=z), provided that E X=X(Y|Z=z) is unbiased. In contrast to E(1,| Z), the
conditional expectation E X=X(Y|Z) can often be estimated from a data sample of the ran-
dom variables X, Y, and Z using the values of Y and Z observed together with the value x
of the putative cause variable X (see Exercise 6-10). <

Theorem 6.16 [An Implication of Unbiasedness of EX=*(Y|Z) For E(Y | X=x, Z=2)]
Let the Assumptions 6.1 (a) to (f) hold and assume P(X=x,Z=z) > 0. Then
EX*(Y|Z)FDy = E(Y|X=x,Z=2)}F Dy. (6.21)

(Proof p. 188)

In the following theorem we treat a sufficient condition for unbiasedness of a condi-
tional expectation EX=*(Y|Z) with respect to the probability measure PX=%.

Theorem 6.17 [Sufficient Condition for Unbiasedness of EX=*(Y|Z)]
Let the Assumptions 6.1 (a) to () hold and for all z € Z(Q) assume P*X=*(Z=z) > 0. Then
VzeZ(Q): EX*¥Y|Z=2) - Dx = EX**(Y|Z)+Dx. (6.22)

(Proof p. 188)

In the following definition we introduce unbiasedness of E(Y|X, Z) and of E Z=2(Y|X),
building on the terms introduced in Definition 6.13. The latter term can be defined only
if we assume P(X=x,Z=z) > 0 for all values x € X(Q2) of X. Among other things, this as-
sumption implies P(Z=z) >0 and P(X=x) > 0 for all x € X(Q).

Definition 6.18 [Unbiasedness of E(Y | X, Z) and E<=*(Y | X)]
Let the Assumptions 6.1 (a) to (e) and (h) hold.

(i) Then E(Y|X,Z) is called unbiased, denoted E(Y|X,Z) Dy, if
VxeX(Q): Esz(YIZ) FDyx. (6.23)

(ii) If we additionally assume 6.1 (f) and P%3(X=x) > 0, for all xeX(Q), then
EZ7*(Y|X) is called unbiased, denoted E“=*(Y|X) + D, if

VxeX(Q): EF*(Y|X=x) F Dy. (6.24)

Under the assumptions of Definition 6.18 (ii),
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VxeX(Q): E“AY|X=x)FDy <& VxeX(Q): EX*(Y|Z=2)+ Dy (6.25)
< VxeX(Q): E(Y|X=x,Z=2) - Dy (6.26)

[see Props. (6.19) and (6.20)]. Hence, we can replace Proposition (6.24) by each of the
propositions on the right-hand sides of (6.25) and (6.26).

In the next theorem we treat a condition that is equivalent to unbiasedness of a condi-
tional expectation EZ~*(Y|X).

Theorem 6.19 [[A Condition Equivalent to Unbiasedness of £ Z=2(Y|X)]
Let the Assumptions 6.1 (a) to (f) and (h) hold. Furthermore, for all x € X(Q), assume
P%%(X=x) > 0 and that T, is P*=*-unique. Then

(VxeX(Q): EF4(Y|X=x)=E**(1)) e E““|X)F Dy. (6.27)
(Proof p. 188)

6.2.2 Equivalent Conditions of Z -Conditional Unbiasedness

Now we turn to some conditions that are equivalent to unbiasedness of a conditional ex-
pectation E X=X(Y|Z). These conditions are also used in the proofs of sufficient conditions
of unbiasedness (see chs. 8 to 10). Note again, in this chapter we assume that 7 is a covari-
ate of X. That is, in contrast to chapter 5 where we defined a causal Z-conditional total
effect variable, now we exclude that a putative cause variable X can take the role of Z.

Theorem 6.20 [Conditions Equivalent to Unbiasedness of E X=xy|2)]
Let the Assumptions 6.1 (a) to (e) hold and that T, is P-unique.

(i) Then

EX*Y|Z) Dy < Exzx(rle)gE(TXIZ) (6.28)
=4 E(Tx|7x:x,Z)§E(Tle). (6.29)

(ii) If, additionally, for all T, € £X=*(Y| D), we define

& = Ty — E(tyl Tx=x, 2), (6.30)

then
EX¥*(Y|Z)FDx o E*¥(&12)zE&l2) (6.31)
< E(&l 1x=x,2) 5 E(&]2). (6.32)

(Proof p. 189)

Hence, if we assume that Z is a covariate of X and 7, is P-unique, then Theorem 6.20
provides four equations that are equivalent to EX=*(Y|2) = E(1¢|Z). The first two use the
true outcome variable 7, itself, whereas the last two use the residual €, of 7, with respect to
the conditional expectation E (7| Tx-x, Z) [see Eq. (6.30)]. According to Equation (6.29), the
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conditional expectation EX=*(Y|Z) is unbiased if and only if 7, is Z-conditionally mean-
independent from the indicator variable 7x_,.

In the next corollary we present some conditions that are equivalent to unbiasedness
of the conditional expectation E(Y|X, Z), provided that Z is a covariate of X and all true
outcome variables 7, are P-unique. This corollary immediately follows from Theorem 6.20
and Definition 6.18 (i).

Corollary 6.21 [Conditions Equivalent to Unbiasedness of E(Y | X, Z)]
Let the Assumptions 6.1 (a) to (e) and (h) hold, and assume that for all x € X(Q), 1y is
P-unique. Then
EY|X,Z)FDx < VxeX(Q):E*~*(1,]2) =E(14|2) (6.33)
o VxeX(Q): E(tel Ix=x,Z) 5 E(1:| 2). (6.34)

If we additionally assume that €, is the residual defined by Equation (6.30), then

EY|X,Z)FDx < VxeX(Q):E*%(lZ2) = E(&:l2) (6.35)
< VxeX(Q): E(el 1x=x,Z) 5 E(&|2). (6.36)

Hence, according to Equation (6.34), the conditional expectation E(Y|X, Z) is unbiased
if and only if, for all x € X(Q), the true outcome variable 7, is Z-conditionally mean-
independent from the indicator variable 7x_,. Furthermore, E(Y|X, Z) is also unbiased
if and only if, for all x € X(Q), the residual ¢, is Z-conditionally mean-independent from
1x=x [see Eq. (6.36)].

In the next theorem we present two conditions each of which is equivalent to unbiased-
ness of EX=X(Y|Z=z). According to Equation (6.15), these conditions are also equivalent
to unbiasedness of E(Y | X=x,Z=2).

Theorem 6.22 [Condition Equivalent to Unbiasedness of EX=*(Y | Z=2)]
Let the Assumptions 6.1 (a) to (f) hold. If 1 is PZ:Z-unique, then

EX=Y(Y|Z=2) v Dy & E***(1(|Z=2)=E(,|Z=2). (6.37)
If we additionally assume that ¢, is defined by Equation (6.30), then

EX=YY|Z=2) - Dx < E*(g|Z=2)=E(&l|Z=2). (6.38)
(Proof p. 190)

6.3 Unbiasedness of Prima Facie Effects

Now we introduce the concept of unbiasedness of a prima facie effect

PFE,. = E(Y|X=x)—-E(Y|X=x"). (6.39)
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Furthermore, for a covariate Z of X, we also extend the concept of unbiasedness to a
Z-conditional prima facie effect function PFE ;. ..i: Q% — R, which satisfies

PFE,  (Z) = EX*(Y|2)- EX*¥(Y|2), (6.40)

where PFE .,/ (Z) denotes the composition of Z and PFE ;... While PFE ,. .. assigns to
each value z € Q% a (Z=2z)-conditional prima facie effect of x compared to x’, the composi-
tion PFE ;. ,,/(Z) is a random variable on (Q, «, P) assigning values to each w € Q. We call
the composition PFE ,.,./(Z) a Z-conditional prima facie effect variable. Finally, presum-
ing P(X=x,Z=2), P(X=x' Z=z) >0, we define the (Z=2z)-conditional prima facie effect

PFE ;.,,(2) := E(Y|X=x,Z=2) - E(Y|X=x'Z=2). (6.41)

Definition 6.23 [Unbiasedness of a Prima Facie Effect]
Let the Assumptions 6.1 (a) to (d) and (g) hold.

(i) Then the prima facie effect PFE . is called unbiased, denoted PFE ., - D¢, if

(a) T, and T, are P-unique
(b) PFE,. . = E(T,—1y).

(ii) If we additionally assume 6.1 (e), then PFE ... and PFE ;. ...(Z) are called
unbiased, denoted PFE,.. .\ Dy, if

(a) T, and T, are P-unique
(b) PFE ;. ,,/(Z) = E(t,— 1| 2).

(iii) If we additionally assume 6.1 (f), P(X=x,Z=z) > 0, and P(X=xZ=z) > 0,
then PFE ;. ,(z) is called unbiased, denoted PFE ;. .(2) ‘- D, if

(@) 1, and T, are P¥~*-unique
(b) PFE, . (2) = E(ty— 70| Z=2).

Note again that all three concepts of unbiasedness refer to total effects and that Z de-
notes a covariate of X.

Now we show that unbiasedness of the conditional expectation values E(Y|X=x) and
E(Y|X=x'") implies unbiasedness of the prima facie effect PFE .

Theorem 6.24 [Unbiasedness of the Prima Facie Effect PFE ]
Let the Assumptions 6.1 (a) to (d) and (g) hold. Then

(E(Y|X=x) FDx A E(Y|X=x") DX) = PFE,  + D¢. (6.42)
(Proof p. 190)

Hence, under the Assumptions 6.1 (a) to (d) and (g), unbiasedness of E(Y|X=x) and
E(Y|X=x') implies that the prima facie effect PFE s is unbiased.

Next, we show that unbiasedness of the Z-conditional expectations EX=*(Y|Z) and
EX=¥'(Y|Z) implies unbiasedness of the Z-conditional prima facie effect function PFE Zixx'
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Theorem 6.25 [Unbiasedness of Prima Facie Effect Function PFE . /]
Let the Assumptions 6.1 (a) to (e), and (g) hold. Then

(EX:)C(Y|Z) |_DX A EX:x’(Y|Z) l_DX) = PFEZ;xx' |— @<g- (6.43)
(Proof p. 190)

Hence, under the Assumptions 6.1 (a) to (e) and (g), unbiasedness of E X=x(y|Z) and
EX=¥(Y|Z) implies that the Z-conditional prima facie effect function PFE z.xx' and the
composition PFE ;.,,/(Z) of PFE ;. ..» and Z, the Z-conditional prima facie effect variable,
are unbiased [see Def. 6.23 (ii)].

In the following theorem, we explicate the relationship between unbiasedness of the
(Z=2z)-conditional expectation values E X=x(y|Z=2z), E X:x'(YIZ =z), and unbiasedness of
the (Z=2z)-conditional prima facie effect PFE ., (z).

Theorem 6.26 [Unbiasedness of a (Z =z)-Conditional Prima Facie Effect PFE ,. ./ (2)]
Let the Assumptions 6.1 (a) to (f) and (g) hold. Then

(EX*(Y|Z=2)F Dx A EX"*(Y|Z=2)FDx) = PFE, . (2F @¢.  (6.44)
(Proof p. 191)

Hence, under the Assumptions 6.1 (a) to (f) and (g), unbiasedness of conditional expec-
tation values EX=*(Y|Z=z) and E X:x/(YIZ =z) implies that the (Z=z)-conditional prima
facie effect PFE 4. ,,/(z) is unbiased.

Box 6.1 summarizes the definitions of unbiasedness of various conditional expecta-
tions, their values, prima facie effect functions, and prima facie effects.

Remark 6.27 [Estimability of Conditional Expectations] While true outcome variables 7,
and their values are not directly estimable in a data sample unless rather restrictive as-
sumptions are introduced, the conditional expectation values E(Y | X=x), E(Y|X=x,Z=2),
and the conditional expectations EX=*(Y|Z) and E(Y|X, Z) can be estimated under real-
istic assumptions, and the same is true for the conditional and unconditional prima facie
effects. As we shall see, this implies that causal average total effects and causal (Z=2)-
conditional total effects can be estimated as well, provided that we assume that the con-
ditional expectations E(Y|X), E X=x(y|Z), and E(Y|X,Z) mentioned above are unbiased
(see sect. 6.4 for details). <

Remark 6.28 [Unbiasedness and Randomization] In chapter 8 we show that unbiased-
ness of the conditional expectations, their values, and the prima facie effects can be cre-
ated by randomized assignment of the observational unit to one of several treatment con-
ditions. Unbiasedness can also be strived for by covariate selection. That is, we may try
to select covariates Z, ..., Z,, of X such that unbiasedness of the conditional expectations
EX=*(Y|Z) holds for the m-variate covariate Z := (Z1,..., Zn) and all values x of X. <

Remark 6.29 [Unbiasedness and Covariate Selection] Unfortunately, unbiasedness can-
not be used as a criterion for covariate selection. The reason is that it cannot be tested
empirically because the definitions involve the true outcome variables 7,. These variables
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Box 6.1 Unbiasedness

Unbiasedness of various conditional expectations, their values, prima facie effect functions,
and prima facie effects is symbolized and defined as follows:

E(Y|X=x) F Dy E(Y|X=x) is unbiased. Under the Assumptions 6.1 (a) to (d) it is de-
fined by P-uniqueness of 7x and E(Y | X=x) = E(7y).

E(Y|X)F Dy E(Y|X) is unbiased. Under the Assumptions 6.1 (a) to (d) and (h) it is
defined by unbiasedness of E(Y|X=x) for all values x € X(Q).
PFE, .1+ 9¢ The prima facie effect PFE, 1 = E(Y|X=x)—-E(Y|X=x') is unbiased.

Under the Assumptions 6.1 (a) to (d) and (g) it is defined by P-unique-
ness of 7y, 7y and PFE 1= E (T — Ty1).

EX=X(y|Z) - Dx EX=X(Y|Z) is unbiased. Under the Assumptions 6.1 (a) to (e) it is de-
fined by P-uniqueness of 7, and EX=*(Y|2) = E(ty| Z).

E(Y|X,Z) - Dy E(Y|X, Z) is unbiased. Under the Assumptions 6.1 (a) to (e) and (h) it
is defined by unbiasedness of EX=*(Y|Z) for all values x € X(Q).
PFE ;. .. = D¢ The prima facie effect function PFE ;. ,,: Q) — R and the prima fa-

cie effect variable PFE  ./(Z) = EX=*(Y|2) - EX=¥'(Y|Z) are unbiased.
Under the Assumptions 6.1 (a) to (e), and (g) it is defined by P-unique-
ness of 7y, 7y, and PFE 4.,,/(Z) = E(ty—14|Z).

EX=X(Y|Z=z) - Dx EX=*(Y|Z=z) is unbiased. Under the Assumptions 6.1 (a) to (f),
and P(X=x,Z=z) > 0 it is defined by Pzzz-uniqueness of 7, and
BX=*(Y|Z=2) = E(%:| Z=2).

EZ=*(Y|X) Dy EZ=%(Y|X) is unbiased. Under the Assumptions 6.1 (a) to (f), (h), and
P(X=x,Z=2z) > 0 for all xeX(Q), it is defined by unbiasedness of
EX=X(Y|Z=z) for all values x € X(Q).

PFE, . .(2)F 9%  The prima facie effect PFE ,,, 1(z) = EX=X(Y|Z=z) - EX=*(Y|Z=2) is
unbiased. Under the Assumptions 6.1 (a) to (g) and P(X=x,Z=2z),
P(X=x',Z=z) > 0, it is defined by PZ=?-uniqueness of 7y, 7, and
PFE ;. . 1(2) = E(tx — Tx1| Z=2).

even cannot be estimated unless very restrictive assumptions are introduced. This has
been discussed in some detail by Holland (1986) and has been called the “fundamental
problem of causal inference” (see also the preface). However, in chapters 7 to 10 we intro-
duce other causality conditions that can be tested empirically and that imply unbiased-
ness. It is those causality conditions that can be used for covariate selection in empirical
causal research. <

6.4 Identification of Causal Total Effects

In chapter 5 we introduced causal average total effects and causal conditional total effect
functions, which, in the first place, are of a purely theoretical nature. They just define what



6.4 Identification of Causal Total Effects 167

we are interested in, for example, in studies evaluating the causal effects of a treatment,
an intervention, or an exposition. Now we study how causal total effects can be identified,
that is, how they can be computed from parameters that can be estimated in samples, and
how the causal conditional total effect functions can be identified by functions that can be
estimated in samples.

6.4.1 Identification of the Causal Average Total Effect

In Definition 5.26 we introduced the causal average total effect
ATE, 1 = E(Te—Ty), (6.45)

presuming that 7, and 7, are P-unique. Taking its expectation, the true total effect variable
0.y’ = Ty — Ty is coarsened to a single number. With such a coarsening, we often lose infor-
mation. However, the resulting causal average total effect is still unbiased. In this context,
instead of coarsening, we also use the term aggregation or re-aggregation. To emphasize,
re-aggregation does not mean to ignore the potential confounders of a putative cause vari-
able X. By definition, a potential confounder of X is a random variable on the probability
space considered that is measurable with respect to the global potential confounder Dy
[see Def. 4.11 (iii)]. Re-aggregation only means coarsening and loosing information about
more fine-grained conditional effects. It does not reintroduce bias. Instead, re-aggregation
maintains causal interpretability.

Remark 6.30 [Basic Idea of the True-Outcome Theory of Causal Effects] In the construc-
tion of the theory of causal effects, we first condition on a global potential confounder
Dy in order to control for all potential confounders. Doing this, we obtain the most fine-
grained causal total effect variable CTEp ;.. (Dx) = T, — T,/ [see Def. 5.18 (i)]. Then we re-
aggregate it and obtain a coarsened causal effect function or effect parameter that can be
computed from an empirically estimable function or parameter. <

In Definition 6.23 we defined unbiasedness of the prima facie effect PFE,, by P-
uniqueness of 7, 7,/, and PFE ., = E(1,—1y). Hence, the definitions of ATE s and unbi-
asedness of the prima facie effect PFE, ,» immediately yield the following corollary.

Corollary 6.31 [Identifying the Causal Average Total Effect via PFE /]
Let the Assumptions 6.1 (a) to (d) and (g) hold, and assume that PFE, ' is unbiased.
Then

ATE,, = PFE,,:. (6.46)

Remark 6.32 [Ignoring Potential Confounders of X] In contrast to re-aggregation of the
true total effect variable 1, — 74/, considering the prima facie effect E(Y|X=x) - E(Y|X=x')
—and in this sense, ignoring potential confounders of X — may lead to a completely wrong
conclusion about the causal average total effect (of x compared to x’ on Y), unless the
prima facie effect E(Y|X=x)— E(Y|X=x') is unbiased. Even a reversal of effects is possi-
ble. That is, there may be a positive prima facie effect while the causal average total effect
is negative and vice versa. This is exemplified in the following example. <
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Example 6.33 [Joe and Ann With Self-Selection] Table 6.1 displays the crucial parame-
ters of a random experiment, in which the effect of treatment 1 compared to treatment
0 is reversed if the person variable U is ignored. This table has already been shown in a
similar form in Table 1.2. However, now it is written in the terms introduced in chapters
5 and 6. In this example, the person variable U is a global potential confounder of X. The
causal average total effect is

ATEy = E(EX='(YIU)-E*°(Y|U)) = E(CTEy;0(U)) = E(11 —To)
= E(1)) — E(79)
=) EX'(Y|U=w)-P(U=u) - Y EX°(Y|U=u)-P(U=u)
u u

( 1 1) ( 1 1)
=8 =+4-=-| - |7 =+.2-=] = .6-45 = .15
2 2 2 2

[see Box 6.2 (ii)]. In contrast, the corresponding prima facie effect is
PFEy, = E(Y|X=1) — E(Y|X=0)
=E(11|1X=1) — E(19|X=0)

=Y EX'(Y|U=w)-P(U=ulX=1) - ) EX°(Y|U=u)-P(U=u|X=0)
u u

1 19 4 1
=8 —=+4-—|-[7-=+2.2]| = -18
20 20 5 75

[see Box 6.2 (i)]. Considering Box 6.2 and comparing Equations (i) and (ii) to each other
reveals why such a reversal of effects (.15 vs. —.18) can occur: Computing the conditional
expectation value E(Y|X=x) we weigh the conditional expectation values E X=x(Y|U=u)
by the conditional probabilities P(U=u|X=x) [see Eq. (i) in Box 6.2], whereas computing
the expectation E(t,) of the true outcome variable we weigh them by the probabilities
P(U=u) [see Eq. (ii) in that box]. [For a proof of Equations (i) to (iv) of Box 6.2 see Exercise
6-11]. <

According to the following theorem we can also identify the causal average total ef-
fect ATE, . if the prima facie effect PFE ., is not unbiased. It suffices to assume that the
Z-conditional prima facie effect variable PFE ;,,/(Z) = EX=%(Y|Z) - EX=*(Y|Z) is unbi-
ased. Reading this theorem, note that Z may be a multivariate covariate of X such that
Z=(2,...,Z,) consists of m univariate covariates Z;, i = 1,..., m.

Theorem 6.34 [Identifying the Causal Average Total Effect via PFE ;. /]
Let the Assumptions 6.1 (a) to (e) and (g) hold, and assume that PFE ;.. is unbiased.
Then

ATE,, = E(PFE . ./(2)). (6.47)

(Proof p. 191)

In Equation (6.47) we re-aggregate the prima facie effect function PFE ;.. s to obtain
a single number. If PFE ;. is unbiased, then this does not mean to ignore the potential
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Table 6.1. Joe and Ann with self-selection to treatment

3 5 5 5 =
i 2 S I I
= - =) = = | © = =
= = = = 2 = 3 =
g i I = s i i
4 2 &) < x | g 2 2
& & [ 3 k| O ¥ ¥
Joe 1/2 .04 i .8 4/5 1/20
Ann 1/2 .76 2 A4 1/5 19/20
x=0 x=1
E(ty): .45 .6 ATEjp = .15
E(Y|X=x): .6 42 PFEyy = —.18

confounders of X. Instead, we just re-aggregate (coarsen) the causal Z-conditional total
effect variable to obtain a single number, the causal average total effect ATE ..

Remark 6.35 [Foundation for the Analysis of Causal Total Effects] Theorem 6.34 is the
theoretical foundation for the analysis of causal average total effects beyond the simple
randomized experiment. The crucial assumption is unbiasedness of PFE ./, and this as-
sumption may also hold in observational studies. Of course, finding a (possibly multivari-
ate) covariate Z of X for which PFE ;. is unbiasedness is often a challenge for empirical
research. Also note that if PFE ;. ./ is unbiased, then it is identical to the more fine-grained
causal total effect variable CTE.,,/(Z) (see Cor. 6.37), which is much more informative
than the causal average total effect ATE,,'. In the chapters to come we will learn more
about sufficient conditions for unbiasedness of PFE ;. /. <

Remark 6.36 [ Z-Adjusted (X =x)-Conditional Expectation Value of Y] Ifwe insert Equa-
tion (6.40) into the right-hand side of Equation (6.47), then we obtain
ATE,, = E(EX™*(Y|2)) — E(EX™*(Y|2)). (6.48)

The first term on the right-hand side of this equation is called the Z-adjusted (X=x) -condi-
tional expectation value of Y, and the second term the Z-adjusted (X=x')-conditional ex-
pectation value of Y . Again, we presume that Z is a covariate of X. <

6.4.2 Identification of a Causal Conditional Total Effect Function

In Definition 5.38 we introduced the causal conditional total effect function CTE ., and
the composition CTE . .,/ (Z) by

CTEzx'(Z) 5 E(1x—Tv|2), (6.49)

assuming that 7, and 7, are P-unique and that Z is s random variable on (Q, < P). In
Definition 6.23 (ii) we defined unbiasedness of the prima facie effect function PFE ., by
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Box 6.2 Conditional expectation values in the examples of this chapter

Consider the examples presented in Tables 6.1 to 6.4, let x € X(Q2) denote a value of the treat-
ment variable X, and let U denote the observational-unit variable. In these examples, U = Dy,
P(X=x,U=u) > 0 for all values u € U(Q), and 7, = EX=*(Y|U) € £X=*(Y|U). Then:

E(Y|X=x) = E(tx|X=x) = ZE(YIsz,Uzu)-P(U=u|X=x), @
u

whereas
E(ty) = Y E(Y|X=x,U=u)-P(U=u). (i)
u

Additionally, let Z be a covariate of X and let z € Z(Q). For the examples in Tables 6.1 to 6.4, in
which U is finite, this implies P(X=x, Z=z) > 0 and

E(Y|X=x,Z=2z) = E(tx|X=x,Z=2) = ZE(Y|X=x,U=u)-P(U=u|X=x,Z=Z), (iii)
u

whereas
E(t|Z=2) = ZE(Y|X=x,U=u)~P(U=u|Z=z). (iv)
u

PFE ;,,:(Z) 5 E(tx—1x|2), (6.50)

assuming that Z is a covariate of X as well as P-uniqueness of 7, and 7,/. Because the
covariate Z of X is a random variable on (Q, o, P), these two definitions immediately im-
ply the following corollary, according to which a conditional prima facie effect function
PFE ., is a causal conditional total effect function CTE, . if it is unbiased.

Corollary 6.37 [Identifying a Causal Z-Conditional Effect Function via PFE .,/ I]
Let the Assumptions 6.1 (a) to (e) and (g) hold, and assume that PFE ;.. is unbiased.
Then

CTEZ;xx’(Z) % PFEZ;xx’(Z) % EX:x(YIZ) = EX=x’(Y|Z). (6.51)

Remark 6.38 [A Measurability Assumption for Z] Under the assumptions of Theorem
6.34, the expectation of an unbiased prima facie effect variable PFE ;. ./ (Z) is identical to
the causal average total effect ATE,, . This implies a complete re-aggregation of a causal
Z-conditional total effect function to a single number. In Theorem 6.39 we extend this
result to a partial re-aggregation that yields a causal V-conditional total effect variable
CTEy.y (V). In this theorem we do not only assume PFE ,.,../(Z) to be unbiased (and with
it that Z is a covariate of X) and P-uniqueness of the true outcome variables 7, and 7/,
but also

(V) €0 (Txex, Txox, Z). (6.52)

Note that this assumption implies (V) € 0(7x-,, Z) and o(V) < o(1x-,s, Z). It holds, for
example, if one of the following conditions applies:
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@) o(V)cao(Z)
(b) o(V)co(1x=x)
(c) o(V)ca(Tx—y).

Conditions implying (a) are found in RS-Lemma 2.35 and RS-Corollary 2.36. <

Theorem 6.39 [Identifying a Causal V-Conditional Effect Function via PFE ;. ./ II]
Let the Assumptions 6.1 (a) to (e) and (g) hold, let V be a random variable on (Q, <, P),
assume that Proposition (6.52) holds and PFE . ,,/(Z) is unbiased. Then

CTEy.,(V) = E(PFE 4,.(2)|V) (6.53)

E(EX*(Y12)|V) - E(EX*(Yv12)|V). (6.54)
(Proof p. 191)

sl

|l

Remark 6.40 [Comparing PFE,,. . ./(V) to E(PFE ,.,./(Z)|V)] Even if V is Z-measurable,
then the right-hand side of Equation (6.53) is not necessarily almost surely identical to the
V-conditional prima facie effect function

PFEV;xx’(V) 7 EX:X(Ylv)_EX:x’(YH/)

The two terms PFEy, (V) and E (PFE 4.,/ (Z) |V) are functions of V, which implies that
they are V-measurable (see RS-Lem. 2.35). However, if PFE .,/ (Z) is unbiased and (6.52)
holds for V, then E (PFE 4, ,,/(Z) |V) is almost surely identical to a causal conditional to-
tal effect variable CTEy.,,/(V) [see Eq. (6.53)]. In contrast, even if V is Z-measurable,
then PFEy,.,,/(V) does not have a causal meaning unless it is unbiased. Unbiasedness of
PFEy. (V) does not follow from the assumptions of Theorem 6.39. Hence, Theorem 6.39
offers a way to identify CTEy, (V) even if PFEy. ./ (V) is biased. The two crucial assump-
tions implying Equation (6.53) are unbiasedness of PFE . ./(Z) and the measurability as-
sumption (6.52). <

Now we extend the result of Theorem 6.39 on the identification of a causal V-conditional
total effect function CTEy.,, . In Theorem 6.39 we assumed o(V) € 0(7x=x, x=,/,Z). In
contrast, in Theorem 6.41 we assume

(V) c 0(X,2). (6.55)

This assumption holds, for example, if one of the following conditions applies:

(@ o(V)co(2)
(b) o(V)co(X).

More general conditions implying Proposition (6.55) are found in RS-Lemma 2.35 and RS-
Corollary 2.36.

If 0(X) & o(1x=y, 1x—,'), then Theorem 6.41 extends the results of Theorem 6.39 to a
larger set of random variables taking the role of V. However, the price is to assume P-
uniqueness of 7, and 7, as well as Z-conditional mean-independence of 7, and 7, from
X, that is,

.=X|Z and . EX|Z. (6.56)
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Remember, under P-uniqueness of 7, and 7,/, these assumptions are equivalent to
E(1l X, Z) 5 E(1:] 2) and E(tv|X,Z) s E(ty| Z), (6.57)

respectively. Some sufficient conditions for the equations in Proposition (6.57) will be
treated in chapter 7 (see, e.g., Table 7.2), which is devoted to the Rosenbaum-Rubin
causality conditions.

Under P-uniqueness of 7, and 7/, assuming (6.57) implies unbiasedness of E X=xy|2)
and EX=¥'(Y|Z), that is, it implies

EX*(Y|Z)- Dy  and EX=¥(Y|Z) F Dy (6.58)

(see Exercise 6-12). Finally, note that unbiasedness of E X=x(y|Z)and EX=¥(Y|Z) is equiv-
alent to 7, F 1x-,| Z and 7, F 1x_,/| Z, provided that 7, and 7, are P-unique [see Th. 6.20 (i)].

Theorem 6.41 [Identifying a Causal V-Conditional Effect Function via PFE ;. ./ I1I]
Let the Assumptions 6.1 (a) to (e) and (g) hold, and let V be a random variable on
(Q, o, P) satisfying 6 (V) c 0(X, Z). Furthermore, assume that 7, and 1,1 are P-unique,
and that Equations (6.57) hold. Then

CTEy,.'(V) = E(PFE ;,,.(2)|V) (6.59)

E(E*=*(Y12)|V) - E(EX=¥(Y12)|V). (6.60)
(Proofp. 192)

P

sl

Remark 6.42 [Foundation for the Analysis of Causal Conditional Total Effects] Corollary
6.37, Theorem 6.39, and Theorem 6.41 are the theoretical foundations for the analysis of
causal conditional total effect functions. The crucial assumptions in Theorem 6.39 are un-
biasedness of PFE ;... and Proposition (6.52). In contrast, the crucial assumptions in The-
orem 6.41 are that 7, and 7, are P-unique, o(V) c 0(X, Z), and that the Equations (6.57)
hold. In the chapters to come we will study various sufficient conditions for these require-
ments. <

6.4.3 Identification of a Causal Conditional Total Effect
The causal conditional total effect CTE ;, .,/ (z) has been defined by
CTEg /(2) = E(1x— Ty Z=2), (6.61)

assuming that 7, and 7, are P#=*-unique [see Def. 5.38 (ii)]. Furthermore, additionally
assuming P(X=x,Z=z) >0and P(X=x', Z=z) > 0, unbiasedness of the conditional prima
facie effect PFE ;.,,/(z) has been defined by the conjunction of

PFE .,./(2) = E(t,— 11 Z=2) (6.62)

and P7=*-uniqueness of 7, and 7, [see Def. 6.23 (iii)]. The assumption that PFE ;. ./(z) is
unbiased comprises the assumption that 7, and 7,/ are P#=?-unique. This assumption has
already been explained in more detail in Remarks 5.34 and 5.36.

Equations (6.61) and (6.62) immediately imply the following corollary.
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Corollary 6.43 [Identifying a Causal (Z=z)-Conditional Total Effect by PFE ;. /(2)]
Let the Assumptions 6.1 (a) to (g) hold. Furthermore, assume that P(X=x,Z=z) > 0,
P(X=x',Z=2) >0, and that PFE ;. ./(z) is unbiased. Then

CTEz..x1(2) = PFE 4,1(2) = EX™(Y|Z=2)- EX=*(Y|Z=2). (6.63)

Hence, under the assumptions of Corollary (6.43), the (Z=z)-conditional causal total
effect on Y comparing x to x’, thatis, CTE, ,/(2), is identical to the corresponding prima
facie effect PFE ;. ,,/(2).

Now we consider again re-aggregation of a causal Z-conditional effect variable, assum-
ing CTE ' (Z) 5 PFE 7, (Z), that is, assuming unbiasedness of PFE,,,/(Z). Theorem
6.39 and Theorem 6.41 imply the following corollary about the identification of the causal
(V=v)-conditional total effect CTEy.,,'(v), which is a uniquely defined number because
we assume P(V=v) > 0 (see RS-Rem. 4.26).

Corollary 6.44 [Identifying a Causal (V = v)-Conditional Total Effect via PFE ;. /]
Let the assumptions of Theorem 6.39 or Theorem 6.41 hold and assume P(V=v) > 0.
Then

CTEy,zx'(v) = E(PFE 4,,,1(2)|V=1) (6.64)

= E(EX™*(Y12)|V=v) - E(EX="(Y12)|V=v). (6.65)
(Proof p. 192)

Hence, under the assumptions of Corollary (6.44), the (V =v)-conditional causal total
effect on Y comparing x to x’, that is, CTEy. ,/(v), is identical to the (V=v)-conditional
expected value of the prima facie effect variable PFE .., (Z). Note that the terms on the
right-hand sides of these equations are estimable in an appropriate sampling model. Also
note, the true outcome variables 7, and 7, are implicitly involved in the term CTEy, ' (v)
because CTEy.,,(v) = E(1,|V=v) - E(1/|V=v). In contrast, true outcome variables are
not involved in the terms on the right-hand sides of Equations (6.64) and (6.65).

Remark 6.45 [Unbiasedness of PFE ;. ./(z) vs. Unbiasedness of PFE,,. . ./(v)] Again, note
that even if V is Z-measurable, then CTEy.,,(v) is not necessarily identical to

PFEy,,.(v) = EX™*(Y|V=0)- EX=*(Y|V=0).

Comparing the right-hand side of this equation to the right-hand side of Equation (6.65)
reveals the difference. However, CTEy, ' (v) = PFEy. . (v), if PFEy,. . (v) is unbiased. Note
that unbiasedness of PFEy.,, (v) is not implied by the assumptions of Corollary 6.44.
Hence, Corollary 6.44 offers a way to identify CTEy,,,(v) even if PFEy.,.(v) is biased.
The crucial assumptions are mentioned in Theorems 6.39 and 6.41. <

Remark 6.46 [Some Special Cases of V'] A special case of Corollary 6.44 is V=X=1x_,.
Hence, if the assumptions of Theorem 6.39 hold, then
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Box 6.3 Identification of causal total effects and causal conditional effect functions

Various causal total effects and causal total effect functions can be identified ...

... by the equations ... under the Assumptions

ATE.. = PFE_
! o 6.1 (a) to (d), (g), and PFE, . - Ps.

ATE, s = E(PFE . . /(Z
xe! = B (PFE 7,1/ (2) 6.1 (a) to (), (), and PFE ;s - Deg.

CTEy,/(Z) = PFE ;. . /(Z
Zixx!(2) 5 PFE 7,3, (2) 6.1 (a) to (), (g), and PFE 5, .s - Dg.

CTE,. =PFE,.
zxx'(2) z;xx' (@) 6.1 (a) to (g), P(X=x,Z=2) >0,
P(X=x',Z=z) >0, and PFE 4. ..1(2) = De.
CTEy. (V)= E(PFE ,. 2)|\V
vixx! (V) 5 E(PFE 7,51 (2)|V) 6.1 (@) to (€), (), PFE 5,1/ D¢, Visa
random variable on (Q, & P) satisfying
(V) € 0(Tx=x, Txeyr» Z).
An alternative set of assumptions under
which this identification equation holds is:
6.1 (a) to (e), (g), Equations (6.57), Visa
random variable on (Q, / P) satisfying
o(V)co(X,2).
CTEy, /() = E(PFE 4, /(Z)|V=0) CTEy, «x1(V) = E(PFE 4,,1(Z)|V) and
P(V=v)>0.

See Box 6.1 for the definitions of the unbiasedness assumptions such as PFE ./ = @s.

CTEx;10(0) = E(PFE z,0(Z) | X=0) (6.66)
= E(E*"'(Y12)|X=0)-E(E*"(Y|2)|X=0) (6.67)
and
CTEx;10(1) = E(PFEz10(2)|X=1) (6.68)
= E(E*'(Y12)|x=1)-E(E*(Y|2)|X=1). (6.69)

In empirical applications, in which X is an indicator variable representing treatment
(X=1) and control (X=0), the term CTEx,,(0) is known as the causal total effect on the
untreated of treatment 1 compared to treatment 0. Similarly, CTE;;o(1) is known as the
causal total effect 0 on the treated of treatment 1 compared to treatment. Note, however,
that this wording is not in line with the pre facto perspective of probability theory (see Re-
marks 5.47 and 5.48). Hence, it is better to replace ‘on the untreated’ and ‘on the treated’ by
‘given no treatment’ and ‘given treatment’, respectively. Also note that, in particular under
self-selection to treatment, the (X=1)-conditional distributions of potential confounders
of X may differ from their (X=0)-conditional distributions. In informal terms, the subjects
who select treatment are likely to differ before treatment from those who don’t in impor-
tant attributes such as ‘severity of symptoms’, ‘motivation for treatment’, and so on, which
often leads to bias of prima facie effects.
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Another special case of Corollary 6.44 is V=(1x-;, W), where W is a Z-measurable ran-
dom variable. Hence, if the assumptions of Theorem 6.39 hold, X is a putative cause vari-
able, and P(X=x,W=w) >0for x=0,1, then

CTExw;10(0,w) = E(PFE z,10(2)|X=0,W=w) (6.70)
E(E*'(Y12)|X=0,W=w)-E(E*°(Y|Z)|X=0,W=w)  (6.71)

is the causal conditional total effect (comparing treatment to control) given control and
the value w of W. Correspondingly,

CTExw;10(1, w) = E(PFE z10(2)|X=1,W=w) (6.72)

E(E(Y12)|X=1,W=w)-E(E¥"(Y|2)|X=LW=w). (67

is the causal conditional total effect given treatment and the value w of W. <

6.5 Three Examples

Tables 6.2 to 6.4 show parameters pertaining to fictive random experiments such as the
single-unit trials described in chapter 2. Among these parameters are the individual ex-
pectation values E(Y | X=x, U=u) given the treatment conditions, and the individual treat-
ment probabilities P(X=1|U=u). The parameters presented in the tables can be used to
generate sample data that would result if the random experiments to which the tables refer
were conducted n times.!

The Regular Probabilistic Causality Space in All Examples

Remark 6.47 [The Probability Space] For simplicity, we consider random experiments in
which no fallible covariates are observed and in which there is neither a second treatment
variable nor any other variable that is simultaneous to the treatment variable. In this case,
the set

Q=0 xQxQ3 = QuyxQxxR (6.74)

suffices to describe the set of possible outcomes of the random experiment, where Qy =
{Tom, Tim, Joe, Jim, Ann,Sue} and Qx = {treatment, control}. Furthermore, we consider
the product o-algebra «f = 22(Qy) ® 2(Qx) ® 9B, where 2 denotes the Borel g-algebra on
R, the set of real numbers (see RS-Rem. 1.14). The probability measure P on (Q, «/) is only
partly known. Looking at Table 6.2, for example, we only know the conditional expectation
E(Y|X,U). In contrast, we do not know the conditional distribution Py, x,y, which would
be known only if additional information were added, such as ‘Y is conditionally normally
distributed given (X, U)’, with a specified conditional variance of Y given (X, U). However,
for our purpose, the conditional distribution of Yis not relevant because we only consider

1 Although the focus of this book is on theory and not on data analysis, we also provide sample data for each table
on the home page of this book: www.causal-effects.de. These and other examples of this type as well as a data
sample generated by these examples can easily be created with the PC-program CausalEffectsXplorer that is also
provided on www.causal-effects.de, together with an extensive help file providing the most important concepts
and formulas.
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Table 6.2. Self-selection to treatment

Fundamental parameters

s I, o3
5 2 2| & > <
= = =5 = > | 2 = 5
=) N 1 I = — ) I 1
Z x| 2 x 4 x| B 2 2
£ & ¥ & q B O & q
Tom m 1/6 4/7 88 100 12 3/21 4/21
Tim m 1/6 3/7 98 103 5 4/21 3/21
Joe m 1/6 6/7 68 81 13 1/21 6/21
Jim m 1/6 5/7 78 86 8 2/21 5/21
Ann f| 1/6 2/7 106 114 8 5/21 2/21
Sue f 1/6 1/7 116 130 14 6/21 1/21
x=0 x=1
E(ty): 92.333 102.333 ATEq =10
E(Y|X=x): 100.286 94.429 PFE o = —5.857
E(t4|Z=m): 83 92.5 CTE 7;10(m) =9.5
E(Y|X=x,Z=m): 88 90.278 PFE 7.10(m) = 2.278
E(clZ=f): 111 122 CTE z10(f) = 11
EY|X=x,Z=f): 111.455 119.333 PFE 7.10(f) = 7.879

causal total effects that are defined in terms of the conditional expectation E(Y|X,U) and
its values E(Y | X=x,U=u) (see ch.5). <

Remark 6.48 [Filtration and Global Potential Confounder] The filtration (%) ;er, t€T =
{1,2,3} consists of the o-algebras

G = o(m), Fo = 0(m,m), F3 = oM, 72, 73), (6.75)
where 7, 7,, and 73 are the projections 7,: Q — Q,, teT (see Def. 4.6). <

Remark 6.49 [Random Variables] In all examples of this section, we consider the person
variable U: Q — Qg with value space (Qy, 2(Qy)), the treatment variable X: Q — Qf =
{0, 1} with value space (Q;’(,P]’(Q;’()), where X takes on the value 1 for treatment and 0 for
control, and the real-valued outcome variable Y: Q — R with value space (R, 2). <

Remark 6.50 [Cause and Confounder o-Algebras] Because there are no other variables
that are simultaneous to the treatment variable X, the index sets J and K used in Defi-
nition 4.6 are J = K = {1}. Hence, the cause o-algebra is € = o (;, j € K) = o(r,) and the
confounder o-algebra is D¢ = o (7, 725, j € J\ K) = 0 (711).

Note that U = m;, which is a global potential confounder of X [see Def. 4.11 (iii)]. Fur-
thermore, U is prior in (%;):cr to X and Y, and X is prior to Y (see sect. 3.1). <
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Qu ={Tom, Tim,...,Sue}

U g1

QZQUX QXX R R
7= EX=L(Y|U) = g1 (U)

Figure 6.1. The person variable U, the function g;, and their composition, the true out-
come variable 71 = g1 (U).

Hence, for all examples of this section, we specified the regular probabilistic causality
setup

((Q,.Q%P), (gt)IETr‘igr @%rX) Y)

[see Def. 4.11 (v)] and asserted that U is a global potential confounder of X.

True Outcome Variables and Individual Treatment Probabilities

Remark 6.51 [True Outcome Variables] In all examples of this chapter, P(X=x,U=u) >0
for all pairs (x, u) of values of X and U. Therefore, and because o(U) = D¢, the two true
outcomes variables are

1, := EX(Y|Dx) = E*=*(Y|U), x€{0,1}. (6.76)

According to Equation (5.4), the true outcome variable 7, can also be written as a function
of the person variable U. More specifically, it can be written as the composition of U and
the function g.: Qy — R defined by

gx(w) = EY|X=x,U=u), forallueQy. (6.77)

Note, that in this definition, x is a fixed value of X, and 7, = g, (U) is the composition of U
and gy, thatis,

VoeQ: 17,(0) = g(Uw) = ge(w), ifwe{U=u}. (6.78)

This implies that the values of the conditional expectation EX=*(Y'|U) are identical to the
conditional expectation values E(Y|X=x,U=u) [see Eq. (5.3)]. Figure 6.1 illustrates these
equations for treatment x =1. <

Remark 6.52 [Individual Treatment Probabilities] In all examples of this chapter,
P(X=1|Dyx) = P(X=1|U). (6.79)

Note, by definition, P(X=1|Dx) = E(X|Dyx) and P(X=1|U) = E(X|U) (see RS-Rem. 4.12),
provided that X is dichotomous with values 0 and 1. In all examples of this chapter, the
Dx-conditional treatment probability is uniquely defined and it is identical to the U-con-
ditional treatment probability P(X=1|U), whose values are denoted by P(X=1|U=u) and
also called the individual treatment probabilities. <
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Description of the Examples

In the first example (see Table 6.2), the individual treatment probabilities are different for
each and every person, and they strongly depend on the individual expectation values of
the outcomes under control, that is, they depend on the true outcome variable 7, and also
on 77. The conditional expectation values E(Y|X=1) and E(Y|X=0) are biased. In fact, the
prima facie effect PFE;, is negative, whereas the causal average total effect ATE, is posi-
tive. Furthermore, the conditional expectation values E(Y | X=1,Z=z) and E(Y|X=0, Z=z)
are biased as well. Although the causal (Z=z)-conditional total effects and the causal aver-
age total effect are defined (and can be computed from the parameters displayed in the up-
per left part of the table), they cannot be estimated from empirically estimable parameters
such as the conditional expectation values E(Y|X=1) and E(Y|X=0) or E(Y|X=1,Z=2%)
and E(Y|X=0,Z=2).

In the second example (see Table 6.3), the treatment probabilities are identical for all
persons, implying that X and U are independent, which has many implications that are
studied in detail in chapter 8. Among these implications are that the conditional expecta-
tion E(Y'|X) and its values E(Y|X=x) as well as the conditional expectation E(Y|X, Z) and
its values E(Y|X=x,Z=z) are unbiased.

In the third example (see Table 6.4), the treatment probabilities differ between males
and females. Furthermore, males (m) and females (f) also differ in their conditional ex-
pectation values of the true outcome variable 7y, that is, E(7¢g|Z=m) # E(1o|Z=f). How-
ever, given the value m or f of Z, the treatment probabilities do not differ from each
other. This implies that X and U are Z-conditionally independent. In this example, in
which P(X=x,U=u) > 0 for all pairs of values of X and U, implying that the true out-
come variables 7y and 7; are P-unique (see Rem. 5.17), we can conclude that E(Y|X, Z)
is unbiased (see Th. 8.31). Hence, in this third example, the conditional expectation val-
ues E(Y|X=x) are biased, whereas the conditional expectation values E(Y |X=x, Z=z) are
unbiased. Again, this case is studied extensively in chapter 8.

Tables 6.2, 6.3, and 6.4 display the true outcomes and the individual treatment proba-
bilities. According to Equation (6.76), the values of 7, are also the individual conditional
expectation values E(Y|X=x,U=u), and, according to Equation (6.79), the values of the
conditional probability P(X=1|Dx) = P(X=1|U) are identical to the individual treatment
probabilities P(X=1|U=u). The tables also display the values of Z := sex, which is a the
covariate of X because it is U-measurable.

Looking at the first four numerical columns, the three tables differ only in the treatment
probabilities P(X=1|U=u). All other entries in these first four columns, such as the true
outcomes are the same. However, if we look at the other parameters, the three tables differ
in important aspects.

(X=x)-Conditional Expectation Values

We start computing the (X=x)-conditional expectation values of Y and check whether or
not they are unbiased. In the first example (see Table 6.2), E(Y|X=0) = 100.286, whereas
E(19) = 92.333, that is, E(Y|X=0) is much larger than E(7j). In contrast, E(Y|X=1) =
94.429, whereas E(t;) = 102.333, that is, E(Y|X=1) is much smaller than E(7,). Hence,
according to Definition 6.3 (i), the conditional expectation values E(Y|X=x) are biased,
and according Definition 6.3 (ii) this is also true for the conditional expectation E(Y|X).
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Table 6.3. Randomized assignment of the person to a treatment

Fundamental parameters

S
5 = =z X =
= S =] = 2 = =
=) N 1} 1 o — =) 1} 1}
5 X 2 S “ | 8 2 2
& 3 Y Y RS m | © Y =y
Tom m 1/6 3/4 68 81 13 1/6 1/6
Tim m | 1/6 3/4 78 86 8 1/6 1/6
Joe m | 1/6 3/4 88 100 12 1/6 1/6
Jim m 1/6 3/4 98 103 5 1/6 1/6
Ann f| 1/6 3/4 106 114 8 1/6 1/6
Sue f| 1/6 3/4 116 130 14 1/6 1/6
x=0 x=1
E(ry): 92333 102333 ATE;o = 10
E(Y|X=x): 92.333  102.333 PFEp =10
E(tx|Z=m): 83 92.5 CTEz:10(m) =9.5
E(Y|X=x,Z=m): 83 925 PFE 7.10(m) = 9.5
EtelZ=f): 111 122 CTEz.10(f) =11
EY|X=x,Z=f): 111 122 PFE 7.10(f) =11

These expectations and conditional expectations are easy to compute from the param-
eters displayed in Table 6.2. The expectation E(t,) of the true outcome variable 7, is ob-
tained using the unconditional probabilities P(U=u) as weights [see Box 6.2 (ii)]. In con-
trast, the corresponding conditional expectations values E(Y|X=x) are identical to the
(X=x)-conditional expectation values E(7,|X=x) of the true outcome variables, using as
weights the conditional probabilities P(U=u|X=x) [see Box 6.2 (i)].

If used for the evaluation of the total treatment effect, the (X=x)-conditional expecta-
tion values would lead to completely wrong conclusions. First, the direction of the prima
facie effect

PFE)y = E(Y|X=1)-E(Y|X=0) = -5.857
is reversed if compared to
ATEI() = E(CTEU,H)(U)) = E(Tl)—E(TO) = 10.

And second, it is also reversed if compared to each and every individual total effect [see
the column CTEy;o(u) in Table 6.2]. All individual total effects are positive in this exam-
ple, ranging between 5 and 14. The bias in this example is due to strong inter-individual
differences in the true outcomes and to the fact that the individual treatment probabilities
P(X=1|U=u) heavily depend on the true outcome variables, and, therefore, on the per-
son variable U. For instance, Tom has a true outcome under control of EX=%(Y|U=Tom) =
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Table 6.4. Conditionally randomized assignment of the person to a treatment

Fundamental parameters

P2 ile § 0§
S

> 2 2|18 x =

= S =] =| 2 = 3

5 - I Il S = 5 Il I

g 3l 2 s I I|® =3 B

£ & & Y (S m | O Y &

Tom m 1/6 3/4 68 81 13 1/10 3/14

Tim m | 1/6 3/4 78 86 8 1/10 3/14

Joe m | 1/6 3/4 88 100 | 12 1/10 3/14

Jim m 1/6 3/4 98 103 5 1/10 3/14

Ann f| 1/6 1/4 106 114 8 3/10 1/14

Sue f| 16 1/4 116 130 | 14 3/10 1/14

x=0 x=1
E(ry): 92333 102333 ATE;o = 10

E(Y|X=x): 99.8 96.714 PFE;( = —3.086
E(1x|Z=m): 83 92.5 CTEz,10(m)=9.5
E(Y|X=x,Z=m): 83 92.5 PFE 7.10(m) =9.5
E(tclZ=f): 111 122 CTEz10(f) =11
E(Y|X=X,Z=f): 111 122 PFEz;l(](f)zll

68 and a treatment probability of 6/7, while Sue has a true outcome under control of
EX=%(Y|U=Sue) = 116 and a treatment probability of 1/7. Such a constellation is to be
expected under self-selection of subjects to treatments, if the subjects base their decisions
to take treatment on the severity of their dysfunction before treatment and if severity of their
dysfunction after treatment is assessed as the outcome variable.

This example once again drastically demonstrates the necessity for the distinction
between a difference E(Y|X=1)—-E(Y|X=0) of conditional expectation values and the
causal average total effect E(1;) — E(14). Obviously, only the latter is of interest if we want
to evaluate the treatment.

For the second example presented in Table 6.3, the situation is completely different.
Although the true outcome variables are the same as in Table 6.2, here, the conditional
expectation values E(Y|X=x) and the expectations E(7,) of the true outcome variables
1, = EX=*(Y|U) are identical to each other, and this applies to both values x=0 and x=1
of X. Hence, in this example, the conditional expectation values E(Y|X=x) are unbiased
and can be used for the evaluation of the treatment effect. This is due to the fact that the
individual treatment probabilities do not depend on the persons. This constellation occurs
in a perfect randomized experiment, in which the experimenter decides that each person
is in treatment 1 with probability P(X=1) and in treatment 0 with probability 1 — P(X=1),
provided, of course, that the persons comply with the experimenters decisions. In our sec-
ond example, P(X=1) = 3/4. Note, however, that P(X=1) could be any number between 0



6.5 Three Examples 181

and 1, exclusively. The only important point is that the individual treatment probabilities
do not differ between persons, thatis, P(X=1|U=u) = P(X=1) for all persons u € Q. Such
a randomized assignment may be performed by drawing a ball from an urn with three
black balls and one white ball, adopting the rule that the subject is treated if a black ball is
drawn.

In the third example (see Table 6.4), the conditional expectation values E(Y|X=x) are
biased again. Here, E(Y|X=0) = 99.8, whereas E(7y) = 92.333. Again, E(Y|X=0) is much
larger than E(1y). In contrast, E(Y|X=1) = 96.714, whereas E(t;) = 102.333, that is, again
E(Y|X=1) is much smaller than E(t;). Hence, in this example, the conditional expectation
values E(Y|X=x) are strongly biased as well. However, in contrast to the first example, the
conditional expectation values E(Y|X=x,Z=z) are unbiased. In this example, the treat-
ment probability is 3/4 for all male units, while it is 1/4 for all female units. The crucial
point is that these probabilities are identical given a value m or a value f of the covariate
Z, thatis, P(X=1|Z=2z,U=u) = P(X=1|Z=z) for each person u and both values z of the
covariate Z. This constellation holds in a perfect conditionally randomized experiment in
which we assign the sampled person to treatment with probability P(X=1|Z=m) if he is
male and with probability P(X=1|Z=f) if the sampled person is female.

(X=x,Z=z)-Conditional Expectation Values

The conditional expectation values E(Y|X=x,Z=z), can be computed from the parame-
ters displayed in Table 6.4, applying Equation (iii) of Box 6.2. For this purpose we also need

the formula
PX=x|U=u)-P(U=u,Z=2)
PU=ul|X=x,Z=z) = , (6.80)
P(X=x|Z=2)-P(Z=2)

where
P(X=x|U=u)-PU=u,Z=
P(X=x|z=g) = ZulE=XIU=1) PU=u,2=2) (6.81)
P(Z=2)

(see Exercise 6-13). Note that in the three examples P(X=x |U=u,Z=z) = P(X=x |U=u)
because in theses examples Z is U-measurable. Intuitively speaking, this means that Z
(sex) does not contain any information that is not already contained in U (the person vari-
able). All terms on the right-hand side of Equation (6.80) are displayed in Table 6.4 or can

be computed from the parameters displayed in this table.?

Remark 6.53 [How Realistic Are These Examples?] In empirical applications, assuming
Dx = U is correct if (a) there is neither a second treatment variable nor another variable
that is simultaneous to X and if (b) no fallible covariate is observed. In this case, u sig-
nifies the observational unit at the onset of treatment. If, however, a fallible covariate of
X is observed and u represents the observational unit at the time at which the covariate
is assessed, then there may very well be covariates that are not measurable with respect
to U, which affect the outcome variable Y and/or the treatment probability (see section
2.2). Hence, in this case, Dx = U would not hold. In this case a global potential confounder
would be the multivariate random variable (U, Z), where Z = (Z,,...,Z,,) consists of the
fallible covariates Z;, i =1,...,m, to be assessed before treatment. That is, in this case
Dy = (U, Z) is a global potential confounder of X [see Def. 4.11 (iii)]. <

2 An alternative is using the Causal Effects Xplorer provided at www.causal-effects.de, the home page of this
book.
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Conditional Total Effects

Comparing the conditional prima facie effects to the causal conditional total effects re-
veals that the conditional prima facie effects are still biased with respect to total effects
in the random experiment presented in Table 6.2, but not in the examples displayed in
Tables 6.3 and 6.4. Hence, in the first example, the conditional prima facie effect and the
causal conditional total effect for males are not identical, while they are identical in the
second and third example, and the same applies to the corresponding conditional prima
facie effects for females.

The bias of the conditional prima facie effects in the example presented in Table 6.2 is
no surprise because there are still individual differences within the two sets of males and
females with respect to (a) the true outcomes under treatment and under control, as well
as (b) in the individual treatment probabilities P(X=1|U=u). In contrast, in the second
and third example, the individual treatment probabilities are all the same within each of
the two sets of males and females.

Average Total Effect

In all three examples, the average over the individual total effects is equal to the causal
average total effect. [Remember, the causal average total effect is defined as the expec-
tation of true total effect variable CTEp,;10(Dx) = 6,0 (see Def. 5.26) and in this exam-
ple U=Dy.] However, only in the second and third example, the expectation of the Z-
conditional prima facie effects is equal to the causal average total effect. Because this is no
coincidence, this fact can be used for causal inference even in those cases in which the
unconditional prima facie effects are biased, provided that the conditional prima facie ef-
fects are unbiased, that is, provided that PFE ;;)4(z) = E(0,9|Z=z) for each value z of the
covariate Z (see Th. 6.34).

Whether or not a causal average total effect is meaningful if there are different causal
conditional total effects — some of which may even be negative, while some are positive —
needs judgement with regards to content in the specific applications considered. In some
applications it might be meaningful, in others it might not. Clearly, causal conditional to-
tal effects give more specific information than the causal average total effect. However,
there are also advantages of causal average total effects. First, they give a summary eval-
uation of a treatment in a single number and different treatments may be compared to
each other with respect to this number. Second, in samples of limited size, causal average
effects can be estimated with more accuracy than the plenitude of causal conditional ef-
fects. And third, one should keep in mind that even causal conditional total effects are only
causal average total effects (see, e. g., Table 6.4). Hence, it is always a matter of case-specific
judgement how fine-grained the analysis should be.

First Conclusions

The three examples show that conditioning on a covariate of X does not necessarily yield
unbiasedness given the values of the covariate. While there is no bias at all in the second
example, the third example shows that conditioning may remove bias. Comparing Tables
6.3 and 6.4 to each other shows that unbiasedness of the conditional expectation values
E(Y|X=x,Z=z) relies on specific conditions. In these two tables, P(X=1|U) = P(X=1|2),
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that is, in these two tables there are equal individual treatment probabilities for all units
with an identical value z of Z. Such conditions implying unbiasedness of E(Y|X) or of
E(Y|X,Z) and their values are called causality conditions. Note, however, that there are
several of such causality conditions that do not involve the U-conditional treatment prob-
abilities (see ch.9).

6.6 An Example With Accidental Unbiasedness

Now we treat an example demonstrating that there can be unbiasedness of the conditional
expectation E(Y|X) and at the same time bias of the conditional expectation E(Y|X, Z),
where Z is a covariate of X. This example shows that unbiasedness can be accidental, that
is, there are cases in which unbiasedness is not a logical consequence of experimental
design but an ‘accident of numbers’. In chapter 8 we show that the experimental design
technique of randomized assignment always induces unbiasedness of the conditional ex-
pectations E(Y|X) and E(Y|X, Z), whenever Z is a covariate of X, that is, whenever 7 is
measurable with respect to Dy.>

Table 6.5 displays the relevant parameters. We assume that it is a simple experiment
having the same structure as the examples treated in section 6.5. That is,

((Q,.Q%P), (gt)teTr‘igr @%rX) Y))

as specified in section 6.5, is the regular probabilistic causality setup. The only difference
isthat Q; = Qg = {Joe, Jim, Ann, Sue} now consists of four (instead of six) persons. Again,
Dy = U is a global potential confounder of X.

Conditional Expectation Values E(Y | X=x)

In this specific example, the causal individual total effects are the same for all persons,
namely 5, implying that the causal average total effect is also 5. The prima facie effect
can be computed from the difference between the two conditional expectation values
E(Y|X=0) and E(Y|X=1). In this example, Box 6.2 (i) yields

E(Y|X=0) = ZE(Y|X=0,U=M)'P(U=M|X=0)
u
3 1 7 5
=95.—+65-—+80:-— +50-— = 72,5
16 16 16 16
and
E(Y|X=1) =

Y E(Y|X=1,U=u)-P(U=u|X=1)
u

5 7 1 3
100- —+70- — +85- — +55- — = 77.5.
16 16 16 16

Using Equation (ii) of Box 6.2, the corresponding expectations of the true outcome vari-
ables are

3 Note again that unbiasedness does not refer to a sample and that there is no (successful) randomized assign-
ment if there is systematic attrition, that is, if persons do not comply with the assignments of the experimenter.
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Table 6.5. Accidental unbiasedness

Fundamental parameters

s § il. 3 3
. > 2 212 = X
= 5] T B | = = =
5§ o I T = 5 i i
e x|l 2 = I Ilg 8 =
£ 3 Y g m m | O Y =y
Joe m 1/4 5/8 95 100 5 3/16 5/16
Jim m | 1/4 7/8 65 70 5 1/16 7/16
Ann f| 14 1/8 80 85 5 7/16 1/16
Sue f 1/4 3/8 50 55 5 5/16 3/16
x=0 x=

E(ty): 72.5 775 ATE1 0 =5

E(Y|X=x): 72.5 775 PFE =5
E(tx|Z=m): 80 85 CTEz;10(m) = 5
E(Y|X=x,Z=m): 875 825 PFE 7.10(m) = =5
E(t|Z=f): 65 70 CTEz10(f)= 5
E(Y|X=x,Z=f): 675 625 PFE 7.10(f) = -5

E(1o) =

Y E(Y|X=0,U=u)-P(U=u)
u

1 1 1 1
95-—+65-—+80-—+50-- = 72.5
4 4 4 4

and

E(r) = ) E(Y|X=1,U=u)-P(U=u)
u
1 1 1 1
=100-~—+70-~+85- = +55- = = 77.5.
4 4 4 4

Hence, the conditional expectation values E(Y | X=0) and E(Y|X=1) are unbiased because
they are identical to the corresponding expectations E(tp) and E(7;) of the true outcome
variables and because the two true outcome variables are P-unique.

Conditional Expectation Values E(Y | X=x,Z=2)

The conditional expectation values E(Y | X=1,Z=z) and E(Y|X=0, Z=2z) can be computed
from the parameters displayed in Table 6.5 using Equation (iii) of Box 6.2. This equation
holds because, in this example, the random variable Z is measurable with respect to U
(see RS-Cor. 2.36). While the individual expected outcomes E(Y|X=x, U=u) are displayed
in Table 6.5, the conditional probabilities P(U=u|X=x,Z=z) have to be computed via
Equation (6.80) (see Exercise 6-13).

For Z=m (males), Equation (iii) of Box 6.2 yields
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E(Y|X=0,Z=m) = ZE(Y|X=0,U=L¢) ‘PU=u|X=0,Z=m)
u

9 3
=95-—+65-— + 80-0+50-0 = 87.5
12 12

and
EY|X=1,Z=m) = ZE(YIle,Uzu)-P(U=u|X=1,Z=m)
u

5 7
=100-— +70-— + 85-0 + 55-0 = 82.5.
12 12

In contrast, using Equation (iv) of Box 6.2, the (Z=m)-conditional expectation values
of the true outcome variables are

E(tglZ=m) = ) E(Y|X=0,U=u)-P(U=ulZ=m)
u

1 1
=95-5+65-5 + 80-0+50-0 = 80

and
E(1Z=m) = ) E(Y|X=1,U=u)-P(U=ul|Z=m)
u
1 1
=100-=+70-= + 85-0 + 55-0 = 85.
2 2
For Z=f (females), Equation (iii) of Box 6.2 yields
E(Y|X=0,Z=f) = ) E(Y|X=0,U=u)-P(U=u|X=0,Z=f)
u

=95-0+65-0 + 80-7/12+50-5/12 = 67.5
and

E(Y|X=1,Z=f) = ZE(YIX:l,U:u)'P(U=u|X=1,Z=m)
u
=100-0+70-0 + 85-3/12+55-9/12 = 62.5.

In contrast, using Equation (iv) of Box 6.2, the (Z=f)-conditional expectation values of
the true outcome variables are

E(tolZ=f) = Y E(Y |X=0,U=u)-P(U=u|Z=f)
u

1 1
=95:0+65:0 + 80+ - +50- - = 65

and

EmlZ=f) =) E(Y|X=1,U=u)-P(U=ul|Z=f)
u

1 1
=100-0+70-0 + 85-5 + 55-5 = 70.

Obviously, the conditional expectation values E(Y|X=x, Z=z) of the outcome variable Y
are not identical to the corresponding conditional expectation values E(7,|Z=z) of the
true outcome variables. Hence, the E(Y|X=x,Z=z) are biased although the conditional
expectation values E(Y|X=x) are unbiased.
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Remark 6.54 [Methodological Implications] This example shows that unbiasedness of
the conditional expectation values E(Y|X=x) does not imply unbiasedness of the con-
ditional expectation values E(Y|X=x,Z=z), even if Z is a covariate (or potential con-
founder) of X. Hence, this example shows that unbiasedness can be accidental, that is,
it may be a fortunate coincidence, an ‘accident of numbers’, not a logical consequence
of experimental design. In chapter 8, however, we will show that experimental design
techniques such as randomized assignment of the unit to one of the treatment condi-
tions always leads to unbiasedness of the conditional expectation values E(Y|X=x) and
E(Y|X=x,Z=z), if Z is a covariate (or potential confounder) of X. Note, however, that this
beneficial implication of randomized assignment only applies to unbiasedness with respect
to total effects. Unfortunately, it does not apply to unbiasedness with respect to direct ef-
fects (see, e. g., Mayer et al., 2014). <

6.7 Summary and Conclusions

In this chapter we introduced the concepts of unbiasedness of conditional expectations
suchas E(Y|X), E(Y|X,Z),and EX=*(Y|Z). We also treated unbiasedness of the prima fa-
cieeffects E(Y|X=x)—-E(Y|X=x")and E(Y|X=x,Z=2z)— E(Y|X=x' Z=2z), and of the con-
ditional prima facie effect variables EX=*(Y|Z) - EX =x(Y|Z).Inthese expressions, X isthe
putative cause variable, Y the outcome variable, and Z a covariate of X.

Unbiasedness

Unbiasedness is a first kind of causality conditions, which, together with the additional
structural components listed in a regular probabilistic causality space, distinguishes a
conditional expectation that has a causal meaning from an ordinary conditional expecta-
tion. Several kinds of conditional expectations and their values as well as their differences
can be unbiased (see Box 6.1). The general insight of this chapter is that comparing con-
ditional expectation values (true means) does not allow to draw any conclusions on the
effects of a treatment or intervention unless they are unbiased. In terms of the metaphor
discussed in the preface, conditional expectation values and their differences are like the
shadow of the invisible man. The length of this shadow is identical to the height of the
invisible man only under very specific conditions, in particular the angle between the sun
and the surface of the earth at the point on which the man stands.

Identification

The unbiasedness conditions are the weakest assumptions under which we can identify
causal average total effects and causal conditional total effects and effect functions. Box
6.3 summarizes the identification equations. Note that the right-hand sides of these equa-
tions are empirically estimable parameters or empirically estimable functions that can be
computed from the conditional expectations E(Y|X) or E(Y|X, Z). That is, only the pu-
tative cause variable X, the outcome variable Y, and the random variables Z and V are
involved. All other causality conditions that will be treated in the chapters to come imply
unbiasedness, provided that true outcome theory applies. Some of these other causality
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conditions are empirically testable, at least in the sense of falsifiability. Unfortunately, this
does not apply to unbiasedness itself.

Limitations

Hence, a first limitation of unbiasedness is that it cannot be tested empirically. Another
drawback of unbiasedness has been exemplified by the numerical example displayed in
Table 6.5. This example shows that, even if the conditional expectation values E(Y|X=x)
are unbiased and Z is a covariate of X, the conditional expectation values E(Y|X=x,Z=z)
and the (Z=z)-conditional prima facie effects can be biased (see also Greenland & Robins,
1986). In contrast, the sufficient conditions of unbiasedness treated in chapters 8 and 9 are
less volatile, that is, they generalize to conditioning on a covariate Z of X. Generalizability
and falsifiability are two important virtues of these alternative causality conditions.

6.8 Proofs

Proof of Theorem 6.9

In the proofs of all four equations, we assume that 7, is P-unique.
Equation (6.6).

E(Y|X=x)F Dx
© E(Y|X=x)=E(1) [Def. 6.3 (1)]
< EXY(Y)=E(1y) [(6.3)]
o EXY(E*Y(Y|Dy)=E(1) [RS-Box 4.1 (iv)]
< E*¥(1) =E(1). [(5.1)]
Equation (6.7).
E(Y|X=x) F Dy

o EY(1)=E(1) [(6.6)]

©  E(1]X=x)=E(1,) [(6.3)]

& TF Ty [RS-Th. 4.38 (ii)]

< BT 1x=x) 7 E(T2). [RS-(4.35)]

Equation (6.9).

E(Y|X=x)F Dy

o E*(r)=Er) 6.6)
& E¥ (e +E(1 1x=x)) = E (& +E(Ta 1x=1)) [(6.8)]
& EX(e)+ EX™ (E(tyl 1x=y)) = E(e) + E(E(til 1x=))  [RS-Box 3.1 (vii)]
o EX(e)+EX* (E(ry) = E&) + E(1) [(6.7), RS-Box 4.1 (iv)]
& E*(e)+E() =E(e) +E(1) [RS-Box 3.1 ()]
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o EX(g) = E(gy).
Equation (6.10).

E(Y|X=x) F Dy
E*™ (&) = E(&)
E(e| X=x) = E(&)
& F Tx—x

E(ex| Tx=x) 5 E(&).

¢ ¢ ¢ ¢

Proof of Theorem 6.16

6 Unbiasedness and Identification of Causal Effects

[(6.9)
[(6.3)
[RS-Th. 4.38 (ii)

]
]
]
[RS-(4.35)]

Let g, denote the factorization of EX=*(Y|Z) [see RS-Eq. (5.23)] and g denote the fac-
torization of E(7,|Z) [see RS-Eq. (4.14)]. Furthermore, note that P(X=x, Z=z) > 0 implies

P(Z=2z)>0.
EX*(Y|Z)F Dy o EX*(Y|Z) = E(1,|2) [Def. 6.13 (i)]
o g(2) = g2 [RS-(4.14), RS-(5.23)]
= g(2) = g(2) [P(Z=z) >0, RS-(2.68)]
& EXXY|Z=2) = E(1,|Z=2) [RS-(5.24), RS-(4.17)]
o EXX(Y|Z=2) + Dx [Def. 6.13 (ii)]
& E(Y|X=x,Z=2)  Dy. [(6.20)]

Proof of Theorem 6.17

Again, let g, denote the factorization of E
factorization of E(z,| Z) [see RS-Eq. (4.14)].

X=x(Y|Z) [see RS-Eq. (5.23)] and g denote the

VzeZ(Q): EXX(Y|Z=2) + Dy

VzeZ(Q): EX*(Y|Z=2) =
VzeZ(Q): g«(z)=g(2)
8(2) 582

E*N(Y12) 5 E(1] 2)
E*=*(Y|Z)+ Dx.

¢ U U ¢ ¢

Proof of Theorem 6.19

E(1 | Z=2) [Def. 6.13 (ii)]
[RS-(5.24), RS-(4.17)]

[RS-(2.69)]
[RS-(5.23), RS-(4.14)]

[Def. 6.13 (i)]
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VxeX(Q): EZ4Y|X=x) = E**(1,)

o VxeX(Q):EX¥(Y|Z=2z) = E(t,| Z=2) [(6.15), RS-(3.24)]

o VxeX(Q): EXXY|Z=2) + Dy [Def. 6.13 (ii)]

o VxeX(Q):EZ#Y|X=x)+ Dy ((6.25)]

o EZ*Y|X)F Dy. [Def. 6.18 (ii)]
Proof of Theorem 6.20

Proposition (6.28). If Z is a covariate of X, then o(Z) < o(Dyx) [see Def. 4.11 (iv) and
Rem. 4.16]. Hence,

EX=X(Y|Z) + Dy

& EX(EX=Y(Y|Dy) |Z) = E(1,] 2) [RS-Box 4.1 (xiii)]
o EX(112) 5 B 2). [(5-1]

Proposition (6.29).
EX=(Y|Z) \ Dy

© EY(1l2) 5Eml2) [(6.28)]
& TFE1x4|Z [RS-Th. 5.50]
©  E@dTx=x,2) 3 E(1:| 2). [RS-(4.48)]

Proposition (6.31).
E*=*(Y|Z) F Dx
e EX(1l2) 5Eml2) [(6.28)]
& B (et By 1x=r, )| Z) 5 E (6 + E (1| 1x=y, 2)| Z)
[RS-Box 4.1 (xiv), (6.30)]
& EX (&l 2)+ EX (Bt 1x=x, 2)| Z) 5 E(&:| 2) + E (E(tl 1x=x, 2)| Z)
[RS-Box 4.1 (xvii)]
& EY&l )+ EX (Bl 2)|Z) 5 E6| 2) + E(E(1,1 2)| 2) [(6.29)]
& EY&l2)+ E(l Z2) 2 E(&| 2) + E(1,| 2) [RS-Box 4.1 (xi)]
& EX(&l2) 3 Bl 2).
Proposition (6.32).
E*=*(Y|Z) + Dx
e E(&l2) 5 EEl2) [(6.31)]
& F Tx—x|Z [RS-Th. 5.50]
& Elel1x=x,2) 5 E(&|2). [RS-(4.48)]

¢
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Proof of Theorem 6.22

Equation (6.37). If Zis a covariate of X, then o(Z) < o(Dx) [see Def. 4.11 (iv) and
Rem. 4.16], whichimplies {Z=z} = {w € Q: Z(w) = z} € 6(Dy). Also note that EX=*(Y| Dy) = EX=*(Y D)
[see Def. 4.11 (iii) and RS-Def. 4.4]. Hence,

EX=X(Y|Z=2z) + Dx

o EX(Y|Z=2) = Bt Z=2) [Def. 6.13 (ii)]
& EXNY|{Z=z)) = E(1,|Z=2) [RS-(3.23)]
N EX:x(EX=x(Y|DX) | {Z=2})=E(1,|Z=2) [{Z=2z}€ 0(Dy), RS-Box 4.1 (xii)]
o EX(1lZ=2)= E(r,|Z=2). [(5.1), RS-(3.23)]

Equation (6.38).

E*=*(Y|Z=2) F Dy
o EX(1Z=2) = E(14| Z=2) [(6.37)]
o EX (et Bt Txex, 2)| Z=2) = E(ec+E(t] Txex, 2)| Z=2) [(6-30)]
& EY(&lZ=2)+ EX7¥(E(tl 1x=x, 2)| Z=2) = E(&] Z=2) + E(E(t,| 1x=x, Z) | Z=2)
[RS-Box 3.1 (vii)]
© E*(&lZ=2) + EX7(E(l Tx=x, 2) |{Z=2}) = E(e:| Z=2) + E(E(t:| 1x-x, 2) [{Z=2})
[RS-(3.23)]
& EY(g|Z=2)+ E*~*(1,|Z=2) = E(&] Z=2) + E(1| Z=2)
[({Z=z} € 0(1x=y,Z), RS-Box 4.1 (xii), RS-(3.23)]
o EX(&|Z=2) = E(e,| Z=2). [(6.37)]

Proof of Theorem 6.24

E(Y|X=x)FDx A E(Y|X=x") F Dx

& E(Y|X=x)=E(y) N E(Y|X=x')=E(ty) A Ty, T,y are P-unique [Def. 6.3 (i)]

= E(Y|X=x)—-E(Y|X=x")=E(1,) — E(Ty) A Ty, Trare P-unique

< PFE, . =E(1,)—E(y) N Ty, Ty are P-unique [(6.39)]

& PFE, .+ 9. [Def. 6.23 (i)]
Proof of Theorem 6.25

EX=*(Y|Z)F Dx A EX=¥(Y|Z) Dy
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& EYNYIZ2)E@l2) A EXY(v|12) = E(1u|Z) A 7y, T,rare P-unique [Def. 6.13 (i)]
= EXY(Y|2)-EX¥(Y|2) = E(tx|Z) - E(tx/| Z) A Ty, T,are P-unique [SN-Rem. 2.76 (ii)]
< PFE, . (Z)=E(|Z)—E(tw|Z) N 14, T, are P-unique [(6.40)]
< PFE,. .+ D¢. [Def. 6.23 (ii)]
Proof of Theorem 6.26
EX=¥(Y|Z=2)FDx A EX=*(Y|Z=2)  Dx
o EXNY|Z=2) = E(1,|Z=2) A EX"*(Y|Z=2) = E(1,]Z=2)
A Ty, Ty are Pzzz-unique [Def. 6.13 (ii)]
= EX(Y|Z=2)-EX(Y|Z=2) = E(t,| Z=2) - E(ty| Z=2) A T,,T, are P#*.unique
© PFE,,(2)=E@,~1uZ=2) A T,,T,sare P“~*-unique  [RS-(3.35), (6.41)]
& PFE, (2 & . [Def. 6.23 (iii)]
Proof of Theorem 6.34
E(PFE ;../(2)) = E(E(ty—1x2)) [Def. 6.23 (ii)]
= E(Ty—Ty1) [RS-Box 4.1 (iv)]
= ATE,,.. [(5.20), (5.21)]
Proof of Theorem 6.39
Equation (6.53).
E(PFE 4 .(2)|V)
= E(E(ty— 101 2)| V) [Def. 6.23 (ii)]
= E(E(te| Z) - E(tv| 2)|V) [RS-Box 4.1 (xviii)]
= E(E(tl 1x=y, Z) = E(xl 1x=yr, 2) | V) [(6.29)]
= E(E(tel 1x=1, 2) |V ) = E(E(tp| 1x=x1, Z) |V) [RS-Box 4.1 (xviii)]
E(t|V)—E(T|V) [o(V)co(1x=x,Z),0(V)co(1x-,,Z), RS-Box 4.1 (xiii)]

=l

E(ty—10|V) [RS-Box 4.1 (xviii)]
CTEy, (V). [(5.34)]
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Equation (6.54).

CTEy, (V) = E(PFE 4,.1(2)|V) [(6.53)]
= E(EX**(Y|2) - EX*¥(Y|12)|V) [(6.40)]
= E(EX*(Y12)|V) - E(EX"(v|12)|V). [RS-Box 4.1 (xviii)]
Proof of Theorem 6.41
Equation (6.59).
E(PFE 4 .(2)|V)
= E(E(—112)|V) [(6.58), Def. 6.23 (ii)]
= E(E(1: Z) - E(tu| 2)|V) [RS-Box 4.1 (xviii)]
= E(E(1:l X, Z) - E(to X, Z) | V') [(6.57)]
= E(E(t|X,2)|V) - E(E(X, 2)|V) [RS-Box 4.1 (xviii)]
= E(t|V)—E(T|V) [o(V)co(X,Z),RS-Box 4.1 (xiii)]
= E(T,—1x|V) [RS-Box 4.1 (xvii)]
= CTEy,./(V). [(5.30)]

Equation (6.60).

CTEy, ./ (V)
= E(PFE 7,,,/(2) |V) [(6.59)]
= E(E¥*(Y12) - E¥*¥(Y12)|V) [(6.40)]
= E(E¥*(Y12)|V) - E(E*=¥(Y|2)|V). [RS-Box 4.1 (xvii)]
Proof of Corollary 6.44

Both sets of assumptions, those of Theorem 6.39 and those of Theorem 6.41, yield
CTEy, (V) 5 E(PFE 4, (2)| V).

Because both sides are compositions of V and some numerical functions, RS-Remark 2.55
implies Equation (6.64). The same kind of argument proves Equation (6.65).

6.9 Exercises

> Exercise 6-1 What is the difference between the two terms E(7y) and E(Y | X=x)?
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> Exercise 6-2 Compute the probabilities P(Z=z) occurring in Equation (6.81) for both values of Z
in the example displayed in Table 6.2.

> Exercise 6-3 Which are the probabilities P(U=Tom, Z=m) and P(U=Ann,Z=m) occurring in
Equation (6.81) for the example displayed in Table 6.2.

> Exercise 6-4 Compute the two conditional probabilities P(U=u|Z=m) for u = Tom and u = Ann
displayed in Table 6.2.

> Exercise 6-5 Use RS-Theorem 1.38 to compute the probability P(X=1) for the example displayed
in Table 6.2.

> Exercise 6-6 Compute the probabilities P(U=u|X=0) and P(U=u|X=1) displayed in Table 6.2
for all six persons.

> Exercise 6-7 Compute the conditional probabilities P(U=u|X=1, Z=m) occurring in Equation
(iii) of Box 6.2 for the example of Table 6.2.

> Exercise 6-8 Compute the conditional expectation values E(Y|X=0) and E(Y|X=1) for the ex-
ample in Table 6.4.

> Exercise 6-9 Compute the conditional expectation values E(t1|Z=f) and E(to| Z=f) displayed
in Table 6.2.

> Exercise 6-10 Download Kbook Table 8.4.sav from wwuw.causal-effects.de. This data set has been
generated from Table 6.4 for a sample of size N =10,000. Estimate the conditional expectations
EX=0(Y|Z) and EX=1(Y|Z) and use them to compute the four conditional expectation values
E(Y|X=x,Z=z) displayed in Table 6.4.

> Exercise 6-11 Prove the four equations presented in Box 6.2.
> Exercise 6-12 Show that 7,FX| Z implies unbiasedness of EX=x(Y|Z)if T, is P-unique.

> Exercise 6-13 Show that Equation (6.80) holds.

Solutions

> Solution 6-1 The term E(7y) denotes the expectation of a true outcome variable 7y, where x is a
value of a putative cause variable. It is these true outcome variables that are of interest in the em-
pirical sciences because the difference between 7, and 7,/ is the conditional effect function of x
compared to x’ controlling for all potential confounders of X. This implies that the true outcome
variables cannot be biased, and this also applies to their expectations E(ty). In causal research, we
often aim at estimating the differences E(7yx) — E(7x/). In contrast, the differences between the con-
ditional expectation values E(Y|X=x) and E(Y|X=x') of the outcome variable Y are not of interest
in causal research because they do not have a causal interpretation unless E(Y|X=x) = E(t,) and
E(Y|X=x") = E(ty1), thatis, unless E(Y |X=x) and E(Y|X=x') are unbiased.

> Solution 6-2 The events that U takes on the value u; and that U takes on the value u iy L # ], are
disjoint. Therefore, we can use the theorem of total probability (see RS-Th. 1.38):

P(Z=m) = P(Z=m,U=Tom) +...+ P(Z=m,U=S8ue)

1 1 1 1 4
= —=+—+—+—+0+0 = —.
6 6 6 6
P(Z=f) = P(Z=f,U=Tom) +...+ P(Z=f,U=Sue)

1 1 2
0+0+0+0+ —+— = —.
6 6 6
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> Solution 6-3 P(U=Tom,Z=m)=1/6 and P(U=Ann,Z=m) =0.
> Solution 6-4

PU=Tom,Z=m) 1/6 1
PU=Tom|Z=m) = ———— = —

P(Z=m) a6 4
P(U=Ann,Z=m) 0
P(U=Ann|Z=m) == — =
P(Z=m) 4/6

> Solution 6-5 The events {U=Tom},...,{U=Sue} are disjoint and all these events have positive
probabilities. Hence we can apply the theorem of total probability (see RS-Th. 1.38):

P(X=1)

P(X=1|U=Tom)-P(U=Tom) +...+ P(X=1|U=Sue) - P(U=Sue)

6 1 5 1 4 1 3 1 2 1 1 1
- — . — —_—t — — 4 — — F+ —  — 4 — - —
7 6 7 6 7 6 76 76 76
o211
T4 T 27

> Solution 6-6 We have to use the equation

P(X=x|U=u)-P(U=u)
P(X=x) '

PU=ulX=x) =

For u=Tom and x =1 this equation yields:

P(X=1|U=Tom)-P(U=Tom)

P(U=Tom|X=1)

P(X=1)
6/7-1/6 6 .
= = —. [Exercise 6-5]
1/2 21

Using the same procedure, we obtain 5/21,4/21,...,1/21, the corresponding probabilities for the
other five persons Tim, ..., Sue, respectively. For u=Tom and x =0, we obtain

P(X=0|U=Tom)-P(U=Tom)
P(U=Tom|X=0)

P(X=0)
1/7-1/6 1 .
= = —. [Exercise 6-5]
1/2 21
Using the same procedure, we obtain 2/21, 3/21,...,6/21 for the other five persons Tim, ..., Sue,

respectively.

> Solution 6-7 According to Equation (6.80) we need the conditional probabilities P(X=1|U=u)
displayed in Table 6.2. The other probabilities occurring in this equation can be computed from the
probabilities displayed in the table.

One of these other probabilities that needs some computation is P(X=1|Z=m). For x=1 and
z=m in the example of Table 6.2, Equation (6.81) results in:

Y P(X=1|U=u)-P(U=u,Z=m)
P(X=1|Z=m) = -~

P(Z=m)
6/7)-(1/6)+...+3/7)-(1/6)+(2/7)-0+(1/7)-0 27

4/6 42"

Using this result, Equation (6.80) yields:

P(X=1|U=Tom)-P(U=Tom,Z=m)

PU=Tom|X=1,Z=m)
P(X=1|Z=m)-P(Z=m)

(6/7)-(1/6) 6/7

T (27/42)-4/6)  (27/42)-4 18’
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as well as 5/18, 4/18, and 3/18 for the corresponding conditional probabilities for u="Tim, u=joe,
and u=Jim. The conditional probabilities P(U=Ann|X=1,Z=m) and P(U=Sue|X=1,Z=m) are
Zero.

> Solution 6-8 According to Equation (i) of Box 6.2,

E(Y|X=0) = ZE(Y|X=O,U=u)-P(U=u|X=O)
u
1 3
= (68+78+88+98) - — + (106 +116) - —
10 10
= 33.2+66.6 = 99.8,
and
E(Y|X=1) =

ZE(Y|X=1,U=u)~P(U=u |X=1)
u

3 1
(81+86+100+103) - — + (114 +130) - —
14 14

u

79.286+17.429 = 96.715.

> Solution 6-9 Remember again, in this example, Dy = U. Therefore, the values of the true outcome
variable 7, are the conditional expectation values EX=X(Y|U=u)=E(Y|X=x,U=u). Hence,

E(tolZ=f) = Y E(Y|X=0,U=u)-P(U=ulZ=f)
u
1 1
= 68:0+...+98:0+106: — +116- — = 111.
Em|Z=f) = Y E(Y|X=1,U=u)-PU=u|Z=f)
u

1 1
81-0+...+103-0+114- X +130-? = 122.

> Solution 6-10 Because Z is dichotomous, one way to estimate the conditional expectations
EX=%(Y|Z) and EX=1(Y|Z) is to estimate the linear regressions of Y on the indicator 77—, in treat-
ments 0 and 1, that is, within the data subsamples with x =0 and x =1, respectively.

> Solution 6-11 (i). We only have to prove E(Y|X=x) = E(1¢| X=x) because the second equation is
Equation (ii) of RS-Box 3.2. Hence, for 7, € EX=X(y|U),

E(Y|X=x) = EX=*(1) [RS-(3.24)]
EX=*(EX=X(y|U)) [RS-Box 4.1 (iv)]
EX=x(r,) [ty = EX=¥ (Y |U)]
E(ry|X=x). [RS-(3.24)]

(ii). Note that there is a measurable mapping g, such that EX=*(Y|U) = g,(U) [see Rem. 5.11].
Furthermore, under the assumptions of Box 6.2, in particular P(X=x,U=u) >0, forallu € U(Q), the
true outcome variable 7, is P-unique. Hence, according to RS-Box 3.1 (v), for 7, € EX=xX(y|U),

E(ty) = E(EX=*(Y|U)) [ty = EX=5(Y0)]
= E(g:()) [EX=X(Y|U) = gx(U)]
=Y g -P(U=u) [RS-(3.13)]

u
=Y EX=X(Y|U=u)-P(U=u) [RS-(5.24)]
u

= ZE(YIsz,Uzu)-P(Uzu). [RS-(5.26)]
u
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(iii). If Z is measurable with respect to U and QJ is finite, then, according to RS-Corollary 2.36,
there is a measurable mapping f: (Qy, 2(Qy)) — (QF, <) such that Z = f(U). Hence,

PX=x,U=u)>0

o PX¥YU=uw)>0 [PX=*(U=u) = P(X=x,U=u)/P(X=x)]
= P*¥¥(z=z)>0 [PX=Y(z=2)= Y P*¥*(U=uw)
u:f(w=z
& P(X=x,Z=z)>0. [P*=%(Z=2) = P(X=x,Z=2)/ P(X=x)]
Furthermore,
E*YY|z) = EMY(EXN(YID)|Z) [RS-Box 4.1 (xiii)]
pX=x
=  EXTN(Y|Z=z) = EX=(E*=*(Y|U) | 2=2) [PX=¥(Z=z) > 0, RS-Rem. 2.55]
o  E*NY|Z=2) = E*¥(g.(U)| 2=2) [RS-(5.23)]
e  EXN(YIZ=2) = Y gw) - PXTN(U=u|Z=2) [RS-(3.28)]
u
o  EYNYIZ=2) = Y EXT(YIU=u) -P*=*(U=u|Z=2) [RS-(5.24)]
u
& E(Y|X=x,Z=z) = Y E(Y|X=x,U=u)-P(U=u|X=x,Z=2). [RS-(5.26)]
u

Note that, in Box 6.2, we assume T > EX=*(Y|U). Therefore,
EX=Y(EX=X(Y|U)| Z=z) = E*X**(141Z=2) = E(1:|X=x,Z=2),

which, together with the equivalence propositions above, proves the first equation of (iii).
@iv).

E(t:|Z=2) = E(EX=*(Y|U)|Z=2) [0 = EX=X(Y|U)]
= E(g:(U)|Z=2) [RS-(5.23)]
= ;gx(u) -P(U=u|Z=2) [RS-(3.28)]
= ;Exzx(Yleu) -P(U=u|Z=2) [RS-(5.24)]
= Xu:E(YIX=x,U=u)-P(U:ulZ:z). [RS-(5.26)]

> Solution 6-12

.FX|Z
< EmlX,Z) 5 E(%l2) [RS-Def. 4.41]
= E(E(|X,2)| 1x=x,Z) 5 E(E(tx| 2) | 1x=x, Z) [RS-Box 4.1 (xiv)]
< E(txlTx=x,2) 5 E(zx|2) [RS-Box 4.1 (xiii), (xi)]
= E**(Y|Z)+ Dy. [Ty is P-unique, Th. 6.20 (i)]

> Solution 6-13 In the examples presented in Tables 6.2 to 6.4, Z (sex) is U-measurable. According
to RS-Corollary 2.36, there is a mapping g: Qu — {m, f} such that Z is the composite function of U
and g, thatis, Z = g(U). Therefore,
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= ) 'f = )
{U=u,Z=2} = {{U uh gl =z (6.82)
D, otherwise.

According to Equation (6.82), the event to sample person u and that the sampled person is male is
identical to the event to sample person u, if that person is male [i.e., if g(u) = m]. Correspondingly,
the event to sample person u and that the sampled person is female [i.e., g(u) = f] is identical to
the event to sample person v, if that person is female. In contrast, the event to sample a male person
u and to observe Z(w) = g(U(w)) = f is the empty set. The same applies to the event to sample a
female person u and to observe Z(w) = g(U(u))) = m. Hence, Equation (6.82) implies

P(U=u), ifgw) =z
P(U=u,Z=z) = . (6.83)
0, otherwise,

Therefore, we can conclude, that in these examples,

P(X=x,U=u,Z=2)

P(X=x|U=u,Z=z) =
P(U=u,Z=z2)

_ P(X=x,U=u) (6.84)
T P(U=uw)

P(X=x|U=u), ifP(U=u,Z=z)>0.

Furthermore, in our examples, P(X=x, Z=z) > 0. Therefore, if P(U=u, Z=z) > 0, then
P(X=x,U=u,Z=z)
P(X=x,Z=2)
_ P(X=x|U=u,Z=z)-P(U=u,Z=2z)
P(X=x|Z=z)-P(Z=z)
_ P(X=x|U=u)-P(U=u,Z=z)
P(X=x|Z=z)-P(Z=2z)

PU=ulX=x,Z=2) =

, [Eq. (6.84)]

which is Equation (6.80). If P(U=u, Z=z) =0, then P(X=x,U=u, Z=z) =0.Hence, if P(U=u, Z=z) =
0, then
P(X=x,U=u,Z=z) _

PU=ulX=x,Z=z) = =0
P(X=x,Z=2)

The same result is also obtained applying Equation (6.80).






Chapter 7
Rosenbaum-Rubin Conditions

In chapter 6, we introduced unbiasedness of various conditional expectations, conditional
expectation values, prima facie effects, and prima facie effect functions. We also studied
how various causal total effects and total effect functions can be identified by empirically
estimable parameters and functions if we can assume that certain terms are unbiased.
Those unbiasedness conditions are a first of several kinds of causality conditions, which,
together with the structural components listed in a regular probabilistic causality setup,
distinguish causal total effects from differences between conditional expectation values
that have no causal meaning.

In this chapter we introduce some other causality conditions, all of them dealing with
the relationship between the true outcome variables and the focused putative cause vari-
able (the treatment, intervention, exposition variable). For simplicity, these causality con-
ditions will summarily be referred to as the Rosenbaum-Rubin conditions. They include
strong ignorability that has been introduced by Rosenbaum and Rubin (1983b), which
is the most restrictive of all causality conditions treated in this chapter. Note, however,
that we adapted the original Rosenbaum-Rubin condition by replacing their (determinis-
tic) potential outcome variables by the (probabilistic) true outcome variables, which have
been introduced in chapter 5.

Requirements

Reading this chapter we assume that the reader is familiar with the concepts treated in
all chapters of Steyer (2024). Chapters 4 to 6 are now crucial, dealing with the concepts of
a conditional expectation, a conditional expectation with respect to a conditional proba-
bility measure, and conditional independence. Furthermore, we assume familiarity with
chapters 4 to 6 of the present book.

In the present chapter we will often refer to the following notation and assumptions.

Notation and Assumptions 7.1

@) Let((Q, 4, P),(F)e1,6, D, X, Y) be a regular probabilistic causality setup and
let Dx denote a global potential confounder of X.

(b) Let(QY,fx) denote the value space of X, assume that the image X (Q) of Q under
X is finite or countable. Let x € Qk, {x} € ofx, and let 1x—, denote the indicator
variable of the event {X=x} = {0 € Q: X(w) = x}.

(c) LetY be real-valued with positive variance. Assume that P(X=x) > 0, define the
probability measure PX=*: of — [0,1] by PX=*(A) = P(A|X=x), for all Ae o,
and let T, = EX=*(Y|Dx) denote a true outcome variable of Y given x.
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(d) Assume thatt, is P-unique.

(e) Let X(Q) = {0,1,...,]} denote the image of Q under X, for all xeX(Q), let
{x} € ofx and assume 0 < P(X=x) < 1. Finally, let 1 := (1¢,T1,...,T;) denote
the (J + 1) -variate random variable consisting of the true outcome variables T,
xeX(Q).

(f) Assume that all t,, x € X(Q), are P-unique.

(8) Let Z be a random variable on (Q, <4, P) and let (Q, <47) denote its value space.

(h) Letze QY be a value of Z, let {z} € o/, assume P(Z=z) > 0, and define the pro-
bability measure PZ=%: of — [0,1] by PZ=%(A) = P(A|Z=z), for all A€ .

7.1 RR-Conditions for E(Y|X=x) and E(Y|X)

In chapter 6 we introduced unbiasedness of E(Y|X=x), denoted E(Y|X=x) I Dx and de-
fined by the conjunction of P-uniqueness of 7, and E(Y|X=x) = E(r,). Presuming P-
uniqueness of 7,, we also showed that E(Y|X=x) F Dy is equivalent to mean-indepen-
dence of T, from 1x_,, denoted 1, F 1x_, and defined by E (7| 7x=x) = E(1y) [see Th. 6.9 (i)].
In this section, we introduce more causality conditions for E(Y|X=x) and E(Y|X) involv-
ing the true outcome variables 7,. These causality conditions are presented in Box 7.1 and
the implication relations between them are summarized in Table 7.1.

7.1.1 Mean-Independence Conditions

The general concept of mean-independence has already been introduced in RS-Definition
4.36. However, in order to apply it to a true outcome variable 7, we have to assume that
7, = EX=X(Y|Dy) is P-unique (see RS-Rem. 5.14, and RS-Th. 5.27). Hence, under the As-
sumptions 7.1 (a) to (d) we define

T EIxo, & E(Tx|1X:x)§E(Tx) (7.1)

and call it mean-independence of T, from 1x_, . Correspondingly, mean-independence of T,
from X is defined by

FEX o E(TﬂX)%E(Tx). (7.2)

These are the first two causality conditions listed in Box 7.1.
Furthermore, under the Assumptions 7.1 (a) to (f) we define

Vx: 1, Elx=x :© VxeX(Q): E(Tel1x=x) = E(ty) (7.3)

and call it mean-independence of T, from 1x_, for all x. Under the same assumptions,
mean-independence of all T, from X is defined by

ViitEX e VxeX(Q): E(n:X) 5 E(1y). (7.4)

These are conditions (v) and (vi), respectively, of Box 7.1.
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Remark 7.2 [Consequences of P-Uniqueness of the True Qutcome Variables] Ift,, 75 are
two versions of a true outcome variable, then P-uniqueness of 7, does not only imply
that the two versions are P-equivalent, that is, 7, = 75 (see RS-Def. 2.46), but also that
their expectations are identical and their X-conditional expectations are P-equivalent
[see RS-Box 4.1 (xiv)]. Without P-uniqueness of 7,, neither 7, = 75, nor E(ty) = E(1y), or
E(1,:]X) gE (t71X) are guaranteed. Hence, if a true outcome variable 7, is not P-unique,
then assuming E(7,|X) = E(1,) does not make sense because E(t,) would not be uniquely
defined. <

Remark 7.3 [, Is the Composition of Dy and a Function g,] At firstsight, mean-indepen-
dence of 7, from X seems paradoxical, however, itis not. Thereasonis thatz, = E X=x(Y|Dy)
is a function of the global potential confounder Dx. More precisely, 7, is a composition
g«(Dx) of Dx and a function g,: Qp, — R [see RS-Eq. (5.23)], where (Q,,</p,) denotes
the value space of Dy. Although 7, refers to a specific value x of X, a true outcome variable
T, is not a function of X. Therefore, postulating E (7| X) = E(1,) does make sense, provided
that 7, is P-unique. <

Remark 7.4 [Mean-Independence of 7,, From X Implies Unbiasedness of E(Y|X=x)] If
the Assumptions 7.1 (a) to (d) hold, then

.EX = 1,F1x_y (7.5)
& E(Y|X=x)F Dy (7.6)

(see Exercise 7-1). Hence, mean-independence of 7, from X implies mean-independence
of 7, from 7x_,, which itself is equivalent to unbiasedness of E(Y|X=x) [see Th. 6.9 (i)].
However, unless X is dichotomous, 7,F X is not equivalent to 7, F 7x_,. More precisely,
T, F Tx=x does not imply 7, F X unless E(7,|X) = E(Ty] Tx=x). <

Remark 7.5 [Mean-Independence of All 7, From X Implies Unbiasedness of E(Y|X)] If
the Assumptions 7.1 (a) to (f) hold, then

Vi: 1, FX = VxeX(Q): 1,F Tx=x (7.7
o VxeX(Q):E(Y|X=x)F Dy (7.8)
< EY|X)FDyx (7.9)

(see Exercise 7-2). Hence, mean-independence of all 7, from X implies unbiasedness of all
conditional expectation values E(Y|X=x), and under the Assumptions 7.1 (a) to (f), this is
equivalent to unbiasedness of the conditional expectation E(Y|X). <

7.1.2 Independence Conditions

In this section, we treat some independence conditions involving the true outcome vari-
ables 7,. These conditions also imply unbiasedness of E(Y|X=x) and E(Y|X). Remem-
ber, X 1Y denotes independence of two random variables X andY (see RS-Def. 2.59).
Furthermore, 7 = (19, 13,...,7)), that is, 7 is a J+ 1-variate random variable consisting of
the true outcome variables 7, = EX=*(Y|Dy), x € X(Q) ={0,1,..., J}.
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Box7.1 Rosenbaum-Rubin conditions for E(Y|X=x) and E(Y|X)

RR-Conditions implying unbiasedness of E(Y|X=x)

Tx E 7X:x

FX

Tl Tx=y

T AL X

Mean-independence of 1 from Tx-. If the Assumptions 7.1 (a) to (d)
hold, then it is defined by

E(el Tx=x) 5 E(%:). 0]

Mean-independence of 7 from X. If the Assumptions 7.1 (a) to (d) hold,
then it is defined by

E(tx|X) = E(7x). (i)

Independence of T, and 1x-,. If the Assumptions 7.1 (a) to (c) hold, then
it is equivalent to

P(X=x|1y) S P(X=x). (iii)
Independence of 1, and X. If the Assumptions 7.1 (a) to (c) hold, then it is

equivalent to

Vx'eX(Q): P(X=x'|1y) gP(X=x’). (iv)

The last two conditions are well-defined under the Assumptions 7.1 (a) to (c). However, only

in conjunction with Assumption 7.1 (d), each of conditions (i) to (iv) implies E(Y |X=x) - Dx.

RR-Conditions implying unbiasedness of E(Y|X) and all E(Y|X=x)

Vx: 7o E Tx—x

Vx: 7, EX

Vx: Tyl Tx—y

Vx: T, 1L X

Tl X

Mean-independence of T, from 1x=, for all x. If the Assumptions 7.1 (a)
to (f) hold, then it is defined by

VxeX(Q): E(tyl 1x=x) = E(7y). W)

Mean-independence of all T, from X. If the Assumptions 7.1 (a) to (f)
hold, then it is defined by

VxeX(Q): E(txlX) S E(7y). (vi)

Independence of 1, and 1x-x for all x. If the Assumptions 7.1 (a) to (c)
and (e) hold, then it is equivalent to
VxeX(Q): P(X=x|1y) = P(X=x). (vii)

Independence of 1, and X for all x. If the Assumptions 7.1 (a) to (c) and
(e) hold, then it is equivalent to

Vx,x'€eX(Q): PX=x"|1y) = P(X=x"). (viii)
Independence of T and X. If the Assumptions 7.1 (a) to (c) and (e) hold,
then it is equivalent to

VxeX(Q): P(X=x|1) gP(X=x). (ix)

last three conditions are well-defined under the Assumptions 7.1 (a) to (c) and (e). However,
only in conjunction with Assumption 7.1 (f), each of conditions (v) to (ix) implies unbiasedness
of E(Y|X) and all E(Y|X=x), x € X(Q).

The
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Remark 7.6 [Equivalent Formulations of the Independence Conditions] These indepen-
dence conditions and their symbols are listed in Box 7.1 [see conditions (iii), (iv), and (vii)
to (ix)]. The assumptions specified in this box include that the image X(Q) of Q under
X is finite or countable, and in this case the conditions specified in the table and on the
right-hand sides of Propositions (7.10) to (7.14) are equivalent to the corresponding in-
dependence condition (see RS-Cors. 6.17 and 6.18). For convenience, we repeat these in-
dependence conditions and the conditions that are equivalent to them, provided that the
image X (Q) of Q under X is finite or countable:

T, WL 1x-y, <© PX=x|ty) = P(X=x) (7.10)
,1X o Vx'eX(Q): P(X=x'|ty) = P(X=x") (7.11)

Vx: T, Flxey © VxeX(Q): P(X=x|1y) = P(X=x) (7.12)
Vx:1, ILX o Vx,x'eX(Q): P(X=x'|1y) = P(X=x") (7.13)
Tl X o VxeX(Q): P(X=x|1) = P(X=x). (7.14)

Note again that independence of two random variables X and Y is also defined if nei-
ther X nor Y are finite or countable (see RS-Def. 2.59). However, because we assume that X
is finite or countable, the propositions on the right-hand sides above are more convenient
and more intuitive than the general definition. <

7.1.3 Implications Among RR-Conditions for E(Y|X=x) and E(Y |X)

Table 7.1 displays the implications among the causality conditions listed in Box 7.1. Note
that the propositions summarized in this table are special cases of the corresponding
propositions presented in Table 7.2. (For proofs see Exercises 7-3 and 7-4.)

In the sequel we study some consequences of some of the independence conditions,
starting with the consequences of 7, Il 7x-,, that is, of independence of the true outcome
variable 7, and the indicator variable 7x_,. According to Theorem 7.7, under the Assump-
tions 7.1 (a) to (d), 7L 7x-, implies mean-independence of T, from 1x-,, which itself is
equivalent to unbiasedness of E(Y|X=x).

Theorem 7.7 [1, 1L 7x_, Implies Unbiasedness of E(Y | X=x)]
Let the Assumptions 7.1 (a) to (d) hold. Then

Tl Txoy = ToF Tx—y (7.15)

< EY|X=x)F Dy. (7.16)
(Proof p. 220)

Hence, under the assumptions of this theorem, independence of 7, and 7x-, implies
mean-independence of 7, from 7x-,, which is equivalent to unbiasedness of the condi-
tional expectation value E(Y|X=x).

According to the next theorem, independence of the true outcome variable 7, and the
putative cause variable X implies 7, 1L 7x-,. If we additionally assume P-uniqueness of 7,
then it also implies mean-independence of 7, from X and from the indicator variable 7x_,,
which is equivalent to unbiasedness of E(Y|X=x) [see Prop. (7.16)].
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Table 7.1. Implications among RR-conditions for E(Y |X=x) and E(Y|X)

5 i
X & >
i it i f = =
X < j . & & & &
I m - -
& & & & > = = >
T EX (a)-(d)
Tl Tx—y (@)-(d)
T AL X (@-(d) (@-(d) (@-(c)
Vx: ToElx=y | @-)
Vx: T EX (@-f (@-0
Vx: o L Ix— | @-( (@-(e) (a)-(c),(e) (@)-(f)
Vx: e L X (@-(e) (a)-(e) (a)-(c),(e) (@-(c),(e) (a-() (a)-(F) (a)-(c),(e)
Tl X (@-(e) (a)-(e) (a)-(c),(e) (a)-(c),(e) (a-(f) (@-() (a-(0),(e) (a)-(c),(e)

Note: An entry such as (a)-(d) means that the condition in the row implies the condition in the
column, provided that the Assumptions 7.1 (a) to (d) hold. The symbols involving F or AL are
explained in Box 7.1. Trivial equivalences such as 7, 1L X & 7,1 X are omitted. The first three
conditions imply unbiasedness of E(Y|X=x), provided that the Assumptions 7.1 (a) to (d) hold
and, under the Assumptions 7.1 (a) to (f), the last five imply unbiasedness of E(Y|X) and all
E(Y|X=x), x€X(Q).

Theorem 7.8 [Consequences of 7, 1l X]
Let the Assumptions 7.1 (a) to (c) hold. Then:

T AX = 1ol Tx—,. (7.17)

If we additionally assume 7.1 (d), then

LAX = 1,FX (7.18)
=> T FTx—y (7.19)
< E(Y|X=x)F Dx. (7.20)

(Proof p. 221)

Remark 7.9 [t 1L X implies 7, 1l 7x_,] Remember, according to RS-Corollary 6.18,
P(X=x|1) 5 P(X=x) & 7ol Tx=y. (7.21)

As mentioned before, even if we assume 7, 1L X for all x € X(Q), then this is less restrictive
than 7 L X. More precisely, if the Assumptions 7.1 (a) to (c) and (e) hold, then

TIAX = (VxeX(Q): 1, lX), (7.22)

which follows from o(7,) € (7) and RS-Box 2.1 (iv). Note that the term on the right-hand
side of Proposition (7.22) does not imply 7 1L X. <
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The following theorem summarizes some important consequences of 71 X. These
consequences include unbiasedness of E(Y|X) and all its values E(Y|X=x). Note that this
theorem is a special case of Theorem 7.21 for Z being a constant map.

Theorem 7.10 [Consequences of 7 1l X]
Ifthe Assumptions 7.1 (a) to (c) and (e) hold, then

TUX © VxeX(Q): vl 1x_, (7.23)
=> VxeX(Q): 7,1 X. (7.24)

If we additionally assume 7.1 (f), then

VxeXQ): 7, 1lX = VxeXQ):1,FX (7.25)
=> VxeX(Q): 1 F 1x—, (7.26)
o VxeX(Q):E(Y|X=x)F Dy (7.27)
< E(Y|X)F Dy. (7.28)

Remark 7.11 [Methodological Consequences] In empirical studies, there is neither a di-
rect way to create one of the causality conditions treated in this section, nor to check if
these conditions hold, unless the values of the true outcome variables are known. Hence,
from a practical perspective, these conditions are useless. However, in chapter 8, we will
treat another causality condition, Dx 1l X, that implies 7 1L X and P-uniqueness of all true
outcome variables 7., x € X(Q). The condition Dx 1L X can be created via randomized as-
signment of the observational unit (e.g., the person) to a treatment condition x. Hence,
there is an indirect way to create 7 1 X, and with it, unbiasedness of the conditional ex-
pectation E(Y|X) and all its values E(Y|X=x), x € X(Q). <

7.2 RR-Conditions for EZ*(Y | X=x) and EZ7*(Y | X)

Remember, 7l X means independence of T and X with respect to the probability mea-
sure P on the measurable space (Q, ). A more explicit notation is TiPLX. Hence, all
propositions of Theorem 7.10 hold with respect to P. For example, 7, X denotes mean-
independence of 7, from X with respect to P, which may also be denoted by 7, £ X. Such
an explicit notation is necessary if we want to use Theorem 7.10 for another probability
measure on (Q, </) such as P%=?: of — [0,1] [see Ass. 7.1 (h)].

Remark 7.12 [(Z=z)-Conditional Independence of X and Y] Hence, if X,Y,Z are ran-
dom variables on (QQ, </, P) and P(Z=z) > 0, then

XUY|(Z=2z) o X1Y
PZ=z (729)
& P%*(AnB)=P%#(A)-P*#(B), VABea(X)xa(Y)

defines (Z =z)-conditional independence of X and Y. By definition, it is equivalent to inde-
pendence of X and Y with respect to the probability measure P¥=* on (Q, /). <
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Remark 7.13 [(Z=z)-Conditional Mean-Independence of Y From X] Furthermore, if Y
is numerical or with finite expectation E Z2=2(Y) with respect to the measure PZ%=% then

YEX|Z=z & YEX < EZ2(Y|X) i EZ2(Y) (7.30)
pZ=z =z

defines (Z =z) -conditional mean-independence of Y from X, which, by definition, is equiv-
alent to mean-independence of Y from X with respect to the probability measure P?=%. <

Using this notation, Theorem 7.10 implies the following corollary about the conse-
quences of (Z=z)-conditional independence of 7 and X. Reading this corollary, note that
P-uniqueness of 7, implies P?=*-uniqueness of 7, (see RS-Box 5.1) and that unbiasedness
of the terms E#=*(Y|X) and E#7#(Y|X=x), x € X(Q), is defined only if Z is a covariate of
X.

Corollary 7.14 [Consequences of (Z =z)-Conditional Independence of 7 and X]
If the Assumptions 7.1 (a) to (c), (e), (g), and (h) hold, then

TUAX|(Z=2) < VxeX(Q):7l 1x«|(Z=2) (7.31)
= VxeX(Q): 1, 1L X[(Z=2). (7.32)

If we additionally assume that all T, x € X(Q), are P*~*-unique, then

VxeX(Q): 1,1 X|[(Z=2) => VxeX(Q):1,.EX|(Z=2) (7.33)
=> VxeX(Q): 1. F 1x—|(Z=2). (7.34)

If we additionally assume that Z is a covariate of X, then

VxeX(Q): T F Ix_,|(Z=2) < VYxeX(Q):EZ*Y|X=x)F Dy (7.35)
& EZ*Y|X)F Dy. (7.36)

Hence, according to this theorem (Z=z)-conditional independence of 7 and X im-
plies, among other things, unbiasedness of the X-conditional expectation of Y with re-
spect to the probability measure PZ%=% [see Prop. (7.36)] and unbiasedness of all its values
EZ3Y|X=x)=E(Y|X=x,Z=2), x € X(Q) [see Prop. (7.35)], provided that Z is a covariate
of X.

7.3 RR-Conditions for EX**(Y|Z) and E(Y | X, Z)

Now we generalize the causality conditions treated in section 7.1, conditioning on a ran-
dom variable Z on (Q, < P). Under the appropriate assumptions, which include that Z
is a covariate of X, these conditions imply unbiasedness of the conditional expectation
E(Y|X,Z) and all Z-conditional expectations EX~*(Y|Z), x € X(Q). These causality con-
ditions can indirectly be created by conditionally randomized assignment of the observa-
tional unit to a treatment condition, but also via covariate selection (see chs. 8 to 10).
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Box 7.2 lists all causality conditions treated in this section, including their symbols and
definitions, and Table 7.2 summarizes the implications among them. The most restric-
tive of these causality conditions is Z-conditional independence of a (J + 1)-variate true
outcome variable 7 and X, which is the translation (into true outcome theory) of strong
ignorability (Rosenbaum & Rubin, 1983b).

7.3.1 Conditional Mean-Independence Conditions

The first condition in Box 7.2 is Z-conditional mean-independence of T, from 1x—,, de-
noted 7, Tx_,| Z. Under the Assumptions 7.1 (a) to (d) and (g), it is defined by

Tx': 1X:x|Z < E(Txl 1X:x:Z) % E(Txlz) (7.37)

According to Theorem 6.20 (i), this condition is equivalent to unbiasedness of E X=x(y|2),
provided that 7, is P-unique and Z is a covariate of X.

The second condition in Box 7.2 is Z -conditional mean-independence of T, from X, de-
noted 7,FX| Z. Under the Assumptions 7.1 (a) to (d) and (g), it is defined by

.EX|Z o E[lX,2) = E(1,|2). (7.38)

Remark 7.15 [Dichotomous X] If the Assumptions 7.1 (a) to (d) and (g) hold, then X be-
ing dichotomous implies

E(X,2) = E(ty| 1x=x,2) = E(ty| 1x2x, Z) (7.39)

because 0 (X, Z) = 0(1x=x,Z) = 0(1xxx, Z) (see RS-Def. 4.4). Hence, under these assump-
tions, X being dichotomous implies

L.FX|Z o t1F1xZ o 1.FIxulZ. (7.40)
Ifwe additionally assume that Z is a covariate of X, then X being dichotomous also implies
.FX|Z e EYI|X,Z)}F Dy. (7.41)

<

7.3.2 Conditional Independence Conditions

Conditions three and four in Box 7.2 are Z-conditional independence of T, and 1x_,, de-
noted 7L 1x-,|Z, and Z -conditional independence of T, and X, denoted 7 IL X|Z. Remem-
ber that the general concept of conditional independence of two random variables X and
Y given a random variable Z, denoted X 1L Y| Z, has been introduced in RS-Definition 6.2.
However, under the Assumptions 7.1 (a) to (c) and (g),

A 1x—|Z < P(X=x|Z,rx)§P(X=x|Z), (7.42)
and

L, UX|Z o Vx'eXQ): PX=x'|1,2) = P(X=x'|2). (7.43)
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Box 7.2 Conditional Rosenbaum-Rubin conditions

RR-Conditions implying unbiasedness of EX=*(Y|2)

ToE Ix=y| Z Z-conditional mean-independence of T from 1x- . Under the Assump-
tions 7.1 (a) to (d) and (g), itis defined by

E@x| x=x,2) 5 E(tx| Z). (@

.FX|Z Z-conditional mean-independence of 1 from X. Under the Assump-
tions 7.1 (a) to (d) and (g), it is defined by

E@| X, Z) 5 E(x| Z). (ii)

Tl Tx=y|Z Z-conditional independence of tx and 1x-. Under the Assumptions 7.1

(a) to (c) and (g), it is equivalent to
P(X=x|1y, Z) S P(X=x|2). (iii)
T, L X|Z Z-conditional independence of T, and X. Under the Assumptions 7.1 (a)
to (c) and (g), it is equivalent to
x'eX(Q): P(X=x"|1y, 2) 5 P(X=x'|2). (iv)

If we additionally assume 7.1 (d) and Z is a covariate of X, then each of conditions (i) to (iv)
implies EX=*(Y|Z) + Dy.

RR-Conditions implying unbiasedness of E(Y| X, Z) and all E X=x(y|2)

Vx: 1xF Ix=x|Z  Z-conditional mean-independence of . from 1x- for all x. Under the
Assumptions 7.1 (a) to (g), itis defined by

VxeX(Q): E(txl x=x,2) 5 E(w:]Z). W)

Vx: 1, FX|Z Z-conditional mean-independence of all T, from X. Under the Assump-
tions 7.1 (a) to (g), it is defined by

VxeX(Q): E(TXIX,Z)gE(Tle). (vi)

Vx: 1x Al Ix-x|Z  Z-conditional independence of Tt and 1x- for all x. Under the Assump-
tions 7.1 (a) to (c), (e) and (g), it is equivalent to

VxeX(Q): PX=x|1y,2) §P(X=x|Z). (vii)

Vx: 1, L X|Z Z-conditional independence of 1 and X for all x. Under the Assump-
tions 7.1 (a) to (c), (e) and (g), it is equivalent to

Vx,x' eX(Q): P(X=x’|rx,Z)§ P(X=x'|2). (viii)

Tl X|Z Z-conditional independence of T and X (strong ignorability). Under the

Assumptions 7.1 (a) to (c), (e) and (g), it is equivalent to

VxeX(Q): P(X=x|1,2) > P(X=x|2). (ix)

If we additionally assume 7.1 (f) and Z is a covariate of X, then each of conditions (v) to (ix)
implies E(Y|X,Z) + Dx and EX=*(Y|Z) F Dy, for all x e X(Q).
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Also note that 7,1l X|Z implies 7, 1L 7x_,| Z but not vice versa, unless X is dichotomous.

Conditions (v) to (viii) of Box 7.2 postulate that conditions (i) to (iv) hold for all values
x of X. Under the appropriate assumptions including that Z is a covariate of X, these
conditions imply unbiasedness of E(Y|X, Z) and E X=x(y|Z), for all values x € X(Q). Note
that condition (viii) has been proposed by Porta (2014, p. 142).

Finally, the last condition in Box 7.2 is Z -conditional independence of T and X, denoted
Tl X|Z, where T = (19, 71,...,7;) is a J + 1-dimensional random variable consisting of the
true outcome variables 7, x € X(Q2). Under the Assumptions 7.1 (a) to (c), (e) and (g), it is
equivalent to

TUX|Z o VxeX(Q):PX=x|Z71) 5PX=x[2) (7.44)

(see RS-Theorem 6.5). Hence, assuming Z-conditional independence of T and X is equiva-
lent to assuming Z-conditional independence of the events {X=x} from 7, for all x € X(Q).

Remark 7.16 [Strong Ignorability] Note that 71l X|Z is the translation of Rosenbaum
and Rubin’s strong ignorability into true outcome theory. This condition has been pre-
sented by Rosenbaum and Rubin (1983b) and plays a crucial role in Rubin’s potential out-
come approach to causal effects. Also note that the additional assumption P(X=x|Z2) > 0,
for all x € X(Q), of Rosenbaum and Rubin (1983b) follows from P-uniqueness of 7, for all
x € X(Q), which is Assumption 7.1 (f) (see Exercise 7-6). As mentioned before, P-unique-
ness of a true outcome variable 7, is equivalent to

P(X=x|Dx) > 0 (7.45)

[see RS-Th. 5.27 (ii)]. If we assume that Z is a covariate of X, then P(X=x|Dy) > 0 im-
plies P(X=x|2) > 0. However, P(X=x|2) > 0 does not imply P(X=x|Dy) > 0, also not in
conjunction with 7, Il X|Z or 7 lL X|Z, unless P(X=x|Z2) = P(X=x|Dy). <

7.3.3 Implications Among RR-Conditions for E*X~*(Y|Z) and E(Y |X, Z)

Table 7.2 displays the implications among the causality conditions listed in Box 7.2. In this
section, we present some theorems in which most of these implications are proved. The
solution to Exercise 7-4 provide a guide to the proofs of all these implications.

In the following theorem, we present some propositions about the consequences of
7.FX| Z concerning unbiasedness.

Theorem 7.17 [Consequences of Conditional Mean-Independence of 7, From X]
Ifthe Assumptions 7.1 (a) to (d) and (g) hold, then

LFEX|Z = 1,.F1x,|Z. (7.46)
If we additionally assume that Z is a covariate of X, then

wElx|Z o E**Y|Z)+ Dy. (7.47)
(Proof p. 221)
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Hence, under the assumptions of Theorem 7.17, if 7, is Z-conditionally mean-indepen-
dent from X, then it is also Z-conditionally mean-independent from an indicator 7x-, for
one of the values x of the putative cause variable X, which itself is equivalent to unbiased-
ness of EX=%(Y|2), provided that we also assume that Z is a covariate of X.

In the following corollary we consider the consequences of assuming that, for all
x € X(Q), the true outcome variable 7, is Z-conditionally mean-independent from X.

Corollary 7.18 [Consequences of Conditional Mean-Independence of 7, From 7x_,]
Ifthe Assumptions 7.1 (a) to (d) and (g) hold, then

VxeX(Q):1,.FX|Z = VxeX(Q):1.F1x=xZ. (7.48)
Ifwe additionally assume that Z is a covariate of X, then

VxeX(Q): 1.F1x-x|Z <& E(Y|X,Z)}+ Dy. (7.49)
(Proof p. 221)

Hence, if we assume Z-conditional mean-independence of 7, from X for all values x of
X, and Z is a covariate of X, then E(Y|X, Z) is unbiased, provided that all true outcome
variables 7, x € X(Q), are P-unique.

Now we consider conditional (stochastic) independence of a true outcome variable 7,
from an indicator variable 7x-, for a value x of the putative cause variable X. According
to the following theorem, if the Assumptions 7.1 (a) to (d) and (g) hold, then 7, 1L 1x_,|Z
implies Z-conditional mean-independence of 7, from 7x_,, and if Z is a covariate of X,
then it also implies unbiasedness of EX=*(Y|Z).

Theorem 7.19 [Consequences of Conditional Independence of 7, From 7x_,]
If the Assumptions 7.1 (a) to (d) and (g) hold, then

Tl x| Z = 1,.F1x4|Z. (7.50)
If we additionally assume that Z is a covariate of X, then

.Elxs|Z o EX*Y|Z)F Dy. (7.51)
(Proof p. 222)

Again, note that Proposition (7.50) holds for any value x of X for which 1, is P-unique.
Hence, if 7, is P-unique for all x € X (Q), then Proposition (7.50) holds for all x € X(Q). Cor-
respondingly, if 7, is P-unique for all x € X(Q) and Z is a covariate of X, then Proposition
(7.51) holds for all x € X(Q).

In Theorem 7.19 we considered Z-conditional independence of 7, and an indicator
variable 7x-,. In the following theorem we turn to Z-conditional independence of 7, and
X, which may take on more than just two different values.
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*(Y|Z)and E(Y|X,Z)

7.3 RR-Conditions for EX

Table 7.2. Implications among RR-conditions for EX=*(Y|Z) and E(Y | X, Z)

N N
= = N
N N U N o N
= = ~ sl = = =
b N L N mn i = =
X = & > & 5 & i
1 i 5 = 8 B = =
& & & i > > > >
FX|Z (a)-(d), (g)
Txdl Tx=x|Z (a)-(d), (g)
I X|Z (a)-(d), (g) (a)-(d), () (a)-(c), (8
Vx: 7uE Ix=x|Z (a)-(g)
Vx: 1, EX|Z (a)-(g) (@)-(g)
Vx: T, L 1x=x|Z | (@)-(e), (&) (a)-(c), (e), (g) (a)-(g)
Vx: o L X|Z (a)-(e), (g) (a)-(e), (g) (@)-(0), (e), (g  (a)-(0), (e), () (a)-(g) (a)-(g) (@)-(0), (e), ()
Tl X|Z (@-(e), (g (@)-(e), (g (@-(0), (e), (@  (@)-(c), (e), (8 (@)-(g) (@-(g (@-(c), (e), (®  (a)-(c), (e), (8)

Note: An entry such as (a)-(g) means that the condition in the row implies the condition in the column, provided that we assume 7.1 (a) to (g).
The symbols involving F or L are explained in Box 7.2. Trivial equivalences such as 74l X|Z < 7,1l X|Z are omitted. If we additionally assume
that Z is a covariate of X, then the first three conditions listed in the first column of the table imply unbiasedness of EX=*(Y|Z), provided that the
Assumptions 7.1 (a) to (d) and (g) hold. The last five conditions imply unbiasedness of E(Y|X, Z) and all EX=*(Y|Z), x € X(Q), if Z is a covariate of X
and we assume 7.1 (a) to (g).
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Theorem 7.20 [Consequences of 7, 1l X| 7]
Ifthe Assumptions 7.1 (a) to (d) and (g) hold, then

LUX|Z = n,FX|Z. (7.52)

Furthermore,
LA X|Z = 1,ll1x|Z (7.53)
=> TE1x_Z. (7.54)

(Proof p. 222)

The following theorem summarizes some important consequences of T IL X|Z. If Z is
a covariate of X, then these consequences include unbiasedness of the conditional ex-
pectation E(Y|X, Z), which is equivalent to unbiasedness of all conditional expectations
EX=%(Y|2), xe X(Q).

Theorem 7.21 [Consequences of Conditional Independence of T and X and More]
Ifthe Assumptions 7.1 (a) to (c), (e), and (g) hold, then

T X|Z o VxeXQ): tlix_, |2 (7.55)
= Vx,x'eX(Q): 5, L 1x_/|Z (7.56)
< VxeX(Q): 1,1 X|Z (7.57)
= VXxeX(Q): 1, 1x_,|Z. (7.58)

Furthermore, if the Assumptions 7.1 (a) to (g) hold, then

VxeXQ): 1,11 X|Z = VxeXQ): 1,EX|Z (7.59)
=> VxeX(Q): 1.F1x—x|Z (7.60)

and
VXxeX(Q): 1.l 1x—|Z = VxeX(Q): 1,F1x_,|~Z. (7.61)

If we additionally assume that Z is a covariate of X, then

VXxeX(Q): .ETx|Z © VxeX(Q: EX*Y|Z)F Dy (7.62)

< E(Y|X,Z)F Dy. (7.63)
(Proof p. 222)

Remark 7.22 [Methodological Consequences] What has been said in Remark 7.11 about
the causality conditions for E(Y|X) and its values E(Y|X=x) also applies to the causal-
ity conditions for E(Y|X, Z) and for the conditional expectations E X=x(Y|Z). There is no
direct way to create the conditions such as 7 1L X|Z or Vx: 7,F X|Z. There is also no di-
rect way to select the (possibly multivariate) random variable Z such that these condi-
tions hold. However, in chapters 8 to 10 we will treat other causality conditions that imply
Tl X|Z and Vx: 7,F X|Z. These conditions can be created via conditionally randomized
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assignment of the observational unit (person) to a treatment condition, but also via an ap-
propriate selection of Z. Hence, there are indirect waysto create T 1L X|Z and Vx: 1, F X|Z,
and with them unbiasedness of the conditional expectations E(Y|X,Z) and the condi-
tional expectations E X=x(y|Z7), x € X(Q). Remember, it is these conditional expectations
that can be estimated in data samples. <

7.4 Examples

In this section, we study two examples. In the first one, there is Z-conditional mean-inde-
pendence of 7, from 7x_, for all values x of X. In the second one, Z-conditional indepen-
dence of 7 from X holds.

7.4.1 Z-Conditional Mean-Independence of T From 1x_y for All x

Table 7.3 displays the parameters of a random experiment in which Z-conditional mean-
independence of 7, from 7x-, holds for each value x of X. However, neither Z-conditional
mean-independence of all 7, from X holds nor Z-conditional independence of 7 from X.

We assume that this random experiment has the same structure as the random experi-
ments treated in section 6.5. That is,

((Q,th,P), (gt)IETr(gr @(g,X, Y)y

as specified in section 6.5, is the regular probabilistic causality setup. The only difference
is that Q, = Qx = {treatment 0, treatment 1, treatment 3} now consists of three (instead of
two) treatment conditions. Again, U is a global potential confounder of X.

The upper left part of Table 7.3 displays the true outcomes under treatments 0, 1, and
2, the probabilities P(U=u) for each person u to be sampled, as well as the conditional
probabilities P(X=1|U=u) and P(X=2|U=u) to be assigned to treatment 1 and treat-
ment 2, respectively. All other parameters, such as the associated individual causal total
effects CTEy.10(1) and CTEy,»(u) or the conditional probabilities P(U=u|X=x), can be
computed from those ‘fundamental parameters’. The table also displays the values of the
covariate (potential confounder) Z = sex. To emphasize, the table does not contain sample
data; it displays the parameters describing the laws of a random experiment, the single-
unit trial, which consists of (a) sampling a person from the set of (the six) persons, (b)
assigning or registering the (self-) assignment of the person to one of the three treatment
conditions, and (c) observing the value of the outcome variable. (For more details on such
singl-unit trials see ch. 2).

Z-Conditional Mean-Independence of 7, From 7x_,

In this random experiment, the true treatment probabilities and true outcomes are such
that 7, F 7x-,|Z holds for each of the three values x of X. By definition, 7, F 1x—|Z is equiv-
alent to

E(ty| 1x=x,Z) 5 E(1x|Z), (7.64)

[see Eq. (7.37)]. In this example, U= Dy, 1, = EX=*(Y|U), and 1, is P-unique. Because
Z(Q) ={m, f} and P(X=x,Z=z) > 0 for all values of X and Z, according to RS-Corollary
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Table 7.3. Z-conditional mean-independence of 7, from 7x-, for all values x of X

Fundamental parameters

Fif L Ills = §OI%
= = =2 € ) = = >
: s 2 % =2 B =|l® & I 3 3
3 N Il Il I o ~ ~ ) S I [ [
2 x| = x = L& L& L|8E g 5 5 2
£ & & & & B Lu N NS O Y & &
Tom m | 1/6 3/5 1/3 75 87 97 | 12 22 4/63 12/59 1/6
Tim m | 1/6 1/2 1/3 70 80 92 [ 10 22 10/63 10/59 1/6
Joe m | 1/6 3/5 1/3 65 73 107 8 42 4/63 12/59 1/6
Ann f |16 1/2 1/3 106 114 90 8 -16 10/63 10/59 1/6
Sue f|1ue 1/4 1/3 116 130 120 | 14 4 25/63 5/59 1/6
Eva f| e 1/2 1/3 126 146 126 | 20 0 10/63 10/59 1/6
x=0 x=1 x=2 x=1 x=2
E(ty): 93 105 105.333 ATE,o: 12 12.333
E(Y|X=x): 102.857 101.186 105.333 PFE,y: -1.671 2.476
E (| Z=m): 70 80 98.667 CTEz.xo(m): 10 28.667
EY|X=x,Z=m): 70 80 98.667 PFE 7.x0(m): 10 28.667
E(txlZ=f): 116 130 112 CTEz.xo(f): 14 —4
E(Y|X=x,Z=f): 116 130 112 PFEz o (f): 14 —4

5.51, RS-Equations (5.49) and (5.50), Equation (7.64) holds if and only if
E(1,|X=x,Z=2) = E(14|Z=2), VYze{m,f}. (7.65)

The values of the true outcome variable 7, = EX=*(Y|U) = g«(U) [see RS-Eq. (5.23)] are
the conditional expectation values EX=*(Y|U=u) = E(Y|X=x,U=u). Now,

E(14|X=x,Z=2) = E(g.(U)|X=x,Z=2)

Y 8w -P(U=u|X=x,Z=2) (7.66)
u

=) EX(Y|\U=uw)-P(U=u|X=x,Z=2), Yze{m,f}.
u

In contrast,

E(1:|Z=2) = E(g.(U)|Z=2)

Y g(w)-P(U=ulZ=z) (7.67)
u

= Y EXX(Y|U=u)-P(U=ul|Z=z), VYVze(m,f}.
u

According to Equation (7.66), the conditional expectation value E(7;|X=1, Z=z) can be
computed from Tables 7.3 and 7.4 by
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Table 7.4. Conditional probabilities P(U=u | X=x, Z=z) supplementing Table 7.3

FF F o o& 8
S .
[=] — N [=] — N
[ 1l Il [ I I
- = o} s} = = =
o = = = = = =
=) 1 1 1 1 1l 1
2l & = = 2 B2 B

& Y Y &
Tom | 2/9 6/17 1/3 0 0 0
Tim | 5/9 5/17 1/3 0 0 0
Joe | 2/9 6/17 1/3 0 0 0
Ann 0 0 0 2/9 2/5 1/3
Sue 0 0 0 5/9 1/5 1/3
Eva 0 0 0 2/9 2/5 1/3

E(m|X=1,Z=m) = ) EX'(Y|U=u)-P(U=u|X=1,Z=m)

u

6 5 6
=87-—+80-—=+73-— = 80.
17 17 17

This is exactly the same result as obtained for
E(w|Z=m) =Y EX¥'(Y|U=u)-P(U=u|Z=m)
u

1
= (87+80+73)-§ = 80.

Hence,
E(n|X=1,Z=m) = E(1|1Z=m) = 80,
and the corresponding equations hold for the second value of Z, namely
EMm|X=1,Z=f) = E(n|Z=f) = 130.
Therefore, according to RS-Corollary 5.51, we proved 1, F 7x-;| Z. In the same way it can
be shown that 7y F 7x-¢| Z and 1, F 1x-,| Z hold as well.
Z-Conditional Mean-Independence of All T, From X

Now we show that 7, F X|Z does not hold in the example of Table 7.3 for at least one value
x of X. Of course, this implies that Vx: 7,F X|Z does not hold either. We start gathering
the relevant equations. By definition, Vx: 7, F X|Z is equivalent to

E@|X,Z) 5 E(t:|Z), VxeX(Q) (7.68)

[see Eq. (7.38)]. As mentioned before, in this example U is a global potential confounder
of X, the image of Q under X is X(Q) = {0,1,2}, and 7, = EX=*(Y|U) is P-unique for all
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x € X(Q)). Hence because P(X=x, Z=z) > 0 for all pairs (x, z) of values of (X, Z), Equation
(7.68) is equivalent to

E|X=x",Z=2) = E(t,|Z=2), V(x,x)z)€{0,1,2}* x {m, f} (7.69)

[see RS-Th. 4.42 (ii)].

The values of the true outcome variable 7, = EX=*(Y|U) = g,(U) are the conditional
expectation values EX=*(Y|U=u) = E(Y|X=x,U=u). Hence, applying RS-Equation (3.28)
to the left-hand side of Equation (7.69) yields

E(t:|X=x',Z=2) = E(g:(U) | X=x',Z=2)

=) &(Ww-P(U=ulX=x',Z=2) (7.70)
u

=Y EXYY|U=u)-P(U=ulX=x"Z=2), V(x,x,2)€{0,1,2}*x{m, f}.
u

In contrast, applying RS-Equation (3.28) to the right-hand side of Equation (7.69) yields
E(1y|Z=z) = E(g:(U)| Z=z)
= zu:gx(u)-P(UzulZzz) (7.71)
= ZEXZ"(YI U=u)-PU=ulZ=z), Y(x,2)€{0,1,2} x{m,f}.
u

In order to show that Vx: 1,F X|Z does not hold in this example, it suffices to show that
there is a triple (x,x’,z) € {0,1,2}? x {m, [} for which E(1,|X=x',Z=z2) # E(1,|Z=z) [see
Eq. (7.69)].

According to Equation (7.70), the conditional expectation value E(7,|X=1,Z=f) can
be computed from Tables 7.3 and 7.4 by

E(:1X=1,Z=f) =Y E**(Y|U=u)-P(U=u|X=1,Z=f)

u

2 1 2
=90--+120--+126-- = 110.4.
5 5 5

In contrast,
E(w|Z=f) =Y E**(Y|U=u)-P(U=u|Z=f)

u

1 1 1
=90--+120--+126- - = 112.
3 3 3

Hence, E(1,|X=1,Z=f) # E(1,|Z=f), and this proves that Vx: 7, F X|Z does not hold in
this example.

To summarize: Whereas, in this example, 7, F 7x-,|Z holds for all values x of X — and
with it, unbiasedness of the conditional expectations E(Y|X, Z), EX=*(Y|Z), and the con-
ditional expectation values E(Y|X=x, Z=z) — the more restrictive condition Vx: 7, F X |Z
does not hold. Hence, 7 1L X|Z (strong ignorability), which implies Vx: 7,F X|Z, does not
hold as well in this example (see Exercise 7-5).

7.4.2 Z-Conditional Independence of T and X

Table 7.5 displays the parameters of a random experiment in which there is Z-conditional
independence of 7 and X. Again we assume that this random experiment has the same
structure as the random experiments treated in section 6.5. That is,
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Table 7.5. Z-conditional independence of X and ©

Pyl i G

s sl o 2 3 2 2|% =z %
5 o S =1 = > > = S S
5 &l 20 M Il 1l =) — =) Il Il
2oy 2|5 = = I 1|8 5 3
5} O (=] — — — B~ = =
(= (%5} O A A A 58} 53] O A A
Tom m no | 1/6 7/8 6/8 72 83|11 1/22 7/26
Tim m no | 1/6 5/8 6/8 72 83 | 11 3/22 5/26
Joe. m yes | 1/6 5/8 5/8 95 100 | 5 3/22 5/26
Jim m yes | 1/6 5/8 5/8 100 105 | 5 3/22 5/26
Ann f yes | 1/6 2/8 2/8 106 114 | 8 6/22 2/26
Sue f yes| 1/6 2/8 2/8 116 130 | 14 6/22 2/26

x=0 x=1
E@): 935 102.5 ATE1jg=9
E(Y|X=x): 100.227  96.5 PFEo = —3.727

E(tx|Z=(m, no)): 72 83 CTE z;10(m, no) =11
E(Y|X=x,Z=(m, no)): 72 83 PFE 7.10(m, no) =11
E(1y | Z=(m, yes)): 97.5 102.5 CTE z:.10(m, yes) =5
E(Y|X=x,Z=(m, yes)): 975 102.5 PFE 7.19(m, yes) =5
E(t| Z=(fyes)): 111 122 CTEz;10(f, yes) =11
E(Y|X=x,Z=(f yes)): 111 122 PFE 7;10(f, yes) = 11

Note: In this table Z = (Z;, Z») is a two-dimensional random variable.

((Q,ng,P), (gt)IETr(gr g‘ngy Y)y

as specified in section 6.5, is the regular probabilistic causality setup. This also includes
the set Q, = Qx = {control, treatment}, represented by the values 0 and 1 of the treatment
variable X. And again, U is a global potential confounder of X.

The upper left part of Table 7.5 displays the true outcomes under treatment and under
control as well as the probabilities for each person to be assigned to treatment condition
1. In the random experiment presented in this table, the true treatment probabilities and
true outcomes are such that Z-conditional independence of T and X (i. e., Z-conditional
strong ignorability) holds.

We check if 7 Il X|Z actually holds via checking

P(X=1|Z,1) = P(X=1|2) (7.72)
[see Prop. (7.44)]. According to RS-Theorem 6.6, Equation (7.72) is equivalent to

P(X=0[Z,71) 5 P(X=0]2) (7.73)
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because X is binary. According to the same theorem, this equation is also equivalent to
Tl 7x-11Z and because, in this example, 7x-; = X, it is equivalent to 7 1L X |Z as well. Fur-
thermore, in this example, P(Z=z,7=t) > 0 for all pairs (z,?) € Z(Q) x 7(Q). Therefore,
Equation (7.72) is also equivalent to

P(X=1|Z=z,1=t) = P(X=1|Z=2), V(z,1)€Z(Q)x1(Q) (7.74)

[see RS-Th. 4.42 and RS-Eq. (3.26)]. Note that, in this example, Z = (Z, Z,) and T = (19, T1)
are two-dimensional random variables.
In the sequel, we use

P(X=x|V=v) = ZP(sz |V=v,U=u)-P(U=ulV=yv), (7.75)
u

which is always true if P(V=v,U=u) > 0 for all values of U [see RS-Box 3.2 (ii) for
Y = 1x-,]. Using Equation (7.75) for the parameters displayed in Table 7.5 with Z = (Z;, Z,)
taking the role of V and considering x=1 and z=(m, no) yields

P(X=1|Z=(m,n0))

=Y P(X=1|Z=(m,n0),U=u)-P(U=u|Z=(m, no))
u

=7/8-1/2+5/8-1/2 = 6/8.

In this case, we only have to sum over the first two persons displayed in Table 7.5 because,
for the other four persons, the probabilities P (U=u |Z =(m,no)) are zero. Applying Equa-
tion (7.75) to V = (Z,7) and the combination of values z = (m, no) and ¢ = (72,83) yields
exactly the same probability

P(X=1|Z=(m, no),7=(72,83))
=Y P(X=1|Z=(m,no),7=(72,83),U=u)-P(U=u|Z=(m, no), t=(72,83))
=7L;8-1/2+5/8-1/2 = 6/8
(see the first two rows of Table 7.5). Hence, we have shown
P(X=1|Z=(m,no)) = P(X=1|Z=(m,no),7=(72,83)) = 6/8.

Again using Equation (7.75) with Z taking the role of V and considering the case x=1
and z=(m, yes) yields

P(X=1|Z=(m,yes))
= ZP(X=1|Z=(m,yes),U=u)-P(U=u|Z=(m,yes))
u
=5/8-1/2+5/8-1/2 = 5/8.

In this case, we only have to sum over persons three and four displayed in Table 7.5; for the
other four persons, the conditional probabilities P(U=u |Z=(m,yes)) are zero.

Applying Equation (7.75) to V = (Z,1) and the combination of values Z = (m, yes) and
T = (95,100) yields exactly the same conditional probability
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P(X=1|Z=(m,yes),7=(95,100))
=) P(X=1|Z=(m,yes), 7=(95100),U=u)-P(U=u|Z=(m,yes), 7=(95,100))
= 51;8-1 =5/8

(see the third row of Table 7.5). The same result is obtained if we apply Equation (7.75) to
V =(Z,1) and the combination of values z = (m, yes) and ¢ = (100, 105) (see the fourth row
of Table 7.5). Hence we have shown

P(X=1|Z=(m,yes)) = P(X=1|Z=(m,yes), 7=(95,100))
= P(X=1|Z=(m,yes), 7=(100,105)) = 5/8.

Finally, the analog procedure yields

P(X=1|Z=(f,yes)) = P(X=1|Z=(f,yes), 7=(106,114))
= P(X=1|Z=(f,yes),7=(116,130)) = 2/8.

This proves that Proposition (7.74), and with it, Equation (7.72) — which is equivalent to
7l X|Z — holds in this example.

7.5 Summary and Conclusions

In this chapter, we treated some causality conditions, all of which involve the true out-
come variables 7,. The simple (i. e., the unconditional) ones are listed in Box 7.1, the con-
ditional ones in Box 7.2. The implication relations among the simple causality conditions
are listed in Table 7.1, whereas the implications among the conditional ones are found in
Table 7.2. According to the last row of Table 7.2, Z-conditional independence of T and X,
the translation of Rosenbaum and Rubin’s Z-conditional strong ignorability into true out-
come theory, is the strongest, that is, the most restrictive condition among those causality
conditions in which we condition on a covariate Z of X; it implies all other causality con-
ditions listed in that table. The same applies to independence of 7 and X, which implies
all other causality conditions listed in Table 7.1.

Note that there are no implications between the simple causality conditions summa-
rized in Table 7.1 and the conditional ones listed in Table 7.2. Even the strongest (most
restrictive) condition 7 1L X does not imply any of the causality conditions listed in Table
7.2 or vice versa. This implies, for example, that Vx: 1, F 7x_,, which is equivalent to unbi-
asedness of E(Y|X), does not imply Vx: 7,.F 1x_,| Z, which is equivalent to unbiasedness
of E(Y|X, Z) (see also the example described in section 6.6). Furthermore, 7 1L X|Z does
not imply 7 1L X or any of the simple causality conditions listed in Box 7.1.

Limitations

The causality conditions treated in the present chapter have three important limitations:
They are not generalizable, they can only indirectly be created via experimental design
techniques, and they are not testable in empirical applications.

The term not generalizable refers to the fact mentioned above that, for example, 71 X
does not imply 7 Il X|Z, even not if Z is a covariate of X. This has serious disadvantages
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for the interpretation of the conditional expectation E(Y|X, Z). Although 71 X implies
that E(Y|X) is unbiased, we cannot conclude that E(Y'| X, Z) is unbiased as well. Suppose
that the putative cause variable X is binary and Z represents the covariate sex with values
mand f. Then, even if we know the causal total effects of treatment condition x compared
to x’ on the outcome Y, then we do not know anything about the conditional causal total
effects for males and for females. This also means that the difference between the con-
ditional expectation values E(Y|X=1,Z=m) and E(Y|X=0,Z=m) may not have a causal
meaning, and the same applies to the corresponding difference for females.

The second limitation is that these conditions can only indirectly be created via exper-
imental design techniques such as randomized assignment or conditionally randomized
assignment of the observational unit (person) to a treatment condition. In chapters 8 to
10 we will treat other causality conditions that imply all conditions treated in the present
chapter and that are created via randomized assignment of the observational unit to a
treatment condition. Randomized assignment of a unit to a treatment is a way to cre-
ate independence of the global potential confounder Dx and X, which implies 7 1L X and
71l X|Z, and with them all causality conditions treated in the present chapter, including
unbiasedness of E(Y|X) and E(Y|X, Z), provided that Z is a covariate of X (see Rem. 4.16).
In this case, E(Y|X=1)-E(Y|X=0) and E(Y|X=1,Z=2z)—-E(Y|X=0,Z=2z) are unbiased
and have a causal interpretation if P(X=x,Z=z) > 0 for the values (x,z) of X and Z. In
contrast, Z-conditionally randomized assignment of a unit to a treatment is a way to cre-
ate Z-conditional independence of Dx and X, which implies 7 1L X|Z, and with it unbi-
asedness of E(Y|X, Z), which is sufficient for computing conditional and average causal
total effects (for more details see Box 6.3).

The third disadvantage mentioned above is testability. Just like unbiasedness, all causal-
ity conditions treated in this chapter, including Z-conditional independence of X and
(i. e., strong ignorability), cannot be tested empirically without unrealistic additional as-
sumptions because, unlike in the numerical examples treated in this chapter, in empiri-
cal applications, the values of the true outcome variables 7, are unknown and cannot be
estimated for more than one single value x of X (see the fundamental problem of causal
inference described in the Preface and in Rem. 5.13). Therefore, in contrast to the causality
conditions treated in the chapters to come, the causality conditions treated in the present
chapter cannot be used for a selection of a covariate Z. Nevertheless, the Rosenbaum-
Rubin conditions are of theoretical interest because they are implied by other causality
conditions that are empirically testable (see chs. 8 to 10).

7.6 Proofs
Proof of Theorem 7.7
The assumptions include that 7, is P-unique. Under this assumption,

Tedl Txoy = T.F1x—, [RS-Th. 4.40]
< Bt 1x=x) 7 E(1) [RS-Def. 4.36]
< E(Y|X=x)F Dy. [Th. 6.9 (i)]
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Proof of Theorem 7.8

Proposition (7.17). This proposition immediately follows from the fact that o(7x-,)
0(X) and RS-Box 2.1 (iv).

Propositions (7.18) to (7.20). With 7.1 (d) we assume that 7, is P-unique. Under this
assumption,

AX = 1,FX [RS-Th. 4.40]
= T F Ty [0(Tx=x) € 0(X), RS-(4.45)]
< E(Y|X=x)F Dy. [(7.16)]

Proof of Theorem 7.17

Proposition (7.46). According to Assumption 7.1 (d), the true outcome variable 7, is
P-unique. Hence,

.FX|Z
o ElX,Z2) 5 E(1:2) [(7.38)]
= E(E@lX,2)|1x=0Z) 5 E(E(l 2) | 1x=x, Z) [RS-Box 4.1 (xiv)]

& E(y 1x=x,2) S E(E(T 2) | 1x-1, Z)

[0(Tx=x, Z) € 0(X, Z), RS-Box 4.1 (xiii)]
& Bl 1x=r, 2) 5 E(1:l Z) [0(E(7412)) € 0(Tx=x, Z), RS-Box 4.1 (xi)]
o TFEIxLIZ. [(7.37)]

Proposition (7.47).

TExlZ o E@l1x-,2) 5 E(td 2) [(7.37)]
Proof of Corollary 7.18

Proposition (7.48).
VXeX(Q):1,FX|Z = VxeXQ):1,F1x=xlZ. [(7.46)]
Proposition (7.49).

VXEX(Q): T.F1xr| Z o VYxeX(Q):E*X*(Y|Z)F Dy [(7.47)]
< E{YI|X,Z)F Dy. [Def. 6.18 (i)]
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Proof of Theorem 7.19
Proposition (7.50). We assume that 7, is P-unique. Hence,
A Ixy|Z = 1.F1xilZ. [RS-Box 4.1 (xiv), RS-Th. 6.8]
Proposition (7.51). We assume that Z is a covariate of X. Hence,

.Flxs|Z <o EXXY|Z)}F Dy. [(7.47)]

Proof of Theorem 7.20
Proposition (7.52). We assume that 7, is P-unique. Hence,
A1 X|Z = 1FX|Z. [RS-Th. 6.8]

Propositions (7.53) and (7.54).

.U X|Z = 71,l1xZ [0(1x=,) co(X), RS-Box 6.1 (vi)]
> T,F1xZ. [y is P-unique, RS-Th. 6.8]
Proof of Theorem 7.21

Propositions (7.55) to (7.58). Under Assumptions 7.1 (a) to (c), (e), and (g),

Tl X|Z
o VxeX(Q): tlix_,Z [RS-(6.8)]
= Vx,x'eX(Q): 1, lL1x_|Z [o(ty) co(1), RS-Box 6.1 (vi)]
& VxeX(Q): . lLX|Z [RS-(6.8)]
o Vx,x'eX(Q): 1, ll1x_|Z [RS-(6.8)]
=> VxeX(Q): 1. lL1x_,|Z. [x € X(Q)]

Propositions (7.59) and (7.60). Under the Assumptions 7.1 (a) to (g),

VxeX(Q): 1,l.X|Z
=> VxeXQ): 1,EX|Z [, is P-unique, RS-Th. 6.8]
=> VxeX(Q): 1.E1x=|Z. [o(1x=yx) € 0(X), RS-(4.52)]

Proposition (7.61). Under the Assumptions 7.1 (a) to (g),

VxeX(Q): 1, 1x_,|Z
=> VxeX(Q): 1.F1x_,Z. [z, is P-unique, RS-Th. 6.8]
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Propositions (7.62) and (7.63). If we additionally assume that Z is a covariate of X, then

VxeX(Q): T,F 1x=x|Z
& VxeX(Q): EX*Y|Z) F Dy [Th. 6.20 (i), (7.38)]
< EYI|X,Z)F Dx. [Def. 6.18 (i)]

7.7 Exercises

> Exercise 7-1 Prove Propositions (7.5) and (7.6).

> Exercise 7-2 Prove Propositions (7.7) to (7.9).

> Exercise 7-3 Prove that Proposition (7.14) implies (7.13).

> Exercise 7-4 Check the implications listed in Table 7.2 and find their proofs in this chapter.

> Exercise 7-5 Change a single number in Table 7.3 so that in this modified example 7 1L X |[(Z=f)
holds. Use the Causal Effects Xplorer to check this condition.

> Exercise 7-6 Show that P(X=x|Dy) 3 0 implies P(X=x|2) > 0, if Z is a covariate of X.

Solutions

> Solution 7-1 If the Assumptions 7.1 (a) to (d) hold, then

TEX o E@mIX) s E@) [(7.2)]
& Vx'eX(Q): Bl Tx_y) = E(1) [RS-(4.40)]
& VX'EX(Q): TeF Tyoy [RS-Def. 4.36]
=> T FIx=y [x e X(D)]
& E(Y|X=x)F Dx. [(6.5), Th. 6.9 (i)]

> Solution 7-2 Under the Assumptions 7.1 (a) to (f), Propositions (7.7) to (7.8) immediately follow
from Propositions (7.5) to (7.6), and Proposition (7.9) follows from Definition 6.3 (ii).

> Solution 7-3

TLX o VxeX@):P(X=x|1)s P(X=x) ((7.14)]
& Vx'eX(Q): E(ly—y|7) 5 E(1x_y1) [RS-(4.10), RS-(3.9)]
= Vx,x'eX(Q): E(E(lx-y|7)| 1) 5 E(E(Tx-y) | ) [RS-Box 4.1 (xiv)]
© Vxx'eX(Q): E(lx_ys|7) = E(1x-y) [RS-Box 4.1 (xiii), (i)]
& Vxx'eX(Q): P(X=x'|ty) = P(X=x) [RS-(4.10), RS-(3.9)]
& Vel X. [((7.13)]

> Solution 7-4 The propositions of Table 7.2 are considered row wise.

Row 1
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1

2

3

(@]

(5

(6)

@]

8)

(€)]

(10)

1D

12)

13)

(14)

(15)

(16)

a7

(18)

19)

(20)
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Under the Assumptions 7.1 (a) to (d) and (g): TxFX| Z = 1:F 1x=«|Z.

This is Proposition (7.46).

Row 2

Under the Assumptions 7.1 (a) to (d) and (g): Ty L Tx=x|Z = 1xF Ix=x|Z.

This is Proposition (7.50).

Row 3

Under the Assumptions 7.1 (a) to (d) and (g): T, L X|Z = 14F Tx=«| Z.

This is Proposition (7.54).

Under the Assumptions 7.1 (a) to (d) and (g): 7, L X|Z = 1,FX]| Z.

This is Proposition (7.52).

Under the Assumptions 7.1 (a) to (c) and (g): T, L X|Z = 141l Tx=«|Z.

This is Proposition (7.53).

Row 4

Under the Assumptions 7.1 (a) to (8): (Y x € X(Q): TxF Tx=x| Z) = 14F 1x=x| Z.

This proposition immediately follows from x € X(Q).

Row 5

Under the Assumptions 7.1 (a) to (8): (Y x € X(Q): 1xFX| Z) = TxF 1x=«| Z.

This immediately follows from Proposition (7.60).

Under the Assumptions 7.1 (a) to (g): (Vx € X(Q): 1,FX| Z) = 1,FX| Z.

This proposition immediately follows from x € X(Q).

Row 6

Under the Assumptions 7.1 (a) to () and (g): (Vx € X(Q): Ty L Tx=x|Z) = 7xF Tx=x| Z.
This immediately follows from Proposition (7.61).

Under the Assumptions 7.1 (a) to (c), (e) and (g): [Vx eX(Q): T, AL 1X:x|Z) = Tl Tx—4|Z.
This proposition immediately follows from x € X(Q).

Under the Assumptions 7.1 (a) to (g): (¥ x € X(Q): Tx L 1x=xZ) = (VX € X(Q): TxF 1x=x| Z).
This follows from Proposition (7.54).

Row 7

Under the Assumptions 7.1 (a) to (e) and (g): (V xeX(Q): TxJ.LX|Z) = T, F1x=x|Z.
This follows from Propositions (7.59) and (7.60).

Under the Assumptions 7.1 (a) to () and (g): (Vx € X(Q): 7, 1L X|Z) = 1FX| Z.

This immediately follows from Proposition (7.59).

Under the Assumptions 7.1 (a) to (c), (e) and (g): (V xeX(Q): TxJ.LX|Z) = T, Al Tx—«|Z.
This follows from Proposition (7.53).

Under the Assumptions 7.1 (a) to (c), (e) and (g): (V xeX(Q): TxJ.LX|Z) => 1, 1 X|Z.
This proposition immediately follows from x € X(Q).

Under the Assumptions 7.1 (a) to (8): (Yx € X(Q): T, L X|Z) = (Vx € X(Q): 14F 1x=4| Z).
This follows from Propositions (7.53) and (7.54).

Under the Assumptions 7.1 (a) to (8): (Yx € X(Q): 7, L X|Z) = (VxeX(Q): ,FX| Z).
This follows from Proposition (7.52).

Under the Assumptions 7.1 (a) to (c), (e) and (g):

(VxeX(@: 7L X|Z) = (VxeX(Q): 1yl 7x=x|Z). This follows from Proposition (7.53).
Row 8

Under the Assumptions 7.1 (a) to (e) and (g): TUL X |Z = 14F Tx=«| Z.

This follows from Propositions (7.55) to (7.60).

Under the Assumptions 7.1 (a) to (e) and (g): T L X |Z = 1.FX]| Z.

This immediately follows from Propositions (7.55) to (7.59).
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21

(22)

(23)

(24)

(25)

(26)

Under the Assumptions 7.1 (a) to (c), (e) and (8): Tl X|Z = 7, 1x=|Z.
This follows from Propositions (7.55) and (7.58).

Under the Assumptions 7.1 (a) to (c), (e) and (g): T L X|Z = 1, 1L X|Z.
This follows from Propositions (7.55) to (7.57).

Under the Assumptions 7.1 (a) to (g): T L X|Z = (Vx € X(Q): 1xF 1x=x/Z).
This follows from Propositions (7.55) to (7.60).

Under the Assumptions 7.1 (a) to (g): T L X|Z = (VxeX(Q): 1.FX| Z).
This immediately follows from Propositions (7.55) to (7.59).

Under the Assumptions 7.1 (a) to (¢), (e) and (g): TILX|Z = (Vx€X(Q): Tyl Tx—«|Z).

This follows from Propositions (7.55) to (7.58).

Under the Assumptions 7.1 (a) to (¢), (e) and (g): T L X|Z = (VxeX(Q): 1, 1L X|Z).
This follows from Propositions (7.55) to (7.57).

> Solution 7-5 Change EX=2(Y|U=Eva) from 126 to 150.

> Solution 7-6 Remember, if Z is a covariate of Z, then 0(Z) c 6(Dx) (see Rem. 4.16). Hence,

P(X=xIDx)3 0 = E(P(X=x|Dx)|Z)> 0 [RS-(4.13)]
© E(E(x=Dx)|Z) 3 0 [RS-(4.10)]
© E(lx=x2)3 0 [SN-(2.40), 6(Z) < 6(Dx), RS-Box 4.1 (xiii)]

< PX=x|2) > 0. [RS-(4.10)]
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Chapter 8
Fisher Conditions

In chapter 6, we treated unbiasedness of the conditional expectations E(Y|X), E X=x(y|2),
and E(Y|X,Z) and unbiasedness of the conditional expectation values E(Y|X=x) and
E(Y|X=x,Z=z). Unbiasedness of these terms is a first kind of causality conditions jus-
tifying causal interpretations of the dependencies described by conditional expectations
and conditional expectation values. For example, if E(Y|X=x) and E(Y|X=x') are unbi-
ased, then the prima facie effect PFE,,' = E(Y|X=x)— E(Y|X=x') is unbiased as well and
it is identical to the causal average (total) effect ATE,, . Therefore, under unbiasedness,
an estimate of PFE,, s is also an estimate of the ATE,,. Similarly, if E(Y|X=x,Z=z) and
E(Y|X=x' Z=2z) are unbiased, then the (Z=z)-conditional prima facie effect PFE ,.,./(2)
=E(Y|X=x,Z=2z) - E(Y|X=x',Z=2z) is unbiased and PFE ;.. ./(z) is identical to the causal
(Z=z)-conditional (total) effect CTE ;. ,/(2).

In chapter 7, we treated some other causality conditions, the Rosenbaum-Rubin condi-
tions, which involve the true outcome variables 7, and imply unbiasedness of the condi-
tional expectations E(Y'|X), EX=*(Y'|Z), E(Y|X, Z), and their values. However, these con-
ditions as well as unbiasedness itself cannot be tested empirically. Therefore we say that
they cannot be falsified. Consequently, none of these conditions can be used for selecting
the random variable Z with respect to which conditional independence of the multivari-
ate true outcome variable T and X (i.e., 7 1L X|Z) or conditional mean-independence of
the true outcome variables 7, and X (i.e., 7,F X| Z) hold. Furthermore, unbiasedness can
be accidental in the sense that it may hold for E(Y|X) but not for E(Y|X, Z), where Z is a
covariate of X. This also applies, for example, to the strong ignorability condition 7 1L X | Z.
If it holds for a specified covariate Z, then this does not imply that 7 Il X|(Z, W) holds as
well, even if Z and W are covariates of X. This is one of the reasons why, in the present and
some of the next chapters, we study other causality conditions that are less volatile (i. e.,
that are generalizable) and falsifiable, therefore lending themselves for covariate selection
in quasi-experiments and observational studies.

The conditions introduced in this chapter will be referred to as the Fisher conditions
(for total effects). This name is chosen to recognize the contributions of Sir R. A. Fisher
to understanding the relevance of the experimental design technique of randomization
for causal inference (see, e.g., Fisher, 1925/1946). The Fisher conditions can be created
by randomly assigning (e. g. by a coin flip) the observational unit to one of several treat-
ment conditions represented by the values x of the putative cause variable X. In contrast
to the causality conditions treated in the previous chapters, the Fisher conditions are also
falsifiable. Hence, they can be tested in samples and can be used for covariate selection.
Furthermore, they are not accidental in the sense described above, that is, they are gener-
alizable.

Finally, the Fisher conditions may also hold if the putative cause variable X is a contin-
uous random variable. Remember, all causality conditions described in chapters 6 and 7
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are defined only if the values x of X have a positive probability P(X=x). For example, if
X is normally distributed, then P(X=x) = 0 for all values x of X, and this also applies if X
has any other continuous distribution. Even in the definitions of causal effects treated in
chapter 5 we presumed that X is discrete and has at least two values x and x’ having a pos-
itive probability. Hence, although the Fisher conditions have many useful implications on
unbiasedness and true outcome variables, they have far reaching consequences beyond
true outcome theory.

Requirements

Reading this chapter we assume that the reader is familiar with the concepts treated in all
chapters of Steyer (2024). Again, chapters 4 to 6 of that book are now crucial. They deal
with the concepts of a conditional expectation, a conditional expectation with respect to a
conditional probability measure, and conditional independence. Furthermore, we assume
familiarity with chapters 4 to 7 of the present book.

In this chapter, we will often refer to the following assumptions and notation.

Notation and Assumptions 8.1

(a) Let ((Q, A, P), (F) te1,6, Dg, X, Y) be a regular probabilistic causality setup, let
Dx denote a global potential confounder of X, and W the set of all potential
confounders of X, that is, the set of all random variables on (Q, <, P) satisfying
o(W) co(Dy).

(b) Let (Qx,sly) denote the value space of X, let x € Qk, let {x} € ofx, and let Tx—,
denote the indicator of the event {X=x} = {w € Q: X(w) = x}.

(¢) LetY be real-valued with positive variance, assume 0 < P(X=x) <1, define the
probability measure PX=%: of — [0,1] by PX=*(A) = P(A|X=x), for all Ae «,
and let T, = EX=*(Y|Dx) denote a true outcome variable of Y given x.

(d) Let Z be a random variable on (Q, <4, P) and let (Q,<47) denote its value space.

(e) LetzeQf beavalueof Z, let{z} € o/, assume P(Z=z) > 0, and define the pro-
bability measure PZ=%: of — [0,1] by PZ=%(A) = P(A|Z=z), for all A€ .

(f) Let x'e X(Q) = {0,1,...,J} and {x'} € ofx, let 1x_,1 denote the indicator of the
event{X=x'}={weQ: X(w) = x'}, and assume 0< P(X=x') < 1. Furthermore,
let T, = EX=*'(Y| Dx) denote a true outcome variable of Y given x'.

(g) ForallxeX(Q)=10,1,..., ]}, let{x} € ofx and assume 0 < P(X=x) < 1. Further-
more, let T := (1¢,73,...,T;) denote the (J + 1) -variate random variable consisting
of the true outcome variables 1y, 11,...,7y of Y.

(h) Let Z be a covariate of X, that is, let 6(Z) < o (Dy).

8.1 F-Conditions

In this section, we present the causality conditions summarily referred to as the simple
(or unconditional) and the conditional Fisher (F) conditions. In the simple F-conditions,
we assume independence of a putative cause variable X and a global potential confounder
Dy of X, orindependence of Dx and an indicator variable 7x_,, where x denotes a value of
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X. Among other things, these simple F-conditions imply unbiasedness of the conditional
expectation E(Y|X) and the conditional expectation value E(Y|X=x), respectively. Such a
simple F-condition is equivalent to independence of all potential confounders of X on one
side and X (or 7x-,) on the other side. In contrast, the conditional F-conditions postulate
Z-conditional independence of Dx and X (or 7x-,), where Z denotes a covariate of X.
Among other things, these conditional F-conditions imply unbiasedness of E(Y|X, Z) and
EX=%(Y|2), respectively. We also explicitly consider F-conditions in which we condition
on a single value z of Z.

From a methodological point of view, it should be noted that the simple F-conditions
are the mathematical foundation of the randomized experiment. In contrast, the condi-
tional F-conditions are the mathematical foundation of the conditionally randomized ex-
periment. However, the conditional F-conditions can also be used for covariate selection
aiming at establishing conditional independence of Dx and X given the (possibly multi-
variate) covariate Z (for more details, see sect. 8.6).

8.1.1 Simple F-Conditions

In RS-section 2.4 we already introduced the concept of independence of two random vari-
ables with respect to a probability measure P. This concept is used repeatedly in Box 8.1, in
which the definitions of all F-conditions are gathered. Reading the definitions in this box,
remember that o(Dx) and o(X) denote the o-algebras generated by the random variables
Dy and X, respectively (see RS-Def. 2.12).

Remark 8.2 [Independence of Dy and 7x_,] Box 8.1 (i) presents the definition of inde-
pendence of a global potential confounder Dx of X and an indicator variable 1x_, for the
event {X=x}. In this definition, we require the Assumptions 8.1 (a) and (b). The notation
is Dx Al 1x—, . According to RS-Corollary 6.18,

Dyl 1x-, © P(X=x|Dx) = P(X=x) (8.1)
< P(Ix=x=1IDx) 5 P(Ix=x=1) (8.2)
< P(1x=x=0|Dx) 7 P(1x=,=0) (8.3)
© P(X#x|Dx) 3 P(X#X). (8.4)

Note that Propositions (8.1) to (8.4) also hold if Dy is neither discrete nor numerical and if
P(X=x) = 0. Hence, the condition Dxl 7x_, can be used beyond true outcome theory of
causal effects (see ch. 5), and this applies to all other conditions presented in Box8.1. <

Remark 8.3 [Independence of Dy and X] The second definition [see Box 8.1 (ii)] is inde-
pendence of the putative cause variable X and a global potential confounder Dy of X. The
notation is Dx 1L X . This concept also applies if neither X nor Dy are discrete or numerical.
We only require Assumptions 8.1 (a). However, if X is discrete (see RS-Def. 2.62), then

Dyl X < VxeX(Q): P(X=x|Dy) = P(X=x) (8.5)
& VxeX(Q): Dxll 1x—, (8.6)
(see RS-Cor. 6.17). Hence, if X is discrete, then according to Proposition (8.5), indepen-

dence of Dy and X (with respect to the probability measure P) implies that the Dx-con-
ditional probabilities of the events {X=x} = {® € Q: X(w) = x} do not depend on the global
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Box 8.1 F-conditions

Simple F-conditions

Dx Al 1x—y Independence of Dxand 1x-,. Under Assumptions 8.1 (a) and (b), itis de-
fined by

V(A,B) e a(Dx) x0(1x=x): P(AnB) = P(A)-P(B). ()]
Under Assumptions 8.1 (a) to (c), it implies E(Y |X=x) I Dx.
Dxll X Independence of Dx and X. Under Assumptions 8.1 (a), it is defined by
V(A,B)eo(Dx)xa(X): P(AnB) = P(A) - P(B). (i)

Under Assumptions 8.1 (a), (c), and (g), itimplies E(Y |X) F Dx.

Z-conditional F-conditions

Dxll1x_«|Z Z-conditional independence of Dx and 1x-. Under Assumptions 8.1 (a),
(b), and (d), it is defined by

V(A,B)€ea(Dx) x0(1x=x): P(AﬁBIZ)f P(A|Z)-P(B|Z). (iii)

Under Assumptions 8.1 (a) to (d) and that Z is a covariate of X it implies
EX=X(Y|Z)F Dx.

Dx1 X|Z Z-conditional independence of Dx and X. Under Assumptions 8.1 (a) and
(d) itis defined by Note:
V(A,B)ea(Dx) xa(X): P(AnB|Z) i P(A|Z)-P(B|Z2). (iv)

Under Assumptions 8.1 (a), (c), (d), (g), and that Z is a covariate of X it
implies E(Y|X, Z) - Dy.
(Z =z)-conditional F-conditions

Dx |l 1x-,|(Z=2) (Z=z)-conditional independence of Dx and 1x-. Under Assumptions 8.1
(a), (b), (d), and (e), it is defined by

V(A,B) €6(Dx) x 0(1x=2): P7(ANB) = P*5(4)-P*7*(B). ()
pZ=z

Under Assumptions 8.1 (a) to (e), and that Z is a covariate of X it implies
EZ=*(Y|X=x) F Dx.

Dyl X|(Z=2z) (Z=2z)-conditional independence of Dx and X. Under Assumptions 8.1 (a),
(d), and (e), it is defined by

Y (A,B) € a(Dx) x 6(X): PZ*(AnB) = PZ=3(A)- PZ7#(B). vi)
pi=z

Under Assumptions 8.1 (a) to (e), (g), and that Z is a covariate of X it im-
plies E4=%(Y|X) + Dyx.

The proofs that the six F-conditions imply unbiasedness of the specified conditional expecta-
tions are found in the theorems and corollaries of section 8.3.




8.1 F-Conditions 231

potential confounder Dy. Furthermore, according to Proposition (8.6), if X is discrete,
then Dxll X is also equivalent to independence of Dx and all indicator variables 7x_,,
x € X(Q), where denotes X(Q) the image of Q under the map X. <

Example 8.4 [First Examples of Independence of Dy and X] Examples of independence
of a global potential confounder Dy and the putative cause variable X have already been
presented in RS-Table 1.2 and in Table 6.3 of the present book. In both examples, the per-
son variable U takes the role of a global potential confounder Dy. <

Remark 8.5 [Randomized Assignment of a Unit to a Treatment] As already mentioned in
the introduction of this chapter, Dy 1l X can be created by randomized assignment (e. g.,
via a coin flip) of a unit to a treatment because, (a) by definition of randomized assign-
ment, X deterministically depends on the coin flip whose outcome does not depend on
Dy, and (b) Dy is prior or simultaneous to the treatment variable X (see Th. 4.31). This
means that X cannot cause Dy and there is no common cause of X and Y. Note that ‘ran-
domization creates Dy L X’ is a substantive theory. It involves a term that refers to a design
technique that can be applied in empirical research. In contrast to ‘independence of Dx
and X, the term ‘randomized assignment’ is not a mathematical concept. <

8.1.2 Z-Conditional F-Conditions

The general concept of conditional independence of two random variables given a ran-
dom variable has been treated in some detail in RS-chapter 6. For a more detailed presen-
tation of conditional independence of random variables see SN-chapter 16.

Remark 8.6 [ Z-Conditional Independence of Dy and 7x_,] The third causality condition
in Box 8.1 (iii), is Z-conditional independence of Dx and 1x_,, denoted Dy L 1x_, | Z. In this
definition, in which we require the Assumptions 8.1 (a), (b), and (d), P(A| Z) := E(14| Z) de-
notes the Z-conditional probability of the event A (see RS-Rem. 4.12). This F-condition is
tantamount to assuming that 7y_, on one side and all potential confounders on the other
side are Z-conditionally independent. According to RS-Theorem 6.6,

Dxll1x_,|Z < P(X=x|Dx,2Z) = P(X=x|2) (8.7)

©  P(1x=x=1|Dx, 2) = P(1x-x=1|2) (8.8)

©  P(1x=x=0|Dy, Z) = P(1x=x=012) (8.9)

o P(X#x|Dx,Z) = P(X#£x|2). (8.10)

Note that Propositions (8.7) to (8.10) still hold if P(X=x) =0. <

Remark 8.7 [Z-Conditional Independence of Dx and X] The fourth causality condition,
defined in Box 8.1 (iv), is Z-conditional independence of Dx and X, denoted Dyl X|Z.
For this definition, we require the Assumptions 8.1 (a) and (d). This causality condition is
tantamount to the assumption that X on one side and all potential confounders of X on
the other side are Z-conditionally independent. <

Remark 8.8 [The Putative Cause Variable Does Not Have to Be Discrete] Just as Dy 1l X,
the condition Dyl X|Z is also defined and may hold if X is continuous. In this case,
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true outcome theory of causal effects is not applicable because there we presume posi-
tive probabilities P(X=x) for all x € X(Q), which does not hold if X is continuous. Nev-
ertheless, if Z is a covariate of X, then Dyl X|Z is still a causality condition, implying
that E(Y|X, Z) describes a causal Z-conditional dependence of Y on X. However, in this
volume we refrain from generalizing the theory to continuous putative cause variables. <

Remark 8.9 [Dx 1l X |Z if X is Discrete] If X is discrete (see RS-Def. 2.62), then

DxlX|Z < VxeX(Q): P(X=x|Dx,Z)5P(X=x|Z) (8.11)

o VxeX(Q): Dxl1x_,|Z (8.12)

(see RS-Th. 6.5). To emphasize, the right-hand sides of these propositions are equivalent
to Dx 1L X|Z only if X is discrete. However, in contrast to the definition presented in Box

8.1 (iv), they do not hold anymore, if X is continuous. Also note that Proposition (8.5) is a
special case of (8.11) for Z being a constant map, that is, for o(Z2) = {Q, 0}. <

Remark 8.10 [Consequences of Z Being a Covariate of X] If we assume that Zis a covari-
ate of X, then, according to Definition 4.11 (iv) and Remark 4.16, c(Z) c o(Dx) holds for
the o-algebras generated by these two random variables. This implies o(Dx) = 0(Z, D)
[see RS-Prop. (2.19)] and

P(X=x|Dx,Z) 5 P(X=x|Dx) (8.13)

[see RS-Def. 4.4 and RS-Eq. (4.10)]. Hence, if X is discrete and Z is a covariate of X, then
Proposition (8.11) can also be written as

Dyl X|Z < VxeX(Q): P(X=x|Dx) 5 P(X=x|Z2). (8.14)

Correspondingly, Propositions (8.7) to (8.10) simplify to

Dyl 1x-x|Z < P(X=x|Dx) = P(X=x|2) (8.15)
< P(Ix=x=1IDx) 5 P(Ix=x=1|2) (8.16)

©  P(Ix=x=0|Dx) = P(1x-,=0|2) (8.17)

& P(X#x|Dx) = P(X#x|2). (8.18)

<

Example 8.11 [A First Example of Z-Conditional Independence] An example of Z-con-
ditional independence of the putative cause variable X and a global potential confounder
Dy of X has already been presented in Table 6.4. In this example, U takes the role of a
global potential confounder of X. In section 8.5 we will treat several examples in more
detail. <

8.1.3 (Z=z)-Conditional F-Conditions

Now we turn to conditional independence of a putative cause variable X (or 7x-,) and a
global potential confounder Dy of X given that Z takes on the value z. In these definitions,
we assume P(Z=z) > 0 and refer to the probability measure PZ=* defined in Assumptions
8.1 (e).
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Remark 8.12 [(Z =z)-Conditional Independence of Dy And X] The fifth causality condi-
tion [see Box 8.1 (V)] is (Z=z)-conditional independence of Dx and 1x_, . It is denoted by
Dx 1l 1x_,|(Z=z). The required assumptions are 8.1 (a), (b), (d), and (e). This condition
means that 7x_, on one side and all potential confounders of X on the other side are
(Z=2z)-conditionally independent. The definition shown in Box 8.1 (v) reveals that (Z=2z)-
conditional independence of Dy and 7x-, is equivalent to independence of Dx and Tx—,
with respect to the probability measure P#=% [see Assumptions 8.1 (e)]. That is,

DxllTx-<|(Z=2) & Dy IL fx_. (8.19)
pZ=z

Furthermore, according to RS-Corollary 6.18,

Dxlliy-l(Z=2) © PF(X=x|Dy) = P**(X=x) (6.20)
o P%*(1x_,=1|Dy) pFe P7 (1x=y=1) 8.21)

© P7(Ixex=0IDy) = P"(1x-x=0) 8.22)

o P%#(X#x|Dy) e P77 (X#x). (8.23)

<

Remark 8.13 [(Z =z)-Conditional Independence of Dy and X] The sixth causality condi-
tion, introduced in Box 8.1 (vi), is (Z=2)-conditional independence of Dx and X, denoted
Dx 1l X|(Z=z). The required assumptions are 8.1 (a), (d), and (e). This condition means
that the putative cause variable X on one side and all potential confounders of X on the
other side are (Z=z)-conditionally independent. According to the definition in Box 8.1 (vi),
(Z=2z)-conditional independence of Dy and X is equivalent to independence of Dx and X
with respect to the probability measure P#=%. That is,

Dyl X|(Z=2) :© DX%LX. (8.24)
pZ=z
<

Remark 8.14 [(Z =z)-Conditional Independence of Dx and a Finite X] Suppose that X is
finite or countable. Then, according to Remark 8.3 and Proposition (8.24),

Dyl X|(Z=2z) o VxeX(Q): PZ*(X=x|Dyx) JE P%7*(X=x) (8.25)
& VxeX(Q): Dyxllix_|(Z=2z). (8.26)

Hence, if X is finite or countable, then (Z=z)-conditional independence of Dx and X is
equivalent to (Z=z)-conditional independence of Dx and 7x-, for all values x of X. <

Remark 8.15 [ Z-Conditional Randomized Assignment] If Z is prior in (%,);c7 to X [see
Def. 3.3 (ii)] and therefore a covariate of X (see Cor. 4.33), then we can conduct exper-
iments in which we create Dx 1l X|Z without Dx 1L X. For example, conditional indepen-
dence of a treatment variable X and a global potential confounder Dy of X given a covari-
ate Z of X may be created via Z-conditional randomization. In this technique of experi-
mental design, assignment to treatment is arranged such that the conditional probabilities
P(X=x|Z=z) may differ for different values z of Z (representing, e. g., different degrees of
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severity of the disorder before treatment), but Dx L X|Z still holds. The reason is that, for
all x € X(Q), this assignment procedure secures that no other potential confounder than
Z determines the probabilities of being assigned to treatment x (see Rem. 8.59 or more
details). <

8.2 Implications Among F-Conditions

In this section we study the implication structure among the F-conditions. A summary of
all these implications is presented in Box 8.1. Proofs are found in the theorems treated in
the present section and in the solution to Exercise 8-2.

Remark 8.16 [First Consequences of Dx 1l X and Dx 1l X|Z] Under the Assumptions 8.1
(a) and (b),

DxJ.LX = DxJ.L 1X:x (8.27)

because o(7x=,) < 0(X) [see RS-Box 2.1 (iv)]. Correspondingly, and for the same reason,
under the Assumptions 8.1 (a), (b), and (d),

DxI X|Z = Dxllix_,|Z (8.28)
[see RS-Box 6.1 (vi)]. <

In the following theorem, we consider an implication that we call generalizability of
independence of a putative cause variable X and a global potential confounder Dy of X.

Theorem 8.17 [Generalizability of Dy Il X]
Let the Assumptions 8.1 (a) hold.
(i) Then

DxlIl X = VWeWx: DxIX|W. (8.29)

(ii) If we additionally assume 8.1 (b), then

Dxll 1x-y = VWeWx: Dxllix_(|W. (8.30)
(Proof p. 256)

Hence, under the Assumptions 8.1 (a) and that W is a potential confounder of X, in-
dependence of a putative cause variable X and a global potential confounder Dx of X
implies W-conditional independence of X and Dx. This proposition is called generaliz-
ability of Dy 1l X. Its methodological implications are discussed in more detail in Remark
8.63. Note that assuming W to be a potential confounder of X is crucial for this implica-
tion. Also note that, under the Assumptions 8.1 (a) and (b), Propositions (8.27) and (8.30)
imply

DxU X = VWeWy: DxIl1x_,|W. (8.31)

In the following theorem, we extend Theorem 8.17 considering generalizability of Z-

conditional independence of a putative cause variable X and a global potential con-
founder Dy of X.
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Table 8.1. Implications among the F-conditions

=7))

N 0 N
i N i N i
= =] & > &
N 5 N 5 N
= = = & >
A A A Q A

Dx L X|(Z=2z) | (a), (b), (d), (&)
Dxl 1x—x|Z (@), (b), (), (e)

DxIL X|Z (@, (b), (d), (& (@), (d), (e) (@), (b), (d)
Dx Al Tx=x (@, (b), (d), (e), (h) (@), (b), (h)
Dx Il X @, (b), (@), (&), ) (@), ), (), ) (@, b),H (), h) (@), (b)

Note: An entry such as (a), (b) means that the condition in the row implies the condition in
the column, provided that the Assumptions 8.1 (a) and (b) hold. Trivial equivalences such as
Dxll 1x_, © Dx Il 1x_, are omitted.

Theorem 8.18 [Generalizability of Dx 1l X | 7]
Let the Assumptions 8.1 (a) and (d) hold.
(i) Then

DxU X|Z = VYWeWx:DxIUX|(Z,W). (8.32)

(ii) If we additionally assume 8.1 (b), then

DxU1x_x|1Z = VYWEeWx: DxIl1x_.I(Z,W). (8.33)
(Proof p. 257)

Hence, under the assumptions of Theorem 8.18, Z-conditional independence of a pu-
tative cause variable X and a global potential confounder Dy of X implies (Z, W)-condi-
tional independence of X and Dy, provided that W is a potential confounder of X. This is
what we call generalizability of Dx 1 X|Z (see Rem. 8.64) for a discussion of the method-
ological implications). Again, assuming W to be a potential confounder of X is crucial for
this implication. Also note that, under the Assumption 8.1 (a), (b), (d), Propositions (8.28)
and (8.33) imply

DxU X|Z = VWeWs: Dxlix_(|(Z,W). (8.34)
In the next corollary we consider a consequence of Dy Il X |Z that involves conditioning

on an event {Z=z} = {w € Q: Z(w) = z} for which we assume P(Z=z) > 0. This corollary
immediately follows from RS-Propositions (6.47) and (6.48).

Corollary 8.19 [Dx Il X|Z Implies (Z=z)-Conditional Independence of Dy and X]
Ifthe Assumptions 8.1 (a), (d), and (e) hold, then
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DxI X|Z = DxIlX|(Z=2). (8.35)

Hence, under the assumptions of Corollary 8.19, Z-conditional independence of a pu-
tative cause variable X and a global potential confounder of X implies (Z=z)-conditional
independence of X and Dy.

Propositions (8.29) and (8.35) immediately yield the following corollary.

Corollary 8.20 [Dx 1l X Implies (Z=z)-Conditional Independence of Dy and X]
Let the Assumptions 8.1 (a), (d), and (e) hold, and let Z be a covariate of X. Then

Dxl X = DxIlX|(Z=2). (8.36)

Hence, under the assumptions of this corollary, independence of a putative cause variable
X and a global potential confounder of X implies (Z=z)-conditional independence of X
and Dy.

Remark 8.21 [A Consequence of Dx 1l X|(Z=2z)] Under the Assumptions 8.1 (a), (b), (d),
and (e),

Dyl X|(Z=2) = Dxll1x_,|(Z=2) (8.37)
[see solution (1) to Exercise 8-2]. <

Note that the assumptions of the theorems and the other propositions stated above
neither include P(X=x) > 0 nor that Y is real-valued, which are prerequisites for the true
outcome variables 7, to be defined. Hence, these propositions also hold beyond true out-
come theory. This remark also applies to all other propositions summarized in Table 8.1.
(For the proofs of these propositions, see the solution to Exercise 8-2.)

8.3 Implications of F-Conditions on RR-Conditions and Unbiasedness

In this section we treat the consequences of the Fisher conditions on the Rosenbaum-
Rubin conditions and on unbiasedness. Now our assumptions include that the putative
cause variable X is finite with values in the set X(Q) ={0,1,..., J}, P(X=x) > 0 for all values
of X, and that Y is real-valued. These assumptions are prerequisites for the definitions of
the true outcome variables 7,, x € X(Q).

Table 8.2 summarizes the consequences of the Fisher conditions on the Rosenbaum-
Rubin conditions. These consequences are proved in the theorems treated in this section
or in Exercise 8-3. We also prove the implications of the Fisher conditions on unbiased-
ness.
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8.3.1 Consequences of Independence of Dx and X

In the first theorem of this section, we consider consequences of Dx 1l X for the multi-
variate true outcome variable 7 = (7¢,73,...,7;) and unbiasedness of the conditional ex-
pectation E(Y|X) and its values E(Y|X=x). In this theorem, we confine ourselves to those
consequences that do not involve conditioning on a covariate of X.

Theorem 8.22 [Consequences of Dy Il X for True Outcomes and Unbiasedness]
Let the Assumptions 8.1 (a), (c), and (g) hold. Then Dx 1l X implies

i tlX
(ii)) VxeX(Q): tll1x_,
(iii) Vx€X(Q): 1y is P-unique
(iv) VxeX(Q): E(Y|X=x)F Dx
(v) E(Y|X)F Dy.
(Proof p. 257)

Remark 8.23 [Dy Il X Implies That All 7, Are P-Unique] Under the assumptions of The-
orem 8.22, Dx 1l X implies that all true outcome variables 7, x € X(Q), are P-unique [see
Prop. (iii) of Th. 8.22]. Hence, P-uniqueness of the true outcome variables 7, is not an ad-
ditional assumption in Proposition (v) of Theorem 8.22, according to which independence
of Dx and X implies unbiasedness of E(Y|X). <

Remark 8.24 [Dx Il X Implies the Rosenbaum-Rubin Conditions] Note that Dxll X does
not only imply 7 1L X and P-uniqueness of all true outcome variables 7, [see Props. (i) and
(iii) of Th. 8.22], but also all other simple Rosenbaum-Rubin conditions (see the last row
of Table 7.1). <

In the next theorem we consider some consequences of independence of an indicator
1x= for a value x of the putative cause variable X and a global potential confounder Dy
of X. Reading this theorem, remember that E X=x(Y|Dy) is the more explicit notation of a
true outcome variable 7, (see Def. 5.4).

Theorem 8.25 [Consequences of Dy Il Ty_ ]
Let the Assumptions 8.1 (a) to (c) hold. Then Dx L 1x_, implies
(i) E*T(Y|Dx)AL1x—x and E***(Y|Dx) AL x4,
(ii) E*=*(Y|Dx) and E*X**(Y|Dx) are P-unique
(iii) E(Y|X=x) - Dx and E(Y|X#x) - Dx
(iv) E(Y|1x-y) - Dx.
(Proof p. 257)

Hence, according to this theorem, Dx Il 7x_, implies that the true outcome variable
EX=*(Y| Dy) and the indicator 7x-, are independent. Correspondingly, Dx Il 7x-, implies
that EX#*(Y| Dx) and the indicator 7y, are independent. It also implies that the true out-
come variables EX=*(Y|Dy) and E***(Y|Dy) are P-unique. Finally, Dyl 7x—, implies
that E(Y| 7x—,) and its values E(Y|X=x) and E(Y|X#x) are unbiased.
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Table 8.2. Implications of the Fisher conditions on some Rosenbaum-Rubin conditions

R
N N
~ J = .
i S, i N i
= =) & = X <
=33 : 1
DxWix=x|(Z=2) | (2)-(e),(g)
Dx L X|(Z=2) @-e,@® @-(e,@®
Dyll1x-x|Z (@-(e),(® @-(d),(g
Dyl X|Z @-(g @-(e),(® @-(d,@® @-(d),(®)
DxAlL1x=y @-(g),(h) (@)-(d),(g),(h) (@),(),(g)
Dyl X @-@,0 @-@.0 @-d@E b @-deh @©c,@E @,0)@F

Note: An entry such as (a)-(g) means that the condition in the row implies the condition in the
column, provided that the Assumptions 8.1 (a) to (g) hold. Consequences of the Rosenbaum-
Rubin conditions displayed in the columns of the table are found in Tables 7.1 and 7.2.

Remark 8.26 [Further Consequences of Dy 1l Ty_,] Because o(7x=,) = 0(7xx,), Theorem
8.25 (i) immediately yields

EXY(Y|Dx) AL 1xse and  E*(Y|Dy) 1L 1x—y. (8.38)

<

In the next theorem we consider some consequences of Dxll X involving condition-
ing on a covariate Z of X. These consequences include unbiasedness of the conditional
expectations EX=X(Y|Dy), x€X(Q), and E(Y|X, Z).

Theorem 8.27 [Consequences of Dy |l X Involving Conditioning on a Covariate]
Let the Assumptions 8.1 (a) to (c) hold and Z be a covariate of X. Then Dx 1L X implies

@ TUX|Z
(i) VxeXQ):1l1x_x|Z
(iii) Vx€X(Q): EX=*(Y|Z) - Dy
(iv) E(Y|X,Z)F Dy.
(Proof p. 258)

Remark 8.28 [Dx Il X Implies 7 1L X|Z] Under the assumptions of Theorem 8.27, Dx 1l X
implies Z-conditional independence of the multivariate true outcome variable t and the
putative cause variable X. Remember, according to Theorem 8.22 (iii), Dx 1 X implies P-
uniqueness of all true outcome variables 7., x € X(Q). Under the assumptions of Theo-
rem 8.27, Dx 1L X also implies all consequences of 7 1L X|Z listed in the last row of Table
7.2. Hence, under these assumptions, Dy 1l X does not only imply that E(Y|X) and each
E(Y|X=x), x € X(Q), are unbiased, but it also implies unbiasedness of E(Y|X, Z) and each
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Z-conditional expectation EX=*(Y'|Z), x € X(€2). To emphasize, under these assumptions
and Dyl X, an additional assumption of P-uniqueness of the true outcome variables 7,
is not necessary because this property already follows from Dx 1l X. <

Now we turn to some implications of Dy 1l X that involve conditioning on a value z
of Z, that is, conditioning on the event {Z=z}. According to the next theorem, Dx 1l X
implies (Z=z)-conditional independence of T and X, provided that Z is a covariate of
X. Assuming P(Z=z) > 0 and P(X=x) > 0, for all values x of X, conditional indepen-
dence of Dx and X also implies unbiasedness of each conditional expectation value
E%=*(Y|X=x) = E(Y|X=x,Z=z), x € X(Q), and unbiasedness of the X-conditional expec-
tation E“=*(Y | X).

Theorem 8.29 [Dx Il X Implies (Z=2z)-Conditional Independence of 7 and X]
Let the Assumptions 8.1 (a) to (g) hold and assume that Z is a covariate of X. Then
Dx 1l X implies

i VxeXQ):P(X=x,Z=2)>0

(i) Tl X|(Z=2)

(iii)) VxeX(Q): 7l 1x_,|(Z=2)

(iv) VxeX(Q): EZ4Y|X=x) I Dx

(v) EZ7*(Y|X) F Dx.
(Proof p. 259)

Remark 8.30 [Other Consequences of Dy Il X Involving an Event {Z=z}] Hence, under
the assumptions of Theorem 8.29, Dx 1L X implies that T and X are (Z=z)-conditionally
independent. Corollary 7.14 lists a number of consequences that follow from 7 1L X |(Z=2),
provided that all true outcome variables 7, are P“=*-unique. Remember that Dyl X im-
plies that all true outcome variables 7., x € X(Q2), are P-unique [see Th. 8.22 (iii)], which in
turn implies that they are also P Z:z-unique [see RS-Box 5.1 (v)]. Hence, because of Propo-
sitions (i) and (ii) of Theorem 8.29, all the consequences listed in Corollary 7.14 also follow
from Dy 1L X, provided that Z is a covariate of X. No additional assumption of P-unique-
ness of the true outcome variables 7y, x € X (), is required because it already follows from
Dy 1L X. The most important consequences of Dy L X are unbiasedness of E#=*(Y|X) and
the conditional expectation values E Z=7(Y | X=x), x € X(Q), provided, of course, that the
assumptions of Theorem 8.29 hold. <

8.3.2 Consequences of Z -Conditional Independence of Dx and X

Now we turn to the consequences of Z-conditional independence of Dx and X. Reading
the second part of this theorem, note that P-uniqueness of a true outcome variable 7,
follows from the conjunction of Dxl X|Z and P(X=x|Z) > 0 (see Th. 8.34).

Theorem 8.31 [Consequences of Dy Il X|/]
Let the Assumptions 8.1 (a) to (d) and (g) hold. Then Dx 1L X|Z implies

@ TlX|Z
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(i) VxeX(Q): ll1x_,|Z
(iii) ¥ x,x' € X(Q): To L Ty_y| Z.

If, additionally, all true outcome variables T, x € X(Q), are P-unique and Z is a covari-
ate of X, then Dx 1L X|Z also implies

(iv) VxeX(Q): EX=*(Y|Z) Dy
(v) EYI|X,Z)F Dx.
(Proof p. 260)

To emphasize, Z-conditional independence of Dx and X alone is not sufficient for
unbiasedness of E(Y|X,Z), even if Z is a covariate of X. This will be exemplified in Ex-
ample 8.33. However, in Theorem 8.34 we show that the conjunction of Dyl X|Z and
P(X=x|2) > 0, for all x € X(Q), implies P-uniqueness of all true outcome variables 7,
xeX(Q).

Remark 8.32 [Dx 1l X|Z Implies the Rosenbaum-Rubin Conditions] Note that Dx 1l X|Z
does not only imply 7 Il X|Z but, if all 7,, x € X(Q), are P-unique, also all other conditional
Rosenbaum-Rubin conditions [see Prop. (i) of Th. 8.31 and the last row of Table 7.2]. Fur-
thermore, if Z is a covariate of X, then Dx 1l X|Z also implies unbiasedness of E(Y|X, Z)
and all conditional expectations EX=*(Y'|Z), x € X(Q). <

Example 8.33 [No Treatment For Males] Table 8.3 displays the parameters of a random
experiment in which males have a zero probability to be treated. We assume that this ran-
dom experiment has the same structure as the random experiments treated in section 6.5.
That is,

((Q,.Q%P), (gt)teTr‘igr @%rX) Y))
as specified in section 6.5, is the regular probabilistic causality setup. Again, U takes the
role of a global potential confounder Dy of X and Z = sex is a covariate of X because
0(Z) co(U). This implies
P(X=1|U,Z2) 5 P(X=1|U)

because o(U, Z) = a(U) [see RS-Prop. (2.19), RS-Def. 4.4, and RS-Rem. 4.12].

In this example, there is Z-conditional independence of U and X but the true outcome
variable 7, is not P-unique. Therefore, unbiasedness of EX=!(Y|Z) and unbiasedness of
E(Y|X, Z) are not defined in this example.

We start checking if U IL X | Z holds. According to RS-Theorem 6.6, if X is binary, then

UlX|Z < P(X=1|U,Z)§P(X=1|Z).
Because, in this example, o(Z) < o(U), this simplifies to
UlX|Z < P(X=1|U)§P(X=1|Z).

Inspecting the column headed P(X=1|U=u) in Table 8.3 shows that
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Table 8.3. No treatment for males: Z-conditional independence of X and Dy

Fundamental parameters

E
=
= 2| £ <X
: s 2 = > @ 3 3
5§ i I S = 5 i i
g2 x| =2 B X 5 £ 5 B
£ & Y & B Lu O Y Y
Joe m | 1/4 0 68 999* | ndef  2/5 0
Jim m 1/4 0 78 —999* ndef 2/5 0
Ann f 1/4 3/4 106 114 8 1/10 1/2
Sue f 1/4 3/4 116 130 14 1/10 1/2
x=0 x=

E(7y): 92.0 111* ATE, = ndef

E(Y|X=x): 80.6 122 PFE =414
E(ix|Z=m): 73 0* CTE z:10(m) = ndef
E(Y|X=x,Z=m): 73  888* PFE 710(m) = 815*
E(ty|Z=f): 111 122 CTEz10(f) =11
EY|X=x,Z=f): 111 122 PFE 7.10(f) =11

Note: An asterisk * indicates that this number is arbitrary and could be any other real number
because, in this example, the corresponding term is not uniquely defined (see RS-sect. 4.4 for
more details). Furthermore, ndef means that this term is not defined in this example.

PX=11U)(@) = P(X=1|2)(w) = 4 T@&iz=mi 8.39)
- o ~13/4, ifweiz=f} '

which proves UL X | Z.

Now we show that, in this example, the true outcome variable 7; is not P-unique.
Because U is a global potential confounder of X, P-uniqueness of 7, is equivalent to
P(X=1|U) > 0 (see RS-Th. 5.27), which in turn is equivalent to

PlweQ: P(X=1|U)(w) >0}) = 1.

[see RS-Eq. (4.12)]. Looking at the columns headed P(U=u) and P(X=1|U=u) in Table 8.3
shows that

PlweQ: P(X=1|U)(w) >0}) = 1/4+1/4 = 1/2.

Therefore, P(X=1|U) > 0 and with it P-uniqueness of 7, = EX=!(Y'|U) does not hold (see
Exercise 8-4). Hence, there is atleast one other version 7,* of the U-conditional expectation
of Y with respect to the measure P*=" for which 7, = 7;* does not hold (see Exercise 8-5).

<
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For the second part of Theorem 8.31 we need the additional assumption that all true
outcome variables 7, x € X(Q), are P-unique. In the following theorem we present a con-
dition under which Z-conditional independence of Dx and X implies that a true outcome
variable 1, is P-unique.

Theorem 8.34 [A Condition Under Which Dy 1l X|Z Implies P-Uniqueness of 7,]
Let the Assumptions 8.1 (a) to (d) hold and assume that Z is a covariate of X. Then

Dxll 1x_.|Z N P(X=x|Z) > 0 = 71.isP-unique. (8.40)
If we additionally assume 8.1 (g), then

DXJ.I_XIZ/\(VxeX(Q):P(szIZ)%O) = VxeX(Q):1.is P-unique. (8.41)
(Proof p. 260)

Remark 8.35 [Dy L Tx_, | Z Transfers Positivity From P(X=x|Z) to P(X=x|Dx)] Accord-
ing to RS-Theorem 5.27,

P(X=x1Z)>0 <« E***(Y|Z)is P-unique.

However, according to Proposition (8.40), if Z is a covariate of X, then the conjunction
Dxll1x_.|Z ANP(X=x|2) > 0 implies that not only EX=*(Y|Z)is P-unique, but also a true
outcome variable EX=*(Y|Dy) = 1,. RS-Theorem 5.27 provides some other conditions that
are equivalent to P(X=x|2) > 0. <

Theorems 8.31 and 8.34 immediately imply the following corollary.

Corollary 8.36 [Consequences of Dx Il X |Z For Unbiasedness of E(Y| X, Z)]
Let the Assumptions 8.1 (a) to (d) and (g) hold, and assume that Z is a covariate of X.
Then

DxILX|Z A (YxeX(Q): P(X=x|2) 3 0)
= VxeX(Q):EX*(Y|Z)F Dy (8.42)
< E(Y|X,Z)FDy. (8.43)

Note that Dx 1l X|Z is not sufficient for unbiasedness of the conditional expectations
E*=%(Y|Z) and E(Y|X, Z). However, in conjunction with P(X=x|2) > 0,VxeX(Q),itis,
provided that Z is a covariate of X. In contrast, if Z is a covariate of X and P(X=x) >0
forall x € X(Q) , then Dy 1L X is sufficient for unbiasedness of the conditional expectations
EX=%(Y|Z), x€ X(Q), and E(Y|X, Z) (see also Exercises 8-6 and 8-7).

In the following theorem, we consider consequences of Z-conditional independence
of a putative cause variable X and a global potential confounder Dy of X on (Z=z)-con-
ditional independence of X and the multivariate true outcome variable 7.
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Theorem 8.37 [Dx 1L X |Z Implies (Z=z)-Conditional Independence of 7 And X]
Let the Assumptions 8.1 (a) to (e) and (g) hold. Then Dx 1. X |Z implies

() VYxeX(Q):T,is P *-unique
(i) TUX|(Z=z)
(i) VxeX(Q): 1l 1x-,|(Z=2)

Ifwe additionally assume that Z is a covariate of X, then

(iv) VxeX(Q): EZ7*(Y|X=x) F Dx
(v) EZ*(Y|X)F Dy.
(Proof p. 260)

Hence, under the assumptions of Theorem 8.37, Dx 1l X|Z implies that all true out-
come variables 1., x € X(Q), are PZ:z-unique and that 7 = (19, 13,...,7y) and X are (Z=2z)-
conditionally independent. Furthermore, under the additional assumption that Z is a co-
variate of X, Dxll X|Z also implies unbiasedness of all conditional expectation values
EZ=*(Y|X=x), x € X(Q), and of the X-conditional expectation E4=*(Y|X) of Y with respect
to the measure P#~%.

Remark 8.38 [Consequences of 7 1L X |(Z=z)] Corollary7.14 lists some other consequences
that follow from the conjunction of 7 1 X|(Z=2z) and PZ:Z-uniqueness of the true out-
come variables. Because of Proposition (ii) of Theorem 8.37, these consequences also fol-
low from Dx 1l X|Z, provided that the assumptions of Theorem 8.37 hold. <

In Theorem 8.37 and Remark 8.38, we only consider a single value z of the random
variable Z and assume that P(Z=z) > 0. In contrast, in the following theorem we assume
P(X=x,Z=2z) >0 for all pairs (x, z) of values of X and Z, which implies P(X=x) > 0 for all
values x of X and P(Z=z) > 0 for all values z of Z.

Theorem 8.39 [More Consequences of Dx Il X|Z]
Let the Assumptions 8.1 (a) to (e) hold and assume that P(X=x,Z=z) > 0 for all pairs
(x,2) eX(Q) x Z(Q). Then Dx 1L X|Z implies

(i) VxeX(Q): 1y is P-unique.

Ifwe additionally assume that Z is a covariate of X, then
(i) YxeX(Q): EX**(Y|Z)+Dx
(iii) E(Y|X,Z) \- Dy.
(Proof p. 261)

Hence, under the assumptions of Theorem 8.39, we can conclude that all true outcome
variables 1,, x € X(Q)), are P-unique and, if Z is a covariate of X, then it also follows that all
conditional expectations EX=*(Y|Z), x € X(Q), as well as E(Y|X, Z) are unbiased.

Remark 8.40 [Methodological Consequences] Theorem 8.39 hasimportant methodolog-
ical consequences. The two crucial assumptions under which the conditional expectation
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E(Y|X, Z) is unbiased can often be created by the experimenter. The first is the assump-
tion that P(X=x,Z=z) > 0 for all pairs (x,z) of values of X and Z. If, for example, X is
a binary treatment variable and Z the binary covariate sex, then the experimenter simply
has to make sure that there is a positive probability for each of the four pairs (x, z) of values
of X and Z under which the outcome variable Y is observed. <

8.3.3 Consequences of (Z=z)-Conditional Independence of Dx and X

Now we turn to some consequences of (Z=z)-conditional independence of Dx and X,
which has been introduced in Remark 8.12 by independence of Dx and X with respect to
the probability measure PZ=~.

Theorem 8.41 [Consequences of Dy Il X|(Z=2z)]
Let the Assumptions 8.1 (a) to (e) and (g) hold. Then Dx 1l X|(Z=z) implies
(i) tlUX|(Z=2)
(i) VxeX(Q):1ll1x,|(Z=2).
If we additionally assume PZ=*(X=x) > 0 for all x € X(Q), then Dx L X|(Z=z) implies

(iii) Y x € X(Q): T, is P¥~*-unique.

If we additionally assume P%3(X=x)>0 for all xe X(Q) and Z is a covariate of X,
then Dx 1l X|(Z=z) also implies

(iv) VxeX(Q): EZ*Y|X=x) F Dx
(v) EZ*(Y|X)F Dy.
(Proof p. 261)

Hence, under the assumptions of Theorem 8.41, Dx 1l X|(Z=z) implies that the multi-
variate true outcome variable 7 and X are (Z=z)-conditionally independent. This implies
that 7 and each indicator variable 7x-,, x € X(Q), are (Z=z)-conditionally independent. If
we additionally assume PZ=*(X=x) > 0 for all x € X(Q), then Dyl X|(Z=2z) also implies
that all true outcome variables 7., x € X(Q), are P“~*-unique. Finally, if Z is a covariate of
X, then Dyl X|(Z=z) also implies and that the conditional expectation E Z=2(Y|X) and
all the conditional expectation values EZ3Y|X=x) = E(Y|X=x,Z=2z), x€ X(Q), are un-
biased. Other implications can be found in the last row of Table 7.2.

In the next theorem we consider some consequences of (Z=z)-conditional indepen-
dence a global potential confounder Dy of X and an indicator 7x-, for a value x of the
putative cause variable X.

Theorem 8.42 [Some Consequences of Dx Il Tx_,|(Z=2)]
Let the Assumptions 8.1 (a) to (e) hold. Then Dx 1L 1x_.|(Z=z) implies

(i) EX*(Y|Dx) AL 1x-((Z=2) and E***(Y|Dx) L Tx4|(Z=2).
If we additionally assume 0 < PZ=*(X=x) < 1, then Dy L 1x_,|(Z=2z) implies
(ii) E*=X(Y|Dyx) and E***(Y|Dx) are PZ~*-unique.
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If, additionally, 0 < P%=3(X=x) < 1 and Z is a covariate of X, then Dxl 1x_,|(Z==z)
also implies

(iii) E“A(Y|X=x) - Dx and E“*(Y|X#x) F Dx
(iv) E“7*(Y|1x-y) F Dx.
(Proof p. 262)

Hence, according to Theorem 8.42, (Z=z)-conditional independence of the indica-
tor Tx-, and a global potential confounder Dx of X implies that the true outcome vari-
able EX=*(Y|Dy) and the indicator 7x-, as well as EX**(Y|Dy) and the indicator 7x.,
are (Z=z)-conditionally independent. If we additionally assume 0 < P%=%(X=x) < 1, then
Dx L 1x-,|(Z=2z) also implies that EX=*(Y| Dx) and EX**(Y|Dy) are P#=*-unique. Finally,
we also add the assumption that Z is a covariate of X, then Dxll 1x_, |(Z=z) implies that
EZ7*(Y | 1x-,) and the conditional expectation values EZ=%(Y | X=x) and EZ=*(Y | X#x) are
unbiased.

8.4 Unbiasedness of Prima Facie Effects and Effect Functions

In section 6.4 we showed how to identify average and conditional causal total effects and
effect functions from unbiased prima facie effects and unbiased prima facie effect func-
tions. Now we turn to sufficient conditions for unbiasedness of conditional and uncon-
ditional prima facie effects and effect functions. Hence, this section is also crucial for the
identification of conditional and average causal total effects.

8.4.1 Unbiasedness of the Prima Facie Effect

In the following theorem we specify the conditions under which the prima facie effect
PFE,, = E(Y|X=x)-E(Y|X=x") (8.44)

is unbiased, that is, under which PFE ' - 9. Hence, according to Definition 6.23 (i), we
specify conditions under which 7, and 7, are P-unique and the prima facie effect PFE
is identical to the average causal total effect

ATE,,+ = E(1y—1¢) = E(1¢) — E(14). (8.45)

Theorem 8.43 [An F-Condition Implying Unbiasedness of the Prima Facie Effect]
Let the Assumptions 8.1 (a) to (c), and (f) hold. Then

(DxAL7x-x A DxlL1x_,/) = PFE, .+ Q. (8.46)
(Proof p. 263)

Remark 8.44 [Identification of ATE, /] Hence, under the assumptions of Theorem 8.43,
the conjunction of (a) independence of the indicator 7x-, and a global potential con-
founder Dy of X and (b) independence of the indicator 7x_,» and Dy implies P-unique-
ness of 7, and 7,/ as well as
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PFE,, = E(Y|X=x)-E(Y|X=x') = ATE,,» = E(1y) — E(ty). (8.47)

That is, the conjunction Dy 1l 7x-, A Dxll 1x_,, implies that the difference between the
conditional expectation values E(Y|X=x) and E(Y|X=x') is identical to the causal aver-
age total effect of x compared to x’. In this context we also say that the ATE, - is identified
by that difference. Note that P-uniqueness of 7, follows from Dx Il Tx_, and P-uniqueness
of 7.+ follows from Dx L 7x_,/. It is not an additional assumption. <

Remark 8.45 [Dy L X Implies PFE,,» = ATE,,/] Also note that
DxllX = (DxdlTx—x A Dxll1x_,1), (8.48)

which follows from o(7x-,),0(7x-,/) < o(X) and RS-Box 2.1 (iv). Hence, under the as-
sumptions of Theorem 8.43,

DylX = PFE .+ D¢ (8.49)
= PFE, =ATE,,. (8.50)

This means, under Dyl X, the average causal total effect ATE - is identified by the prima
facie effect ATE,, /. <

8.4.2 Unbiasedness of a Z -Conditional Prima Facie Effect Function

In the next theorem we specify two conditions under each of which a Z-conditional prima
facie effect variable

PFE . (Z) = EX=*(Y|2)-E*¥(Y12) (8.51)
is unbiased. Remember, in Definition 6.23 (ii), we introduced the notation
PFE .,k @¢ < (1,and 1y are P-unique A PFE . (Z) = CTE,(Z))  (8.52)
for unbiasedness of PFE .,/ (Z), where
CTEz.x(Z) 5 E(ty—Tx1|Z) (8.53)

denotes a causal Z-conditional total effect variable.

Theorem 8.46 [Unbiasedness of a Z-Conditional Prima Facie Effect Variable]
If the Assumptions 8.1 (a) to (d), and (f) hold, P(X=x|Z),P(X=x'|Z) > 0, and Z is a
covariate of X, then each of the following conditions implies PFE 7., = D :
(i) DxW1x_|Z A Dxl1x_|Z
(ii)) DxI X|Z.
(Proof p. 264)

Remark 8.47 [Identification of CTE ;. .,/(Z)] Hence, under the assumptions of Theorem
8.46, the conjunction of Z-conditional independence of a global potential confounder Dx
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of X and the indicator 7x-, and of Dx and 7x_,s implies that the Z-conditional prima facie
effect variable PFE ,.,,/(Z) is unbiased.

Under the same assumptions, the same conclusion can be drawn from Z-conditional
independence of Dy and X. Because unbiasedness of PFE ;. ../ (Z) implies

PFE 5,,(Z) 5 CTE ()

[see Prop. (8.52)], we also say that the causal Z-conditional total effect variable CTE ;. ../ (Z)
is identified by PFE . ./(Z), provided that the assumptions of Theorem 8.46 hold. <

Remark 8.48 [PFE ;. ,.,.» = 9« And the Identification of the Causal Average Total Effect] If
PFE 4., is unbiased, then we can not only identify the causal Z-conditional total effect
variable CTE .,/ (Z) (see Rem. 8.47), but also the causal average total effect ATE,,, even
if Dx 1l X and Equation (8.47) do not hold. For details see Theorem 6.34 and the example
presented in Table 6.4. <

According to the following theorem, independence of X and a global potential con-
founder Dy of X is a sufficient condition for unbiasedness of a Z-conditional prima facie
effect function PFE 4, ,,/, and it does not require the additional assumptions P(X=x[Z) > 0
and P(X=x'|2) > 0 that are indispensable in Theorem 8.46. Instead, these additional as-
sumption already follow from Dy 1l X.

Theorem 8.49 [Again Unbiasedness of a Z-Conditional Prima Facie Effect Variable]
Ifthe Assumptions 8.1 (a) to (d) and (f) hold, and Z is a covariate of X, then each of the
following conditions implies PFE ;... = D :

(i) DX_J.L1X:x N DX—J-L1X:x/

(ii) Dxll X.
(Proof p. 264)

8.4.3 Unbiasedness of a (Z =z)-Conditional Prima Facie Effect

Now we consider a single value z of Z and specify conditions under which a (Z=z)-con-
ditional prima facie effect

PFE ,..(2) = EX™*(Y|Z=2)- EX*(Y|Z=2) (8.54)

is unbiased. Note that PFE ;. (2) is the value of the effect function PFE . ./: Q7 — R. Also
remember that PFE ../ (2) - @« denotes unbiasedness of PFE .,/ (z), which is defined by

PFE . /(&) F D¢ < (PFE,1(2)=CTEy /(2) A Ty, T, are P“~*-unique)  (8.55)
[see Def. 6.23 (iii)]. Presuming PZ:Z-uniqueness of 7, and 7,
CTE ,4x1(2) = E(1:|Z=2) - E(tx/| Z=2) (8.56)

[see Eq. (5.31)] is the causal (Z=z)-conditional total effect and CTE,,,/(z) is the value of
the causal Z-conditional total effect function CTE . ,,/: Q7 — R.
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Theorem 8.50 [Unbiasedness of the (Z =z)-Conditional Prima Facie Effect]
Let the Assumptions 8.1 (a) to (f) hold, let P(X=x|Z=2),P(X=x'|Z=2z) >0, and let Z
be a covariate of X. Then each of the following conditions implies PFE ;. ,/(2) = D :

() Dxll1x_,|(Z=2) A Dxll1x_|(Z=2)
(i) Dxllix_|Z A Dyll1y_|Z
(iii) Dx\LX|Z

(iv) DxI X|(Z=2z).
(Proof p. 264)

Remark 8.51 [Identification of CTE ;. .,/ (2z)] Given the assumptions of Theorem 8.50, each
of the four conditions listed in this theorem implies that the causal (Z=z)-conditional
total effect is identical to the difference between the two conditional expectation values
E(Y|X=x,Z=z) and E(Y|X=x' Z=z). That is, each of these four conditions implies

CTE,.x/(2) = PFE . (2) = E(Y|X=x,Z=2) - E(Y|X=x/, Z=2). (8.57)

In this context we also say that CTE.,,(2) is identified by the (Z=2z)-conditional prima
facie effect PFE ;. ,,/(z), that is, it is identified by the difference between the conditional
expectation values E(Y|X=x,Z=z) and E(Y|X=x' Z=2). <

Remark 8.52 [Conditional Randomization] Note that Dy 1l X|Z [see Th. 8.50 (iii)] can be
created by conditional randomization, that is, by randomized assignment of the unit to a
treatment x, conditional on the values z of a covariate Z. In this case, the treatment prob-
abilities P(X=x|Z=z) can be fixed by the experimenter and may differ between different
values z of the covariate Z (see Rem. 8.15). <

Remark 8.53 [Covariate Selection] Also note that we may try to select the (possibly multi-
variate) covariate Z = (Zy,..., Z,,) in such a way that Dy 1l X|Z holds. For instance, severity
of the disorder, knowing about the treatment, and availability of the treatment often are
candidates for such covariates. However, there is no guarantee that Dy 1l X|Z holds for a
specified (univariate or multivariate) covariate Z. This is why the conditions specified in
the following theorem are of utmost importance. <

Theorem 8.54 [Again Unbiasedness of a (Z =z)-Conditional Prima Facie Effect]
Ifthe Assumptions 8.1 (a) to (f) hold and Z is a covariate of X, then each of the following
conditions implies PFE ;. ,.,.1(2) = D¢ :

(i) Dxdl1x_, A DX—J-L1X:x/

(ii) Dxll X.
(Proof p. 265)

Remark 8.55 [Randomization] Note that Dx Il X [see Th. 8.54 (ii)] can be created in an
experiment by randomization, that is, by randomized assignment of the sampled unit to a
treatment condition (represented by a value x of X). Also note that Z can be any covariate
of X and remember, according to Theorem 4.31, Definition 4.11 (iv), and Remark 4.16,
every random variable on (Q, , P) that is prior in (%;) e to X is a covariate of X. <
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8.5 Examples

Now we illustrate the causality conditions treated in this chapter by some examples. In
RS-chapter 1 we introduced an example with independence of X and a global potential
confounder Dy (see RS-Table 1.2). A second example has already been presented in chap-
ter 6 (see Table 6.3), and in the same chapter, there is also an example with Z-conditional
independence of Dy and X (see Table 6.4). The structure of these random experiments has
already been treated in section 6.5, that is,

((Q,th,P), (gt)IET)(g) Q‘K)Xy Y)y

as specified in section 6.5, is the regular probabilistic causality setup. Furthermore, the
observational-unit variable U is a global potential confounder, that is, Dx = U, implying

E(Y|X,Dx) = E(Y|X,U)

and
P(X=1|Dy) = P(X=1|U).

In this equation, P(X=1|U) denotes the individual treatment probability function, whose
values are the individual treatment probabilities P(X=1|U=u) (see RS-Remarks 4.12 and
4.25). If the values u of U represent the observational units at the onset of treatment, then
Dy = U will hold in empirical applications if

(a) no fallible covariate is assessed, and
(b) there is no other variable that is simultaneous to the treatment variable X (such as
a second treatment variable).

If a fallible covariate is assessed, then this covariate, say Z, is not measurable with respect
to U, which implies that it is not identical to a composition f(U) of U and some map f.
In this case, Dy = (U, Z) is a global potential confounder of X, unless there are still other
fallible covariates of X.

Example 8.56 [Independence of X and U] Table 6.3 displays an example in which Dx 1l X
holds, where Dx = U. In this table, it is easily seen that the individual treatment probabili-
ties are the same for all units, that is,

P(X=1|U) = P(X=1 = Z

Note that U 1L X implies independence of X and all random variables on (Q, </, P) that are
measurable with respect to U [see RS-Box 2.1 (iv)].

In the same example, Dx 1l X|Z holds as well, where Z = sex, because Dx = U and Z is
measurable with respect to U. Furthermore,

3
P(X=1lU,Z) 5 P(X=1|Z) 5 P(X=1 = g

Note that U 1L X | Z implies that X and all random variables that are measurable with re-
spect to U are also Z-conditionally independent [see RS-Box 6.1 (vi)].

If Dx=U, then, according to Theorem 8.22 (v), independence of U and X implies unbi-
asedness of the conditional expectation E(Y|X). Furthermore, because, in this example,
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X isbinaryand P(X=0) >0, P(X=1) > 0, independence of X and U also implies unbiased-
ness of the conditional expectation values E(Y|X=0) and E(Y|X=1) [see Th. 8.22 (iv)] as
well as unbiasedness of the prima facie effect

PFE,y := E(Y|X=1)-E(Y|X=0) = 102.333-92.333 = 10

(see Th. 8.43), and this implies PFE, = ATEj.

As already stated above, U 1L X | Z holds as well for Z = sex. Because Dx=U and Z is U-
measurable, according to Theorem 8.27 (iv), the conditional expectation E(Y|X, Z) is un-
biased. Furthermore, because P(X=0,Z=z), P(X=1,Z=z) > 0 for both values z of Z, this
implies unbiasedness of all conditional expectation values E 2=2(Y|X=x)=E(Y|X=x,Z=2)
[see Th. 8.29 (iv)], and that the (Z=z)-conditional prima facie effects

PFE z,,0(m) = E(Y|X=1,Z=m)-E(Y|X=0,Z=m) = 92.50-83.00 =~ 9.50

and
PFEz10(f) = E(Y|X=1,Z=[)-E(Y|X=0,Z=f) = 122111 = 11
are unbiased (see Th. 8.50).
Also note that
4 2
PFEIO = E[PFEZ,H)(Z)] = 9508_{_11g = 10.

This means that the prima facie effect is the expectation of the corresponding conditional
prima facie effect variable. And because PFE ,1,(Z) is unbiased, it is identical to the causal
Z-conditional total effect variable CTE z.10(Z), and its expectation is identical to the causal
average total effect ATE, (see Th. 6.34). <

Example 8.57 [Z-Conditional Independence of X and U] InTable 6.4 we already treated
an example in which Dx Il X|Z holds, whereas Dx 1l X does not. Again, Dx=U. As is easily
seen in this table, the individual treatment probabilities are the same for all units within
each of the two subsets of males and females, that is,

for eachmale unit u: P(X=1|U=u,Z=m) = P(X=1|Z=m) =

1w

and

1
foreach female unitu: P(X=1|U=u,Z=f) = PX=1|Z=f) = r

Hence, the individual treatment probabilities are 3/4 for males and 1/4 for females. These
individual treatment probabilities differ for different values of the covariate Z, but they are
invariant given a value of the covariate Z. Note that the conditional treatment probability
P(X=1|Z=m) = 3/4 is also the individual treatment probability P(X=1|U=u) for the four
male units, and the conditional treatment probability P(X=1|Z=f) = 1/4 is also the indi-
vidual treatment probability P(X=1|U=u) for the two female units. This follows from the
factthat P(X=1|U, Z) and P(X=1|Z) are conditional expectations [see RS-Eq. (4.10)] and

P(X=1|U) = E(P(X=1|U,2)|U) [0(U,Z) co(U), RS-Box 4.1 (xiii)]
E(P(X=112)|U) [P(X=1|U,Z) = P(X=1|2)]

P(X=1|2). [0(P(X=1|Z)) c o(U), RS-Box 4.1 (xi)]

sl

=l
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In Table 6.4 there is only Z-conditional independence of U and the treatment variable
X, thatis, U1 X | Z, whereas U L X does not hold. Therefore, in this table, the prima facie
effect
PFEy = E(Y|X=1)-E(Y|X=0) = 96.715-99.800 = —3.085

is biased, because the average total effect in this example is ATE;, = 10 (see Exercise 8-9).
However, the (Z=z)-conditional prima facie effects are unbiased. In fact, they are the same
as in Table 6.3 (see Example 8.56). Hence, we can use the conditional prima facie effects to
compute the average total effect. If the conditional prima facie effects are unbiased, that s,
if they are equal to the corresponding causal conditional total effects, then the expectation
of the conditional prima facie effect variable is equal to the causal average total effect (see
Th. 6.34). In our example, this expectation is,

ATE10 = E(PFEZ,H)(Z))

4 2
PFE 7;10(m) - 5 + PFE z,10(f) - P

4 2
9.50- - +11-— = 10.00.
6 6

8.6 Methodological Consequences

Now we discuss the conclusions from the theory treated in this chapter for the design and
analysis of experiments and quasi-experiments. Theorems 8.22 and 8.27 are the theoreti-
cal foundation of the experimental design technique of randomization and of the analysis
of causal conditional and causal average total treatment effects in experiments by compar-
ing (unadjusted) means between treatment conditions. Theorem 8.31 is the theoretical
foundation for the experimental design technique of conditional randomization and of
the analysis of causal conditional total treatment effects. Together with Theorem 6.34, this
theorem can also be used for the analysis of causal average total effects. Finally, Theorems
8.31 and 8.34, and Corollary 8.36 can be used in (nonrandomized) quasi-experiments for
covariate selection and the analysis of causal conditional and causal average total effects.
This will now be explained in more detail.

Remark 8.58 [Randomization] It is well-known at least since (Fisher, 1925/1946) that
randomization plays a crucial role in ruling out bias in comparisons of means. In a ran-
domized experiment, there is always an observational-unit variable U whose value u de-
notes the observational unit that is sampled if the random experiment considered is ac-
tually conducted. The definition of a global potential confounder Dy [see Def. 4.11 (iii)]
guarantees that U is measurable with respect to a global potential confounder Dy. In fact,
in a simple experiment, in which we do not observe any fallible pretests and in which
there is only one single treatment variable X, the random variable U itself is a global po-
tential confounder of X. Such a global potential confounder of X comprises all potential
confounders of X in the sense that they are measurable with respect to the global poten-
tial confounder. In any case, if X represents a discrete treatment variable, then Dx 1l X is
equivalent to

P(X=x|Dx) 7 P(X=x|U) 5 P(X=x), VxeX(Q). (8.58)
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The last one of these two equations implies that all units u € U(Q) have the same probabil-
ity P(X=x|U=u) = P(X=x) to be assigned to treatment x, and this holds for all x € X (Q).

Remember that we are talking about a single-unit trial. A simple example of such a
single-unit trial consists of sampling a single observational unit from a set of units, pos-
sibly assessing a number of covariates, assigning the unit (or observing its assignment) to
one of the treatment conditions and observing the outcome variable (see ch.2 for more
details and other kinds of single-unit trials).

Note that Equation (8.58) does not imply that the probabilities P(X=x) are the same for
all treatment conditions x. If, for example, there are two treatment conditions, say 0 and 1,
then the two treatment probabilities might be P(X=1) = 1/4 and P(X=0) = 3/4. However,
Dx 1L X implies P(X=1|U) = P(X=1) because o(U) c (Dy). In other words, Dx L X im-
plies that the individual treatment probabilities P(X=x |U=u) are identical for all units,
and they are equal to the (unconditional) treatment probability P(X=x). Hence, in a per-
fect randomized experiment we ensure Dx 1l X. If P(X=x) > 0 for all x € X(Q), then this
condition implies that the conditional expectation values E(Y|X=x), x € X(Q), are unbi-
ased (see Th. 8.22) and that a prima facie effect E(Y|X=x) — E(Y|X=x") is identical to the
average causal total effect ATE ./ (see Th. 8.43).

It is important to note that through a perfect randomized experiment we do not only
create Dx 1l X but also Dx 1L X |W for each potential confounder W of X (see Th. 8.17). If
P(X=x) > 0 for all x€X(Q), then this condition implies P(X=x | W) > 0 for all xe X(QY),
which in turn implies that each conditional expectation EX=*(Y|W), x € X(Q), the condi-
tional expectation E(Y|X,W), and each prima facie effect variable

PFE ... (W) = EX=*(Y|W) - EX¥(Y|W), xx'eX(Q),

are unbiased (see Cor. 8.36 and Th. 8.46). <

Remark 8.59 [Conditional Randomization] In the single-unit trial of an experiment or
quasi-experiment, in which a unit u is sampled and a value z of a covariate Z is assessed
prior to treatment, conditional randomizationrefers to randomized assignment of the unit
u to the treatment condition x with probability P(X=x|Z=z), x € X(Q). In this procedure
we have to make sure that treatment assignment only depends on the values z of Z but
not on any other attribute of the units or any other covariate. In more formal terms, we
create P(X=x|Dy) = P(X=x|Z) for all values x € X(Q), where X(Q) denotes the image of
Q under X, that is, the set of all values of the treatment variable X.

We distinguish two cases. First, if Z is assessed without error, then each value z of Z
represents an attribute of the observational units. In this case, there is a map f such that
Z = f(U) is the composition of U and f. This implies that U is Dx-measurable (see RS-
Cor. 2.36). Table 6.4 contains an example with conditional independence of U and treat-
ment variable X given that the sampled person is male or is female, the two values of Z.
Second, if the covariate Z is assessed with error, thatis, Z=f(U)+¢ for some non-constant
random variable ¢, then a value z of Z does not represent an attribute of the units be-
cause z is not only determined by u but also by other factors and/or chance. Nevertheless,
treatment can be assigned such that the treatment probability deterministically depends
on the observed score z, and not on the attribute f(u) of the unit u itself. In both cases,
Z=f(U) and Z=f(U) + ¢, conditional randomized assignment of a unit « to one of the
treatment conditions given a value z of Z secures that a global potential confounder Dyx
satisfies Dx 1L X|Z, that is, Z-conditional independence of Dx and X. In the first case,
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Dyx = U and in the second case Dy = (U, Z), provided there are no other covariates of X
than Z that are assessed with error. (Covariates that are assessed without error are maps
of U and therefore U-measurable.)

Conditionally randomized assignment allows us that units with different values z, and
zp of Z have different probabilities to be assigned to treatment x. Thus it is possible to
assign a unit for which we observe a covariate value z; (e.g., high need) to a treatment x
with a higher probability than a unit with covariate value z; (e.g., low need). In this way
we may respect ethical and/or other requirements without compromising the validity of
causal inference. Remember, unconditionally randomized assignment means that each
unit has the same probability of being assigned to a given treatment, regardless of his or
her need and any other attribute of the unit.

For simplicity, suppose there are just two treatment conditions, X=0 (control) and X=1
(treatment). Then conditional randomization consists of:

(a) fixing the conditional treatment probabilities P(X=1|Z=z) for all values z of the
covariate Z of X,

(b) sampling a unit u and assessing the value z of the covariate Z, and

(c) randomly assigning the unit with probability P(X=1|Z=z) to treatment 1.

If, for example, the covariate has three values, say high, medium, and low need, we may
toss a die and assign a unit with high need to treatment if the die shows less than six dots,
and assign it to control otherwise. A unit with medium need might be assigned to treat-
ment if the die shows less than four dots, and to control otherwise. Finally, a unit with low
need might be assigned to treatment if the die shows one dot, and to control otherwise.

If the covariate Z has a finite number of values, then the conditional treatment proba-
bilities P(X=1| Z=z) may be fixed in a table by assigning a treatment probability to each
value z that seems appropriate with respect to ethical and other requirements. In the ex-
ample above, these were the values 5/6 for high need, 3/6 for medium need and 1/6 for low
need. If the covariate is univariate continuous, then we may also use a function, such as

exp(lo+1;-2)
1+exp(Ag+2:-2)

P(X=1|2) =

with real-valued coefficients 1y and A, that seem appropriate for the experiment consid-
ered.

If P(X=x,Z=2),P(X=x',Z=z) > 0, then Z-conditional randomization implies that the
(Z=2z)-conditional prima facie effect PFE ;. ./(z) = E(Y|X=x,Z=2) —E(Y|X=x,Z=2) is
identical to the causal conditional total effect given a value z of the covariate Z (see
Th. 8.50 for the mathematical details). Hence, studying conditional prima facie effects in
a perfect conditionally randomized experiment is tantamount to studying causal condi-
tional total effects. And once we know the causal conditional total effects given the values
z of a covariate Z, then we can also compute the causal average total effect (see Th. 6.34).
<

Remark 8.60 [Covariate Selection in Quasi-Experiments] Covariate selection is the first
step in a number of techniques for the analysis of causal conditional and causal average to-
tal effects in quasi-experiments, in which by definition of the quasi-experiment, the exper-
imenter cannot fix the true treatment probabilities himself. The steps to follow distinguish
different techniques of analysis. By definition, in a quasi-experiment, there is no random-
ization and no conditional randomization. However, even under initial randomization,
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systematic attrition of subjects may invalidate the F-condition Dx 1l X (see, e.g., Abraham
& Russell, 2004; Fichman & Cummings, 2003; Graham & Donaldson, 1993; Shadish et al.,
2002). In this case, we will say that randomization failed and the initially randomized ex-
periment turned into a quasi-experiment.

In a quasi-experiment, selecting the covariates in the covariate vector Z := (Z,,..., Z,)
for which we can hope that Dy 1l X|Z holds is a useful strategy in the analysis of causal
conditional and causal average total treatment effects. However, note that there might be
many covariates determining the treatment probabilities. For instance, the severity of the
disorder, knowing about the treatment, and availability of the treatment are candidates for
such covariates. To emphasize, there is no guarantee that Dyl X|Z holds for a specified
(univariate or multivariate) covariate Z, unless the conditional probabilities P(X=x|Z),
x € X(Q), are fixed by the experimenter. <

Remark 8.61 [Testability] As already mentioned before, in contrast to the causality con-
ditions treated in chapters 6 and 7, the causality conditions Dx 1l X and Dxll X|Z can
be tested in empirical applications, at least in the sense that some consequences of these
conditions can be checked. If at least one of these consequences does not hold, then we
say that the corresponding causality condition is falsified.

Let us briefly outline how we can test the assumption that Dx 1l X holds. Remember, if
X(Q) is finite or countable, then Dx L X is equivalent to

P(X=x|Dx) = P(X=x), VxeX(Q). (8.59)

=l

This implies that
P(X=x|W) = P(X=x), YxeX(Q) (8.60)

holds for each random variable W that is measurable with respect to Dy (see again Ex-
ercise 8-8). Examples for such random variables W are sex, educational status, but also
fallible pretests, that is, variables that are assessed with measurement error before the on-
set of treatment.

Similarly, if X(Q) is finite or countable, then Dx Il X|Z is equivalent to

P(X=x|Dx) 7 P(X=x|Z), VxeX(Q). (8.61)

(Remember that Z denotes a covariate of X, which, by definition, is Dx-measurable.) This
equation implies
P(X=x|W,Z) = P(X=x|Z), VxeX(Q), (8.62)

for each potential confounder of X, that is, for each random variable W that is measur-
able with respect to Dy (see Exercise 8-13). Equations (8.60) and (8.62) can be tested using
standard procedures for the analysis of conditional probabilities such as logistic regres-
sion (see, e.g., Agresti, 2007; Bonney, 1987; Green, 2003; Hosmer & Lemeshow, 2000) or
probit regression (see, e. g., McCullagh & Nelder, 1989; Borooah, 2001; Liao, 1994). <

Remark 8.62 [The Covariate Selection Process] If Equation (8.62) does not hold for spec-
ified Dx-measurable random variables W and Z, then Dy 1l X|Z, which implies Equation
(8.62), cannot hold as well. In this case we may define Z*:= (Z, W) and select a new D-
measurable random variable W*, and check if

P(X=x|W*Z") = P(X=x|Z%), VxeX(), (8.63)
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holds. This process can be continued as long as there is doubt that
P(X=x|Dx) = P(X=x|Z"), VYxeX(). (8.64)

Of course, such a procedure does not guarantee that we find a (possibly multivariate) co-
variate Z*such that Equation (8.64) holds. Instead, in a quasi-experiment, Equation (8.64)
always remains an assumption. However, this assumption can always be falsified, which
has a positive and a negative side. The negative side is that we can never be sure that this
assumption holds. The positive side is that this assumption is empirically testable and, in
this sense, it is not just a matter of belief (cf. Popper, 2005). <

Remark 8.63 [Generalizability of Dy Il X] If Dx 1l X holds, then, according to Theorem
8.17, Dx1L X|W holds as well, provided that W is a potential confounder of X, or synony-
mously, a covariate of X. Under the assumptions of Theorem 8.22, this implies: If Dx Il X
holds, then E(Y|X) is unbiased, and under the assumptions of Theorem 8.27, which in-
clude that Z is a covariate of X, it also implies unbiasedness of E(Y|X, Z). Conditioning on
a covariate Z of X may be meaningful in order to obtain a causal conditional total effect
function CTE,,, that is more fine-grained and therefore providing more specific infor-
mation than the causal average total effect ATE, .

If, for example, Z denotes the covariate sex with values m (male) and f (female), and
P(X=x,Z=2z), P(X=x',Z=2z) > 0 for both values z of Z, then Dx 1l X does not only imply
PFE,, = ATE,, but also

PFE ,1(2) = E(Y|X=x,Z=2) — E(Y|X=x,Z=2) = CTE;,../(2),

where CTE,,,/(z) denotes the causal (Z=2z)-conditional total effect comparing x to x'.
This applies to males (z=m) and to females (z=f). Even if PFE,, = PFE . . (m) =
PFE ;. ,,+(f), then this would be an important information, extending the substantive in-
terpretation of the causal average total effect ATE s because then it would be identical to
the causal conditional total effects CTE ;. ../(m) and CTE 7. .,/ (f).

In order to emphasize the importance of this point for substantive research, imagine
there would be an empirical study in which we can interpret E(Y|X=x)—-E(Y|X=x') as
the causal average total treatment effect and at the same time the corresponding differ-
ences E(Y|X=x,Z=z) - E(Y|X=x' Z=z) would have no causal interpretation! <

Remark 8.64 [Generalizability of Dx 1l X|Z] Now assume that Dy 1l X|Z holds, where Z
is a random variable on (Q, < P), but not necessarily a covariate of X. If W is a poten-
tial confounder of X, then, according to Theorem 8.18, this implies that we also have
Dx 1 X|(Z,W), that is, (Z, W)-conditional independence of Dx and X. Hence, if we con-
dition on Z and Dxl X|Z holds, then there is no need to control for further potential con-
founders, at least not for the purpose of establishing unbiasedness. However, controlling
for Wmay still be meaningful in order to obtain a more fine-grained total effect function
CTE .., that contains more specific information than CTE ..

Under the Assumptions 8.1 (a) to (d), (g), P(X=x|Z, W) > 0 for all x € X(Q), and that Z
is a covariate of X, the condition Dx Il X|Z implies unbiasedness not only of E(Y|X, Z)
but, via Dx L X|(Z, W), also of E(Y|X, Z,W) (see Cor. 8.36), no matter which other poten-
tial confounder W of X we consider. Controlling, additionally to Z, for another potential
confounder W of X may still be meaningful in order to obtain a causal conditional total
effect function CTE ., that is more fine-grained than CTE ;.. <



256 8 Fisher Conditions

8.7 Summary and Conclusions

In chapter 6 we showed that unbiasedness of the conditional or unconditional prima fa-
cie effects is crucial for computing causal conditional and unconditional total effects from
(the empircally estimable) conditional or unconditional prima facie effects. In chapter 7
we treated several causality conditions that imply unbiasedness, which cannot be tested
in empirical applications. The most restrictive of these conditions is Rosenbaum and Ru-
bin’s strong ignorability. In the present chapter, we introduced a first kind of causality con-
ditions that are empirically testable. These causality conditions, which are called Fisher
conditions, are summarized in Box 8.1.

The implication relations among the causality conditions treated in this chapter are
listed in Table 8.1 and the implication on the Rosenbaum-Rubin conditions are summa-
rized in Table 8.2. This table also includes 71 X and the strong ignorability condition
7l X|Z that have been treated in chapter 7. The consequences of these two conditions
on other causality conditions are summarized in the last rows of Table 7.1 and Table 7.2,
respectively. Hence, putting these tables together yields long chains of implications. Obvi-
ously, Dy 1L X is the most powerful causality condition. If P(X=x) > 0 for all x e X(Q?) and Z
is a covariate of X, then it does not only imply unbiasedness of all E(Y|X=x), EX=*(Y|2),
x €X(Q), as well as unbiasedness of E(Y|X) and E(Y|X, Z), but it also implies all other
conditions treated until now (including those dealt with in ch. 7). It even implies that all
true outcomes variables are P-unique. In contrast, assuming Dyl X|Z but not Dx 1l X,
we need the additional assumptions that Z is a covariate of X and P(X=x|Z2) > 0 in order
to show that all EX=%(Y|2), x € X(Q), as well as E(Y|X, Z) are unbiased.

In experiments, the condition Dx 1l X can be created by randomized assignment of the
observational unit to one of the treatment conditions represented by a value x of X. Simi-
larly, Dx 1l X|Z can be created by conditionally randomized assignment based on the val-
ues z of covariate Z, provided of course, that Z is a pretreatment variable.

Outside the randomized experiment, and even in cases in which X does not denote a
treatment variable that is manipulated by an experimenter, Dx 1l X|Z may also be valid if
the covariate Z is selected appropriately (see Rem. 8.60 to 8.62).

Unlike unbiasedness and the other causality conditions treated in chapter 7, indepen-
dence of X and a global potential confounder Dy of X as well as Z-conditional inde-
pendence of X and Dy are empirically testable. Suppose that X is discrete. In order to
test Dx 1L X, we simply have to select a potential confounder W of X and investigate if
P(X=x|W) = P(X=x) holds for all values x of X. Similarly, if X is discrete and Z is a co-
variate of X, then we can test Dx 1l X|Z by selecting a potential confounder W of X and
seeif P(X=x|Z,W) = P(X=x|Z) holds for all values x of X.

8.8 Proofs

Proof of Theorem 8.17

Proposition (8.29). By definition of a potential confounder of X, (W) c o(Dyx), and
this implies o (W, Dx) = 6(Dy) [see RS-Prop. (2.19)]. Therefore,

DxlX o VWeWx:(W,Dy)lX [o(W,Dx) = a(Dx)]
> VWeWx: DxIX|W. [RS-Box 6.1 (ix)]
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Proposition (8.30). Correspondingly,

Dxll1x-, < VWe %(:(W,Dx)_u_b(:x
= VWeWy: DxlL1x_,|W.

[0(W, Dx) = 0(Dx)]
[RS-Box 6.1 (ix)]

Proof of Theorem 8.18

Proposition (8.32). By definition of a potential confounder of X, (W) c o(Dyx), and
this implies o (W, Dx) = 6(Dy) [see RS-Prop. (2.19)]. Therefore,

DxI X|Z o YWeWsx:(W,Dx)ILX|Z
= VYWeWsx: DxILX|(Z,W).

[0(W,Dx) =0(Dx)]
[RS-Box 6.1 (viii)]
Proposition (8.33). Analogously,

Dxll1x_x|1Z <o VYWeWx:(W,Dx)l 1x«|Z
= VWeWsx: DxW1x_|(Z,W).

[0(W,Dx) = a(Dx)]
[RS-Box 6.1 (viii)]

Proof of Theorem 8.22

Proposition (i). This follows from o(7) € 0(Dyx) and RS-Box 2.1 (iv).
Proposition (ii).

DxlX = 711X [(D)]
o VxeX(Q):tl1x—y. [(7.23)]

Proposition (iii).

DyllX < VxeX(Q):P(X=x|Dx)3P(X=x)

[(8.5)]
= VxeX(Q): P(X=x|Dy) 3 0 [P(X=x)>0,SN-(2.40)]
o VxeX(Q): 1,is P-unique. [RS-Th. 5.27]
Propositions (iv) and (v).
DxllX = 7lXA(VxeX(Q):1,is P-unique) [(®), (iii)]
= VxeX(Q):E(Y|X=x)F Dy [Th. 7.10]
< E(Y|X)F Dy. [(7.28)]

Proof of Theorem 8.25

Note that 0 < P(X=x) <1 implies 0 < P(X#x) < 1 because P(X#x) =1—-P(X=x).
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Proposition (i). Because o(E*=*(Y|Dy)) c 0(Dx), RS-Box 2.1 (iv) implies
Dxll1x_, = EX*Y|Dy)l 1x_y.

Correspondingly, because o (E***(Y|Dy)) < 6(Dx) and o (7x=x) = 0(7x), RS-Box 2.1 (iv)
yields

Dyll1xs, = E**(Y|Dy) Ll Txy.

Proposition (ii).

Dxll1x-x < P(X=x|Dx)5P(X=x) [(8.1)]
= P(X=x|Dy) >0 [P(X=x) >0, SN-(2.40)]
o EX¥¥(Y|Dy)is P-unique. [RS-Th. 5.27]
Correspondingly,
Dyl Tx-x < P(X#x|Dx) 5 P(X#x) ((8.4)]
= PX#x|Dx)>0 [P(X#x) >0, SN-(2.40)]
o E**Y|Dy)is P-unique. [SN-Cor. 14.48]

Proposition (iii).

Dy L 1y_,
= EXX(Y|Dy) 1 1x—x A EX**(Y|Dyx)is P-unique (@), ()]
= E(Y|X=x)F Dx. [E*=*(Y|Dy) =7y, Th. 7.8]
Dyl 1x_,
= E*Y|Dy) L 1x4 A E***(Y|Dyx)is P-unique [(@), (iii)]
= EY*(Y|Dy)E 1xsx A EX**(Y|Dy)is P-unique [RS-Th. 4.40]
= E(E(YIDx)|Txz) 5 E(EV7*(Y|Dx)) A E*7*(Y|Dx)is P-unique
[RS-Def. 4.36]
o E(YIX£0) - Dy. [Th. 6.9 (i), (6.13)]

Proposition (iv). This immediately follows from Propositions (iii) and (6.13).

Proof of Theorem 8.27
Proposition (i).

Dyl X = DxlX|Z [Th. 8.17]
= tlX|Z. [o(1) co(Dy), RS-Box 6.1 (vi)]

Proposition (ii).
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DylX = 71lX|Z (D]
o VxeX(Q):1lix=,Z. [RS-(6.8)]

Propositions (iii) and (iv).

Dyl X = 71lUX|ZA(VxeX(Q):1,is P-unique) [(i), Th. 8.22 (iii)]
= VxeX(Q): EXX(Y|Z) + Dy [Th. 7.21]
< EWYI|X,Z)F Dy. [(7.63)]
Proof of Theorem 8.29

Proposition (i).

Dyl X
> Z1UX [o(Z) co(Dx), RS-Box 2.1 (iv)]
=> VxeX(Q): P(X=x,Z=2)=P(X=x)-P(Z=2)
[{X=x}eo(X),{Z=z}ea(Z), Box8.1 (ii)]
= VxeX(Q): P(X=x,Z=2)>0. [P(Z=2)>0,VxeX(Q): P(X=x)>0]

Proposition (ii).

DxylX = 71lX|Z [Th. 8.27 (i)]
= TPJZ.I;ZX [P(Z=2) >0, RS-(6.37)]
o 1lX|(Z=2). [RS-(6.47)]

Proposition (iii).

Dxll X = 1lX|(Z=2) [(ii)]
o TUX [RS-(6.47)]
pZ=z
o VxeX(Q): TP_;J;Z Tx=x [RS-(6.27)]
o VxeXQ):1llix_,(Z=2). [RS-(6.47)]

Propositions (iv) and (v).

DxllX = 71lX|(Z=2) A (Vxe€X(Q): 1.is P-unique) [(ii), Th. 8.22 (iii)]
= VxeX(Q): EA(Y|X=x)F Dx [Cor. 7.14]
o E”*(Y|X)F Dy. [(7.36)]
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Proof of Theorem 8.31
Propositions (i) to (iii).

Dyl X|Z
= 1lX|Z
o VxeX(Q):1ll1x_,|Z
= Vx,x'eX(Q): 1, 1x_|Z.
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[o(r) ca(Dyx), RS-Box 6.1 (vi)]

[RS-Th. 6.5]

lo(14) € 0(1), RS-Box 6.1 (vi)]

Propositions (iv) and (v). These propositions follow from Proposition (i) and Theorem

7.21.

Proof of Theorem 8.34
Proposition (8.40).
Dyl 1x-x1Z N P(X=x|2)> 0
< P(X=x|Dx) 5 P(X=x|Z) A P(X=x|2)3 0
= P(X=x|Dx)30
© T,is P-unique.
Proposition (8.41).

DxILX|Z AVxeX(Q): P(X=x|2)3 0
& VxeX(Q): (Dxll1x=x1Z A P(X=x|2) 3 0)

= VxeX(Q):1,is P-unique.

Proof of Theorem 8.37
Proposition (i).

Dyl X|Z = Dy JZL X
pZ=z
= VxeX(Q): 1,.is PZzZ-unique.

Proposition (ii).
Dyl X|Z = 71l1X|Z

> 711X

pZ=z

o 1lUX|(Z=2).
Proposition (iii).

DxU X|Z = 71lUX|(Z=2)

[(8.7), (8.13)]
[SN-(2.40)]
[RS-Th. 5.27]

[(8.12)]
[(8.40)]

[P(Z=2) >0, RS-(6.37)]

[Th. 8.22 (iii)]

[Th. 8.31]

[P(Z=2) >0, RS-(6.37)]

[RS-(6.47)]

[(iD]
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o Tl X [RS-(6.47)]
pZ=z
o VxeX(Q):1 JZ.L Tx=x [(7.12), (7.14)]
pZ=z

© VxeX(Q):1l1x_x|(Z=2).

Proposition (iv). We assume that Z is a covariate of X, that is, 0(Z) c o(Dy).

Dyl X|Z
=> TUX|(Z=2) A (VXxeX(Q): Tyis Pzzz-unique) (@), ()]
=> VxeX(Q): (1.l X|(Z=2) A 1,is P***unique) [(7.32)]
= VxeX(Q):E“(Y|X=x)F Dx. [6(Z) co(Dy), (7.35)]

Proposition (v). Again, we assume o(Z) c a(Dyx). Hence,

DxlX|Z = VYxeX(Q:EZ*Y|X=x)F Dy (V)]
o E“F(YIX)F Dx. [Def. 6.18 (ii)]

Proof of Theorem 8.39
Proposition (i).

DxlLX|Z A (¥ (x,2) eX(Q)xZ(Q): P(X=x,Z=2) >0)
o DxlLX|Z A(Y(x,2) eX(Q)xZ(Q): PP*(X=x)>0)
[def. of P7~*(X=x)]

= DxIX|Z A (VxeX(Q): P(X=x]Z)30) [VzeZ(Q): P(Z=2) > 0]

= VxeX(Q): 1,is P-unique. [Th. 8.34]

Proposition (ii). We additionally assume that Z is a covariate of X. Hence,

DxllLX|Z = V(x2eX(Q)xZ(Q):E**Y|X=x)+FDx [Th. 8.37 (iv)]
& V(x2)eX(Q)xZ(Q): EX**(Y|Z=z) - Dy [(6.19)]
=> VYxeX(Q): EX*(Y|Z)F Dy. [(), Th. 6.17]

Proposition (iii). This follows from Proposition (ii) and Definition 6.18 (i).

Proof of Theorem 8.41

Proposition (i).

Dyl X|(Z=2z) < Dy JZ.L X ((8.24)]
pZ=z
= Tsz";zX l[o(r) co(Dyx), RS-Box 2.1 (iv)]

o TlUX|(Z=2). [RS-(6.47)]
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Proposition (ii).

Dxll X|(Z=2)
= 11U X|(Z=2) ()]
o 71X [RS-(6.47)]
pZ=z
=> VxeX(Q):71 JZ.L Tx=x [VxeX(Q): 0(1x=,x) co(X), RS-Box 2.1 (iv)]
pZ=z
o VxeX(Q):1lix_,|(Z=2). [RS-(6.47)]

Proposition (iii).

Dyl X|(Z=2)

o Dyl X [(8.24)]
plzz

& VxeX(Q):P%*(X=x|Dy) oEe P%7*(X=x) [(8.25)]

= VxeX(Q): PZ:Z(X=x|DX)PZ>=Zo [PZ=*(X=x) > 0, SN-(2.40)]

o VxeX(Q): t,is PZ:Z-unique. [RS-Th. 5.27 (i), (ii)]

Propositions (iv) and (v). Now we also assume that Z is a covariate of X. Hence,

Dxl X|(Z=2) = 71lX|(Z=2) [(@)]
= VxeX(Q): 1,1 X|[(Z=2) [(7.32)]
= VxeX(Q):EX*Y|X=x)FDx [(iii), (7.35)]
= E”*(Y|X)+ Dx. [(iid), (7.36)]
Proof of Theorem 8.42

The proof is analog to the proof of Theorem 8.25. We only have to replace the probability
measure P on (Q, o/, P) by the measure PZ7% defined in Assumption 8.1 (e). Also note that

EXX(Y|Dx) 5 E"="'(Y|Dx) and  EMY(Y|Dy) 5 E="(Y|Dy).

Hence, EX=*(Y|Dx) and EX**(Y|Dy) are versions of the two true outcome variables per-
taining to the indicator variable 7x_, (see Def. 5.4).
Proposition (i).

DxJ.L1X=x|(Z=Z)
< Dy J.L 1X=x ((8.19)]
pZ=z
= EY(YIDx) L Tx—x [0(E*=*(Y|Dy)) = 6(Dx), RS-Box 2.1 (iv)]
P =z

o EXYIDY) L 1xil(Z=2). [RS-Prop. (6.47)]
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The proof of EX**(Y | D) 1L Txx,|(Z=2) is analog. Just replace EX=*(Y | Dx) by E***(Y|Dy)
and 1X:x by 1X¢x-
Proposition (ii).

Dle1X=x|(Z=Z)

© PF(X=xIDy) = PF(X=x) [(8.20)]

= PPF(X=xIDy) > 0 [P#7#(X=x) >0, SN-(2.40)]

o EX*X(Y|Dy)is P“**-unique. [RS-Th. 5.27]
Analogously,

Dle1X=x|(Z=Z)

o PZ:Z(X¢X|DX) PZ:=Z PZ:Z(X¢x) [(823)]
= PZzZ(X?foDx)PZzzO [P#7#(X#x) >0, SN-(2.40)]
o E%(Y|Dyis P7*-unique. [SN-Cor. 14.48]

Proposition (iii). Now we additionally assume that Z is a covariate of X.

Dxll 1x_,|(Z=2)

< Dy J.L 1X=x [(8.19)]
plzz
= EX*¥Y|Dy) 1L Txox A E*=*(Y|Dx)is P*~*-unique (@), (iii)]
P =2
= E’(Y|X=x)F Dx. [E*(Y1Dx) = 7, Th. 7.8, (7.20)]

The proof of E#=%(Y | X#x) - Dy is almost analog.

Dx U 1x_x|(Z=2)

< Dx L 1x— [(8.19)]
PZ=z
< DxJ[.L 1X¢x [0(1X=x) =0’(1x¢x),RS-Def. 2.59]
pZ=z
= EX*XY|Dy) AL Txzx A E***(Y|Dx)is P#=*-unique [(), (iii)]
P =z

Proposition (iv). This immediately follows from Propositions (iii) and (6.13).

Proof of Theorem 8.43

Dxll 1x—, A DxlL 1X=x’
= E{Y|X=x)FDx A E(Y|X=x")F Dy [Th. 8.25 (iii)]
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o EY|X=x)=E(@y) N E(Y|X=x")=E(ty) A Ty, T, are P-unique

[Def. 6.3 ()]
= E(Y|X=x)-E(Y|X=x")=E(ty) — E(Ty) A Ty, Tyrare P-unique
& PFE, - Q. [Def. 6.23 (i)]

Proof of Theorem 8.46
Proposition (i).
DxllL1x_|Z A Dxll1y | Z
= E==YY|Z)F Dy A Elx=x=YY|Z)F D¢ [Th. 8.31 (iv), (8.40)]
o EX¥Y|Z)FDy A EX*¥(Y|Z) F Dy
[P(1x=x=1) = P(X=x), P(1x_y=1) = P(X=x")]
= PFE ..+ 9. [Th. 6.25]

Proposition (ii). This follows from Propositions (i) and (8.12).

Proof of Theorem 8.49
Proposition (i).

Dyl Tx—y A DxALTy_p
= DxlWix—x|Z N DxW1x_|Z A 1y, T, are P-unique
[Th. 8.17 (ii), Th. 8.25 (ii)]
= Ex==LY|2)F Dy A Elx=x"Y (Y |2)F Dy [Th. 8.31 (iv)]
& EXX(Y|Z)FDyx A EX*¥(Y|Z)F Dy
[P(1x-x=1) = P(X=x), P(1x_=1) = P(X=x")]
= PFE, .+ Dg. [Th. 6.25]

Proposition (ii). This follows from Propositions (i) and (8.6).

Proof of Theorem 8.50
Proposition (i).

Dyxll1x_|[(Z=2) A Dxll1x_|(Z=2)

— EZ:Z(lezx) "DX A EZzZ(Y|X:x') I—DX [Th 8.42 (iii)]
o EXNY|Z=2)FDx A EX*¥(Y|Z=2) F Dx [(6.19)]
= PFEZ;xx'('Z) |_ @% [Th 626]

Proposition (ii).
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Dxll1x_x|Z N DxlL1x_/|Z
= Dxlix_x|(Z=2) A DxW1x_|(Z=2) [RS-(6.37), RS-(6.47)]
= PFE, . (2)F D. (@]

Proposition (iii).

Dyl X|Z
= Dxllix=x|Z N Dxl1x_IZ  [0(Tx=x), 0(1x=x') € 0(X), RS-Box 6.1 (vi)]
= PFE, . (2)F D. [(iD)]

Proposition (iv).

Dyl X|(Z=2)
pZ=z
= Dy JZ.L T1x=x N Dx JZ.L Tx—x [0(Tx=x), 0(1x—y) € 0(X), RS-Box 2.1 (iv)]
P =z P =z
© Dxll1x_x|(Z=2) A DxIl1x_|(Z=2) [RS-(6.47)]
= PFE; /(2" D. (@]
Proof of Theorem 8.54

Proposition (i).

Dxll1x_, A DxlAL 1X:x’
= E“*Y|X=x)FDx A E“7*(Y|X=x') Dy [Th. 8.29 (iv)]
= PFE, /(2 F @g. [Th. 6.26]

Proposition (ii). This follows from Propositions (i) and (8.6).

8.9 Exercises

> Exercise 8-1 Prove: If Dy is a global potential confounder and W a potential confounder of X,
then Dx 1l X implies W 1L X.

> Exercise 8-2 Check if and where the implications listed in Table 8.1 have been proven in this
chapter and prove those that have not. Use and specify the appropriate choice of assumptions listed
in the Assumptions 8.1.

> Exercise 8-3 Check if and where the implications listed in Table 8.2 have been proven in this
chapter and prove those that have not. Use and specify the appropriate choice of assumptions listed
in the Assumptions 8.1.

> Exercise 8-4 Consider Table 8.3 and show that P(X=1|U)(w) = P(X=1|Z)(w), forall w € {Z=m}u
{Z=f}implies P(X=1|U) > P(X=1|2).
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> Exercise 8-5 Consider Table 8.3 and specify the four values of a second version of the U-condi-
tional expectation of Y with respect to the measure PX=1,

> Exercise 8-6 Let the Assumptions 8.1 (a) to (c) and (g) hold and let Z be a covariate of X. Which
terms are then unbiased if Dx Il X holds?

> Exercise 8-7 Let the Assumptions 8.1 (a) to (d) and (g) hold. Which terms are then unbiased if we
also assume Dx 1l X|Z and P(X=x|2) > 0?

> Exercise 8-8 Show that P(X=x|Dyx) 5 P(X=x) implies

P(X=x|W) = P(X=x),
provided that the random variable W is measurable with respect to Dx. Assume that P(X=x) > 0.

> Exercise 8-9 Compute the conditional expectation value E(Y|X=0) and the expectation E(1y) in
the example presented in Table 6.4 and compare these numbers to each other.

> Exercise 8-10 Describe randomized assignment of a unit to one of two treatment conditions!

> Exercise 8-11 Describe conditionally randomized assignment of a unit to one of two treatment
conditions given a covariate Z! For simplicity, assume that Z is finite with P(Z=z) > 0 for all its
values z € Z(Q) and that X is dichotomous with values 0 and 1.

> Exercise 8-12 Show that E[P(X=x|U)] = P(X=x).

> Exercise 8-13 Show that P(X=x|Dy) 5 P(X=x|2), implies

P(X=x|Z,W) = P(X=x|2),

if the random variable W is measurable with respect to Dx. Assume that P(X=x) > 0.

Solutions

> Solution 8-1 Definitions 4.11 (iv) and (iii) of a potential confounder and a global potential con-
founder of X imply o(W) < o(Dx). Therefore, RS-Proposition (6.5) yields the proposition.

> Solution 8-2 We check the implications listed in Table 8.1 row-wise.

(1) Under the Assumptions 8.1, (a), (b), (d), and (e): Dx 1L X|(Z=2z) = Dxl 1x-x|(Z=2).

Dxll X|(Z=z) < Dy é.l_ X [(8.24)]
pZ=z

= Dy AL 1x=4 [(8.6)]
PZ=z

< Dxllix—«|(Z=2). [(8.19)]

(2) Under the Assumptions 8.1 (a), (b), (d), and (e): Dx L 1x=x|Z = Dxl 1x-x|(Z=2).
This immediately follows from RS-Propositions (6.47) and (6.48).
(3) Under the Assumptions 8.1 (a), (b), (d), and (e): DxIL X|Z = Dxl 1x=x|(Z=2).

DxIX|Z = Dxllix-y|Z [0(Tx=yx) € 6(X), RS-Box 6.1 (vi)]
= Dyl 1x—x|(Z=2). [(2)]
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(O]

(5

(6)

@]

(C)]

(€)]

(10)

(1D

12)

Under the Assumptions 8.1 (a), (d), and (e): Dx 1. X|Z = Dxl X|(Z=z).
This is Proposition (8.35).

Under the Assumptions 8.1 (a), (b), and (d): Dx L X|Z = Dxll1x-,|Z.
This immediately follows from o(7x=,) < 0(X) and RS-Box 6.1 (vi).

Under the Assumptions 8.1 (a), (b), (d), (e), and (h): Dx 1l 1x-y = Dxll1x-,|(Z=2).

Dxll1x-x = Dxl1x=«IZ [(8.30)]
= DxJ.L7X:x|(Z=Z). [(2)]

Under the Assumptions 8.1 (a), (b), and (h): Dx 1l 1x-x = Dxll1x=x|Z.
This is Proposition (8.30).

Under the Assumptions 8.1 (a), (b), (d), (e), and (h): DxIL X = Dxl 1x-,|(Z=z).

DxJ.LX = DxJ.L 1X:x [(8.27)]
= Dxll1x=x|(Z=2). [(6)]

Under the Assumptions 8.1 (a), (d), (e), and (h): Dx1L X = Dxl X|(Z=z).
This is Proposition (8.36).

Under the Assumptions 8.1 (a), (b), and (h): Dx1L X = Dxl 1x-«|Z.

This is Proposition (8.31).

Under the Assumptions 8.1 (a) and (h): Dx 1l X = DxI X|Z.

This is Proposition (8.29).

Under the Assumptions 8.1 (a) and (b): Dx 1L X = Dyl 1x—,.

This is Proposition (8.27).

> Solution 8-3 We check the implications listed in Table 8.2 row-wise.

1

2

3

(@]

(5)

(6)

@]

(C)]

9

(10)

(1D

Under the Assumptions 8.1 (a) to (e) and (g): Dx AL 1x=x|(Z=2) = 1ll1x=«|(Z=2).
This is Theorem 8.41 (i) for 7x-, taking the role of X.

Under the Assumptions 8.1 (a) to (e) and (g): Dx L X|(Z=2) = tl1x=«|(Z=2).
This immediately follows from Theorem 8.41 (ii).

Under the Assumptions 8.1 (a) to (e) and (g): Dx 1L X|(Z=2z) = 11 X|(Z=2).
This is Theorem 8.41 (i).

Under the Assumptions 8.1 (a) to (e) and (g): Dx 1L 1x=x|Z = 1ll1x-«|(Z=2).
This is Theorem 8.37 (ii) for 7x-, taking the role of X.

Under the Assumptions 8.1 (a) to (d) and (g) : Dx AL Tx=x|Z = tll1x=«|Z.
This is Theorem 8.31 (i) for 7x-, taking the role of X.

Under the Assumptions 8.1 (a) to (g): Dx 1L X|Z = tll1x=x|(Z=2z).

This immediately follows from Theorem 8.37 (iii).

Under the Assumptions 8.1 (a) to (e) and (g): Dx 1L X|Z = 1 L X|(Z=2).

This is Theorem 8.37 (ii).

Under the Assumptions 8.1 (a) to (d) and (g) : Dx L X|Z = 1l 1x-«|Z.

This is Theorem 8.31 (ii).

Under the Assumptions 8.1 (a) to (d) and (g) : Dx 1L X|Z = 71 X|Z.

This is Theorem 8.31 (i).

Under the Assumptions 8.1 (a) to (g) and (h): Dx 1l 1x—x = Tl 1x=,|(Z=2).
This is Theorem 8.29 (ii) for 7x-, taking the role of X.

Under the Assumptions 8.1 (a) to (d), (g), and (h): Dx 1l 1x=x = Tl 1x=«|Z.
This is Theorem 8.27 (i) for 7x-, taking the role of X.

267
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(12) Under the Assumptions 8.1 (a), (c), and (g): Dx L Tx—x = Tll7x—x.
This is Theorem 8.22 (i) for 7x-, taking the role of X.
(13) Under the Assumptions 8.1 (a) to (g) and (h): Dx L X = tll1x-,|(Z=27).
This immediately follows from Theorem 8.29 (iii).
(14) Under the Assumptions 8.1 (a) to (g) and (h): Dx 1L X = 71l X|(Z=2z).
This is Theorem 8.29 (ii).
(15) Under the Assumptions 8.1 (a) to (d), (g), and (h): Dx 1L X = 7l 1x_«|Z.
This immediately follows from Theorem 8.27 (ii).
(16) Under the Assumptions 8.1 (a) to (d), (g),and (h): Dx1 X = 7l X|Z.
This is Theorem 8.27 (i).
(17) Under the Assumptions 8.1 (a), (c), and (g) : Dx 1L X = 7l 1x—,.
This immediately follows from Theorem 8.22 (ii).
(18) Under the Assumptions 8.1 (a), (c),and (g) : Dx 1L X = 71 X.
This is Theorem 8.22 (i).
> Solution 8-4 In Example 8.33 we specified the regular causality setup to be the same as in section
6.5. Hence, Q = Quyx Qxx R [see Eq. (6.74)]. Furthermore, according to Equation (8.39), the values
of P(X=1|U) and P(X=1|Z) are identical for all elements of the set

{Z=m}u{Z=f} = {Joe, im} x QxxR U {Ann,Sue} x Qxx R = Q.
Hence, the set A used in RS-Definition 2.46 is @, the empty set. Because P (@) = 0 and
VweQ\0: P(X=1|U)(w)=P(X=1|2)(w)
holds [see RS-Eq. (2.61)], this proves P(X=1|U) Z P(X=1|2).

> Solution 8-5 The four values of a second version 7,* of the U-conditional expectation of ¥ with
respect to the measure PX=! are

7" (@) = 1000, ifwe{U=joe}
7" (@) = 2000, ifwe{U=Jim}
7" () = 114, ifwe{U=Ann}
7" () = 130, ifwe {U=Sue}.

Note that, instead of 1000 and 2000, we could have chosen any other two numbers. The crucial point

is: Tl* ; 111 because PX=1(U=Joe) = PX=1(U=Jim) = 0 (see Table 8.3).
pX=

> Solution 8-6 Under these assumptions Dy Il X implies that E(Y|X), E(Y|X,Z), all E(Y|X=x),

and all EX=*(Y|Z), x € X(Q), are unbiased. This also implies that the prima facie effects PFE, s and
the prima facie effect variables PFE ;. ./ (Z), x, x' € X(Q), are unbiased as well.

> Solution 8-7 Under these assumptions Dx 1l X|Z implies that E(Y|X,Z) and all EX=X(Y|2),
X € X(Q), are unbiased. It also implies that the prima facie effect variables PFE ., ,/(Z), x,x' € X(Q),
are unbiased as well. Also note that the causal average total effects ATE, ./ can be computed from
PFE ;. .1(Z) (see Th. 6.34).

> Solution 8-8 If P(X=x|Dy) Z P(X=x), then

P(X=x|W) = E(1x=xIW) [RS-(4.10)]
= E(E(1x=x|1Dx)| W) [RS-Box 4.1 (xiii)]
= E(P(X=x|Dx)| W) [RS-(4.10)]
= E(P(X=x)|W) [P(X=x|Dx) = P(X=x), RS-Box 4.1 (xiv)]

P(X=x). [RS-Box 4.1 (i)]
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> Solution 8-9 According to RS-Box 3.2 (ii), the conditional expectation value E(Y|X=0) can be
computed via
E(Y|X=0) = ZE(YIXz 0,U=u)-P(U=u|X=0)
u

1 3
= (68+78+88+98)- — +(106+116)- — = 99.8.
10 10

In contrast, according to RS-(3.13) and Equations (6.77), (6.78), the expectation E(tp) can be com-
puted via

E(19) = E[E*X=°(Y|)] = E(go(1)) = Y_go(w)-P(U=u)
u

Y E(Y1X=0,U=u)-P(U=u)
u

1
(68+78+88+98+106+116)- i 92.3333.

Comparing E(Y|X=0) =99.8 to E(1p) = 92.3333 shows that E(Y|X=0) is strongly biased [see Def. 6.3
@]1.

> Solution 8-10 In a random experiment, in which a unit u is sampled and assigned to one of two
treatment conditions, we may assign the unit by coin toss, for instance. This ensures

P(X=1|Dy) = P(X=1),

that is, the treatment probabilities do not depend on the global potential confounder Dx of X [see
Prop. (8.5)] and therefore not on any potential confounder of X (see Rem. 8.61). If Dy is specified
such that U is measurable with respect to Dy, then P(X=1|Dy) > P(X=1) implies that each unit u
has the same probability P(X=1|U=u) = P(X=1) of being assigned to treatment 1. If we assume
that X is dichotomous with values 0 and 1, then this also implies that each unit u has the same
probability P(X=0) to be assigned to treatment 0 as well because

P(X=0|U=u) = 1-P(X=1|U=u) = 1-P(X=1) = P(X=0).
> Solution 8-11 We consider a random experiment, in which a unit « is sampled and a value z of
the covariate Z is assessed before the unit is assigned to one of the two treatment conditions. We
also assume P(Z=z) > 0 for all values z € Z(Q) and 0 < P(X=1|Z) < 1. Then Z-conditional random-

ized assignment of a unit to one of the two treatment conditions refers to assigning the unit u to
treatment 1 with probability

P%=*(X=1|Dy) oE PZ7A(X=1) = P(X=1|Z=2).

This equation implies

PPE(X=11U) i E“=#(P#*(X=1|Dx)|U) [RS-Box 4.1 (xiii)]
— Z=z(pZ=Z vy _
pZ_:z E (P X=D | U)
pal Ax=1 [RS-Box 4.1 (i)]
= P(X=1|Z=2) [RS-(3.24), RS-(3.26)]

and
P& (X=1|1U)(w) = PZ7*(X=1) = P(X=1|Z=2), ifoec{Z=z}

[see RS-Eq. (4.18)]. Hence, all units with the same value z of the covariate Z have the same positive
probability to be assigned to treatment 1. This assignment procedure allows for different treatment
probabilities for units for which we observe different values z of the covariate Z. It creates Dx 1l X|Z
and 0 < P(X=1|Z) < 1, which implies that E(Y| X, Z) and all EX=*(Y|Z), x € X(Q), are unbiased (see
Cor. 8.36).
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> Solution 8-12

E(P(X=x|U)) = E(E(1x=xIU)) [RS-(4.10)]
= E(1x=x) [RS-Box 4.1 (iv)]
= P(X=x). [RS-(3.9)]

> Solution 8-13 If P(X=x|Dyx) > P(X=x|Z), then

P(X=x|Z,W) = E(1x=x|Z,W) [RS-(4.10)]
E(E(1x=x|Dx)|Z,W)  [RS-Box4.1 (xiii)]
E(P(X=x|Dx)| Z,W) [RS-(4.10)]
E(P(X=x12)|Z,W)

P(X=x|2). [RS-Box 4.1 (xi)]

T [l |l | =l [ |



Chapter 9
Suppes-Reichenbach Conditions

In chapter 8, we introduced the Fisher conditions, a first class of empirically testable
causality conditions. We emphasized that Dx 1l X implies Dxll X|Z, provided that Z is a
covariate of X. We also showed that Dy 1l X|Z implies the Rosenbaum-Rubin conditions,
if we assume P(X=x|2) > 0, for all x € X(Q). The Fisher conditions focus on (conditional)
independence of the putative cause variable X and all potential confounders of X.

In contrast, the causality conditions introduced in the present chapter, focus on condi-
tional independence or conditional mean-independence of the outcome variable Y and all
potential confounders of X. These conditions will summarily be referred to as the Suppes-
Reichenbach conditions, honoring two pioneers who made early contributions to proba-
bilistic causality (see, e.g., Reichenbach, 1956; Suppes, 1970). These conditions are also
empirically testable, some of them also apply if X is continuous, and if the true outcome
variables are P-unique, then the Suppes-Reichenbach conditions have implications on the
Rosenbaum-Rubin conditions.

We start introducing these causality conditions, then treat their consequences and dis-
cuss their methodological implications. In particular, we discuss their role in covariate
selection in the empirical analysis of causal conditional and average total effects.

Requirements

Reading this chapter we assume that the reader is familiar with the concepts treated in
all chapters of Steyer (2024). Again, chapters 4 to 6 of that book are now crucial, dealing
with the concepts of a conditional expectation, a conditional expectation with respect to a
conditional probability measure, and conditional independence. Furthermore, we assume
familiarity with chapters 4 to 8 of the present book.

In this chapter we often refer to the following notation and assumptions.

Notation and Assumptions 9.1

@) Let((Q, 4 P),(F)er,€, D, X, Y) be a regular probabilistic causality setup, let
Dx denote a global potential confounder of X, and W the set of all potential
confounders of X, that is, the set of all random variables on (Q, <, P) satisfying
o(W) c a(Dy).

(b) Let X(Q)=1{0,1,..., ]} denote the image of Q under X, let x € X(Q), let {x} € oA,
and let 1x—, be the indicator of the event {X=x} = {w € Q: X(w) = x}. Further-
more, assume P(X=x) > 0 and define the probability measure P*=*: of — [0,1]
by PX=%*(A) = P(A|X=x), for all A€ .

(c) LetY be real-valued with positive variance.
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(d) ForxeX(Q), lett, = EX=*(Y|Dx) denote a (version of the) true outcome variable
of Y given (the value) x (of X).

(e) ForallxeX(Q)=1{0,1,...,]J}, let{x} € oy and assume 0 < P(X=x) < 1. Further-
more, let T := (19, 71,...,7;) denote the (J +1)-variate random variable consisting
of the true outcome variables T, x € X(Q).

(f) Let x'€ Q% and {x'} € of¥, let 1x_, denote the indicator of the event {X=x'} =
{weQ: X(w) =x'} and assume that 0< P(X=x') <1. Furthermore, let 1, =
EX=X'(Y|Dy) denote a (version of the) true outcome variable of Y given x'.

(g) Let Z be a random variable on (Q, <4, P) and let (Q, <¢7) denote its value space.

(h) Let Z be a covariate of X, that is, let Z be a random variable on (Q, <, P) satisfy-
ingo(Z) co(Dy).

(i) Assume that T, is P-unique.

() Assume that all 7., x € X(Q), are P-unique.

(k) Assume that 1y is P-unique.

9.1 SR-Conditions

In this section, we introduce eight causality conditions, summarily referred to as the
Suppes-Reichenbach (SR) conditions. They include conditional independence and con-
ditional mean-independence among certain random variables. Remember, conditional
mean-independence of a numerical random variable from another random variable given
a third random variable has be been treated in RS-section 4.7 and conditional indepen-
dence of two random variables given a third one in RS-section 6.1.2. In this chapter, we use
these concepts for the definitions and notation of all SR-conditions. Later, their most im-
portant implications are studied, including their implications on the Rosenbaum-Rubin
conditions and on unbiasedness.

9.1.1 Simple SR-Conditions

Box 9.1 presents all eight Suppes-Reichenbach conditions discussed in this chapter. We
start commenting on those conditions that only involve conditioning on X or on one of its
values x, but not on another random variable Z.

Remark 9.2 [Independence of Y and Dx With Respect to PX=*] The very first condition
displayed in Box 9.1 (i), Y1 Dx|(X=x), is equivalent to independence of Y and Dx with
respect to the measure PX=*. This measure has been specified in Assumptions 9.1 (b).
Hence,

Y1 Dyl (X=x) < Y}(.LDX, 9.1)
pX=x
where

YL Dx & VY(AB) ea(Y)xo(Dy): PX=*(AnB) = PX=*(4)- PX=*(B). 9.2)
pX=x

This implies that we can utilize all properties of independence of two random variables
with respect to a probability measure. In this case, it is the measure P*=* instead of P.
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Box 9.1 Suppes-Reichenbach conditions

Y1l Dx|(X=x) (X=x)-conditional independence of Y and Dx. Under Assumptions 9.1
(a) and (b), it is defined by

V(A,B)ea(Y)xa(Dx): PLANB|X=x) =P(A|X=x)-P(B|X=x). (@

YEDx|(X=x) (X=x)-conditional mean-independence of Y from Dx. Under Assump-
tions 9.1 (a) to (c), it is defined by

EX=*(Y|Dx) = EX=%(V). (i)
pX=x
Under Assumptions 9.1 (a) to (d), each of the above two conditions implies E(Y|X=x) I Dx.
If, additionally, Z is a covariate of X, then each of them also implies E X=X(Y|Z) F Dy.

Y1 Dx|X X-conditional independence of Y and Dx. Under Assumptions 9.1 (a), it
is defined by

V(A B)ea(Y)xa(Dx): P(AnB|X) 5 P(A|X)-P(B|X). (iii)

YEDx|X X-conditional mean-independence of Y from Dx. Under Assumptions 9.1
(a) and (c), it is defined by
E(YIX,DX)gE(YIX). (iv)
Under Assumptions 9.1 (a) to (e), each of the last two conditions implies E(Y |X) F Dx. If,
additionally, Z is a covariate of X, then each of them also implies E(Y|X, Z) I Dx.

YUDx|(X=x,2Z) (X=x,Z)-conditional independence of Y and Dx. Under Assumptions 9.1
(a), (b), and (g), it is defined by

Y (A,B)ea(Y)xa(Dy): PX=X(AnB|Z)PX=:XPX=x(A|Z) -PX=%B|2). W)

YEDx|(X=x,Z) (X=x,Z)-conditional mean-independence of Y from Dx. Under Assump-
tions 9.1 (a) to (c) and (g), it is defined by

E¥*(Y12,D0) = EXT(Y12). i)

Under Assumptions 9.1 (a) to (d) and if Z is a covariate of X, then each of the last two condi-
tions implies EX=*(Y | Z) - Dx.

YU Dx|(X,Z) (X, Z)-conditional independence of Y and Dx. Under Assumptions 9.1 (a)
and (g), it is defined by

V(A,B)eo(Y)xa(Dx): P(AnB|X, Z2) = P(A|X,Z)-P(B|X,Z). (vii)

YEDx|(X, Z) (X, Z)-conditional mean-independence of Y from Dx. Under Assump-
tions 9.1 (a), (c), and (g), it is defined by
E(Y|X,Z,Dx) 5 E(Y|X,2). (viii)

Under Assumptions 9.1 (a) to (e) and that Z is a covariate of X, each of the last two conditions
implies E(Y|X, Z) - Dx and EX=*(Y|Z)F Dy for all x € X(Q).
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Note that the condition Y 1L Dx|(X=x) does not apply if X is continuous because we as-
sume P(X=x) > 0 [see Assumptions 9.1 (b) and RS-Rem. 2.77]. Independence of random
variables (with respect to a probability measure) and some of its properties have been
treated in RS-section 2.4. (More details are provided, for example, in SN-chapter 16. In
particular, equivalent conditions for Y 1L Dy|X in terms of conditional distributions are
found in SN-section 17.6.) <

Remark 9.3 [Mean-Independence of Y and Dy With Respect to P*=*] The causality con-
dition YF Dx| (X=x) defined in Box 9.1 (ii) is equivalent to mean-independence of Y from
Dx with respect to PX=* (see RS-Def. 4.36), which is denoted Y }l(: Dx. Hence,

P =X

YEDx|(X=x) < Y)|(=:DX, (9.3)
where P

Y E Dy o EX:"(YIDX)Pz EX=%(Y). 9.4)

pX=x X=x

Again note that YE Dx| (X=x) does not apply if X is continuous because it is defined only
if P(X=x)>0. <

Remark 9.4 [ X-Conditional Independence of Yand Dx] The third causality condition
defined in Box 9.1 (iii) is X-conditional independence of the outcome variable Y and Dy,
denoted by Y1 Dx|X. This condition implies that the distribution of the outcome vari-
able Y does not depend on the global potential confounder Dy, once we condition on
the putative cause variable X. That is, we implicitly postulate that Py, is a version of the
conditional distribution Py x, p, (see SN-ch. 17). This condition also applies if X is contin-
uous. More details about conditional independence are found in RS-chapter 6 and about
conditional distributions in SN-chapter 16. <

Remark 9.5 [ X-Conditional Mean-Independence of Y From Dx] The next causality con-
dition, defined in Box 9.1 (iv), is X-conditional mean-independence of Y and Dx, denoted
Y E Dx| X. With this condition we postulate that the (X, Dx)-conditional expectation of Y
actually does not depend on the global potential confounder Dy of X, once we condi-
tion on X. That is, we postulate that E(Y|X) is a version of the conditional expectation
E(Y|X, Dy)(see RS-ch. 4). Again, note that Y Dy| X also applies if X is continuous. <

Remark 9.6 [A Caveat Concerning Mediators] Note that none of the causality conditions
treated so far excludes that mediators (and other variables that are between X and Y) de-
termine the distribution of Y. For example, Y 1L Dx| X only implies that the conditional
distribution Py is a version of the conditional distribution Py,x,w whenever W is a po-
tential confounder of X. Remember, a potential confounder of X is Dx-measurable and
therefore prior or simultaneous in (%) e to X (see Cor. 4.33). <

In the following theorem we present a condition that is equivalent to Y = Dx|X, pro-
vided that, for all values x of X, P(X=x) > 0.

Theorem 9.7 [A Condition Equivalent to Y F Dx| X if X is Discrete]
Let the Assumptions 9.1 (a) to (c) hold and assume P(X=x) > 0 for all x € X(Q2). Then

YEDxIX e VxeX(@: E**(YIDy g E*(M). 9.5)
(Proof p. 292)
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Remark 9.8 [Constant True Outcome Variables] Let the Assumptions 9.1 (a) to (e) hold,
which includes that all 7., x € X(Q), are P-unique, then

YEDyIX o 1= (EX°(W),EX'()),...,.EXT (1), (9.6)

where 7 := (19, 11,...,7;) is a multivariate random variable consisting of J + 1 true outcome
variables. Hence, under these assumptions Y = Dx| X holds if and only if

Tx 5 E*=*(Y), VxeX(Q)=10,1,...,]}. 9.7

Also remember, according to RS-Remark 3.20, if P(X=x) > 0, then EX=*(Y) = E(Y|X=x)
[see RS-Eq. (3.24)]. <

Intuitively speaking, according to Proposition (9.5), Y EDx| X means that X is the only
cause of Y. No other random variable that is prior or simultaneous to X determines the
expectation of Y. Of course, this is unrealistically restrictive in many applications. In con-
trast, their generalizations presented in the next section, where we additionally condition
on a covariate of X, are realistic.

9.1.2 Conditional SR-Conditions

Now we turn to those Suppes-Reichenbach conditions that involve conditioning on an-
other random variable Z on (Q,« P). Note that Z = (Z,,...,Z,,) may be a multivariate
random variable on (Q, o7, P) consisting of m random variables.

Remark 9.9 [(X=x, Z)-Conditional Independence of Yand Dx] The first one, which is
defined in Box 9.1 (v), is called (X=x, Z)-conditional independence of Y and Dy, and de-
noted Y1l Dy|(X=x, Z) or Y;(_I_ Dx|Z. Hence,

pX=x

YU Dxl(X=x,Z) < Y%LDXIZ, (9.8)
pX=x

that is, the two symbols denote the same kind of Z-conditional independence of Y from
Dy given a value x of X. <

Remark 9.10 [(X=x, Z)-Conditional Mean-Independence of Y from Dy] The next condi-
tion, defined in Box 9.1 (vi), is (X=x, Z)-conditional mean-independence of the outcome
variable Y from Dy, which is denoted by YF Dx|(X=x,Z). With this condition we pos-
tulate that the Dx-conditional expectation of the outcome variable Y with respect to the
measure P*=* does not depend on the global potential confounder Dy, once we condi-
tion on the random variable Z. If we additionally assume that Z is a covariate of X, then
0(Z) ca(Dy) [see Def. 4.11 (iv) and Rem. 4.16] and 6(Dy, Z) = a(Dyx) [see RS-Prop. (2.19)].
In this case,

E*(Y|Dx) = E**(Y|Z,Dy). 9.9)
[see RS-Def. 5.4] and

X=x

YEDx|(X=x,2) < EX:X(YIDX)Pz EX*(Y|2). (9.10)
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If Z is discrete and P*=*(Z=z) > 0 for all values z € Z(Q), then

YEDx|(X=x,Z) ¢ VoeQ: EX(Y|Dy)(w)=E*(Y|Z=2), ifwe{Z=z} (9.11)
(see Exercise 9-5). <

Remark 9.11 [(X, Z)-Conditional Independence of Y and Dx] The last but one causality
condition, which is defined in Box 9.1 (vii), is (X, Z)-conditional independence of the out-
come variable Y from Dyx. It is denoted by Y 1L Dx|(X, Z). With this condition we implic-
itly postulate that the (X, Dx)-conditional distribution of the outcome variable Y does not
depend on the global potential confounder Dx once we condition on the putative cause
variable X and the random variable Z. That is, we implicitly postulate that Py, , is a ver-
sion of the conditional distribution Py x, p, (see again SN-ch. 17). <

Remark 9.12 [(X, Z)-Conditional Mean-Independence of Y From D] The last causality
condition defined in Box 9.1 (viii) is (X, Z) -conditional mean-independence of Y from Dy,
denoted YF Dy|(X, Z). With this condition we postulate that the (X, Dx)-conditional ex-
pectation of Y actually does not depend on the global potential confounder Dx of X, once
we condition on X and Z. That is, we postulate that E(Y|X, Z) is a version of the condi-
tional expectation E(Y| X, Dx) (see RS-ch. 4). <

Remark 9.13 [An Equivalent Formulation of Y F Dy|(X, Z)] If we assume that Z is a co-
variate of X, then 0(Z) c o(Dy) [see Def. 4.11 (iv) and Rem. 4.16] and o(Dy) = o(Dy, Z).
This implies

0(X,Dx, Z) = o(X,Dx) (9.12)

and

E(YIX,Z,Dy) = E(Y|X,Dx) (9.13)

(see RS-Def. 4.4). Hence, if Z is a covariate of X, then
YEDxI(X,Z) < EYIX,Dy) 5 E(Y|X,Z). (9.14)
<

In the following theorem we present a condition that is equivalent to Y F Dx|(X, Z) if X
is discrete. This theorem is a generalization of Theorem 9.7.

Theorem 9.14 [A Condition Equivalentto Y = Dx|(X, Z) if X is Discrete]
Let the Assumptions 9.1 (a) to (c) and (g) hold and assume P(X=x) > 0 for all x € X (Q).
Then

YEDy|(X,Z) & VxeX(@Q:E*"(Y|Z,Dx) = E*(Y|2). 9.15)
(Proof p. 293)
Remark 9.15 [True Outcome Variables as Functions of Z] Under the Assumptions 9.1 (a)

to (e), which includes P-uniqueness of the true outcome variables 7, x € X (Q),

YEDxI(X,Z) & 1= (E¥°(YI2),EX'(Y12),..., EX7(Y]2)), (9.16)
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Table 9.1. (X, Z)-conditional mean-independence of Y from Dy

o0 il §
- S 5 2|3 < <
= T 5 B =] 32 = =
g o i I S ~ S i i
2 x| o = & I & S S
o) () = = = =
g R A A S g | O A A
Tom m 1/6 6/8 90 95 5 2/19 6/29
Tim m 1/6 7/8 90 95 5 1/19 7/29
Joe m | 1/6 6/8 90 95 5 2/19 6/29
Jim m 1/6 7/8 90 95 5 1/19 7/29
Ann f 1/6 1/8 100 110 10 7/19 1/29
Sue f | 1/6 2/8 100 110 10 6/19 2/29
x=0 x=1
E(ry): 93333 100 ATE;p = 6.667
E(Y|X=x): 96.842  96.552 PFEq = —.29
E(tx|Z=m): 90 95 CTEz.10(m) =5
EY|X=x,Z=m): 90 95 PFE 7.10(m) =5
E(tZ=f): 100 110 CTEz10(f) =10
E(Y|X=x,Z=f): 100 110 PFE 7.10(f) =10

where 7 again denotes a multivariate random variable consisting of J+ 1 true outcome
variables. Hence, if Z is a (possibly multivariate) covariate of X, then Y FDx|(X, Z) means
that Z contains all potential confounders of X that, aside from X, determine the (X, Dx)-
conditional expectation of Y. To emphasize, it does not mean that there are no intermedi-
ate variables between X and Y that determine Y over and above X and Z. <

9.1.3 Example: (X, Z) -Conditional Mean-Independence of Y From Dy

Consider the random experiment presented in Table 9.1. We assume that it is a simple
experiment that has the same structure as the examples treated in section 6.5. That is,

((Q,.Q%P), (gt)IETr‘igr @%rX) Y))

as specified in section 6.5, is the regular probabilistic causality setup. Again, X represents
a treatment variable and U is a global potential confounder of X.
In this example, Y F U | X, which by definition is equivalent to

E(Y|X,U) 5 E(Y|X), 9.17)

does not hold. In this example, P(X=x,U=u) >0, for all pairs (x, u) € X(Q) x U(Q). There-
fore, in this example, Equation (9.17) is equivalent to
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Vix,u) e X(Q)xU(K): EY|X=x,U=u) = E(Y|X=x). (9.18)

Hence, with Equation (9.17) we postulate that, for each value x of X, the conditional ex-
pectation values E(Y|X=x,U=u) are identical for all units u. If P(X=x,U=u) > 0, then
E(Y|X=x,U=u) = EX=*(Y|U=u). Hence, an inspection of Table 9.1 shows that Equation
(9.18), and with it Equation (9.17), do not hold. These equations would hold if, for exam-
ple, all six values EX=°(Y|U=u) of 1, = EX=°(Y|U) would be equal to 90 and all six values
EX=Y(Y|U=u) of 1, = EX~1(Y|U) would be equal to 95. Note that the numbers 90 and 95
are arbitrary examples. Every other pair of two numbers would do as well.
In contrast, in this example, Y F U | (X, Z) does hold. This symbol stands for

EYIX,U) 5 E(Y|X,Z) (9.19)

[see Egs. (9.13) and (9.14) for Dx = U]. Furthermore, because P(X=x,U=u) > 0 for all
(x, u) € X(Q) x U(Q), this equation is equivalent to

Vi, u)eXQ)xU):E(Y|X=x,U=u) = E(Y|X=x,Z=2). (9.20)

Hence, the conjunction of YFU|(X, Z), Dx=U, and P(X=x,U=u) > 0 implies that there
are no differences between persons u with respect to their conditional expectation val-
ues of the outcome variable Y given treatment condition x and person u. Also remem-
ber, if P(X=x,U=u) >0, then E(Y|X=x,U=u) = EX**(Y|U=u). Hence, an inspection of
Table 9.1 shows that Proposition (9.20) and with it Equation (9.19) hold. All four values
EX=%(Y|U=u) of 1, of the male persons are identical (to 90), all four values EX=! (Y |U=u)
of 7; of the males are identical (to 95), all two values EX=°(Y|U=u) of 7, of the females are
identical (to 100), and all two values EX=!(Y|U=u) of 1; of the females are identical (to
110). Hence, we may also say that the true outcome variables 7, and 1, are homogeneous
given sex.

9.2 Implications Among the Suppes-Reichenbach Conditions

Table 9.2 summarizes the implications of the Suppes-Reichenbach conditions (defined in
Box 9.1) among each other and displays the assumptions under which these implications
hold. The proofs are found in the theorems and corollaries treated in the present section
and in the solution to Exercise 9-6.

A first property of the Suppes-Reichenbach conditions Y1 Dx|X and Y 1L Dx|(X, Z) is
that they imply conditional mean-independence. This is detailed in the following corol-
lary, which immediately follows from RS-Theorem 6.8.

Corollary9.16 [Y 1L Dx| X and Y 1l Dx|(X, Z) Imply Mean-Independence]
Let the Assumptions 9.1 (a) and (c) hold. Then

YU DylX = YEDxlX. (9.21)
If we additionally assume 9.1 (g), then

YUDy|(X,Z) = YEDx|X, Z). (9.22)
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Table 9.2. Implications among the Suppes-Reichenbach conditions

Q _ N _ -
i N i i N i
) o) <) > s ) o)
S S S g S 8 &
i i i i =| =| =
~ ] 5 ~ & ~ ~

YEDx|(X,Z) (@)-(c),(g)

YEDx|(X=x) (@)-(c),(h)

YEDx|X (@)-(c),(h) (a),(c),(h) (a)-(c)

YU Dx|(X=x,Z) | (a)-(c),(g)

Y1 Dx|(X,Z) (@)-(c),(g (a),(c),( (a)-(c),(g)

Y1 Dx|(X=x) (@)-(c),(h) (a)-(c) (a),(b),(h)

Y1 Dx| X (@-(),(h) (a,(),th) (@-(c) (a,lc) (a),b),h) (@,h) (),b)

Note: An entry such as (a)-(c) means that the condition in the row implies the condition in the
column, provided that the Assumptions 9.1 (a) to (c) hold. Equivalences are omitted.

Hence, under the Assumptions 9.1 (a) and (c), X-conditional independence of the out-
come variable Y and a global potential confounder Dy of X implies X-conditional mean-
independence of Y from Dy. Similarly, if we consider an additional random variable Z on
(Q, <, P), then (X, Z)-conditional independence of Y and Dy implies (X, Z)-conditional
mean-independence of Y from Dy.

In the following theorem we consider the implications of (X=x)-conditional indepen-
dence of Y from Dy and of (X=x, Z)-conditional independence of Y from Dy on the cor-
responding mean-independencies.

Theorem 9.17 [V 1L Dx| (X=x) and Y 1 Dx|(X=x, Z) Imply Mean-Independence]
Let the Assumptions 9.1 (a) to (c) hold. Then

YU Dy|(X=x) = YEDx|(X=x). (9.23)
If we additionally assume 9.1 (g), then

Y1 Dyx|X=x,Z) = YEDx|(X=x,2). (9.24)
(Proof p. 293)

Hence, under the assumptions of Theorem 9.17, (X=x)-conditional independence of
the outcome variable Y and the potential confounder Dy of X implies (X=x)-conditional
mean-independence of Y from Dy. Furthermore, if we consider an additional random
variable Z on (Q, s, P), then (X=x, Z)-conditional independence of Y and Dy implies
(X=x, Z)-conditional mean-independence of Y from Dy.

In the following theorem we show that X-conditional mean-independence of the out-
come variable Y from a global potential confounder Dy of X implies (X=x)-conditional
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mean-independence of Y from Dy. This implication also holds if we do not only condition
on the putative cause variable X but additionally on a random variable Z.

Theorem 9.18 [Consequences of Y= Dx| X and YF Dx|(X, Z)]
Let the Assumptions 9.1 (a) to (c) hold. Then

YEDx|X = YEDx|(X=x). (9.25)
If we additionally assume 9.1 (g), then

YEDx|(X,Z) = YEDx|(X=x,2). (9.26)
(Proof p. 293)

Now we turn to the issue of generalizability, which has already been discussed for the
Fisher conditions (see Ths. 8.17, 8.18 and Remarks 8.63, 8.64). Note that the SR-conditions
considered in the following theorem neither presume that X is discrete nor the existence
of the true outcome variables. Reading this theorem, remember that W € #% means that
o (W) c Dy, that is, W is a potential confounder of X [see Def. 4.11 (iv)].

Theorem 9.19 [Generalizabilityof Y Il Dx|X and Y Il Dx|(X, Z)]
Let the Assumptions 9.1 (a) hold. Then

YU Dx|X = VWeWs: Y1 Dx|(X,W). (9.27)
Ifwe additionally assume 9.1 (g), then

YU Dx|(X,Z) = VWeWx: YU Dx|(X,Z,W). (9.28)
(Proof p. 294)

Remark 9.20 [Methodological Implications of Generalizability] The two properties of
Theorem 9.19 are referred to as generalizability of Y1 Dx|X and Y 1l Dx|(X, Z), respec-
tively. According to Proposition (9.27), once we have X-conditional independence of Y
and Dy, then we also have (X, W)-conditional independence of Y and Dy, if W is a poten-
tial confounder of X.

Similarly, according to Proposition (9.28), once we have (X, Z)-conditional indepen-
dence of Y and Dy, then we also have (X, Z, W)-conditional independence of Y and Dy, if
W is a potential confounder of X. From a methodological point of view, this consequence
of Y Il Dx|(X, Z) has two positive consequences:

(a) Under Y1 Dx|X, there is no need to control for further potential confounders of
X, at least not for the purpose of justifying a causal interpretation of the W-con-
ditional dependence of Y on X as described by a conditional distribution Py x, or
by a conditional expectation E(Y|X,W).

(b) Under Y 1 Dx|(X,Z), a causal interpretation of the (Z, W)-conditional depen-
dence of Y on X as described by Py|x, - w or by E(Y|X, Z,W) is also possible, pro-
vided that W is a potential confounder of X.

<
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Now we turn to generalizability of X-conditional mean-independence of Y from Dy
and of (X, Z)-conditional mean-independence of Y from Dy.

Theorem 9.21 [Generalizabilityof Y= Dx| X and Y F Dx|(X, Z)]
Let the Assumptions 9.1 (a) and (c) hold. Then

YEDx|X © VYWeWs: YEDx|(X,W). (9.29)
If we additionally assume 9.1 (g), then

YEDx|(X,Z) © VWeWx: YEDx|(X,Z,W). (9.30)
(Proof p. 294)

Hence, under the assumptions of Theorem 9.21, X-conditional mean-independence
of the outcome variable Y from a global potential confounder Dy of X implies (X, W)-
conditional mean-independence of Y from Dy, whenever W is a potential confounder of
X [see Prop. (9.29)]. This is what we mean saying that Y= Dx| X is generalizable.

Furthermore, (X, Z)-conditional mean-independence of Y from Dy implies (X, Z, W)-
conditional mean-independence of Y from Dy [see Prop. (9.30)], whenever W is a poten-
tial confounder of X. This is what we mean saying that Y = Dx|(X, Z) is generalizable.

In the following theorem we show that (X=x)-conditional mean-independence of Y
from Dy as well as (X=x, Z)-conditional mean-independence of Y from Dy are general-
izable as well.

Theorem 9.22 [Generalizability of Y E Dy| (X=x) and YF Dx|(X=x, Z)]
Let the Assumptions 9.1 (a) and (c) hold. Then
YEDx|(X=x) © VWeWs: YEDx|(X=x,W). (9.31)
If we additionally assume 9.1 (g), then
YEDx|(X=x,Z) < VWeWs: YEDx|(X=x,Z,W). (9.32)

(Proof p. 294)

Remark 9.23 [Immediate Implications] Combining Propositions (9.23) and (9.31) yields
Y1 Dy|(X=x) = VWeWx: YEDx|(X=x,W), (9.33)

provided that the Assumptions 9.1 (a) to (c) hold. Correspondingly, if we additionally as-
sume 9.1 (g), then combining Propositions (9.24) and (9.32) yields

YU Dx|(X=x,Z) = VWeWyx: YEDx|(X=x,Z,W). (9.34)

<
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9.3 Consequences for the Rosenbaum-Rubin Conditions

Now we study the implications of the Suppes-Reichenbach conditions on the Rosenbaum-
Rubin conditions. Remember, in chapter 7 we showed that the Rosenbaum-Rubin condi-
tions imply unbiasedness. Hence, if the Suppes-Reichenbach conditions imply the Rosen-
baum-Rubin conditions, then the Suppes-Reichenbach conditions also imply unbiased-
ness.

Table 9.3 summarizes the implications of some Suppes-Reichenbach conditions (de-
fined in Box 9.1) on some Rosenbaum-Rubin conditions and displays the assumptions
under which these implications hold. The proofs are found in the theorems and corollar-
ies of the present section and in the solution to Exercise 9-7.

Remark 9.24 [Consequences of the Suppes-Reichenbach Independence Conditions]
Table 9.3 only lists the implications of the Suppes-Reichenbach mean-independence con-
ditions. However, according to Table 9.2, these mean-independence conditions follow
from their corresponding independence conditions. More precisely,

(i) UnderAssumptions 9.1 (a) to (c), and (g), Y1 Dx|(X=x, Z) implies Y FDx|(X=x, Z)
(i) Under Assumptions 9.1 (a), (c), and (g), Y 1L Dx|(X, Z) implies Y = Dx|(X, Z)

(iii) Under Assumptions 9.1 (a) to (c), Y 1L Dx| (X=x) implies YF Dx|(X=x)

(iv) Under Assumptions 9.1 (a) and (c), Y 1L Dx|X implies YFDy|X.

Hence, we can replace the mean-independence conditions in the first column of Table 9.3
by their corresponding independence conditions, thus receiving a new Table of implica-
tions. <

9.3.1 Consequences of Y= Dx|(X=x) and Y F Dx|X

In Theorem 9.25, we consider a single value x of X with P(X=x) > 0 and show that (X=x)-
conditional mean-independence of the outcome variable Y from a global potential con-
founder of X implies independence of the true outcome variable 7, and the putative cause
variable X. A crucial assumption in this theorem is P-uniqueness of 7, [see Ass. 9.1 (i)].

Theorem 9.25 [An Implication of YFDy| (X=x) on 7,]
Let the Assumptions 9.1 (a) to (d) hold and assume that T, is P-unique. Then

YEDyx|(X=x) = 1,lX. (9.35)
(Proof p. 295)

Remark 9.26 [Further Consequences of Y= Dx|(X=x)] Under the assumptions of Theo-
rem 9.25, the consequences of 7, 1L X listed in Table 7.1 allow us to conclude that (X=x)-
conditional mean-independence of the outcome variable Y from the global potential con-
founder Dy of X, thatis, YE Dx|(X=x), also implies

(1) TxJ-L 1X:x

(i) ,FX

(i) Vx'€X(Q): 1o F Ty,
(v) TP Tx=y

(v) E(Y|X=x)F Dx.
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Table 9.3. Implications of the Suppes-Reichenbach conditions on some Rosenbaum-Rubin conditions

N
N N
i N N i i T
e e 2 3 e e 2 2

YEDx|(X=x,2) | @-@,®,® @-,d),

YEDXI(X,Z) | @-@ ® 0 @@ 00 @-© 00 -, ., j)

YEDx|(X=x) | @-@), @ 0 @-@, g, 0 @-@, @) @-d), @)

YEDx|X @-@ @0 @ @0 @@ @0 @O, g 0j @-(, () @-d), @) @-@), G) @-@), )

Note: An entry such as (a)-(d), (i) means that the condition in the row implies the condition in the column, provided that the Assumptions 9.1 (a) to
(d) and (i) hold. Consequences of the Rosenbaum-Rubin conditions displayed in the columns of the table are found in Tables 7.1 and 7.2.
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Remember, E(Y|X=x) F Dy denotes unbiasedness of E(Y|X=x), which is defined by the
conjunction of P-uniqueness of 7, and E(Y|X=x) = E(t,) (see Def. 6.3). <

Remark 9.27 [Comparing Y F Dy | (X=x) to Dx1l 1x_,] Note that 7,1l 7x_, does not only
follow from YFEDyx|(X=x), but also from the Fisher condition DxllL7x-, because
o(1,) € Dx. However, in contrast to Dyl y_,, assuming YFDy|(X=x) does not imply
that EX=¥(Y'| Dy) is P-unique [cf. Th. 8.22 (iii)]. This is why in Theorem 9.25 we need the
assumption that 7, = EX=*(Y| Dx) is P-unique [see Ass. 9.1 (i)]. <

According to the following theorem, (X=x)-conditional mean-independence of the
outcome variable Y from the global potential confounder Dy of X also implies that the
true outcome variable 7, and the putative cause variable X are Z-conditionally indepen-
dent.

Theorem 9.28 [Another Consequence of Y = Dx| (X=x)]
Let the Assumptions 9.1 (a) to (d) and (g) hold, and assume that 7, is P-unique. Then

YEDx|(X=x) = 1n,lX|Z. (9.36)
(Proof p. 295)

Hence, if we assume that the true outcome variable 1, is P-unique, then Y= Dy| (X=x)
implies that 7, and the putative cause variable X are Z-conditionally independent. Note
that Z can be any random variable on (Q, .« P). To emphasize, Z does not have to be a
covariate of X.

Remark 9.29 [Further Consequences of Y= Dx|(X=x)] Under the assumptions of Theo-
rem 9.28, the consequences of 7, 1L X | Z listed in Table 7.2 allow us to conclude that (X=x)-
conditional mean-independence of the outcome variable Y from the global potential con-
founder Dy of X also implies

) TedlTx=i|Z
i) T, EX|Z
(i) T, F Tx=4|Z.
If we additionally asssume that Z is a covariate of X, then
(iv) EX=*(Y|Z)F Dy.

Remember, EX=*(Y|Z)  Dx denotes unbiasedness of EX=*(Y|Z), which is defined by the
conjunction of P-uniqueness of 7, and EX=*(Y|Z) = E(1,] Z) [see Def. 6.13 (i)]. <

Instead of a single value x of the putative cause variable X, now we consider X itself and
turn to X-conditional mean-independence of the outcome variable Y from the global po-
tential confounder Dy of X, denoted Y= Dx|X and defined by E(Y| X, Dx) = E(Y|X) [see
Box 9.1 (iv)].

Theorem 9.30 [Consequences of Y F Dy| X]
Let the Assumptions 9.1 (a) to (d) hold and assume that T, is P-unique. Then

YEDy|X = 11X (9.37)
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Ifwe additionally assume 9.1 (g), then

YEDy|X = r1lX|Z (9.38)
(Proof p. 295)

Remark 9.31 [More Implications] Note that the consequence 7, 1L X of Proposition (9.37)
has itself several consequences that already have been listed in Remark 9.26. This allows
us to conclude, for example,

YEDx|X = 1.l 1x_, (9.39)

provided that the Assumptions 9.1 (a) to (d) hold and that 7, is P-unique.
Similarly, the consequence 7,1 X|Z of Proposition (9.38) has itself several conse-
quences listed in Remark 9.29, which, if we add Assumption 9.1 (g), allows us to conclude

YEDxIX = 1,ll1x_,|Z. (9.40)
<

In Theorem 9.30, we considered a single true outcome variable 7. However, X-condi-
tional mean-independence of Y from a global potential confounder Dy of X also has con-
sequences for the multivariate true outcome variable 7 = (¢, 13, ..., 7).

Theorem 9.32 [Consequences of Y = Dx| X for 7]
Let the Assumptions 9.1 (a) to (e) hold and assume that all T, x € X(Q), are P-unique.
Then

YEDx|X = 7lX. (9.41)
Ifwe additionally assume 9.1 (g), then

YEDx|X = 71lX|Z. (9.42)
(Proof p. 296)

Remark 9.33 [Immediate Implications] Under the assumptions of Theorem 9.32,
YEDx|X = 71l Tx_,. (9.43)

This immediately follows from Proposition (9.41), o(7x-,) € o(X), and RS-Box 2.1 (iv).
Similarly, if we additionally consider a random variable Z on (Q, <, P), then

YEDx|X = 1l 1x_,Z, (9.44)
which immediately follows from Proposition (9.42), (7x-,) € 0(X), and RS-Box 6.1 (vi). <

Remark 9.34 [Further Implications of Y = Dx| X] Again under the assumptions of Theo-
rem 9.32, according to Proposition (9.41) and Table 7.1, Y E Dy| X also implies all causality
conditions listed in the last row Table 7.1, including unbiasedness of E(Y|X). Further-
more, according to Proposition (9.42) and Table 7.2, Y F Dx| X also implies all other causal-
ity conditions listed in the last row of Table 7.2. Finally, if we additionally assume that Z is
a covariate of X, then Y Dy|X also implies that E(Y|X,Z) and all EX=*(Y|Z), xe X(Q),
are unbiased. <
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9.3.2 Consequences of Y=Dx|(X=x,Z) and Y =Dx|(X, Z)

Now we extend the results of section 9.3.1 to the case in which we additionally condition
on a covariate Z of X. We start considering a single conditional expectation E X=x(y|2)
and a single conditional expectation value E(Y|X=x, Z=z). Remember, that E X=xy|2)
denotes the Z-conditional expectation of Y with respect to the probability measure PX=%,
Finally, see Box 9.1 (vi) for the definition of the term Y = Dx|(X=x, Z), that is, of (X=x, Z)-
conditional mean-independence of the outcome variable Y from the global potential con-
founder Dy of X.

Theorem 9.35 [Implications of Y E Dyx|(X=x, Z)]
Let the Assumptions 9.1 (a) to (d) and (h) hold, and assume that 7, is P-unique. Then

YEDx|(X=x,Z) = 1, l1X|Z. (9.45)
(Proof p. 296)

Remark 9.36 [More Implications] Again note that the consequence 7, 1L X|Z in Proposi-
tion (9.45) has itself several consequences that have already been listed in Remark 9.29. If
Z is a covariate of X, then according to this remark, we can conclude

YEDy|(X=x,Z) = 71,1y, |Z (9.46)
and
YEDx|(X=x,Z) = EXX(Y|Z)+Dy. (9.47)

Hence, under the assumptions of Theorem 9.35, Y Dx|(X=x, Z) also implies unbiased-
ness of EX=*(Y|2). <

In the following theorem, we consider a single value z of a covariate Z of X and a single
value x of the putative cause variable X, assume P(X=x, Z=z) > 0, and use the probability
measure PZ7%: of — [0,1] defined by

P%7%(A) = P(A|Z=2z), VAed.

Reading this theorem note that P-uniqueness of 7, implies that it is also PZ=*-unique but
not vice versa [see RS-Box 5.1 (v)]. In this sense, assuming PZ:Z-uniqueness of 7, is less
restrictive than P-uniqueness of 7,.

Theorem 9.37 [Unbiasedness of E(Y | X=x, Z=2)]
Let the Assumptions 9.1 (a) to (d), and (h) hold, let z € Z(Q)) be a value of Z such that
P(X=x,Z=z) >0, and assume that 7, is P*=*-unique. Then

YEDx|(X=x,Z) = E***Y|Z=2)F Dy. (9.48)

(Proof p. 296)

Hence, if the assumptions of Theorem 9.37 hold, which include that Z is a covariate
of X and that 1, is PZ:Z-unique, then (X=x, Z)-conditional mean-independence of Y
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from a global potential confounder of X implies that the conditional expectation value
E(Y|X=x,Z=z) is unbiased [see Def. 6.13 (ii)].

Now we turn to an implication of (X, Z)-conditional mean-independence of the out-
come variable Y from a global potential confounder of X. Again, we assume that Z is a
covariate of X.

Theorem 9.38 [An Implication of Y F Dx|(X, Z)]
Let the Assumptions 9.1 (a) to (e) and (h) hold and assume that all 7., x € X(Q), are
P-unique. Then

YEDx|(X,Z) = 7tlX|Z (9.49)
and

YEDx|(X,Z) = 7tll1x_,|Z. (9.50)
(Proof p. 297)

Remark 9.39 [Further Implications of Y= Dy|(X, Z)] Hence, if we assume that Z is a co-
variate of X and all 7, are P-unique, then YF Dx|(X,Z) implies 7 1L X|Z and 7 1L Tx_,|Z.
According to Table 7.2, 71l X|Z in turn implies that E(Y|X, Z) is unbiased and that all
other causality conditions indicated in the last row of that table hold. For example, under
the Assumptions 9.1 (a) to (d), (h) and that 7, is P-unique [i. e., Ass. 9.1 (i)], these implica-
tions include

YEDx|(X,Z) = t,lX|Z (9.51)

and
YEDx|(X,Z) = 1,1 1x_,Z. (9.52)
<

According to the following theorem, if we presume that z is a value of a covariate Z
of X such that P(X=x,Z=z) > 0, then, YEDx|(X, Z) also implies that EX=*(Y|Z=z) is
unbiased, denoted EX=*(Y|Z=z) - Dy, provided that we assume that T, is (at least) PZ=%-
unique. [Remember, according to RS-Box 5.1 (v), P-uniqueness of 7, = E X=x(Y|Dy) im-
plies that it is also PZ=*-unique.]

Theorem 9.40 [Y = Dy|(X, Z) Implies Unbiasedness of EX=*(Y|Z=z)]
Let the Assumptions 9.1 (a) to (d) and (h) hold, let z € Z(Q) be a value of Z such that
P(X=x,Z=z) >0, and assume that 7, is P?=*-unique. Then

YEDx|(X,Z) = E**%Y|Z=2)} Dy. (9.53)
(Proof p. 297)

Hence, under the assumptions of Theorem 9.40, (X, Z)-conditional mean-indepen-
dence of the outcome variable Y from a global potential confounder Dy of X implies
that the conditional expectation value EX=*(Y|Z=2z) is unbiased. Crucial assumptions for
this implication are that Z is a covariate of X, the true outcome variable is P-unique, and
P(X=x,Z=2z)>0.
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Remark 9.41 [Covariate Selection] In contrast to the Fisher condition Dx 1l X|Z (see Th.
8.31), the condition Y F Dy|(X, Z) cannot be created by a design technique such as ran-
domization. Instead we can only try to find a (possibly multivariate) covariate Z of X such
that Y E Dy|(X, Z) holds. In other words, Y FDyx|(X, Z) can only be used for covariate se-
lection (see section 9.4 for more details). <

9.3.3 Consequences for the Prima Facie Effect Variables

Remember, a Z-conditional prima facie effect variable is defined by
PFE,(Z) = EX=*(Y|2) - EX*¥(Y|Z) (9.54)
and a Z-conditional causal total effect variable by
CTEzx/(2) 5 E(1c|Z) - E(1x| 2). (9.55)

According to the following theorem, Y F Dx|(X, Z) has consequences for unbiasedness of
the function PFE,. .

Theorem 9.42 [Unbiasedness of a Conditional Prima Facie Effect Variable]
Let the Assumptions 9.1 (a) to (d), (f), and (j) hold, and assume that Z is a covariate of
X. Then
YEDx|(X,Z) = PFE,(2)5CTEz v (2). (9.56)
(Proof p. 298)

Hence, under the assumptions of Theorem 9.42, (X, Z)-conditional mean-independence
of the outcome variable Y from the global potential confounder Dy of X implies that the
Z-conditional prima facie effect function PFE . ,,/(Z) is unbiased.

Now we consider a single value z of the covariate Z. According to the following theorem,
Y EDx|(X, Z) has consequences for unbiasedness of the (Z=z)-conditional prima facie
effect

PFE ;. ,.(2) = EX"¥(Y|Z=2)- EX"*(Y|Z=2), (9.57)
which is uniquely defined if P(X=x, Z=2z), P(X=x]Z=z) > 0. Also remember,
CTE . '(2) = E(14|Z=2) - E(1x/|Z=2) (9.58)
[see Eq. (8.56)].

Theorem 9.43 [Unbiasedness of a (Z = z)-Conditional Prima Facie Effect]
Let the Assumptions 9.1 (a) to (d) and (f) hold, and assume that Z is a covariate of X.
Furthermore, assume P(X=x,7Z=z), P(X=x'Z=z) > 0 and that T, and 1,/ are PZ=*-
unique. Then
YEDx|(X,Z) = PFE, (2 =CTEz,.(2). (9.59)
(Proof p. 298)

Hence, under the assumptions of Theorem 9.43, (X, Z)-conditional mean-indepen-
dence of the outcome variable Y from the global potential confounder Dy of X implies
that the prima facie effect PFE ;. ,/(z) is unbiased.
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9.3.4 Example: (X, Z)-Conditional Mean-Independence of Y From Dy

As already shown in Example 9.1.3, Table 9.1 describes a random experiment in which
YFEDx|(X,Z) holds. In this example, the person variable U is a global potential con-
founder, that is, Dx=U and Z (sex) is U-measurable, which implies

E(Y|X,Z,U) 5 E(Y|X,Dy) 5 E(Y|X,U).

Therefore, the values of the true outcome variables 7, are the individual conditional ex-
pectation values EX=¥(Y|U=u)=E(Y|X=x,U=u), x=0,1. As is easily seen in Table 9.1,
the true outcomes under control and the true total effects of treatment 1 vs. 0 are the same
for all male persons and they are the same for all females. For all males, the values of the
true outcomes given control are

T(w) = EX(Y1Z=m) = 90, fwe{Z=m}
and for all females they are
To(w) = EX=%(Y|Z=f) = 100, ifwe{Z=f}.
Given treatment, the true outcomes for all males are
T(w) = EX'(Y1Z=m) = 95, fwe{Z=m}
and for all females they are
n(w) = EXY(Y|Z=f) = 110, ifwe{Z=f}.
Hence,
7, = E*=X(Y|U) = E*¥*(Y|2), x=0,1 (9.60)

According to Theorem 9.14, this implies YFU|(X, Z).

Note that the true outcome variables 7y, and 7; are uniquely defined, because, in this
example, Dx = U and P(X=0|U), P(X=1|U) > 0. This implies that 7, and 7, are also
P-unique. Furthermore, according to RS-Equation (5.36) and Equation (9.60),

EYIX,U) 5 ) EX"(YIU)-Ixex 5 ), EXY(Y1Z2) 1xex 5 EYIX,2).
xeX(Q) xeX(Q)

Hence, in this example, in which 0(Z) c 6(Dy),
E(Y|X,Z,Dy) = E(Y|X,Dx) = EYIX,U) 5 E(Y|X,2).

This is exactly what defines YFU|(X, Z) [see Box 9.1 (viii) for Dx = U]. Furthermore,
because 17y and 7; are P-unique, according to Remark 9.39, Y F Dy|(X, Z) implies that
E(Y|X, Z) is unbiased.

Because, P(X = x, Z=z) > 0 for all pairs (x, z) of values of X and Z, according to Theorem
9.42, Y EDx|(X, Z) also implies that the conditional prima facie effects

PFE z,0(m) = E(Y|X=1,Z=m)-E(Y|X=0,Z=m) = 95-90 = 5
and
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PFE .10(f) = E(Y|X=1,Z=f)-E(Y|X=0,Z=f) = 110—100 = 10

are unbiased as well, that is, PFE .1o(m) = CTE z,19(m) and PFE z,19(f) = CTE z,10(f). In
other words, the (Z=z)-conditional prima facie effects are equal to the causal (Z=z)-con-
ditional total effects.

Another conclusion is that the expectation of the conditional total effects is equal to the
causal average total effect [see Eq. (6.47)], that is,

ATEI() = E(PFEZ,H)(Z)) = PFEz,m(m)4/6+PFEz,10(f)2/6
= 5-4/6+10-2/6 = 6.667.

Finally, note that, if YFDx|(X, Z) holds, then the individual treatment probabilities
P(X=1|U=u), which played a crucial role in our examples for independence and Z-con-
ditional independence of X and Dy (see ch.8) do not matter any more in the following
sense: Even though, in this example, the individual treatment probabilities P(X=1|U=u)
differ between males and also between females, the (Z=z)-conditional prima facie effects
PFE z.10(m) and PFE z,1¢(f) are unbiased.

9.4 Methodological Consequences

Now we discuss the implications of the causality conditions Y1 Dx|X, Y 1 Dx|(X, Z),
YEDyx|X, and YF Dy|(X, Z) for the design and analysis of experiments and quasi-experi-
ments.

9.4.1 Methodological Consequences of Y 1. Dyx|X and Y Dx| X

First of all, we have to realize that Y = Dx| X has no implications on any design technique.
Either the empirical phenomenon we study (i. e., the random experiment that we consider
in a specific empirical application) is such that Y Il Dx|X or YF Dx|X holds, or it is such
that none of them holds. In contrast to the Fisher condition Dx L X treated in chapter 8,
which can be created by randomized assignment of the observational unit to one of the
treatment conditions, there is nothing we can do that implies Y 1L Dx| X or YF Dx|X.

In data analysis, however, we can test the hypothesis Y= Dx| X, which implies

EYIX,W) = E(Y|X). (9.61)

provided that W is a potential confounder of X. Hence, if this equation is rejected, then we
also reject the hypothesis that Y =Dyx|X holds. Furthermore, because Y 1 Dx|X implies
YFE Dx| X, if Equation (9.61) does not hold, then Y1 Dx|X cannot hold as well. For a test
of the hypothesis that Equation (9.61) holds, standard procedures of regression analysis
can be used.

9.4.2 Methodological Consequences of Y | Dx|(X,Z) and Y= Dyx|(X, Z)

In contrast to Y F Dx| X, we can use Y F Dx|(X, Z) for covariate selection in quasi-experi-
ments aiming at the analysis of causal conditional and average total effects. By definition,
there is no randomization in a quasi-experiment. However, even under initial random-
ization, systematic attrition of subjects may invalidate the Fisher condition X Il Dy (see,
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e.g., Abraham & Russell, 2004; Fichman & Cummings, 2003; Graham & Donaldson, 1993;
Shadish et al., 2002). In this case, we will say that randomization failed and that the initially
randomized experiment turned into a quasi-experiment.

In quasi-experiments, selecting the random variables Z; in the m-variate covariate
Z :=(Z,...,Zy) for which we can hope that Y =Dx|(X, Z) holds, is a useful strategy in
the analysis of causal conditional and average total treatment effects. As compared to the
causality condition X Il Dx|Z, it might be easier to find covariates such that Y F Dy|(X, Z)
holds. If, for example, X is a treatment variable, in many cases a pretest (i.e., a pre-
treatment measure of the criterion variable) may already suffice.

Remember that X Il Dx|Z is equivalent to

VxeX(Q): P(X=x|Dx) 3 P(X=x|2).

It might be difficult to find a (possibly multivariate) covariate of X such that this equation
holds because there usually are many covariates determining the treatment probabilities.
For instance, the severity of the disorder, knowing about the treatment, and availability of
the treatment are candidates for such covariates. In contrast, often only Z := pre-treatment
severity of the disorder (the pretest) may be important as a covariate to satisfy Y = Dx|(X, Z)
if the outcome variable Y is post-treatment severity of the disorder. However, there is no
guarantee that the pretest is sufficient as a covariate for Y = Dx|(X, Z) to hold. Whether or
not it holds depends on the application considered.

As already mentioned before, in contrast to some of the other causality conditions
treated in chapters 6 and 7, the Suppes-Reichenbach conditions can be tested in empir-
ical applications, at least in the sense that some consequences of these assumptions can
be checked. Falsifiability is important, because otherwise we would not have any criterion
for covariate selection, that is, for deciding whether or not a specific covariate should be
included in the m-variate covariate Z := (7, ..., Z,) for which we hope that Y F Dx|(X, Z)
holds.

It is easy to test Y Dx|(X, Z). For example, if W is a potential confounder of X, then
we can test the hypothesis

E(YIX,Z,W) 5 E(Y|X,2), (9.62)

which follows from Y F D|(X, Z) [see Th. 9.21 for details]. If we reject this hypothesis, then
we also reject the causality condition Y FDy|(X, Z). And, because Y 1L Dx|(X, Z) implies
YEDx|(X, Z), if Equation (9.62) does not hold, then Y 1L Dy|(X, Z) cannot hold as well.
Again, we can use the well-known techniques of regression analysis for such a test (see,
e.g., Aiken & West, 1996; Allen, 1997; Cohen et al., 2003; Draper & Smith, 1998; Gelman &
Hill, 2007; Gyorfi, Kohler, Krzyzak, & Walk, 2002; von Eye & Schuster, 1998; West & Aiken,
2005).

9.5 Summary and Conclusions

In chapter 6 we introduced unbiasedness of the conditional expectation values E(Y|X=x)
and E(Y|X=x,Z=z), as well as unbiasedness of the conditional expectations E(Y|X),
EX=%(Y|Z) and E(Y|X,Z). There we showed that unbiasedness of these terms is crucial
for computing causal conditional and average total effects. In chapter 7, we treated the
Rosenbaum-Rubin conditions that imply unbiasedness of those conditional expectation
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values and conditional expectations. However, the Rosenbaum-Rubin conditions as well
as the unbiasedness conditions themselves cannot be tested empirically.

In chapter 8, we introduced the Fisher conditions, a first class of empirically falsifiable
causality conditions that focus on independence and Z-conditional independence of the
putative cause variable X and a global potential confounder Dy of X. There we showed,
for example, that X Il Dyx|Z implies Rosenbaum and Rubin’s strong ignorability, that is, it
implies T 1L X | Z, where T = (19, 13, ...,T;) consists of the J+1 true outcome variables 7, and
Z is a covariate of X. The Fisher conditions share the focus on (conditional) independence
of X and all potential confounders of X.

In contrast, the causality conditions introduced in this chapter, share the focus on con-
ditional independence or conditional mean-independence of the outcome variable Y and
all potential confounders of X. These conditions have been referred to as the Suppes-
Reichenbach conditions. Box 9.1 displays their definitions and notation. We also studied
the implication relations among the Suppes-Reichenbach conditions and showed that
they imply the Rosenbaum-Rubin conditions. Table 9.2 displays the details. Combining
these results with those already displayed in Tables 7.1 and 7.2 reveals the far reach-
ing implications of the Suppes-Reichenbach conditions. Unlike unbiasedness and the
Rosenbaum-Rubin conditions, and just like the Fisher conditions, the Suppes-Reichen-
bach conditions are empirically falsifiable. Therefore, their most important methodologi-
cal implication is that they provide a viable alternative to the Fisher conditions for covari-
ate selection aiming at creating unbiasedness. In contrast to Dx 1l X|Z, which can be used
to select the covariate Z = (Z,,...,Z,) such that X and the global potential confounder
Dy are Z-conditionally independent, we can use Y FDx|(X, Z) to select Z such that Y is
(X, Z)-conditionally mean-independent from Dy.

Last but not least it should be emphasized that, just like the Fisher conditions, the
Suppes-Reichenbach conditions are generalizable. Hence, if W is a potential confounder
of X and Y 1L Dx| X holds, then Y I Dx| (X, W) holds as well. Furthermore, if Y 1. Dx| (X, Z)
holds, then Y 1l Dx|(X, Z, W) holds as well. The corresponding mean-independence con-
ditions YE Dx|X and YE Dx|(X, Z) have the same properties (see sect. 9.2 for the relevant
theorems and their methodological implications).

9.6 Proofs
Proof of Theorem 9.7
YEDx|X
& E(Y|X,Dx) = E(Y|X) [Box 9.1 (iv)]
= VxeX(Q):E*(YIDy) = EXF(Y). [SN-(14.82)]
Vice versa,
VXeX(@Q: EX(YIDy) = EX(Y)
= E(Y|X,Dx) 5 ) E**(Y) 1x, [RS-(5.36)]

xeX(QQ)
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= EWY|X,Dy) 5 E(Y|X) [RS-(4.1), RS-(3.24)]
& YEDy|X. [Box 9.1 (iv)]
Proof of Theorem 9.14
YEDx|(X,Z)
& E(YIX,Dx,Z)sE(Y|X,Z) [Box 9.1 (viii)]
= VxeX(Q):EX”(YIDX,Z)PX:ZXEX”(YIZ). [SN-(14.81)]
Vice versa,

VxeX@Q: EX(YIDx, 2) = EXN(YIZ)

= E(YIX,Dx,Z) 5 Y E**(Y|Z)-1x-, [RS-(5.36)]
x€X(QQ)

= EW|X,Dyx,Z) 5 EY|X,2) [RS-(5.36)]

o YEDx|(X, 2). [Box 9.1 (viii)]

Proof of Theorem 9.17

Proposition (9.23).

YU Dxl(X=x) & Yl Dy [(9.1)]
pX=x

= EXz"(YIDX)szszX:"(Y) [RS-Box 4.1 (v)]

o YEDy|(X=x). [Box 9.1 (ii)]

Proposition (9.24).

YU Dyx|(X=x,Z) < Y}(.LDXIZ [(9.9)]
pX=x
= E*(YIDy E E**(Y|Z)  [RS-Box4.1 (V)]
pX=x

© YFEDx|(X=x,2). [Box 9.1 (vi)]

Proof of Theorem 9.18

Proposition (9.25). This is a special case of Proposition (9.26) for 6 (Z) = {Q,@}.
Proposition (9.26).
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YEDxI(X,Z) e E(Y|X,Dx,Z) 5 E(Y|X,Z) [Box 9.1 (viii)]
= E*(YIDx,2) z E*(Y12) [SN-(14.81)]
© YFEDx|(X=x,2). [Box 9.1 (vi)]
Proof of Theorem 9.19

Proposition (9.27) . This proposition is a special case of (9.28) for o(Z) = {Q, 0}.
Proposition (9.28). By definition of a potential confounder of X, a(W) < o(Dy), and
this implies o(Dy, W) = a(Dy) [see RS-Prop. (2.19)]. Therefore,

YUDx|(X,Z2) & VWeWx:Y1(Dx,W)I|(X,2) [0(Dx, W) = 0(Dx)]
= VWeWx: YIDx|(X,Z,W). [RS-Box 6.1 (viii)]
Proof of Theorem 9.21

Proposition (9.29). This is a special case of Proposition (9.30) for 6 (Z) = {Q,@}.
Proposition (9.30).
Y EDxI(X, Z)

& E(YIX,Z,Dx) zE(Y|X,Z) [Box 9.1 (viii)]
& VWeWi E(Y|X,Z,Dy) s E(E(YIX,2)|X,Z,W)

[0(E(Y|X,Z)) co(X,Z,W),RS-Box 4.1 (xi)]
& VWeWi E(Y|X,Z,Dx) 5 E(E(Y|X,Z,Dx)|X,Z,W)

[Y EDx|(X, Z), Box 9.1 (viii)]

& VWeWi E(Y|X,Z,Dx) 5 E(YIX, Z,W)

[0(X,Z,W)co(X,Z,Dx), RS-Box 4.1 (xiii)]
o VWeWs: YEDx|(X,Z,W). [Box 9.1 (viii)]

Proof of Theorem 9.22

Proposition (9.31). This is a special case of Proposition (9.32) for 6 (Z) = {Q, @}.
Proposition (9.32).

YEDx|(X=x,2)
e ETNYIZ,DY g EF(YIZ) BoxS1 0]

o VWeWi EX:x(YIZ,DX)szszX:x (EX=*(Y12)|Zz,W)
[6(E*=*(Y12)) c0(Z,W), RS-Box 4.1 (xi)]
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o VYWeWi EX:X(YIZ,DX)Pz

X=x

o VYWeWi EX:"(YIZ,DX)Pz

X=x
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EX*(E*=*(Y|Z,Dy|Z,W)

[YEDx|(X=x,Z), Box 9.1 (vi)]

EX=¥(Y|Z,W)

lo(Z,W)co(Z,Dx), RS-Box 4.1 (xiii)]

o VWeWx: YEDx|(X=x,Z,W).

Proof of Theorem 9.25

EX=*(7)

X=x

YEDy|(X=x) < EX:"(YIDX)Pz
= EX(Y|Dx)  E*(Y)
N TxgEX:x(Y)

=> 7,1 X.

Proof of Theorem 9.28

[Box 9.1 (vi)]

[Box 9.1 (ii)]

(1, = EX*(Y|Dyx) is P-unique ]
(7 5 X (Y| D))

[RS-Box 2.1 (iii)]

First of all note that o(E*=*(Y|Z)) < 6(Z). According to RS-Box 6.1 (iv), this implies

EXXY|1Z2)LX|Z.

Hence,

YEDx|(X=x) < EX:X(YIDX)Pz

X=x

& TxgEsz(Y|Z) [Tx

= 1,lX|Z.

Proof of Theorem 9.30

Proposition (9.37).

YEDyx|X = EX:"(YIDX)Pz EX=*(1)

X=x
N EX:"(YIDX)gEX:"(Y)
PN TxgEX”(Y)

= 1,.dX.

Proposition (9.38).

EX¥(Y2)

[Box 9.1 (ii)]

= E*=*(Y|Dy), 1, is P-unique]
[RS-Box 6.1 (x), EX=*(Y|Z) 1L X | Z]

[Th. 9.7]

(1, = E*=*(Y|Dy) is P-unique]
[z, = EX=(Y|Dy)]

[RS-Box 2.1 (iii)]
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YEDxIX = 1,zE*(Y) [see proof of (9.37)]
=> T.lX|Z [RS-Box 6.1 (V)]

Proof of Theorem 9.32

Proposition (9.41).

YEDx|X
© VxeX(Q:EX(YIDy) = EVN(Y) [Th. 9.7)
& VxeXQ): EX(YIDy) = EX(Y) [all 7, = EX=*(Y| Dx) are P-unique]
& VxeX(@:1,zEXN(Y) [1. = E*=*(Y|Dx)]
& 1= (EX°W), EX'()),.. EXT (V) [T = (To, T10.0, T))]
> TlX. [RS-Box 2.1 (iii)]

Proposition (9.42).

YEDxIX o 1= (EX°WM),EX'(Y),...,EX7(Y)) [see proof of (9.41)]
> 1lX|Z [RS-Box 6.1 (v)]
Proof of Theorem 9.35

Note that o(E*=*(Y|Z)) € 0(Z). According to RS-Box 6.1 (iv), this implies

EXX(Y|Z)1X|Z.

Hence,
YEDy|(X=x,2) & E*"(Y|Z,Dy gz E**(Y|2) [Box 9.1 (vi)]
e E(YIDy g EFN(YIZ) [0(2) ca(Dx)]
& 1, zEXN(Y|2) (1, = EX**(Y|Dy), 1, is P-unique]
> T lX|Z [EX=*(Y|Z)1LX | Z]
Proof of Theorem 9.37
YEDx|(X=x,Z)

© EY'(YI1Z,Dy gz EX(Y1Z) (Box 9.1 (vi)]
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e EN(YIDy = EYN(Y1Z) [0(Z) < 6(Dx)]
e Tz EXNYIZ) [t = EX™*(Y|Dx)]
© T = E*=¥(Y|2) [EX=*(Y|Z) € *=*(Y|Dy), 1, is P *-unique]
= E”*(1) =E**(E*(Y12)) [P(Z=2z) >0, RS-Box 3.1 (v)]
o E(t|Z=2)=E*(Y|Z=2). [RS-(3.24), RS-(5.24), SN-(14.22)]
Proof of Theorem 9.38
Proposition (9.49).
YEDx|(X,2)
< E(Y|X,Z,Dy) = E(Y|X,Z) [Box 9.1 (viii)]
o VxeX(Q): EX:"(YIZ,DX)P;XEX:"(YIZ) [Th. 9.14]
o VxeX(Q): EX:x(YIDX)P)(zszX:"(YIZ) [0(Z) co(Dy)]
© VXeX@Q: 1, = EXN(YI2) [VxeX(Q): 7, = EX*(Y|Dy)]
o VxeX(Q): 1, gEXz"(YlZ) [all T, are P-unique]
o 1= (Y2, EX' (V1 2),... . EXT (Y 12))  [t=(,T0...,T))]
=> 71l X|Z. [RS-Box 6.1 (iv), (x)]
Proposition (9.50).
YEDxI(X,Z) = TlX|Z [9.49]
= 1l 1x_,|Z. [o(1x=x) € 0(X), RS-6.1 (vi)]
Proof of Theorem 9.40
YEDxI(X,Z) e EWYIX,Z,Dx) 5 E(YIX,Z) [Box 9.1 (viii)]
> EX:)‘(YIZ,DX)P;XEX:X(YIZ) [SN-(14.81)]
e E(YIDy g EFN(YIZ) [0(Z,Dx) = 6(Dx)]
<  YEDy|(X=x,2) [Box 9.1 (vi)]

= E**X(Y|Z=2) \ Dy. [Th. 9.37]
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Proof of Theorem 9.42
YFEDx|(X,Z2)
> 1lUX|Z [Th. 9.38]
= VXeX(Q): T.F Tx_i|Z [(7.57), (7.59)]
= VxeX(Q):EX*(Y|Z)+ Dx [(7.62)]
= VXeX(Q:E*(Y|2)z E(wl2) [Def. 6.13 (i)]
= PFE;,(Z) 5 E(t,|2) - E(1y2) ((9.54)]
= PFE;,.(Z) 5 CTEz(2). ((9.55)]
Proof of Theorem 9.43
YFEDx|(X,Z2)
= EX™(Y|Z=2z) - Dx A EX**(Y|Z=2) F Dy [(9.53)]
= EXN(Y|Z=2) = E(tlZ=2) A E*="(Y|Z=2)= E(to|Z=2)  [Def.6.13 (ii)]
= PFE;..(2) = CTE ;. ,.(2). [(9.57), (9.58)]

9.7 Exercises

> Exercise 9-1 Assuming P(X=x) > 0, show that E(Y) < co implies EX=X(Y) < c0.

> Exercise 9-2 Show that YFDx|(X, Z) implies E(Y|X,Z, W) 5 E(Y|X,Z) if Z and W are measur-
able with respect to the global potential confounder Dyx.

> Exercise 9-3 Let the Assumptions 9.1 (a) to (e) and (j) hold. Which unbiasedness conditions follow
from YEDx|X?

> Exercise 9-4 Let the Assumptions 9.1 (a) to (e), (g), and (j) hold. Which unbiasedness conditions
follow from YEDx|(X,Z)?

> Exercise 9-5 Show that Proposition (9.11) holds if for all values z € Z(Q): PX=X(7Z=z)>0.

> Exercise 9-6 Check if and where the implications listed in Table 9.2 have been proven in this
chapter and prove those that have not. Use and specify the appropriate choice of assumptions listed
in the Assumptions 9.1.

> Exercise 9-7 Check if and where the implications listed in Table 9.3 have been proven in this
chapter and prove those that have not. Use and specify the appropriate choice of assumptions listed
in the Assumptions 9.1.
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Solutions

> Solution 9-1 According to SN-Equation (9.11),

EX5Y) = — By v
T P(x=x) T

According to SN-Remark 3.34 and RS-Definition 3.1, E(Y) < oo implies E(7x=x -Y) < co. Hence, the
assumptions P(X=x) >0 and E(Y) < co imply EX=X(Y) < c0.

> Solution 9-2

E(Y|X,Z, W) > E(E(YIX,Z,DX)|X,Z,W) [o(Z,W)ca(Dy), RS-Box 6.1 (vi)]
= E(E(YIX,Z)|X,Z,W) [Y FDxl(X, 2)]
= E(Y|X Z). [RS-Box 4.1 (xi)]

> Solution 9-3 Under the assumptions mentioned in the exercise, Y = Dx|X implies that E(Y|X),
all its values E(Y|X=x), and all prima facie effects PFE ./, x,x' € X(Q), are unbiased. If we addi-
tionally consider a covariate Z of X, then Y = Dyx| X also implies that E(Y|X, Z) and all EX=X(Y|2),
x € X(Q), are unbiased (see Rem. 9.34).

> Solution 9-4 Under the assumptions of this exercise, Y F Dx|(X, Z) implies that E(Y|X,Z) and
all conditional expectations EX=*(Y|Z), x =0,1,..., ], are unbiased. Furthermore, if z is a value of Z
satisfying P(X=x,Z=2z) >0, then YFDx|(X, Z) also implies that E(Y|X=x, Z=z) is unbiased.

> Solution 9-5
YEDx|(X=x,2)

s EXYY|Dx) = EX**(Y12)
PX=x

e EXYIDy) = Y EYNYIZ=2)-1z [RS-Def. 4.1, RS-Rem. 4.8]
T zeZ(Q)

e ded: (YoeQ\A X (¥IDY©) = ¥ EX(Y1Z=2) 1r=o(@)
zeZ(Q)
A Y =0) [RS-Def. 2.46]

o YweQ: EXTNY|Dx)(w) = EXTY(Y|Z=2), ifwe{Z=z}. [PX=%(Z=2) > 0]
> Solution 9-6 We check the implications listed in Table 9.2 row-wise.
(1) Under Assumptions 9.1 (a) to (c) and (g): YEDx|(X,Z) = YFEDx|(X=x,2).

This is Proposition (9.26).

(2) Under Assumptions 9.1 (a) to (c) and (h): YEDx|(X=x) = YFEDx|(X=x,2).
This immediately follows from Proposition (9.31) because (Z) c 6(Dy).
(3) Under Assumptions 9.1 (a) to (c) and (h): YEDx|X = YFEDx|(X=x,Z).

YEDx|X = YFDx|(X,Z) [Prop. (9.29)]
= YEDx|(X=x,2). [(1)]

(4) Under Assumptions 9.1 (a) to (c) and (h): YEDx|X = YEDx|(X,Z).
This immediately follows from Proposition (9.29) because (Z) c a(Dy).
(5) Under Assumptions 9.1 (a) to (¢): YEDx|X = YEDx|(X=x).
This is Proposition (9.25).
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(6) Under Assumptions 9.1 (a) to (c) and (g): YA Dx|(X=x,Z) = YEDx|(X=x,2).
This is Proposition (9.24).

(7)  Under Assumptions 9.1 (a) to (c) and (g): YU Dx|(X,Z) = YEDx|(X=x,2).

YU Dx|(X,Z) = YEDx|(X,Z) [(9.22)]
= YFEDx|(X=x,2). [(1)]

(8) Under Assumptions 9.1 (a), (c), and (g): YL Dx|(X,Z) = YEDx|(X, Z).
This is Proposition (9.22).

(9) Under Assumptions 9.1 (a) to (c) and (g): YU Dx|(X,Z) = YU Dx|(X=x,2).

YUDx|(X,Z2) = Y)J(.I_ Dx|Z [RS-Th. 6.24]
pA=X

© YUDx|(X=x,2). [(9.8)]

(10) Under Assumptions 9.1 (a) to (c) and (h): Y1 Dx|(X=x) = YFDx|(X=x,Z2).
This immediately follows from Proposition (9.33) because 0(Z) c 6(Dy).

(11) Under Assumptions 9.1 (a) to (c): Y1 Dx|(X=x) = YEDx|(X=x).
This is Proposition (9.23).

(12) Under Assumptions 9.1 (a), (b), and (h): Y1 Dx|(X=x) = Y1 Dx|(X=x,Z2).

YU Dx|(X=x) < Y}J(.L Dy [(9.D]
pX=x

= Y)%L Dx|Z [0(Z) € 0(Dx), RS-Prop. (6.5)]
pX=x

o YUDx|(X=x,2). [(9.8)]

(13) Under Assumptions 9.1 (a) to (c) and (h): YA Dx|X = YEDx|(X=x,2).
This immmediately follows from Proposition (9.33) because 0(Z) c ¢(Dy).

(14) Under Assumptions 9.1 (a), (c), and (h): YA Dx|X = YEDx|(X, Z).

YUDx|X = YEDx|X [(9.21)]
> YFDx|(X,Z). [0(Z) c a(Dx),(9.29)]

(15) Under Assumptions 9.1 (a) to (c): YL Dx|X = YEDx|(X=x).

YU Dx|X = YEDx|X [(9.21)]
= YFDx|(X=x). [(5)]

(16) Under Assumptions 9.1 (a) and (c): YA Dx|X = YEDx|X.
This is Proposition (9.21).

(17) Under Assumptions 9.1 (a), (b), and (h): YA Dx|X = Y1 Dx|(X=x,Z2).

YU Dx|X <o YIU(Dx 2)|X [0(Z) co(Dx)]
=> YUy, 2) (X, 2) [RS-Box 6.1 (viii)]
o YUDx|(X,2) [0(Z) co(Dx)]
ES Y)J(.L Dx|Z [P(X=x) >0, RS-Th. 6.24]
pX=x
< Yl Dxl(X=x,Z2). [(9.8)]
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(18)

19

Under Assumptions 9.1 (a) and (h): Y1 Dx|X = Y 1 Dx|(X, Z).
This immediately follows from Proposition (9.27) because (Z) c 6(Dy).

Under Assumptions 9.1 (a) and (b): YA Dx|X = Yl Dx|(X=x).

YUDxlX = Y}J(.I_ Dx [RS-Prop. (6.37)]
pX=x

< Y1 Dxl(X=x). [(9.1)]

> Solution 9-7 Again, we check the implications listed in Table 9.3 row-wise.

(€8]

2

3

4

(5)

(6)

@]

(C)]

(€)]

(10)

(1n

12)

13)

14

(15)

(16)

a7

(18)

Under the Assumptions 9.1 (a) to (d), (h), and (i): YEDx|(X=x,2) = 1, 1x=x|Z.
This is Proposition (9.47).

Under the Assumptions 9.1 (a) to (d), (h), and (i): YFDx|(X=x,2) = 1,1 X|Z.
This is Proposition (9.45).

Under the Assumptions 9.1 (a) to (d), (h), and (): Y AL Dx|(X,Z) = 1, 1x=x|Z.
This is Proposition (9.52).

Under the Assumptions 9.1 (a) to (d), (h), and (i): Y L Dx|(X,Z) = 1, 1L X|Z.
This is Proposition (9.51).

Under the Assumptions 9.1 (a) to (e), (h),and (j): YEDx|(X,Z) = 7l X|Z.
This is Proposition (9.49).

Under the Assumptions 9.1 (a) to (e), (h),and (j): YEDx|(X,Z) = 1l 1x=4|Z.
This is Proposition (9.50).

Under the Assumptions 9.1 (a) to (d), (g), and (i): YEDx|(X=x) = 1 ll1x=«I|Z.
This is Remark 9.29 (i).

Under the Assumptions 9.1 (a) to (d), (g), and (i): YFDx|(X=x) = 1,1 X|Z.
This is Proposition (9.36).

Under the Assumptions 9.1 (a) to (d) and (i): YEDx|(X=x) = 741l Tx=x.

YEDx|(X=x) = 711X [Th. 9.25]
= Tl Tx—y. [0(1x=x) € 6(X), RS-Box 2.1 (iv)]

Under the Assumptions 9.1 (a) to (d) and (i): YEDx|(X=x) = 1,1 X.
This is Theorem 9.25.

Under the Assumptions 9.1 (a) to (d), (g), and (i): YEDx|X = 1.l Tx=«|Z.
This is Proposition (9.40).

Under the Assumptions 9.1 (a) to (d), (g), and (i): YEDx|X = 1,1 X|Z.
This is Proposition (9.38).

Under the Assumptions 9.1 (a) to (e), (g), and (j): YEDx|X = 71 X|Z.
This is Proposition (9.42).

Under the Assumptions 9.1 (a) to (e), (g), and (j): YEDx|X = vl 1x=4|Z.
This is Proposition (9.44).

Under the Assumptions 9.1 (a) to (d) and (i): YEDx|X = 7,1l Tx—x.

This is Proposition (9.39).

Under the Assumptions 9.1 (a) to (d) and (i): YEDx|X = 1,1 X.

This is Proposition (9.37)

Under the Assumptions 9.1 (a) to (e) and (j): YFDx|X = 7l X.

This is Proposition (9.41).

Under the Assumptions 9.1 (a) to (e) and (j): YEDx|X = 71l Tx=x.

This is Proposition (9.43).
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Chapter 10
Unconfoundedness

In this chapter we study another kind of causality conditions called unconfoundedness. To
my knowledge Cartwright (1979) was the first to mention these conditions, calling them
“effective strategies”. In Steyer (1984, 1992) I called these properties “weak causality”, and
Steyer, Gabler, von Davier, and Nachtigall (2000) “unconfoundedness”.

These conditions deserve special attention, because they are, to my knowledge, the
weakest causality conditions that are still empirically testable, at least in the sense of
falsifiability. ‘Empirically testable’ means that, in empirical applications, the hypothesis
that an unconfoundedness condition holds for a conditional expectation value E X=x(y)
or the conditional expectations E(Y|X), EX=*(Y|Z), or E(Y|X,Z) can be tested and re-
jected if necessary, using statistical procedures. Hence, just like the Fisher conditions and
the Suppes-Reichenbach conditions, the unconfoundedness conditions can be used as
criteria for selecting relevant covariates, that is, for selecting those covariates that would
induce bias if not included in the m-variate covariate Z := (Z,,..., Z,) of X when consid-
ering the conditional expectations E X=x(y|Z) or E(Y|X,Z) in order to describe the causal
dependence of the outcome variable Y on the putative cause variable X, conditioning on
the covariate Z.

In this and some other respects, the unconfoundedness conditions are similar to the
Fisher conditions and the Suppes-Reichenbach conditions. Just like the F-condition
Dyl X, the corresponding unconfoundedness condition holds in a perfect randomized
experiment in which X is the treatment variable and Y the outcome variable. Similarly,
just like the F-condition Dx 1L X|Z, the corresponding unconfoundedness condition holds
in a perfect randomized experiment and in a perfect Z-conditionally randomized experi-
ment.

We start with the basic idea and the definitions of the unconfoundedness conditions
and then treat their implication structure. We continue showing that they are implied by
the F-conditions and by the SR-conditions. Next we illustrate them by an example and
show that the unconfoundedness conditions imply the corresponding unbiasedness con-
ditions. Finally, we treat an important property, namely expectation stability of causal total
effects and conditional effect functions. This property holds under unconfoundedness, but
also under the F-conditions and under the SR-conditions.

In this chapter, we will often refer to the following assumptions and notation.

Notation and Assumptions 10.1
(a) Let ((Q, A, P), (F) ter,6, Dg, X, Y) be a regular probabilistic causality setup, let
Dy denote a global potential confounder of X, and let Wx denote the set of all
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potential confounders of X, that is, the set of all random variables on (Q, <, P)
that are Dx-measurable.

(b) Let (Q%, %) denote the value space of X, let x € Qk, let {x} € <%, and let Tx—,
denote the indicator of the event {X=x} = {w € Q: X(w) = x}.

(¢) LetY be real-valued with positive variance.

(d) LetX(Q)={0,1,...,]} betheimageof Q under X, letxe X(Q),0 < P(X=x) <1,
define the probability measure PX=*: of — [0,1] by PX=*(A) = P(A|X=x) for
all A€ o, let T, = E*=*(Y|Dx) denote a (version of the) true outcome variable
of Y given x, and & *=*(Y | Dx) the set of all such versions.

(e) Let Z be a covariate of X, that is, let 6(Z) c (Dy), and let (Q%,<f;) denote its
value space.

(f) LetzeQy beavalueofZ, let{z} € o, assume 0 < P(X=x, Z=z) < 1, and define
the probability measure PZ=%: of — [0,1] by PZ=*(A) = P(A|Z=2), forall A€ .

(g) ForallxeX(Q)=1{0,1,...,]J}, let {x} € ofx and 0 < P(X=x) < 1. Furthermore,
let 1 := (19,731,...,7) denote the (J + 1)-variate random variable consisting of
the true outcome variables 1y, 13, ...,7; of Y.

(h) Assume thatt, is P-unique.

(i) Assumethatallt,, x € X(Q), are P-unique.

() Assume thatt, is PZ=*-unique.

(k) Assume that all 7., x € X(Q), are PZ=*-unique.

10.1 Unconfoundedness Conditions

Table 10.1 summarizes the definitions of unconfoundedness of various conditional expec-
tation values and conditional expectations. In this section, these definitions are treated
in more detail. We start motivating the definition of the unconfoundedness condition of
E(Y|X) by comparing it to unbiasedness of the conditional expectation E(Y|X), which is
briefly reviewed in Remarks 10.2 to 10.5.

Remark 10.2 [Unbiasedness of E(Y|X)] In the definition of unbiasedness of E(Y|X), de-
noted E(Y|X) - Dy [see Def. 6.3 (i)], we require that the Assumptions 10.1 (a) to (d) hold,
including that the outcome variable Y is real-valued with positive variance. This implies
that the expectation E(Y) of Y is finite [see SN-Rem. 6.25 (iii) and SN-Def. 6.28]. Addi-
tionally, we require that, for all x € X(Q), the true outcome variable 7, = E X=x(y|Dy) is
P-unique [see Ass. 10.1 (i)]. Under these assumptions, the crucial condition defining un-
biasedness of E(Y|X) is

VxeX(Q): EX¥Y) = E(ty). (10.1)

Remember that E(Y|X=x) is an alternative notation for the expectation E X=xy) of Y
with respect to the probability measure P*=* defined in Assumption 10.1 (d). That is, if
P(X=x) >0, then

E(Y|X=x) = E*=X(Y) (10.2)

[see RS-Eq. (3.24)]. <
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Remark 10.3 [P-Uniqueness of 7,] According to RS-Box 5.1 (vii), P-uniqueness of all true
outcome variables 7,, x € X(Q), implies that the expectations of all 7, are uniquely defined
and, according to SN-Theorem 9.4, finiteness of E(Y) and Equation (10.1) imply that all
expectations E(t,), x € X(Q), are finite as well. Hence, according to RS-Theorem 5.27, P-
uniqueness of all 7, x € X(Q), is equivalent to the expectations of all 7, = EX=*(Y|Dy) be-
ing uniquely defined. <

Remark 10.4 [An Implication of P-Uniqueness of 7,] According to Rule (iv) of RS-Box 5.1,
P-uniqueness of 7, = EX=*(Y|Dyx) implies P-uniqueness of EX=x(y|W), provided that W
is Dx-measurable. Because, according to Definition 4.11 (iv), a potential confounder W of
X is Dx-measurable and we assume P-uniqueness of 7, this implies: If W is a potential
confounder of X, then the expectation E (E*=*(Y|W)) is uniquely defined. Note, however,
that the expectations E (E*=*(Y|W;)) and E (E*=*(Y|W,)) can differ if W; and W, are dif-
ferent potential confounders of X. <

Remark 10.5 [Meaning of Unbiasedness] With Equation (10.1) we postulate that each
conditional expectation value EX=*(Y), x € X (), is identical to the expectation of the true
outcome variable 7, = EX=*(Y| Dx). That is, we postulate

YxeX(Q): EX¥(Y) = E(E**(Y|Dx)). (10.3)

Of course, we may loose information and precision in approximating Y by EX=*(Y) given
the value x of the putative cause variable X. However, if E X=X(Y) is unbiased, then it
is identical to the expectation E(t,) of the true outcome variable 1, = EX=*(Y|Dy) in
which we control for the global potential confounder Dy and with it, for all potential con-
founders of X.

If we consider a second value x’of X and E X:x'(Y) is unbiased as well, then E X:x/(Y)
is identical to the expectation E(t,/) of the true outcome variable 7,/ = E X:x/(YIDX). This
implies

EX=X(Y)-E***(Y) = E(Y|X=x)-E(Y|X=x") = E(ty—1y) = ATE .,

that is, the difference EX=*(Y) — EX=*(Y) is identical to the causal average total effect on
Y comparing x to x’ (see Def. 5.26). <

Remark 10.6 [Basic Idea of Unconfoundedness of E(Y|X)] The basic idea of unconfound-
edness of E(Y|X) is to postulate

YxeX(Q): EXN(Y) = E(E*= (Y |W)) (10.4)

for all potential confounders W of X, that is, for all W € #4, and not only for the global po-
tential confounder Dy, as in the definition of unbiasedness [see Eq. (10.3)]. In other words,
we postulate that each conditional expectation value E*=*(Y) is identical to the expecta-
tion (with respect to the probability measure P) of the conditional expectation E X=x(y|W)
for eachpotential confounder W of X, and not only for the global potential confounder Dx
of X. In contrast to

E*=X(Y) = EXX(EXN (v Iw)), (10.5)

Equation (10.4) does not always hold even if P(X=x) > 0. This is illustrated by Simpson’s
paradox for W=U (see sect. 1.1 and Exercise 10-1). <
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Box 10.1 Unconfoundedness conditions

Simple unconfoundedness conditions

EX=X(Y)IFDx Unconfoundedness of EX=*(Y). Let Assumptions 10.1 (a) to (d) hold.
Then EX=*(Y) is called unconfounded if T, is P-unique and
VWeWy: EXX(Y) = E(E*=*(Y|W)). @

EX=X(Y)IF Dx implies that EX=*(Y) = E(Y|X=x) is unbiased.

E(Y|X)IFDyx Unconfoundedness of E(Y|X). Let Assumptions 10.1 (a) to (d) and (g)
hold. Then it is defined by
YxeX(Q): EX*(Y)IFDy. (ii)

E(Y|X) IFDy implies that E(Y|X) is unbiased.

Conditional unconfoundedness conditions

EX=*(Y|Z)IFDx Unconfoundedness ofEX:x(YIZ). Let Assumptions 10.1 (a) to (e) hold.
Then EX=*(Y|Z) is called unconfounded if T, is P-unique and

VWeWx: EXTX(Y12) = E(E*=*(Y1Z,W)|Z). (iif)

EX=%(Y|Z) IF Dx implies that EX=%(Y| Z) is unbiased.

Esz(YlZzz)H—DX Unconfoundedness ofEsz(YlZzz). Let Assumptions 10.1 (a) to (f)
hold. Then EX=*(Y|Z=z) is called unconfounded if T, is Pzzz-unique
and

VWeWy: EX=X(Y|Z=2) = E(E*=*(Y|Z,W)|Z=z). (iv)
EX=X(Y|Z=z)IFDx implies that EX=%(Y|Z=z) = E(Y|X=x,Z=2z) is
unbiased.

E(Y|X,Z)IFDx Unconfoundedness of E(Y | X, Z). Let Assumptions 10.1 (a) to (e) and (g)
hold. Then it is defined by

VxeX(Q): Esz(YIZ)H-DX. ()
E(Y|X,2) IF Dy implies that E(Y|X, Z) is unbiased.

Note: The proofs that the unconfoundedness conditions imply unbiasedness of the specified
conditional expectations or expectation values are found in section 10.5.

Definition 10.7 [Unconfoundedness of EX=*(Y) and E(Y | X)]
Let the Assumptions 10.1 (a) to (d) hold.

(i) Then the conditional expectation value E X=X(Y) is called unconfounded, de-
noted EX=*(Y) - Dy, if 7, is P-unique and

YWeWx: EX(Y) = E(EX*(YIW)). (10.6)
Let the Assumptions 10.1 (a) to (d) and (g) hold.
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(i1) Then the conditional expectation E(Y|X) is called unconfounded, denoted
E(Y|X)FDy, if forall x e X(Q): EX=*(Y)IF Dy.

Remark 10.8 [Unconfoundedness of E(Y|X)] Note that EX=*(Y) I Dy implies that 7, is
P-unique. Hence, under the assumptions of Definition 10.7 (ii), the conditional expecta-
tion E(Y|X) is unconfounded if

(a) Forall xeX(Q): 1, is P-unique
(b) Forall xeX(Q),VWeWy: E*=*(Y)=E(EX=*(Y|W)).

<

Remark 10.9 [Expectation Stability of (X =x)-Conditional Expectation Values] If the As-
sumptions 10.1 (a) to (d) and (h) hold, and W is a potential confounder of X, then
EX=¥(Y)IF Dy implies Equation (10.6). This equation is also called expectation stabil-
ity of the (X=x)-conditional expectation value E X=x(y). It means that the expectation
E(E*=*(Y|W)) is identical to E*=*(Y) and identical for all potential confounders W € #.
In section 10.6 we will study the consequences of this property for the prima facie effect
PFE,,. <

Remark 10.10 [Equivalent Equations for E(EX=*(Y|W))] If Py, denotes the distribution
of W (see RS-Def. 2.38), then
E(EX="(Y|W)) = fEX:x(YIW) dp [RS-Def. 3.1
= fEsz(Ylwzw) Py (dw) [RS-(3.12)] (10.7)

= fE(YIX:x,W:w) Py(dw). [RS-(5.26)]

If the image W (Q) of Q under W is finite, then, according to RS-Equation (3.13), then the
second of these equations can also be written

E(E*¥=yIw)) = Y E(YIW=w)-P(W=w). (10.8)
wew(Q)

Hence, if W (Q) is finite and we assume P(X=x, W=w) > 0 for all w e W(Q), then EX=*(Y) =
E(E*=*(Y|W)) [see Eq. (10.6)] can be written as

EXNY) = ), EM(YIW=w) -P(W=w). (10.9)
weW(Q)

To emphasize again, Equation (10.9) is not always true even if we assume that W(Q) is
finite. In contrast, if P(X=x, W=w) > 0 for all w e W(Q), then

EXNY) = ), EX(Y|W=w) PX*W=w) (10.10)
weW(Q)

is always true [see RS-Box 3.2 (ii)]. Comparing the highlighted terms in these two equa-
tions is useful in order to more easily comprehend the concept of unconfoundedness of a
conditional expectation value E X=x(y)= E(Y|X=x). <
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Remark 10.11 [Two Sufficient Conditions] Let Assumptions 10.1 (a) to (d) hold and let
0<P(X=x,W=w) <1 for all weW(Q). Then, comparing Equations (10.9) and (10.10) to
each other reveals two sufficient conditions for Equation (10.9):

() PX¥*W=w)=PW=w), YweW({).
(i) EX=*(Y|W=w)=EX*(Y), YweW(QQ).

If condition (i) is true, then it is obvious that Equation (10.9) holds because, under the
assumption P(X=x, W=w) >0 for all w e W(Q), Equation (10.10) is always true.
If condition (ii) holds, then

EXYY) = E*Y) - ). P(W=w) Y PW=w)=1
wew(Q) weW(Q)
= Y E¥YY)-PW=w) [E*=X(Y) is a constant]
wew(Q)
= Y EXNYIW=w) P(W=w). [(iD)]
weWw(Q)

Hence, (ii) implies Equation (10.9) as well. These sufficient conditions will be treated in
more detail and generality in section 10.2. <

Now we additionally consider a covariate Z of X and define unconfoundedness of the
conditional expectation value EX=*(Y|Z=z) and the conditional expectations EX=*(Y'|Z)
and E(Y|X,Z).

Definition 10.12 [Unconfoundedness of EX=*(Y|2), EX=*(Y|Z=z), and E(Y|X, Z)]
Let the Assumptions 10.1 (a) to (e) hold.

(i) Then EX=*(Y|Z) is called unconfounded, denoted EX=*(Y|Z) Dy, if T, is
P-unique and

VWeWs: EXN(Y|Z) 5 E(EX™*(Y|Z,W)|Z). (10.11)

Let the Assumptions 10.1 (a) to (f) hold.
(ii) Then EX=*(Y|Z=z) is called unconfounded, denoted EX=*(Y |Z=z) | Dy, if T,
is PZ=*-unique and

YWeWy: EX**(Y|Z=2) = E(E**(Y|Z,W)|Z=z). (10.12)

Let the Assumptions 10.1 (a) to (e) and (g) hold.

(iii) Then E(Y|X,Z) is called unconfounded, denoted E(Y|X,Z) Dy, if for all
xe€X(Q): EX=X(Y|Z) IFDy.

Remark 10.13 [Expectation Stability of the Conditional Expectation EX=*(Y|Z)] If the
Assumptions 10.1 (a) to (e) and (h) hold, and W is a potential confounder of X, then the
condition EX=*(Y|Z) I Dx implies Equation (10.11). This equation is also called expec-
tation stability of the conditional expectation E X=x(y|Z). It means that the Z-conditional
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expectation E (E*=*(Y|W)| Z) is identical to EX=*(Y|Z) and identical for all potential con-
founders W e #% of X. In section 10.6 we will study the consequences of this property for
the Z-conditional effect variable PFE ;. ... <

Remark 10.14 [Equivalent Conditions] Let the Assumptions 10.1 (a) to (e) hold, assume
that 7, is P-unique, and that the conditional distribution Py, exists (see SN-section 17.3).
Furthermore, let P, denote the distribution of Z (see RS-Def. 2.38) and Py 2=, a (Z=2)-
conditional distribution of W (see SN-Def. 17.7). Then Equation (10.11) is equivalent to

VWeWy: EX%(Y|Z=2) =fEX:x(Y|Z=z,W=w) Py 2= (dw),

for Pz-almost all z € Qf (10.13)

(see Exercise 10-2). If we assume P(X=x,Z=z, W=w) > 0 for all values w € W (Q), then the
equation in Proposition (10.13) simplifies to

EX(Y|Z=2) = ), E**(Y|Z=z,W=w) P(W=w|Z=2). (10.14)
weWw (Q)

Note again that Equation (10.14) is not always true even if P(X=x, Z=z, W=w) > 0 for
all values w € W(Q). In contrast, if this probability is positive, then

ENY|Z=2) = ), E*N(Y|Z=z,W=w) PX*(W=w|Z=2) (10.15)
weWw(Q)

is always true [see RS-Box 3.2 (ii)]. And again, comparing the highlighted terms in the last
two equations is useful in order to more easily understand the concept of unconfounded-
ness of a conditional expectation value EX=X(Y|Z=2)=E(Y|X=x,Z=2). <

Remark 10.15 [Two Sufficient Conditions] Let the Assumptions 10.1 (a) to (e) hold and,
additionally, let P(X=x,Z=z,W=w) > 0 for all we W(Q). Then, comparing Equations
(10.14) and (10.15) to each other reveals two sufficient conditions of Equation (10.14):

() P**(W=w|Z=2)=P(W=w|Z=2), YweW(Q)

(i) EX=*(Y|Z=2z,W=w) = EX=*(Y|Z=2), Ywe W(Q).

If condition (i) is true, then it is obvious that Equation (10.14) holds because, under the
assumption P(X=x,Z=z, W=w) >0 for all w e W(Q), Equation (10.15) is always true.

If condition (ii) holds, then

EXN(Y|Z=2)

= EXY(Y|Z=2)- ) PW=w|Z=2) Y PW=w|Z=2)=1
wew(Q) wew(Q)

= Y E¥NY|Z=2)-PW=w|Z=2) [E*=¥(Y|Z=2) is a constant]

wew(Q)

= Y E¥Y(Y|Z=z,W=w)-PW=w|Z=2). [(iD)]

weWw(Q)

Hence, (ii) implies Equation (10.14) as well. Again, these two sufficient conditions will be
treated in more detail and generality in section 10.2. <
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Table 10.1 summarizes the implication relations of the unconfoundedness conditions
that have been defined in Box 10.1. It also displays the assumptions under which these
implications hold.

Remark 10.16 [Two Immediate Implications] One of the implications in Table 10.1 is
E(Y|X)IFDxy = EX*Y)IDy, (10.16)

which, under the Assumptions 10.1 (a) to (d), (g), and (i), immediately follows from the
definition of unconfoundedness of the conditional expectation E(Y|X) [see Def. 10.7 (ii)].
Similarly, under the Assumptions 10.1 (a) to (e), (g), and (i),

E(Y|X,Z)IFDy = EX*Y|Z)IFDy (10.17)

immediately follows from the definition of unconfoundedness of the conditional expecta-
tion E(Y|X, Z) [see Def. 10.12 (iii)]. <

Two other implications listed in Table 10.1 are specified in the following theorem.

Theorem 10.17 [Consequences of EX=*(Y|Z) |- Dy and E(Y|X, Z) IF Dx]
Let the Assumptions 10.1 (a) to (f) and (h) hold. Then

E*X=*(Y|Z)\FDx = E***(Y|Z=2)IFDx. (10.18)
If we additionally assume 10.1 (g) and (i), then
E(Y|X,Z)FDx = EX*X(Y|Z=2)IFDxy. (10.19)

(Proof p. 329)

Finally, we turn to a proposition that is not listed in Table 10.1. According to the follow-
ing theorem, if Z is discrete and 0 < P(X=x,Z=z) <1 for all z € Z(Q), then unconfound-
edness of EX=*(Y|Z=z) for all values of Z is equivalent to unconfoundedness of the con-
ditional expectation EX=*(Y|Z).

Theorem 10.18 [A Condition Equivalent to Unconfoundedness of EX=*(Y'| Z)]
Let Assumptions 10.1 (a) to (f) hold, and, forall z € Z(Q), let 0 < P(X=x,Z=z) <1 and
7, be PZ=*-unique. Then

(VzeZ(Q): E*=X(Y|Z=2)IFDx) & E*=(Y|2)I-Dx. (10.20)
(Proof p. 330)

10.2 Sufficient Conditions of Unconfoundedness

In Remarks 10.11 and 10.15 we already treated special cases in which Fisher conditions and
Suppes-Reichenbach conditions imply an unconfoundedness condition. In this section,
we revisit these sufficient conditions in more detail and generality.
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Table 10.1. Implications among unconfoundedness conditions
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E(Y|X) IF Dy @-(d), (), (i)
EX=X(Y|Z)IFDx | @-®),
E(Y|X,2)IFDx | @-(g, @-(@), (g, ()

Note: An entry such as (a)-(f), (h) means that the condition in the row implies the condition in
the column, provided that Assumptions 10.1 (a) to (f) and (h) hold. Trivial implications such as
E(Y|X)IFDx = E(Y|X)|FDx are omitted.

10.2.1 Fisher Conditions

We study the implications on unconfoundedness of the following conditions:

(a) Dxll 1x—,, that is, independence of the global potential confounder Dx and the
indicator 7x-, of the event that the putative cause variable X takes on the value x.

(b) DxlL X, thatis, independence of Dx and X.

() Dxll1x_,|(Z=2), thatis, (Z=z)-conditional independence of Dx and x_,.

(d) DxllL1x-,|Z, thatis, Z-conditional independence of Dx and 7x-x.

(e) Dxll X|(Z=z), thatis, (Z=z)-conditional independence of Dx and X.

(f) DxlLX|Z, thatis, Z-conditional independence of Dy and X.

These conditions have been introduced in Box 8.1. They are summarily called the Fisher
conditions (F-conditions). The implications of these F-conditions on various unconfound-
edness conditions are summarized in Table 10.2 and proved in the theorems presented
this subsection.

The first theorem presents the implications of independence of the global potential
confounder Dy of X and the indicator 7x-, on some unconfoundedness conditions. Re-
member that Dx 1l 7x_, implies that 7, is P-unique [see Th. 8.25 (ii)]. Therefore, it is not
needed as an extra assumption.

Theorem 10.19 [Implications of Dy Il 7x_, on Unconfoundedness]
Let the Assumptions 10.1 (a) to (d) hold. Then

(i) Dxl1x-, = E**(Y)I-Dy.

Ifwe additionally assume that Z is a covariate of X [i. e., Ass. 10.1 (e)], then
(ii) Dxll1x-, = E***(Y|Z)IFDy.

Ifwe additionally assume 0 < P(X=x,Z=2) <1 [i.e., Ass. 10.1 ()], then
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Table 10.2. Implications of the Fisher conditions on unconfoundedness
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Dx Al Tx—, (a)-(d) (a)-(e) (a)-(f)
Dxll X (a)-(d) (a)-(d), (g) (a)-(e) (a)-(f) (a)-(e), (g)
Dyl 1x—y|(Z=2) (@)-(f)
Dxll1x_|Z (a)-(e), (h) (a)-(f)
Dx 1l X|(Z=z) (a)-(f)
DxI X|Z (a)-(e), (h) (a)-(f) (a)-(e), (g), (1)

Note: An entry such as (a)-(d) means that the condition in the row implies the condition in the
column, provided that the Assumptions 10.1 (a) to (d) hold.

(iii) DxAl 1x—, = E*=*(Y|Z=2)|FDy.
(Proof p. 330)

According to Theorem 10.19 (i), independence of a global potential confounder Dy
and the indicator variable 7x_, implies that the conditional expectation value E X=x(y) =
E(Y|X=x) is unconfounded. Furthermore, according to Proposition (ii) of this theorem,
independence of Dy and 7x-, also implies that the conditional expectation EX=*(Y'|Z)
is unconfounded, provided that Z is a covariate of X. Finally, according to Proposition
(iii), independence of Dx and 7x-, also implies that the conditional expectation value
EX=X(Y|Z=2) = E(Y|X=x, Z=z) is unconfounded, provided that Z is a covariate of X and
0<P(X=x,Z=2z)<1.

In Theorem 10.19 we only considered a single value x of (the putative cause variable)
X and the indicator variable of the event {X=x}. Now we turn to the implications of inde-
pendence of a global potential confounder Dy and X itself. This includes the case in which
X has more than just two values. We start with the following corollary, which immediatly
follows from Theorem 10.19 because Dx L X implies Dxl 1x_,.

Corollary 10.20 [First Implications of Dx 1l X on Unconfoundedness]
Let the Assumptions 10.1 (a) to (d) hold. Then

(i) DxlX = E**(Y)IFDy.

Ifwe additionally assume that Z is a covariate of X [i. e., Ass. 10.1 (e)], then
(i) DxlX = E***(Y|Z)IFDx.

Ifwe additionally assume 0 < P(X=x,Z=2) <1 [i.e., Ass. 10.1 ()], then
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(iii) Dx1 X = EX=%(Y|Z=2)IFDy.

Hence, under the assumptions of Corollary 10.20, independence of the putative cause
variable X and the global potential confounder Dx of X implies that the conditional
expectation value EX=*(Y) is unconfounded [see Prop. (i)]. Furthermore, according to
Proposition (ii), independence of Dx and X also implies that the conditional expectation
EX=*(Y|Z) is unconfounded, provided that we additionally assume that Z is a covariate
of X. Finally, according to Proposition (iii), independence of Dx and X implies that the
conditional expectation value E X=x(Y|Z=2z) = E(Y|X=x, Z=z) is unconfounded, provided
that Z is a covariate of X and we additionally assume 0 < P(X=x,Z=z) < 1.

Theorem 10.21 [More Implications of Dyl X on Unconfoundedness]
Let the Assumptions 10.1 (a) to (d) and (g) hold. Then

(i) Dxl X = E(Y|X)I-Dx.
If we additionally assume that Z is a covariate of X [i.e., Ass. 10.1 (e)], then

(ii) DxlX = VxeX(Q):EX*(Y|2)IFDx
(iii) Dx1L X = E(Y|X,Z)IFDx.
(Proof p. 331)

Hence, under the assumptions of Theorem 10.21, independence of the putative cause
variable X and the global potential confounder Dx of X implies that the conditional ex-
pectation E(Y|X) is unconfounded [see Prop. (i)]. Furthermore, according to Propositions
(ii) and (iii), independence of Dx and X also implies that all conditional expectations
EX=¥(Y|Z), x€X(Q), and E(Y|X, Z) are unconfounded, provided that we additionally as-
sume that Z is a covariate of X.

Now we turn to implications of Z-conditional independence of a global potential con-
founder Dx of X and an indicator 7x—,. Note, if Z is a covariate of X, then Dx Il 1x_,|Z
follows from Dxll 1x—, [see RS-Box 6.1 (ix)], but not vice versa. That is, Dx 1l 7x-, does
not follow from Dxll 7x_,|Z. Therefore, it is meaningful to study the implications of
Dyl 1x_,|Z.

In Theorem 10.22 we assume that 7, is P-unique. This assumption has not been nec-
essary in Theorems 10.19 and 10.21 because it already follows from Dl 7x_, and the as-
sumption that Z is a covariate of X. Under this assumption, according to RS-Box 5.1 (iv),
P-uniqueness of EX=*(Y|Z) follows from P-uniqueness of 7, because then o(Z) c o(Dyx)
[see Def. 4.11 (iv) and Rem. 4.16]. Also remember that P-uniqueness of 7, = EX=*(Y|Dy)
is equivalent to P(X=x|Dx) > 0 whereas P-uniqueness of E X=xX(y|Z) is equivalent to

P(X=x|2) > 0 (see RS-Th. 5.27).

Theorem 10.22 [Dx L 1x_, | Z Implies Unconfoundedness of EX=*(Y|Z)]
Let the Assumptions 10.1 (a) to (e) and (h) hold. Then

Dyll1x_x|Z = EX**(Y|Z)IFDxy. (10.21)
(Proof p. 331)
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Hence, under the assumptions of Theorem 10.22, Z-conditional independence of a
global potential confounder Dy of X and the indicator 7x-, of the event {X=x} that the
putative cause variable X takes on the value x implies that E X=x(y|Z7) is unconfounded.

Now we study the conditions under which Z-conditional independence as well as
(Z=2z)-conditional independence of Dy and 7x-, imply that the conditional expectation
value EX=%(Y|Z=2z) = E(Y|X=x, Z=z) is unconfounded.

Theorem 10.23 [Dx 1L 1x—, | Z Implies That EX=*(Y | Z=z) is Unconfounded]
Let the Assumptions 10.1 (a) to (f) hold. Then

Dxll1x_|Z = Dxllix_|(Z=2) (10.22)

= EX*(Y|Z=2)|FDy. (10.23)
(Proof p. 331)

Now we turn to implications of Z-conditional independence of Dx and X. Again note
that, if Z is a covariate of X, then Dyl X|Z follows from Dyl X [see RS-Box 6.1 (ix)], but
not vice versa. Therefore, it is meaningful to study the implications of Dy 1l X|Z. In this
theorem, we need the assumption that 7, is P-unique. Remember that P-uniqueness of
7, follows from PZ:Z-uniqueness for all values z of Z, which presumes P(Z=z) > 0 for all
z € Z(Q) (see Lem. 5.37 for details). Also note that 7, can be P-unique if Z is continuous
and P(Z=z)=0forall z € Z(Q).

Theorem 10.24 [Dx Il X | Z Implies That E(Y | X, Z) is Unconfounded]
Let the Assumptions 10.1 (a) to (e), (g), and (i) hold. Then

DxIX|Z = VxeX(Q):E**(Y|Z)IFDyx (10.24)

< EY|X Z)IFDx. (10.25)
(Proof p. 332)

Hence, under the assumptions of Theorem 10.24, Z-conditional independence of the
putative cause variable X and a global potential confounder Dy of X implies that all con-
ditional expectations EX=*(Y|Z), x € X(Q), are unconfounded, and this is equivalent to
unconfoundedness of the conditional expectation E(Y|X, Z).

According to the last theorem in this subsection, Z-conditional independence of the
putative cause variable X and the global potential confounder Dx of X implies that the
conditional expectation value E X=x(Y|Z=z) = E(Y|X=x,Z=z) is unconfounded.

Theorem 10.25 [Dx1L X | Z Implies That E*X=*(Y | Z=z) is Unconfounded]
Let the Assumptions 10.1 (a) to (f) hold. Then

DxI X|Z = DxlX|(Z=2z) (10.26)

= E**X(Y|Z=2)IFDy. (10.27)
(Proof p. 332)
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Table 10.2 summarizes the propositions and their assumptions that have been detailed
and proved in the theorems of this subsection.

10.2.2 Suppes-Reichenbach Conditions

In this subsection, we show that the unconfoundedness conditions also follow from the
Suppes-Reichenbach conditions (SR-conditions). Remember, while the F-conditions fo-
cus on (Z-conditional) independence of the putative cause variable X and the global po-
tential confounder Dx of X, the SR-conditions deal with X-conditional [or (X, Z)-condi-
tional independence] of the outcome variable Y and Dy.

Note that the conditional independence SR-conditions imply their corresponding con-
ditional mean-independence SR-conditions (see Box 9.1). Therefore, it suffices to con-
fine ourselves to the conditional mean-independence SR-conditions. The implications of
the conditional independence SR-conditions on unconfoundedness follow immediately.
Therefore, in Table 10.3, which summarizes all implications of the SR-mean-independence
conditions on unconfoundedness that are proved in this subsection, we may simply re-
place the symbol  for mean-independence by the symbol 1L for independence.

Reading the first theorem, remember

YEDy|(X=x) & E*(YIDy) = E*"(Y) (10.28)
[see Box 9.1 (ii)]. Furthermore, under the Assumptions 10.1 (a) to (f) and (j),

EX:"(YIDX)PX= EX*(Y) = E(E*(YIZW)|Z=2)=E*(V) (10.29)

=X

(see Exercise 10-4).
Finally, assuming that the true outcome variable 7, = E X=x(y|Dy) is P-unique [see
Ass. 10.1 (h)] yields

YEDx|(X=x) & E**(YIDyx) zE**(Y). (10.30)
Under the Assumptions 10.1 (a) to (e), (h), and that Wis a potential confounder of X,
EX*(YIDy) s EX™*(Y) = E(E*7(Y1ZW)|Z)5E*(Y) (10.31)

(see Exercise 10-5).

Theorem 10.26 [Implications of Y F Dx| (X=x) on Unconfoundedness]
Let Assumptions 10.1 (a) to (d) hold and let T, be P-unique [i. e., Ass. 10.1 (h)]. Then

(i) YEDx|(X=x) = E***(Y)IFDx.
Ifwe additionally assume that Z is a covariate of X [i. e., Ass. 10.1 (e)], then
(i) YEDx|(X=x) = E***Y|Z)IFDx.

Let the Assumptions 10.1 (a) to (f) hold and let T,, be P?~*-unique [i. e., Ass. 10.1 (j)].
Then

(iii) YEDx|(X=x) = EX=*(Y|Z=2)|FDy.
(Proof p. 332)
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Table 10.3. Implications of Suppes-Reichenbach conditions on unconfoundedness

g
>
< S = =

Q S = 0 h

i 2 Q N =

— €L —_— — oy

& = > = N

il = il il =

< = < < =

8] 53] 9] 9] 55}
YEDx|(X=x) @-(d), () @-(e), (h) @-(), ()
YEDx|X @-(d), (h) @-(d), (g, & (a-(e), () @-(), () @-(e), (g, ()
YEDx|(X=x,2) (@)-(e), (h) (@)-®, ()
YFEDx|(X, Z) @-(e), (h) @-(), () (@-(e), (@), @

Note: An entry such as (a)-(d), (h) means that the condition in the row implies the condition in
the column, provided that the Assumptions 10.1 (a) to (d) and (h) hold.

Hence, under the assumptions of Theorem 10.26 (i), (X=x)-conditional mean-inde-
pendence of the outcome variable Y from the global potential confounder Dx of X [see
Eq. (10.28)] implies unconfoundedness of E X=x(y), provided that 7, is P-unique. More
generally, according to Theorem 10.26 (ii), (X=x)-conditional mean-independence of Y
from Dy also implies unconfoundedness of EX=*(Y'| Z), provided that 7, is P-unique and
Z is a covariate of X. Finally, if we consider a value z of Z, then under the assumptions
of Theorem 10.26 (iii), YFDx|(X=x) also implies that the conditional expectation value
EX=X(Y|Z=z) = E(Y|X=x, Z=z) is unconfounded. For this implication we do not have to
assume that 7, is P-unique. Instead, PZ=*-uniqueness of T, suffices.

Now we turn to the implications of X-conditional mean-independence of Y from the
global potential confounder D on various unconfoundedness conditions. In Box 9.1 (iv),
this condition has been defined by

YEDy|X o E(Y|X,Dx) 5 E(Y|X). (10.32)

Corollary 10.27 [First Implications of Y F Dx| X on Unconfoundedness]
Let the Assumptions 10.1 (a) to (d) hold and let T, be P-unique [i. e., Ass. 10.1 (h)]. Then

(i) YEDx|X = EX*Y)IFDy.

If we additionally assume that Z is a covariate of X [i.e., Ass. 10.1 (e)], then
(i) YEDx|X = EX**(Y|Z)IFDx.

Let the Assumptions 10.1 (a) to (f) and (j) hold. Then

Gii) YEDx|X = EX*Y|Z=2)IFDy.
(Proof p. 333)

Hence, under the assumptions of Corollary 10.27 (i), X-conditional mean indepen-
dence of the outcome variable Y from the global potential confounder Dy of X implies
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that the conditional expectation value EX=*(Y) is unconfounded. Furthermore, if Z is a
covariate of X, then it also implies that the conditional expectation E X=x(y|Z) is uncon-
founded. Finally, if we consider a value z of Z, then under the assumptions of Corollary
10.27 (iii), YEDx| X also implies that the conditional expectation value E X=x(y|Z=2z) =
E(Y|X=x,Z=z) is unconfounded. Again, for this implication we do not have to assume
that 7, is P-unique. Instead, P#=*-unique of 7, suffices.

Corollary 10.28 [More Implications of Y = Dyx| X on Unconfoundedness]
Let the Assumptions 10.1 (a) to (d) and (g) hold. Furthermore, let that all T, x € X(Q),
be P-unique [i.e., Ass. 10.1 (i)]. Then

(i) YEDx|X = E(|X)I-Dy.
If we additionally assume that Z is a covariate of X [i. e., Ass. 10.1 (e)], then

(i) YEDx|X = VxeX(Q): EX=*(Y|Z)IFDyx
(iii) YEDx|X = EY|X, 2)IFDx.
(Proof p. 334)

Hence, under the assumptions of Corollary 10.28 (i), X-conditional mean indepen-
dence of the outcome variable Y from the global potential confounder Dy of X implies
that E(Y|X) is unconfounded. Furthermore, if we additionally assume that Z is a covari-
ate of X, then X-conditional mean independence of Y from Dy also implies that each
EX=*(Y|Z), x € X(Q), is unconfounded [see Cor. 10.28 (ii)]. Finally, under the assumptions
of Corollary 10.28 (iii), X-conditional mean independence of Y from Dy also implies that
E(Y|X, Z) is unconfounded, provided that Z is a covariate of X.

Now we turn to the implications of (X=x, Z)-conditional mean-independence of Y
from Dy, which has been defined by

YEDx|(X=x,2) :& E"(Y|Z,Dy) z E*(Y|2) (10.33)
[see Box 9.1 (vi)]. Assuming that Z is a covariate of X implies 0(Z) c 6(Dy) and
YEDx|(X=x,Z) & E***(Y|Dy) szszX:x(YIZ). (10.34)

Theorem 10.29 [Y  Dx|(X=x, Z) Implies Unconfoundedness of EX=*(Y|Z)]
Let Assumptions 10.1 (a) to (e) hold and assume that T, is P-unique [i. e., Ass. 10.1 (h)].
Then

YEDyx|(X=x,2) = EX*(Y|Z)IFDy. (10.35)
(Proof p. 334)

Hence, under the assumptions of Theorem 10.29, (X=x, Z)-conditional mean-inde-
pendence of the outcome variable Y from the global potential confounder Dx of X implies
unconfoundedness of EX=*(Y|Z2), provided that Z is a covariate of X and 7, is P-unique.

Now we show that (X=x, Z)-conditional mean-independence of the outcome variable
Y from the global potential confounder Dy of X implies unconfoundedness of the condi-
tional expectation value EX=*(Y | Z=z). For this implication it suffices to assume that 7, is
PZ=*_unique.



318 10 Unconfoundedness

Theorem 10.30 [V = Dx|(X=x, Z) Implies Unconfoundedness of EX=*(Y | Z=2z)]
Let Assumptions 10.1 (a) to (f) hold. Furthermore, assume that T, is PZ=*-unique [i. e.,
Ass. 10.1 (j)]. Then

YEDy|(X=x,Z) = E*(Y|Z=2)IFDy. (10.36)
(Proof p. 334)

Hence, under the assumptions of Theorem 10.30, (X=x, Z)-conditional mean-inde-
pendence of Y from Dy also implies unconfoundedness of the conditional expectation
value EX=%(Y|Z=2z) = E(Y|X=x,Z=2).

Now we turn to an implication of (X, Z)-conditional mean-independence of Y from the
global potential confounder Dx on unconfoundedness. Remember,

YEDxI(X,Z) o E(YIX,Z,DX)gE(YIX,Z), (10.37)
and if Z is a covariate of X, that is, if Z is Dx-measurable, then

YEDx|(X,Z) e EY|X,Dy) 5E(Y|X,Z). (10.38)

Theorem 10.31 [Implications of Y = Dx|(X, Z) on Unconfoundedness]
Let Assumptions 10.1 (a) to (e) hold and assume that t, is P-unique [i. e., Ass. 10.1 (h)].
Then

() YEDx|(X,Z) = EX*Y|2)IDx.

Ifwe additionally assume 10.1 (g) and that for all x € X (Q), 7, is P-unique [i. e., Ass. 10.1
()], then

(i) YEDx|(X,Z) = VxeX(Q):E**(Y|Z)IFDx
(iii) YEDx|(X,Z) = EY|X, 2)IFDx.
(Proof p. 335)

Hence, under the assumptions of Theorem 10.31 (i), (X, Z)-conditional mean-inde-
pendence of the outcome variable Y from the global potential confounder Dx of X im-
plies that E X=x(y|Z) is unconfounded. If we additionally assume 10.1 (g) and that each 7,
x €X(Q), is P-unique, then Y = Dy|(X, Z) also implies that each EX=*(Y|Z), x € X(Q)), and
E(Y|X, Z) are unconfounded [see Prop. (iii)].

In the next theorem we show that (X=x, Z=z)-conditional mean-independence of the
outcome variable Y from the global potential confounder Dy of X implies unconfound-
edness of the conditional expectation value EX=X(Y|Z=2) = E(Y|X=x,Z=2).

Theorem 10.32 [An Implication of Y = Dx|(X=x, Z=z) on Unconfoundedness]
Let Assumptions 10.1 (a) to (f) hold and let T, be PZ=*-unique [i. e., Ass. 10.1 (j)]. Then

YEDx|(X=x,Z=2) = E***Y|Z=2)IFDy. (10.39)
(Proof p. 335)
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The proposition of Theorem 10.32 is now used to show that unconfoundedness of the
conditional expectation value E X=x(y|Z=z) also follows from (X, Z)-conditional mean-
independence of Y from the global potential confounder Dy of X, provided that we as-
sume P(X=x,Z=2z) >0 and PZ:Z-uniqueness of the true outcome variable 7.

Corollary 10.33 [Y E Dx|(X, Z) Implies Unconfoundedness of E X=x(y|z=2)]
Let Assumptions 10.1 (a) to (f) hold. Furthermore, assume that T, is PZ=*-unique [i. e.,
Ass. 10.1 (j)]. Then

YEDx|(X,Z) = EX*(Y|Z=2)IFDx. (10.40)
(Proof p. 335)

Table 10.3 summarizes the propositions and their assumptions that have been proved
in the theorems and corollaries of this subsection.

Remark 10.34 [ Methodological Conclusions] Note that the unconfoundedness condi-
tions are less restrictive than the F-conditions and less restrictive than the SR-conditions.
However, according to Theorem 10.21, we can conclude, for example, that unconfounded-
ness of E(Y|X) and E(Y|X, Z) hold in a perfect randomized experiment because, in this
case, Dxll X and Dx 1l X|Z (see section 9.4). Similarly, we can conclude, that E(Y|X, Z) is
unconfounded in a perfect Z-conditionally randomized experiment because, in this case,
Dx1l X|Z holds (see Th. 10.24). <

10.3 Hybrid Sufficient Conditions of Unconfoundedness

The propositions of the following corollary immediately follow from Theorems 10.19 and
10.26. Reading this corollary, remember

Dxll1x-y & P(X=x|Dx)=P(X=x) (10.41)
[see Eq. (8.1)] and
YEDy|(X=x) & E"(YIDy) = E*(V) (10.42)

[see Egs. (9.3) and (9.4)].
Corollary 10.35 [More Sufficient Conditions of Unconfoundedness]
Let Assumptions 10.1 (a) to (d) hold. Then
() (DxlLixoc v (YFDx|(X=x) AT, is P-unique)] = E*~*(Y)I-Dx.

If we additionally assume that Z is a covariate of Xi. e., Ass. Assumptions 10.1 (a) [i. e.,
Ass. 10.1 (e)], then

(i) (DxlLixoc v (YFDx|(X=x) AT, is P-unique)] = EX~*(Y|Z)IFDx.
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If, additionally, z € Z(Q) and 0 < P(X=x,Z=2) <1 [i.e, Ass. 10.1 (f)], then

(iii) (DxL1x=c v (YFDx|(X=x) AT, is P-unique)| = E*~*(Y|Z=2)FDx.

Hence, under the assumptions of Corollary 10.35, the conditional expectation value
E*=*(Y) is unconfounded, if the global potential confounder Dy of X and the indicator
1x-, are independent or, if the outcome variable Y is (X=x)-conditionally independent
from Dy [see Eq. (10.28)] and 7, is P-unique. If we additionally assume that Z is a covari-
ate of X, then the same premises also imply that the conditional expectation E X=x(y|2)
is unconfounded. Furthermore, if 0 < P(X=x, Z=z) < 1 holds as well, then the conditional
expectation value EX=*(Y|Z=z) = E(Y|X=x, Z=z) is unconfounded if Dy and the indica-

tor Tx—, are independent or if EX=*(Y | Dy) PX==XEX:"(Y) and 1, is P-unique.

Remark 10.36 [Immediate Implications] According to Corollary 10.35 and Definitions
10.7 (ii) and 10.12 (iii), we can conclude:

(i) Under the Assumptions 10.1 (a) to (d) and (g)
(Vx eX(Q): (DXJL Tx=x V (YEDXI (X=x) AT, is P-unique))) = E(Y|X)IFDxy.
(i) Under the Assumptions 10.1 (a) to (e), and (g),
(Vx eX(Q): (DXJ.I_ Tx=x V (YEDx|(X=x) A T, is P-unique))) = EYI|X,Z)IFDx
[see Def. 10.12 (iii)].
<

Now we turn to other conditions implying unconfoundedness of the conditional expec-
tations E¥=*(Y'|Z) and E(Y|X, Z). The proposition of the following corollary immediately
follows from Theorems 10.22 and 10.29. Reading this corollary, remember

Dyll1x—«x|Z < P(X=x|Z,Dy) 5 P(X=x|2) (10.43)

[see Prop. (8.7)] and

YEDx|(X=x,2) < EX:"(YIZ,DX)Pz EX=¥(Y|2) (10.44)

X=x

[see Egs. (9.8) and (9.9)].

Corollary 10.37 [Another Sufficient Condition of Unconfoundedness of EX=X(Y|2)]
Let Assumptions 10.1 (a) to (e) hold and assume that T, is P-unique [i. e., Ass. 10.1 (h)].
Then

(DxlLix—x|Z v YEDx|(X=x,2)) = EX*(Y|Z)IFDx. (10.45)

Hence, under the assumptions of Corollary 10.37, the disjunction of Z-conditional in-
dependence of the indicator 7x-, for a value x of X and the global potential confounder
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Dy of X and (X=x, Z)-conditional mean-independence of the outcome variable Y from
Dy implies that E X=x(y|Z) is unconfounded.

The proposition of the next corollary immediately follows from Theorems 10.23 and
10.30. While the premise is the same as in Corollary 10.37, now we only assume that the
true outcome variable 7, is P#=*-unique and 0 < P(X=x,Z=2z) < 1.

Corollary 10.38 [Another Condition Implying Unconfoundedness of EX=*(Y | Z=2)]
Let Assumptions 10.1 (a) to (f) hold and assume that T, is PZ=*-unique [i. e., Ass. 10.1
()] Then

(DxlL1x—|Z v YEDx|(X=x,2)) = EX*X(Y|Z=2)I-Dx. (10.46)

According to the following corollary, which immediately follows from Theorems 10.23
and 10.32, the disjunction of Dx 1l 1x_,|(Z=z) and YF Dx|(X=x,Z=z) also implies un-
confoundedness of the conditional expectation value EX=*(Y|Z=z) = E(Y|X=x,Z=2).

Corollary 10.39 [A Last Condition Implying Unconfoundedness of EX=*(Y|Z=2z)]
Let Assumptions 10.1 (a) to (f) hold and let T, be P“~*-unique [i. e., Ass. 10.1 (j)]. Then

(DxAL1x_|(Z=2) v YEDx|(X=x,Z=2)) = E*X(Y|Z=2)IFDx.  (10.47)

Remark 10.40 [Methodological Consequences] If0 < P(X=x,Z=z) < 1 holds for all pairs
(x, z) of values of X and Z, then, according to Corollary 10.39, we can check for each pair
(x, z) if the disjunction in Proposition (10.47) holds. Obviously, Dx 1L Tx-,|(Z=z) may hold
for some pairs (x,z) and YF Dx|(X=x,Z=z) for all other pairs of values of X and Z. And
still this implies that all conditional expectation values E X=x(y|Z=2), (x,2) € X(Q) x Z(Q),
are unconfounded. Remember, according to Proposition (10.20),

(VzeZ(Q): E**(Y|Z=2)IFDx) = E**X(Y|2)IFDy
and according to Definition 10.12 (iii),
(VxeX(Q): E¥*(Y|2)IFDx) < E(YIX,Z)IFDx.

Hence, checking the premise of Proposition (10.47) for a fixed value x of X and all values z
of Z is a way to check unconfoundedness of EX=*(Y|Z). Similarly, checking this premise
for all pairs (x, z) of values of X and Z we can check unconfoundedness of E(Y | X, Z), pro-
vided, of course, that 0 < P(X=x, Z=z) < 1 holds for all pairs of values of X and Z involved
(see Example 10.42). <

10.4 Example

Before we turn to the implications of unconfoundedness on unbiasedness, we illustrate
this causality condition by a numerical example. The most important parameters are pre-
sented in Table 10.4.
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Table 10.4. Unconfoundedness of E(Y | X, Z)

Fundamental parameters Derived parameters
s s 8 1 % i

] I I S 5 ol|ls = = = S

=) =) = = = | = = Il I Il
: = & = T = £ Bl ' 3 =2 &

S n I I I i = 7 S S 2 = = 3

5 ox 2 o) X o) = > = < = =<

A » Y Q Y Q 3 &S N | O O , Q, _,
Tom m | 1/6 2/6 3/6 1/6 82 100 110 | 18 28 4/18 3/20 2/14
Tim m | 1/6 2/6 2/6 2/6 89 100 110 | 11 21 4/18 2/20 4/14
Joe m | 1/6 2/6 3/6 1/6 95 100 110 5 15 4/18 3/20 2/14
Ann f | 1/6 2/12 8/12 2/12 102 113 120 | 11 18 2/18 4/20 2/14
Sue f | 1/6 1/12 8/12 3/12 102 117 120 | 15 18 1/18 4/20 3/14
Eva f | 1/6 3/12 8/12 1/12 102 125 120 | 23 18 3/18 4/20 1/14

x=0 x=1 x=2
E(ry): 9533 109.17 115.00 ATE;p=13.83 ATE> =19.67
EX=*(y): 9311 111.00 114.29 PFE;o = 17.89 PFE,) =21.18

E(ty|Z=m): 88.67 100.00 110.00 CTEz19(m)=11.33 CTEz.(m)=21.33
EX=*(Y|Z=m): 88.67 100.00 110.00 PFE . 0(m)=11.33 PFEz.5(m)=21.33

E(ry|Z=f): 102.00 118.33 120.00 CTE 7;10(f) = 16.33 CTE 7;0(f) = 18.00
EX=x(y |[Z=f): 102.00 118.33 120.00 PFE 7:10(f) =16.33 PFE 7.5 (f) = 18.00

Again we assume that this random experiment has the same structure as the random
experiments treated in section 6.5. That is,

((Q,ng,P), (gt)IETr(gr g‘ngy Y)y

as specified in section 6.5, is the regular probabilistic causality setup. However, now the
treatment variable X has three values. In this example, the person variable U again is a
global potential confounder of X, thatis, Dx = U. This implies

E(Y|X,Dx) 5 E(Y|X,U) (10.48)

and
P(X=1|Dy) = P(X=1|U). (10.49)

If the values u of U represent the observational units at the onset of treatment, then these
assumptions are realistic also in empirical applications if a simple experiment as de-
scribed in section 2.1 is considered.

Example 10.41 [E(Y|X) is Confounded] In this example, E(Y|X), the X-conditional ex-
pectation of Y, is confounded because, in this example, it is not true that Equation (10.9)
is satisfied for each of the three values x of X and each potential confounder of X. Let us
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consider the potential confounder Z = sex. In this case, Z takes the role of W in Equa-
tion (10.9). In order to see that Equation (10.9) does not hold we compute both sides of
this equation and see if they are identical for all three values x € {0, 1,2} of the treatment
variable X.

The conditional expectation value E X=x(y) = E(Y|X=x) of the outcome variable Y in
treatment x can be computed applying

EXNY) = Y EX'(Y|Z=2)- P (Z=2). (10.50)

This equation is always true if P(X=x,Z=z) > 0 for all values z of Z [see RS-Box 3.2 (ii)].
For x=0, this equation yields

_ _ . =2 1
E*Y) = Y EX¥Y|Z=2)-P*"(Z=2) = 88.6-2+102: 2 ~ 93.11
z

(see Exercises 10-6, 10-7, and 10-8). In contrast, computing the right-hand side of Equation
(10.9) for x=0 yields

X=0 =1 1
Y EX(Y|Z=2)-P(Z=2) = 88.6-5+102- 5 ~ 95.33.
¥4

Because 93.11 # 95.33, unconfoundedness of EX=°(Y) and with it unconfoundedness of
E(Y|X) [see Box 10.1 (i), (ii)] does not hold in this example. <

Example 10.42 [All EX=*(Y|Z) and E(Y|X, Z) are Unconfounded] Now we check if the
conditional expectations E X=x(y|Z), xe X(Q), and E(Y|X,Z) are unconfounded for the
covariate Z = sex. For this purpose, we apply Theorem 10.18 and Corollary 10.39 and show
that, in this example, the disjunction

Ul 1x_x1(Z=2) v YFEU|(X=x,Z=2) (10.51)

holds for all 3-2 = 6 pairs (x, z) of values of X and Z. Remember, Proposition (10.51) is
equivalent to

PP (X=x|U) = P*(X=x) v EX"THYI0), =, BRI (10.52)

Z=z

[see (8.20), (9.3), and (9.4)].
Inspecting Table 10.4 for (x, z) = (0, m) shows that

PZ=m(X=0|U)(w) = PZ="(X=0) = 2/6, ifwe{Z=m}

because P#=™(X=0|U=u;) = P(X=0|U=u;,Z=m) = P#=™(X=0) = 2/6 for the three
male persons Tom, Tim, and Joe. Furthermore, inspecting the table for (x, z) = (0, f) shows
that

EX=0Z=1(y|U)(w) = EF"%7/(Y) = 102, ifwe{X=x,Z=f)}

because EX=4=/(Y|U)(w) = EX=°(Y|U=u;, Z=f) = 102 for all three female persons Ann,
Sue, and Eva. Hence, according to Theorem 10.18, we can conclude that E X=0y|Z7) is
unconfounded.
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Checking the pairs (1, m) and (1, f) of values of X and Z in the same way shows that
Proposition (10.52) also holds for these two pairs, which proves that the conditional expec-
tation EX=1(Y|Z) is unconfounded as well. Finally, checking Proposition (10.52) for the
pairs (x,z) = (2,m) and (x, z) = (2, f) yields the corresponding positive result. This means
that EX=2(Y| Z) is unconfounded, too.

Now, according to Definition 10.12 (iii), unconfoundedness of all three conditional ex-
pectations EX=*(Y|Z), x € X(Q) = {0, 1,2}, is equivalent to unconfoundedness of E(Y | X, Z).
Hence, we can conclude that E(Y| X, Z) is unconfounded as well. <

10.5 Implications of Unconfoundedness on Unbiasedness

Now we study the implications of unconfoundedness on unbiasedness of various condi-
tional expectations, prima facie effects, and prima facie effect functions. Remember, unbi-
asedness is the prerequisite for the identification of causal total effects and effect functions
(see sect. 6.4).

10.5.1 Unbiasedness of E(Y|X)

We start considering the implications of unconfoundedness of E(Y| X) on unbiasedness of
conditional expectations and prima facie effects. Reading the following theorem, remem-
ber that 7, = EX=*(Y|Dy) denotes the true outcome variable (see Def. 5.4), and unbiased-
ness of EX=*(Y) = E(Y|X=x) is defined by 7, being P-unique and

EX=X(Y) = E(1y) (10.53)

(see Def. 6.3).

Theorem 10.43 [Unconfoundedness of E(Y|X ) Implies That It Is Unbiased]
Let the Assumptions 10.1 (a) to (d) and (h) hold.
(i) If EX=*(Y) is unconfounded, then it is also unbiased, that is, EX=*(Y) |- Dx =
E*=X(Y) F Dx.
(ii) If we additionally assume 10.1 (g) and (i) and E(Y|X) is unconfounded, then it
is unbiased. That is, E(Y|X)IFDx = E(Y|X) F Dy.
(Proof p. 336)

Hence, the conditional expectation value E X=x(y) = E(Y|X=x) and the conditional ex-
pectation E(Y|X) are unbiased if they are unconfounded.
Theorem 10.43 has immediate implications on unbiasedness of the prima facie effect

PFE,, = EX"¥(Y)-EX™*(Y) = E(Y|X=x)-E(Y|X=x). (10.54)
This is obvious if we consider Equation (10.53) and remember that
ATE, .+ = E(1y) — E(1y) (10.55)

is the causal average total effect on Y comparing x to x’ (see Def. 5.26). Using Equations
(10.53) to (10.55) yields
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PFExx’ = ATExx’ = E(14) — E(1x1), (10.56)

provided that we assume that EX=*(Y) and EX=*(Y) are unbiased.

Corollary 10.44 [Implications on Unbiasedness of Prima Facie Effects]

Let the Assumptions 10.1 (a) to (d) hold, let x'e X(Q2), P(X=x') >0, and assume that
the true outcome variables T, and T, are P-unique. Then unconfoundedness of EX=*(Y)
and EX=*(Y) implies that PFE s is unbiased.

Hence, if EX=*(Y) and E X:x/(Y) are unconfounded, then we can conclude that the
prima facie effect PFE, s = EX=X(Y) - EX=*(Y) = E(Y|X=x) — E(Y|X=x") is unbiased.
10.5.2 Unbiasedness of E(Y |X,Z), EX**(Y|Z), and E*=*(Y | Z=z)

Now we turn to the implications of unconfoundedness on unbiasedness of the condi-
tional expectation values E X=x(y|Z=z) and the conditional expectations E X=x(y|Z) and
E(YIX, 2).

Theorem 10.45 [Implications on Unbiasedness of Conditional Expectations]
Let the Assumptions 10.1 (a) to (e) and (h) hold.

(i) IfE*=X(Y|Z) is unconfounded, then it is unbiased. That is,
EX=*(Y|2)IFDx = E***(Y|Z)} Dx. (10.57)

(ii) If we additionally assume 10.1 (i) and E(Y|X, Z) is unconfounded, then it is
unbiased. That is,

E(Y|X,Z)[FDy = E(Y|X,Z)F Dy. (10.58)
(Proof p. 336)
Theorem 10.45 (i) has immediate implications on unbiasedness of the prima facie effect
function
PFE, .v(Z) = EX*(Y|2)-E**¥(Y|2). (10.59)
This is obvious if we consider

EX(Y|Z) = E1,12), (10.60)

which, in conjunction with P-uniqueness of 7, defines unbiasedness of E X=x(y|Z). Re-
member that

E(c|1Z) - E(o|Z) 5 CTE,0(2) (10.61)

is a causal Z-conditional total effect variable comparing x to x’ [see Def. 5.38 (i)].
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Corollary 10.46 [Implications on Unbiasedness of a Prima Facie Effect Function]
Let the Assumptions 10.1 (a) to (e) hold, let x'e X(Q), P(X=x') >0, and assume that
the true outcome variables T, and v, are P-unique. If EX=*(Y|Z) and EX=*'(Y|Z) are
unconfounded, then PFE .,/ (Z) is unbiased.

Hence, if E(Y|X, Z) or at least the conditional expectations EX=*(Y|Z) and EX:"/(YIZ)
are unconfounded, then we can conclude that the prima facie effect variable PFE,,/(Z) =
EX=X(Y|Z)- EX=¥(Y|Z) is unbiased.

In our last theorem of this section, we show that unconfoundedness of the conditional
expectation value E X=x(y|z=z) implies that it is also unbiased.

Theorem 10.47 [Implications on Unbiasedness of Conditional Expectations]
Let the Assumptions 10.1 (a) to (f) and (j) hold. IfEX=*(Y'| Z=z) is unconfounded, then
it is unbiased, that is,

EXYY|Z=2)FDx = E**(Y|Z=2)} Dy. (10.62)

(Proof p. 337)

Now we consider the implications of Theorem 10.47 on unbiasedness of the (Z=z)-
conditional prima facie effect

PFE ,,(2) = EXX(Y|Z=2) - EX~*(Y|Z=2). (10.63)
This is obvious if we consider the equation
E*=Y(Y|Z=2) = E(1:1Z=2), (10.64)

which, in conjunction with PZ:Z-uniqueness of 7., defines unbiasedness of the condi-
tional expectation value EX=*(Y|Z=z). Also remember that

E(1|Z=2) - E(ty|Z=2) = CTE () (10.65)

is a causal (Z=z)-conditional total effect comparing x to x’ [see Def. 5.38 (ii)]. Hence, if
E(Y|X=x,Z=z) = EX=*(Y|Z=2%) is unconfounded, then we can conclude that the (Z=z)-
conditional prima facie effect PFE ;. ,,(z) = EX=*(Y|Z=z) - EX=¥(Y| Z=2) is unbiased.

10.6 Expectation Stability of Prima Facie Effects and Effect Functions

The unconfoundedness conditions have some further consequences that are important
for the interpretation of the conditional expectation values EX=*(Y), the conditional ex-
pectations E(Y|X), EX=*(Y|Z), E(Y|X, Z), the prima effects EX=*(Y) — EX=*(Y), and the
conditional prima effect variables E X=x(y|Z)-E X:x'(YlZ ). In Remark 10.9 we already
mentioned expectation stability of the conditional expectation values EX=*(Y). Because

EYIX) = ) E*(Y)-1x, (10.66)
xeX(Q)
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this property also concerns the interpretation of the conditional expectation E(Y|X). Fur-
thermore, in Remark 10.13 we hinted at expectation stability of the conditional expecta-
tions EX=*(Y|Z), and because

EYIX,Z) = ) E*(Y|Z) 1y, (10.67)
xeX(Q)

expectation stability of the conditional expectations EX=*(Y|.Z) also concerns the inter-
pretation of E(Y|X, Z).

In this section, we turn to expectation stability of prima facie effects and prima facie ef-
fect variables. Remember, in the example described in section 1.1, we had a negative prima
facie effect PFE,( and two positive prima facie effects PFE.1o(Joe) and PFEy. o(Ann) for
Joe and Ann, respectively. Hence, in that example, PFE, is not the expectation of the
person-specific effects. However, according to the following theorem, unconfoundedness
of EX=X(Y) = E(Y|X=x) and EX=*(Y) = E(Y|X=x') implies that PFE,, is, for each poten-
tial confounder W of X, the expectation of the W-conditional prima facie effect variable

PFEyy,.v(W) = EX=X(Y|W) - EX=¥(Y|W) (10.68)

over the distribution of W. In the example mentioned above, this includes the potential
confounder W = U. Correspondingly, unconfoundedness of E X=x(y|Z) and E X:"/(YIZ )
implies that PFE ,.,./(Z) is, for each potential confounder W of X, the Z-conditional ex-
pectation of the (Z, W)-conditional prima facie effect variable

PFE . (Z,W) = EX=X(Y1 Z,W) - EX=X (Y| Z,W). (10.69)

Theorem 10.48 [Expectation Stability of Prima Facie Effects and Effect Variables]
Let the Assumptions 10.1 (a) to (d) hold, let x'e X(QQ), P(X=x') >0, and assume
that the true outcome variables 1, and T, are P-unique. Finally, let W be a potential
confounder of X.

(i) Then EX=*(Y)IFDx A EX=*(Y)IF Dy implies
PFEyy = E(PFE . ./(W)). (10.70)

(i) If we additionally assume 10.1 (e), then EX=*(Y|Z)IFDx A EX=*(Y|Z)IFDx
implies

PFE 7,:,1(Z) 5 E(PFE zy,.x(Z, w)|Zz). (10.71)

(Proof p. 337)

Remark 10.49 [Expectation Stability of the Prima Facie Effect PFE /] According to this
theorem, unconfoundedness of EX=*(Y) and EX=*(Y) implies that each prima facie effect
is the expectation of the W-conditional prima facie effect variable over the distribution of
the potential confounder W of X. Equation (10.70) is what we intuitively and erroneously
expect to hold in general and this seems to be the reason why we tend to be astonished
about Simpson’s paradox where this equation does not hold. Note that unconfoundedness
of EX=*(Y) and EX=*(Y) follows from unconfoundedness of E(Y|X). N
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Remark 10.50 [ Expectation Stability of the Prima Facie Effect Variable PFE ;.. ./(Z)]

According to Theorem 10.48 (ii), unconfoundedness of EX=*(Y|Z) and EX:"'(YIZ) im-
plies that the Z-conditional prima facie effect variable is the Z-conditional expectation
of the (Z, W)-conditional prima facie effect variable, provided that W is a potential con-
founder of X. Again, note that unconfoundedness of EX=%(Y| Z) and EX=¥'(Y| Z) follows
from unconfoundedness of E(Y|X, Z). <

10.7 Summary and Conclusions

In this chapter we studied another class of sufficient conditions of unbiasedness, called
unconfoundedness conditions. Together with the additional structural components of a
probabilistic causality setup, each of these causality conditions make the difference be-
tween an ordinary mean-dependency (i. e., a dependency that can be described by a con-
ditional expectation) and a mean-dependency that has a causal meaning. Box 10.1 sum-
marizes the definitions of the unconfoundedness conditions.

Unconfoundedness and the Randomized Experiment

The unconfoundedness conditions are implied by their corresponding Fisher conditions
(see Table 10.2) and Suppes-Reichenbach conditions (see Table 10.3), which have been
treated in chapters 8 and 9, respectively. Hence, unconfoundedness of E(Y|X) and of
E(Y|X,Z) hold in randomized experiments, presuming that X is the treatment variable,
Z a covariate of X, and Ythe outcome variable. Similarly, unconfoundedness of E(Y| X, Z)
holds in randomized and Z-conditionally randomized experiments (see Ths. 10.21, 10.24
and Rems. 8.58, 8.59).

Covariate Selection in the Analysis of Total Effects

To my knowledge, unconfoundedness is the weakest condition implying unbiasedness that
is still empirically falsifiable. If unconfoundedness does not hold in a particular empirical
application, then there is serious doubt that unbiasedness — our weakest causality condi-
tion — holds in this application.

In order to falsify unconfoundedness of EX=*(Y) and with it unconfoundedness of
E(Y|X), it suffices to find a potential confounder W of X for which the equation

E*X(Y) = E(E**(Y|W)) (10.72)

does not hold (see Def. 10.7). If such a potential confounder of X is identified, then one
might rename it Z; =W and try to find another potential confounder W of X for which

EXX(Y|2Z) = E(E* (Y12, W)|Z) (10.73)

does not hold (see Def. 10.12). Again, if such a potential confounder of X is identified, then
one may rename it Z, =W and try out other potential confounders of X, checking whether
or not

EX*(Y| 21,2y 5 E(E* (Y| 21, Zo, W)| 21, Zy) (10.74)
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holds. Hence, in quasi-experiments and observational studies, unconfoundedness may
serve as a criterion for selecting those covariates in the vector Z := (Z,..., Z,) for which
the conditional expectations E X=x(y|2), x e X(Q), can hoped for being unconfounded. In
these kinds of studies we cannot be sure that unconfoundedness holds. However, we can
try to falsify the hypothesis of unconfoundedness of conditional expectation values and
conditional expectations.

Expectation Stability

According to Theorem 10.48 and Remark 10.49, unconfoundedness of E(Y'| X) implies that
each prima facie effect EX=*(Y) — EX=¥(Y) is the expectation of the corresponding W-con-
ditional prima facie effect variable EX=*(Y|W)-E X:x'(YI W) over the distribution of the
potential confounder W of X. Hence, the causal average total effect E X=xyy-E X:x/( Y)
might be less informative than the causal W-conditional total effect variable E X=x(y|W)-
EX=*(Y|W), but EX=*(Y) — EX=*(Y) is not biased, provided that it is unconfounded.

Similarly, unconfoundedness of E(Y|X, Z) implies that the Z-conditional prima facie
effect variable EX=*(Y|Z) - EX=¥'(Y|Z) is the Z-conditional expectation of the (Z, W)-
conditional prima facie effect variable E X=x(y|Z,W)—E X:x'(YlZ ,W), provided that W
is a potential confounder of X. Again, it might contain less information than the causal
(Z, W)-conditional total effect variable EX=*(Y|Z,W) - EX=*'(Y| Z, W), but it is not biased
if E(Y|X, Z) is unconfounded.

Finally, note that expectation stability does not only hold for unconfoundedness of
E(Y|X) and E(Y|X, Z), but also for all causality conditions that imply unconfoundedness
of E(Y|X) and E(Y|X, Z), respectively. In particular, this applies to Dy 1l X and Y FDyx|X,
each of which implies unconfoundedness of E(Y|X) [see Th. 10.21 (i) and Cor. 10.28 (i)],
but also to DylL X|Z and Y FDx|(X, Z), each of which implies unconfoundedness of
E(Y|X,Z) [see Ths. 10.24 and 10.31 (iii)].

10.8 Proofs

Proof of Theorem 10.17

Proposition (10.18). We assume that 7, is P-unique, which in turn implies that it is also PZ=?-unique
[see RS-Box 5.1 (v)]. Hence,

EX=%(Y|Z)I+Dx

= VYWeWs: EX=X(Y|2) = E(EX*(YIZ,W)|2) [Def. 10.12 (i)]
= VWeWi: EX?X(Y|Z=2) = E(EX~*(Y|Z,W)| Z=2) [RS-(4.19)]
= E*¥(Y|z=2)IFDx. [Def. 10.12 (ii)]

Proposition (10.19). We assume that all 7y, x € X(Q), are P-unique and this implies that they are
also Pzzz-unique [see RS-Box 5.1 (v)]. Hence,

E(Y|X,Z)FDx < VxeX(Q): EX*(Y|Z)IFDyx [Def. 10.12 (iii)]
= EXY|Z=2)IFDy. [(10.18)]
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Proof of Theorem 10.18

VzeZ(Q): EXX(Y|Z=2)IFDx
o VzeZ(Q),YWeWy: EX7"(Y|Z=2)=E(E**(Y|Z,W)|Z=z)
A Yz€eZ(Q): T is PZ~*-unique [10.12 (ii)]
o VWeWix: EXTN(YI2) = E(EX(Y1Z,W)]|2)
A Ty is P-unique
Vz€Z(Q): P(Z=z) >0, RS-(4.19), Lem. 5.37]
o EXY(Y|Z)IFDx. [10.12 (i)]

Proof of Theorem 10.19

Proposition (i). This is a special case of Proposition (ii) in which o(2) = {Q, @}.
Proposition (ii). Note that Dxl 7x-, implies that 7, is P-unique [see Th. 8.25 (ii)]. Furthermore,
remember that 0(Z) c o(Dy) if Z is a covariate of X. Hence,

Dy L Tx—y
© (Dx,Z) W Tx=y [0(Z,Dx) = 0(Dx), Box 8.1 ()]
= Dyxlix—y|Z [RS-Box 6.1 (ix)]

= VWeWx: EXS(Y|Z,W) L1y Z
[o(E*=*(Y1Z,W)) < 6(Dx), RS-Box 6.1 (vi)]
= VWeW: EX=*(E**(Y|Zz,W)|2) = E(E*=*(Y|Zz,W)|Z)
pX=x
[{X=x} = {1x=x=1}, RS-Th. 6.26]
=> VWeWi Esz(YIZ)szsz(EXZx(YIZ,W)|Z) [RS-Box 4.1 (xiii)]
> VWeWx: EXN(Y|Z) 5 E(EX=*(Y|Z,W)]| Z)
[Ty is P-unique = EX=*(Y|Z)is P-unique, RS-Box 5.1 (iv)]
= E**(Y|2)IFDx. [Def. 10.12 ()]

Proposition (iii). P-uniqueness of T, implies that 7, is also PZ=?-unique [see RS-Box 5.1 (v)].
Furthermore,

DxALTx=y
= E**(Y|2)IFDx [(i)]
> VWeWs EX(Y12) = E(EX*(Y1Z,W)|2) [Def. 10.12 ()]

= VWeWx: EX=(Y|Z=2) = E(E*~*(Y|Z,W)|Z=z)
[RS-Th. 4.27, P(X=x,Z=2) >0 = P(Z=z)>0]
= E*(Y|Z=2)I-Dx. [Def. 10.12 (ii)]
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Proof of Theorem 10.21
Proposition (i).

DxlX o VxeX(Q): Dyl ix_,
=> VxeX(Q): EXT*(V)IFDy
o EY|X)IDy.

Proposition (ii).

DxlX o VxeX(Q): Dyl fx_y
= VxeX(Q): EX™*(Y|2) I+ Dy.

Proposition (iii).

DxlX = VYxeX(Q): EX=(Y|2)IFDy
o E(YI|X,2)IDx.

Proof of Theorem 10.22

331

[(8.6)]
[Th.10.19 ()]
[Def. 10.7 (ii)]

[(8.6)]
[Th. 10.19 (ii)]

[(D)]
[Def. 10.12 (iii)]

The assumptions include that 7, is P-unique [see Ass. 10.1 (h)] and this implies that EX=*(Y|Z) is

P-unique as well [see RS-Box 5.1 (iv)]. Hence,

DxW1x_x|Z

= VWeWy: EXTXYIZ,W) AL 1x=y | Z

[o(EX=*(Y|Z,W)) c 6(Dx), RS-Box 6.1 (vi)]

X

= VWeW: EX=*(EX=*(Y|Z,W)| Z)PixE(EX:me,W) | Z)

[{X=x} = {1x=x=1}, RS-Th. 6.26]

= VWeWyx: EX*(Y|2) = E(E**(Y|Z,W)|Z2)
pX=x

= VWeWs: EX*(Y12) 5 E(EX*(Y1Z,W)|Z2)

[RS-Box 4.1 (xiii)]

[EX=*(Y|Z) is P-unique]

= Esz(YlZ) FDx. [T, is P-unique, Def. 10.12 (i)]

Proof of Theorem 10.23

Proposition (10.22). This implication immediately follows from RS-Propositions (6.47) and (6.48).

Proposition (10.23). According to RS-Proposition (6.47),

DxJ.L7X:x|(Z=Z) o DX AL 1X:x .
pZ=z

Hence, we can use all properties and implications of independence of two random variables (with
respect to a measure P), simply replacing the measure P by the measure PZ=%. Therefore, according
to Theorem 8.25 (ii), Dx L 1x=x|(Z=z) implies that 7, = EX=X(y| Dy) is PZzz-unique. Furthermore,
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Dxll1x-x|(Z=2)
<> DxJ.L7X:x

pZ:z
= E“4Y|X=x)IFDx
o EX=YY|Z=2)IFDy.

Proof of Theorem 10.24

DxILX|Z
o VxeX(Q): Dxlix—|Z
VxeX(Q): EXT*(Y|Z) Dy
o E(YIX,2)IDx.

U

Proof of Theorem 10.25

Proposition (10.26). This is Proposition (8.19).
Proposition (10.27).

10 Unconfoundedness

[RS-(6.47)]
[ty is PZ=*-unique, Th. 10.19 (i)]
[RS-(5.26)]

[(8.12)]
[Ty is P-unique, Th. 10.22]
[Def. 10.12 (iii)]

Dxl X|(Z=z) < VYxeX(Q):Dxlix—|(Z=2) [(8.26)]
= EX*XY|Z=2)IFDy. [Th. 10.23]

Proof of Theorem 10.26
Proposition (i).
YFEDx|(X=x)
e EX(YIDY) gz EXN)
> VWe W EXZ"(Y|W)PX=:XEXZ"(Y)

= VWeW: EX=5Y|W) = EX=*(v)

[(10.28)]

[VW: o(W)ca(Dy), RS-Th. 4.39]

[VW:o(W)c O(DX),EXZX(YIW) is P-unique, RS-Box 5.1 (iv)]

= VWeWx E(EX=*(YIW)) = E*X=%(Y)
o EX¥(Y)IFDy.
Proposition (ii).
YEDx|(X=x)

o EXZ"(YlDX)P;XEXZ"(Y)

[RS-Box 3.1 (i), (v)]

[Ty is P-unique, Def. 10.7 (i)]

[(10.28)]
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> EX:x(YlZ)P;xEX:x(Y) [6(Z) c o(Dx), RS-Th. 4.39]
=> EX¥Y|2) = EX=X(v)
[0(Z) co(Dx), EX=*(Y|Z) is P-unique, RS-Box 5.1 (iv)]
= VWeWx: EXT*(Y12) 3 E(EX*(Y1Z,W)]| Z)
IVWeWx: o(Z,W)cao(Dy), (10.31)]
R Esz(YlZ) FDx. [T, is P-unique, Def. 10.12 (i)]
Proposition (iii). Assuming 0 < P(X=x,Z=z) < 1 implies PX=*(Z=z), P(Z=z) > 0. Furthermore,
we assume that EX=*(Y|D x) = Ty iS Pzzz-unique. According to RS-Box 5.1 (v), this implies that 7, is

also PX=%Z=Z_ynique, which in turn implies that the conditional expectation value EX=%%=%(7,) =
EX=%(1,|1Z=2) is uniquely defined. Hence,

YEDx|(X=x)
e EXNYIDy z EXTY) [(10.28)]
. EX:x(le)szszX:x(y) [0(Z) c 0(Dx), RS-Th. 4.39]
= EX=X(Y|Z=Z) — Esz(Y) [RS—Th 4.37 (11)]
= VWeWx: EXX(Y|Z=2) = E(EX¥(Y|2,W)| Z=2) ((10.29)]
o EXX(Y|Z=2)IFDx. [ty is P-unique, Def. 10.12 (ii)]
Proof of Corollary 10.27
Proposition (i).
YEDx|X < VxeX(Q):Esz(YlDX)szszsz(Y) ((9.5)]
& VxeX(Q): YEDx|(X=x) [(10.28)]
= EX*()I+Dy. [Th. 10.26 (i)]
Proposition (ii).
YEDxIX < VxeX(Q):EXz"(YlDX)P;XEXz"(Y) [(9.5)]
& VxeX(Q): YEDx|(X=x) [(10.28)]
= EX*(Y|2)I+Dx. [Th. 10.26 (ii)]
Proposition (iii).
YEDxIX < VxeX(Q):EXz"(YlDX)PX::xEXZ"(Y) [(9.5)]
& VxeX(Q): YEDx|(X=x) [(10.28)]

- EX=*(Y|Z=2)FDy. [Th. 10.26 (iii)]
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Proof of Corollary 10.28
Proposition (i).
YEDxIX < VxeX(Q):EXz"(YlDX)P;XEXz"(Y) [(9.5)]
o VxeX(Q): YEDy|(X=x) [(10.28)]
= VYxeX(Q): EX*Y)IFDyx [Th. 10.26 (i)]
o E(Y|X)IDy. [Def. 10.7 (ii)]
Propositions (ii) and (iii).
YEDx|X o VxeX(Q):Esz(YIDX)szszsz(Y) [(9.5)]
o VxeX(Q): YEDx|(X=x) [(10.28)]
= VxeX(Q): EX"*(Y|2)IFDx [Th. 10.26 (ii)]
o E(Y|X,2)IFDy. [Def. 10.12 (iii)]
Proof of Theorem 10.29

YEDx|(X=x,2)

o EX(1Z) z EXN(YIZDy) [(10.33)]

= YWeWx EXT(YI2) = EXN(YIZW)  [0(W) S 0(Dy), RS-Th. 4.43]

= YWeWy EX(Y|2) = EX(YIZW) [EX=*(Y|Z) is P-unique]

=> VWeWy E(EX™(Y|2)|2) 5 E(EX"(Y|ZW)|Z)  [RS-Box4.1 (xiv)]

= VWeWi EX:x(le) = E(EXZJC(Y|Z,W)|Z) [RS-Box 4.1 (xi)]

& EX=*(Y|Z)FDx. [Ty is P-unique, Def. 10.12 (i)]
Proof of Theorem 10.30

YEDx|(X=x,2)

o EXNYIZ) = EX(YIZ DY) [(10.33)]

> VWe¥W: EXz"(Y|Z)PX=:xEXZ"(Y|Z,W) [0(W) < o(Dy), RS-Th. 4.43]
= VWeW: E(EX=*(Y|2)|Z=2) = E(E*=*(Y|Z,W)|Z=z)

[EX=%(Y| Z,W) is P“~*-unique, RS-Box 3.1 (v)]
o VYWeWy: EX=X(Y|Z=2) = E(EX=*(Y|Z,W)|Z=2) [RS-Box 3.2 (i)]
& EX*¥(Y|Z=2)IFDy. 7y is P“=*-unique, Def. 10.12 (ii)]
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Proof of Theorem 10.31

Proposition (i).

YEDXI(X,Z) e E(YIX,ZDx)3 E(Y|X,2) [(10.37)]
o VxEX(Q):Esz(YIZ,DX)szszsz(YIZ) [9.15)]
o VxeX(Q): YEDx|(X=x,2) [Box 9.1 (vi)]
= EX=X(Y|2)IDy. [Th. 10.29]

Proposition (ii).

YEDXI(X,Z) e E(YIX,ZDx)3 E(Y|X,2) [(10.37)]
o VxEX(Q):Esz(YIZ,DX)szszsz(YIZ) [9.15)]
o VxeX(Q): YEDx|(X=x,2) [Box 9.1 (vi)]
> VxeX(Q): EX*(Y|2)IFDx. [Th. 10.29]

Proposition (iii). According to Definition 10.12 (iii), this proposition immediately follows from
(ii).

Proof of Theorem 10.32

Note that, according to RS-Box 5.1 (iv), P Z=z -uniqueness of 7, implies that, for all W e #%, EX=X(Y|Z,W)
is PZzz-unique because all (Z, W), W € #%, are (Z, Dx)-measuable. Now,

YEDx|(X=x,Z=2)

o EX0Z=xyy = pX=%Z=(y|py) [RS-(5.43)]
pX:x z

Z=

. Esz'Z:z(Y|Z,W)

. pX=x,Z=z _
> VYWeWiE V) 50

[0(Z,W) c 6(Dx), RS-Th. 4.43]

© YWeWg BNV = BYTYIZW) [SN-(14.72)]

V4
o YWeWi Esz’Z:Z(Y)PZiZEsz(YIZ,W)
[EX=*(Y|Z,W) is PZ~*-unique]
= VWeWx: E(EX"%%7%(Y)|Z=z) = E(E*=*(Y|2,W) | Z=z)
[RS-(3.24), RS-Box 3.1 (i), EX=*(Y| Z,W) is PZ=*-unique]
= VWeWx: E*%(Y|Z=2)= E(E*X~X(Y|Z,W)|Z=2z)
[RS-Box 3.1 (i), RS-(5.26)]
o EX™(Y|Z=2)IFDy. [ty is PZ=*-unique, Def. 10.12 (ii)]

Proof of Corollary 10.33
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YEDx|(X,Z) < E(YIX,Z)gE(YIX,Z,DX)
= EX:x,Z:z(Y) — EX:x,Z:z(YlDX)
pX=x,Z=z
o YFEDx|(X=x,Z=2z)
= EXX(Y|Z=2)IFDy.
Proof of Theorem 10.43

10 Unconfoundedness

[(9.13), (9.14)]
[SN-(14.82)]

[RS-(5.43)]
[(10.39)]

Proposition (i). If EX=*(Y) is unconfounded, then P(X=x) > 0 and Ty = EXZ"(YIDX) is P-unique.

Hence,

Proposition (ii).

¢ ¢ ¢ U 0

EX=¥(Y)IFDx

VWeWx: EX=%(Y) = E(EX=*(Y|W))
E*=X(Y) = E(E*=*(Y|Dy))

EX=N(Y) = E(1y)

E(Y|X=x)F Dy

EX=X(Y)F Dy.

E(Y|X)IFDx o VxeX(Q):EX™XY)IFDx

= VYxeX(Q): EXT¥Y)+Dy.

Proof of Theorem 10.45

[(10.6)]

[Dx € #x]
[Def. 5.4]
[Def. 6.3 (i)]
[RS-(3.24)]

[Def. 10.7 (ii)]
(@]

Proposition (i). If EX=*(Y|Z) is unconfounded, then, according to Definition 10.12 (i), 7 is P-

unique. Hence,

I O

Proposition (ii).

E(Y|X,Z)IFDy & VYxeX(Q):EX=¥(Y|Z)IDy
= VxeX(Q): EX*(Y|2)FDx

EX=*(Y|Z)IFDx

VY We W EX=*(Y|2) = E(EX=*(Y1Z,W)| 2))

EX=(Y|2)=E(EX=*(Y|Z,Dx)| 2))
EX=(Y|Z) = E(1x12)
EX=X(Y|Z)+ Dx.

< EY|X,Z)F-Dy.

[(10.11)]
[Dx € #x]

[0(Z) c o(Dx), Def. 5.4]

[Def. 6.13 (i)]

[Def. 10.12 (iii)]
(]
[Def. 6.18 (i)]
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Proof of Theorem 10.47

If the conditional expectation value EX=%(Y|Z=z) is unconfounded, then, according to Definition
10.12 (ii), 0 < P(X=x,Z=2z) <1 and 1y is Pzzz-unique. Hence,

EX=%(Y|Z=2)I+Dx

o VWeW: EX¥Y|Z=2) = E(EXZ"(YIZ,W)|Z=Z)) [Def. 10.12 (ii)]
= EXTN(Y|z=2) = E(EX""(Y|2,Dx)| 2=2)) [Dx € #x]
o EXTNY|Z=2) = E(1,|Z=2) [0(Z) co(Dy), Def. 5.4)
o EX:X(Y|Z=Z) FDx. [Def. 6.13 (ii)]
Proof of Theorem 10.48

Proposition (i) is a special case of (ii), Z being a constant. Hence we only prove (ii), using the defini-
tion of unconfoundedness of EX=*(Y| Z) and EX=*'(Y| Z) [see Eq. (10.11)].

PFE ;.,..1(Z)

= EX=X (Y| 2) - EX=¥ (Y| 2) (def. of PFE ;. . ./(2)]
= E(EX=*(Y1Z,W)|Z2) - E(EX="(Y1Z,W)| Z) [(10.11)]
= E(EX*(v1ZW)-EXY(v|Z,W) | Z) [RS-Box 4.1 (xviii)]
= E(PFE 4y, (Z,W)|Z). [def. of PFE .1 (Z, W)]

10.9 Exercises

> Exercise 10-1 Consider the example presented in section 1.1. Using Tables 1.3 and 1.4 show that
EX=%(y) = E(EX=%(Y|W)) does not hold in that example for the person variable W= U.

> Exercise 10-2 Prove that, under the assumptions of Remark 10.14, Equations (10.11) and (10.13)
are equivalent to each other.

> Exercise 10-3 Check if and where the implications listed in Table 10.1 have been proven in this
chapter. Use and specify the appropriate choice of assumptions listed in the Assumptions 10.1.

> Exercise 10-4 Let the Assumptions 10.1 (a) to (f) and (j) hold, and let W be potential confounders
of X. Prove Proposition (10.29).

> Exercise 10-5 Under the Assumptions 10.1 (a) to (e) and (h) and that W is a potential confounder
of X, prove Proposition (10.31).

> Exercise 10-6 Compute the probabilities P(U=u;| X=0,Z=m) and P(U=u;|X=0,Z=f) in the
example presented in Table 10.4.

> Exercise 10-7 Compute the conditional expectations E(Y|X=0, Z=z) in the example presented
in Table 10.4.
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> Exercise 10-8 Compute the conditional probabilities P(Z=z | X=0) in the example presented in
Table 10.4 for the covariate Z := sex.

> Exercise 10-9 Define a map # such that the variable Z := sex in the example of Table 10.4 is the
composition h(U) of h and U. [An alternative notation for h(U) is ho U.]

> Exercise 10-10 Using the example of Table 10.4, give four examples of a variable W=f(U) and
write down the associated four partitions of the total set of observational units Qg := {uy, up, ..., ug}.
(A partition of the set Q is a set of subsets of Qy such that the union of these subsets is Qy, the
subsets are disjunct, that is, they do not intersect, and the empty set is not an element in the parti-
tion.)

> Exercise 10-11 How many different partitions of the set of units Qy := {u1, up, ..., ug} — excluding
the partition {Qy} — exist in the example of Table 10.4?

> Exercise 10-12 Show that Z-conditional independence of X and U does not hold in the example
of Table 10.4.

> Exercise 10-13 Show that Y FDx/|(X, Z) with Z := sex does not hold in the example of Table 10.4.

Solutions

> Solution 10-1 In the example of section 1.1, the response or outcome variable Y is binary. There-
fore, using the probabilities displayed in Table 1.3 yields

P(Y=1,X=0) .36 _

X=0 _ pX=0,y_ — — — —
E*(Y) = PP7°(Y=1) = P(Y=1]|X=0) = PX=0) :

.6

Furthermore, using the probabilities displayed in Table 1.4 and the person variable W =U, we obtain

E(EX¥=°(v|u)) = E(P*=(Y=111))

= PX=0y=1|U=Joe)- P(U=Joe) + PX=0(Y=1|U=Ann)- P(U=Ann)
P(Y=1|X=0,U=Joe)-P(U=Joe) + P(Y=1|X=0,U=Ann)-P(U=Ann)
336 024

—5+ —-.5 = 45.
.48 12

Hence, EX=%(Y)=E (EXzO(YI W)) does not hold in this example for W= U. Therefore, in this exam-
ple, EX=0(Y) is neither unconfounded nor unbiased [see Defs. 10.7 (i) and 6.3 (i)], and this implies
that E(Y|X) is neither unconfounded nor unbiased [see Defs. 10.7 (ii) and 6.3 (ii)].

> Solution 10-2 If Z is a covariate of X, W a potential confounder of X, and 7 is P-unique, then
0(Z), 0(Z,W)co(Dyx), and EX=*(Y|Z) and EX=%(Y|Z,W) are P-unique, as well. Hence,

EX(Y|Z) 5 E(EXX(Y1Z,W)| Z)
o E*NY|Z=2)=E(E**(Y|Z,W)|Z=z), forPz-a.a.zeQj} [RS-(4.19)]

=, Esz(Y|Z=z)=fEsz(Y|Z=z,W=w)PW‘Z:Z(dw), for Pz-a.a.z€Q). [SN-Th. 17.60]

> Solution 10-3 We check the implications listed in Table 10.1 row-wise.

(1) Under the Assumptions 10.1 (a) to (d), (g), and (i): E(Y|X)IFDx = EX=X(Y)IF Dy.
This is Proposition (10.16).
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(2) Under the Assumptions 10.1 (a) to (f) and (h): EX=*(Y|Z) IFDx = EX=*(Y|Z=z) IF Dy.
This is Proposition (10.18).
(3) Under the Assumptions 10.1 (a) to (g) and (i): E(Y|X, Z) FDx = EX=*(Y|Z=z)F Dy.
This is Proposition (10.19)
(4) Under the Assumptions 10.1 (a) to (e), (g), and (i): EX=*(Y|Z=z) FDx = EX=*(Y|Z)IFDyx.
This is Proposition (10.17).
> Solution 10-4 We assume that Z is a covariate and W a potential confounder of X, and that 7, =
EX=*(Y|Dy) is P#=?-unique. This implies 6(Z, W) c ¢(Dy) and that EX=*(Y|Z,W) is PZ=?-unique
as well [see RS-Box 5.1 (iv)]. Assuming 0 < P(X=x,Z=z) <1 implies PX=*(Z=z) > 0 and that the
(Z=z)-conditional expectation value of EX=X(Y|Z W) is uniquely defined [see RS-Box 5.1 (vii)].
Hence,

EXNYIDY) = BN

- EX:x(YlZ’W)px::xEX:x(Y) [0(Z,W) c (Dx), RS-Th. 4.39]

= E(E*X*(Y|1Z,W)|Z=z)=E(E*=*(V)| 2=2) [E***(Y|Z,W)is P***-unique]
= E(E*%(Y|Z,W)|Z=z) = EX=*(1). [RS-Box 3.1 (i)]

> Solution 10-5 The assumptions that 7, = E X=x( Y|Dy) is P-unique, that Z is a covariate and W a
potential confounder of X imply o(Z, W) c 6(Dy) and that EX=*(Y|Z,W) is P-unique as well [see
RS-Box 5.1 (iv)]. Hence,

EX(Y|Dy) 5 EXTX(V)

= EX=(y|z,W) = EX=x(y) [0(Z,W)co(Dyx), RS-Th. 4.39]
> E(EX(YIZwW)|Z) = EE** ()| 2) [RS-Box 4.1 (xiv)]
> E(EX*(YIZW)|Z) = EX=* (). [RS-Box 4.1 (i)]

> Solution 10-6 For Z=m and units v, u, and us, these conditional probabilities can be computed

as follows:
P(X=0|Z=m,U=u;)-P(Z=m,U=u;)
P(X=0|Z=m)-P(Z=m)
_2/6:1/6 1
T 2/6-1/2 3
For the units uy4, us and ug, these conditional probabilities are P(U=u;|X=0,Z=m) =0.
For Z=f, these conditional probabilities are:
P(X=0|Z=f,U=wy)-P(Z=f,U=uy)
P(X=0|Z=f)-P(Z=f)
2/12-1/6 _ 2
2/12-1/2 6
P(X=0|Z=f,U=us)-P(Z=f,U=us)
P(X=0|Z=f)-P(Z=f)
1/12:1/6 1
2/12-1/2 6
P(X=0|Z=f,U=ug)-P(Z=f,U=upg)
P(X=0|Z=f)-P(Z=f)
3/12-1/6 3

PU=u;|X=0,Z=m) =

P(U=uy|X=0,Z=f)

’

P(U=us|X=0,Z=f)

’

P(U=u|X=0,Z=f)

2/12-1/2 ~ 6’
and P(U=u;|X=0,Z=f) =0 for units v, up, and us.
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> Solution 10-7 According to RS-Box 3.2 (ii),
E(Y|X=0,Z=z) = ZE(Y|X=O,Z=Z, U=u) -PU=ulX=0,Z=z2).
u
For Z=m (males) this yields

E(Y|X=0,Z=m)

ZE(Y|X=O,Z=m,U=u)-P(U=u|X=O,Z=m)
u

1 1 1 —
82--+89--+95-- = 88.6,
3 3 3

using the results of Exercise 10-6. For Z= f (females) we receive

E(Y|X=0,Z=f) = Y E(Y|X=0,Z=f,U=u)-P(U=u|X=0,Z=f)
u
2 1 3
=102-2+102- = +102- = = 102,
6 6 6

again, using the results of Exercise 10-6.
> Solution 10-8 Applying the theorem of total probability to P(Z=z | X=0) = PX=0(Z=z) yields

P(Z=z|X=0) = ZP(Zzz, U=u|X=0).
u

Hence, for Z =m (males) we receive

4 4 4 2
P(Z=m|X=0) = ZP(Z=m,U=u|X=0) = —=+—=+—= ==
m 18 18 18 3

whereas for Z =f (females) we receive

2 1 3 1
P(Z=f|X=0) = Xu:P(Z—f,U—uIX—O) =St ETE S5
> Solution 10-9 In the example of Table 10.4, the random variable U: Q — Qy, where Qy :=
{u,...,us}, is defined by U(w) = u;, where o = (i;, wx,wy) is an element of the set Q = Qyx Qx xR
of possible outcomes of the random experiment considered. Such an outcome (u;, wx, wy) indicates
that unit u; is sampled, then assigned (or self-assigned) to treatment condition w x, and outcome wy
is observed. Therefore, we can now define the map h: Qy — {m, f} with

m, if u; is male
h(u;) = e
f, ifu; is female.

The random variable Z = sex with values m and f is the composition of this map & with U, that is,
Z = h(U). Both, U and Z, are maps on the set Q of possible outcomes of the single-unit trial, that is,
U:Q—Qpand Z:Q— {m,f}.

> Solution 10-10 The first example is W; := U, the second is W, := Z := sex. A third example can be
defined by Ws(w) = 1if 73 (w) = EX=1(Y|U)(w) = 100 and Ws(w) = 0, otherwise. A fourth example is
Wi(w) =1, if 79(w) <90, Wy (w) =2,if 90 < 7¢(w) < 100, and Wy (w) = 3, if 7o(w) = 100.

The partition of Qs associated with U is the following set of subsets of Qyy: S1 = {{u1}, {ua}, ..., {us}}.
The partition of Q; associated with Z is: S, = {{uy, up, us}, {u4, us, ug}}. The partition of Q associ-
ated with Ws is again S,. Finally, S4 = {{uy, up}, {us}, {us, us, ug}} is the partition of Q; associated with
Wy.
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> Solution 10-11 There are 122 possible partitions of the total population Qy into subsets. It is
tedious to obtain this number by writing out all possible partitions. However, it can be obtained by
the formula for the Stirling numbers of the second kind, which gives the number of possible partitions
of a set with n elements into k distinct, non-empty and exhaustive sets. Stirling numbers of the
second kind can be calculated by:

1 k i k N
Snk) = — ) D' |(k=D)",
k!'i= i

k) k!
il it k=0

The sum 2622 S(6, j) gives the number of different partitions of Qy := {u;, up,..., us} into two or
more subset]s, thatis, excluding the partition {Qy}. Hence, in our case thissumis31+10+65+15+1 =
122.

> Solution 10-12 Conditional independence of X and U given Z = sex does not hold in this exam-
ple because in treatment condition 0, the individual treatment probabilities P(X=0|Z=f,U=u)
are not the same for each unit u in the female subpopulation, that is, P(X=0|Z=f,U=u) =
P(X=0|Z=f) forall u € {Ann, Sue, Eva} does not hold.

where k! := k-(k—1)-...-1and

> Solution 10-13 The SR-condition Y F Dx|(X, Z) does not hold in this example, because, for exam-
ple, in treatment 0, the male units u;, uz, and u3 do not have the same true outcomes E X=0y|1u=u).
Instead, these true outcomes are 82, 89, and 95, respectively.






Chapter 11
Identification of Causal Effects Using Propensities

In this chapter, we study how to use conditional treatment probabilities in the identifica-
tion of causal conditional and average total effects. A first possibility is to use the true
propensities ¢, = P(X=x|Dx), x=1,...,J, as covariates. We show that conditioning on
the multivariate true propensity ¢ = (¢,...,¢;), the conditional expectations E X (Y,
xeX(Q) ={0,1,...,J}, are always unbiased, provided that we can assume that all true out-
come variables 7y, x € X(Q), are P-unique. In this case we can also identify the causal con-
ditional total effect function CTE,,,,s and the causal average total effect ATE, .

A second possibility is to choose the Z -conditional propensities, that is, the conditional
probabilities 7, = P(X=x|Z), x=1,..., ], as new covariates and assume that the original
covariate Z is selected such that the multivariate true outcome variable 7 = (79, 71,...,7))
and X are Z-conditionally independent, that is, assume 71L X | Z. This conditional inde-
pendence can be achieved (a) by selecting Z such that X and the global confounder Dy are
Z-conditionally independent or (b) by selecting Z such that Y is Z-conditionally mean in-
dependent from the global confounder Dy. Defining 7 = (i1,,...,7;), we can compute the
causal conditional total effect function CTE,,,,  and the causal average total effect ATE,,/
in both cases, (a) and (b), provided that we assume that the true outcome variables 1,
x € X(Q)), are P-unique.

The last procedure treated in this chapter consists of weighting the outcome variable
with weights involving the Z-conditional propensities . This procedure can be used in
the true experiment, in which the true propensities are fixed by the experimenter as a
function of a covariate Z of X so that 7y = ¢, x =1,..., J. However, weighting the outcome
variable can also be used in a quasi-experiment if we can assume that the covariate Z is
selected such that the conditional expectations E X=x(Y|Z), x € X(Q), are unbiased.

Notation and Assumptions 11.1

(@ Let (Q,P),(F)ier,6, D¢, X,Y) be a regular probabilistic causality setup
and let Dx denote a global potential confounder of X.

(b) Let X(Q) =1{0,1,...,J} denote the image of Q under X. For all x € X(Q), define
{X=x}:={we Q: X(w)=x}, and let 1x_ denote the indicator of {X=x}.

(¢) Letg,:=P(X=x|Dx), x € X(Q), denote a (version of the) true propensity of x.

(@) Let@:=(@,...,@;) denote the J-variate random variable consisting of the true
propensities @y, ...,Q;.

(e) LetY bereal-valued with positive variance.

(f) For xeX(Q), assume 0 < P(X=x) < 1 and define the probability measure
PX=*: of —[0,1] by P*=*(A) = P(A|X=x) forall Ae o.
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(g) ForxeX(Q), lett, = EX=X(Y|Dyx) denote a (version of the) true outcome vari-
able of Y given x and &*=*(Y|Dyx) the set of all such versions.

(h) For all xeX(Q), assume 0 < P(X=x) < 1 and let 1 := (1¢,7y,...,T;) denote
the (J + 1)-variate random variable consisting of the true outcome variables
To,T1,.-., 77 Of Y. Furthermore, for x,x' € X(Q), let 1, and 1,/ denote two such
true outcome variables.

(i) Let Z be a covariate of X, that is, let 6(Z) c o(Dx).

(G) Let z€ Z(Q) be a value of Z, let {Z=z} = {weQ: Z(w) = z}, assume that
0 < P(X=x,Z=2) < 1, and define the probability measure P*=*: of — [0,1] by
P%%(A)=P(A|Z=z), forall Ae .

(k) Assume that T, is P-unique.

() Assumethatallt,, x € X(Q), are P-unique.

11.1 True Propensities

In this section, we show that a conditional probability ¢, := P(X=x|Dyx), which is also
called a true propensity of x, may replace the covariate Z of X in the theorems on the
identification of causal effects and effect functions (see sections 6.4.1 to 6.4.3). The name
‘true propensity of x’ is chosen in order to emphasize that it is the conditional probability
of treatment x, conditioning on all potential confounders of X (see Def. 4.11).

Remark 11.2 [Conditional Randomization] Replacing the (possibly multivariate) covari-
ate Z of X by a true propensity can be useful, and is easily achieved, in the Z-conditionally
randomized experiment, in which by definition, the true propensity of a value x of X is
under the control of the experimenter, who (a) choses a (possibly multivariate) covariate
Z of X, (b) fixes the assignment probabilities such that

VxeX(Q): P(X=x|Dx) 5 P(X=x|2), (11.1)

and (c) for all x € X(Q), assigns an observational unit obtaining a value z on Z to treatment
x with probability P(X=x|Z=z) that is fixed such that 0 < P(X=x|Z=2) < 1. <

Remark 11.3 [Treatment-Specific Covariates] Fixing the conditional assignment proba-
bilities for treatment x, the experimenter can also use a covariate Z, that is specific for
treatment x. If X has more than two values xg, x1, ..., x; that all have a positive probabil-
ity, then the covariate Z, may differ from the covariate Z,: used for the assignment to two
different treatments x and x'. If this is the case, then we still can always consider the mul-
tivariate covariate Z = (73, ..., Z;). For this covariate the following theorem holds. <

Theorem 11.4 [Z-Conditional Independence]
Let the Assumptions 11.1 (a) and (b) hold and assume that Z,, x € {1,..., ]}, are covari-
ates of X. Then Z = (Z,, ..., Z)) is a covariate of X and

VxeX(Q): P(X=x|Dx) 3 P(X=x|Zy) (11.2)
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implies Equation (11.1).

Proof:

The fact that Z is a covariate of X follows from Definition 4.11 (iv), Remark 4.16, and
RS-Theorem 2.16. Furthermore, for all x € X (Q),

P(X=x|2) = E(1x=x2) [RS-(4.10)]
= E(E(1x—|Dx) | Z) [RS-Box 4.1 (xiii)]
= E(P(X=x|Dy)| Z) [RS-(4.10)]
= E(P(X=x|Z,)| Z) [(11.2)]
= P(X=x|Z) [0(P(X=x|2,)) € 0(Z),RS-Box 4.1 (xi) ]
= P(X=x|Dy). [(11.2)]

Remark 11.5 [A Methodological Implication] Practically speaking, Theorem 11.4 means
that the experimenter has the choice to use either treatment-specific covariates Z, or the
same (uni- or multivariate) covariate Z of X (e.g., psychological stress) in order to fix
the conditional treatment probabilities P(X=x|Dy), that is, to fix the true propensities.
In both cases, there is a covariate Z of X for which Equation (11.1) holds. <

Remark 11.6 [ Z-Conditional Independence of Dx and X] Ifthe Assumptions 11.1 (a) and
(b) hold, then, according to Proposition (8.14),

VxeX(Q): P(X=x|Dx) s P(X=x|Z) < DxIX|Z (11.3)

and, according to Proposition (8.15),
P(X=x|Dx) 5 P(X=x1Z) & Dxll1x_(|Z. (11.4)
N

Remark 11.7 [Conditionally Randomized Experiment vs. Quasi-Experiment] Defining
@, := P(X=x|Dyx), xeX(Q), (11.5)

we can summarize that the true treatment probabilities ¢, x € {1,...,J}, and with it ¢ =
(¢1,...,¢,) are known if they are chosen by the experimenter such that Equation (11.1)
holds. The validity of this equation distinguishes a Z-conditionally randomized experiment
from a quasi-experiment with J + 1 treatment conditions. For details of fixing treatment
probabilities see section 11.2.1. <

Remark 11.8 [Covariate Selection] Beyond the conditionally randomized experiment, the
multivariate true propensity ¢ = (¢;,...,¢;) can be estimated if a (possibly multivariate)
covariate Z is selected such that Equation (11.1) holds. This strategy is used in various tech-
niques in the analysis of observational studies. Details on covariate selection are treated
in section 11.2.2. <
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Remark 11.9 [True Propensities are Covariates of X] The propensities ¢,, x € {1,..., ]},
and the J-variate propensity ¢ = (¢1,...,¢;) are covariates of X because o(¢,) < o(p)
o(Dyx) [see Def. 4.11 (iv), Rem. 4.16, RS-Def. 4.4, and RS-Rem. 4.12]. <

Now we show that, under the Assumptions 11.1 (a) to (c), ¢,-conditional independence
of Dy and the indicator 7x-,, denoted Dxl Tx_,|¢,, always holds. Note that

Dyl 1x_xlp, & P(X=x|Dx) = P(X=x|¢,) (11.6)

[see again Prop. (8.15)]. Furthermore, under the Assumptions 11.1 (a) to (d), we show that
Dx 1l X | ¢ always holds for ¢ := (¢;,...,¢,). Note that, if X is discrete, then

Dyl X|lp < VxeX(Q): P(X=x|Dyx) = P(X=xl|) (11.7)
o VxeX(Q): Dxll Tx=x|¢p (11.8)

[see again Props. (8.14) and (8.15)].

Theorem 11.10 [¢-Conditional Independence of X and D]
Let the Assumptions 11.1 (a) to (c) hold. Then

(i) VxeX(Q): Dxll Tx—|@..
Ifwe additionally assume 11.1 (d), then

(i) DxILX|¢
(i) ¥ x€X(Q): Dy L 1y_| @.

Proof
Proposition (i). Note that ¢y is Dx-measurable and P(X=x|@,) is a notation for the
conditional expectation E(1x—,|¢p,) [see RS-(4.10)]. Hence,

VxeX(Q): P(X=x|p,) gE(P(X:xIDX) | (px) [o(py) ca(Dx), RS-Box 4.1 (xiii)]

= P(X=x|Dx). [(11.5), RS-Box 4.1 (xi)]

According to Proposition (11.6), this proves Proposition (i).
Proposition (ii). Similarly,

VxeX(Q): P(X=x|p) = E(P(X=x|Dx)|¢) [0(p) ca(Dy), RS-Box 4.1 (xiii)]
= P(X=x|Dx). [(11.5), RS-Box 4.1 (xi)]
According to Proposition (11.7), this proves Proposition (ii).
Proposition (iii). This follows from propositions (ii), (11.7), and (11.8).
According to Proposition (i) of Theorem 11.10, ¢,-conditional independence of Dx and
1x=x, X € X(Q), does not rest on any restrictive assumptions. We only assume that
((Q,.Q%P), (gt) tETr%r @%rX) Y)

is a regular probabilistic causality setup, Dy a global potential confounder of X, and X is
discrete with a finite number of values x = 0,1,...,J. Under these assumptions, ¢,-con-
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ditional independence of Dy and 7x-, always holds. Defining ¢ := (¢;,...,¢,), these as-
sumptions also imply ¢-conditional independence of Dx and X as well as Dx 1l Tx_| ¢,
x € X(Q), because o(7x-,) € 6(X) [see Props. (ii) and (iii) of Th. 11.10].

Remark 11.11 [Methodological Consequences] To emphasize, if we consider the specific
covariates ¢, and ¢, then conditional independence of Dx and X given ¢, or ¢ are not
assumptions. Instead these independencies necessarily hold. Therefore, we can apply all
theorems and corollaries that we already studied in section 8.3.2 dealing with Z-condi-
tional independence of Dx and 7x-, or X, simply replacing Z by ¢, or ¢. This will be
detailed in the following subsections. <

11.1.1 True Propensities and True Outcome Variables

According to the following corollary, the putative cause variable X and the multivariate
true outcome variable 7 = (7, 7,,...,7;) are conditionally independent given ¢. This im-
plies that X and all 7,, x € X(Q), are ¢-conditionally independent which in turn implies
that all 74, x € X(Q), are @-conditionally mean-independent from X. Remember, ¢-condi-
tional mean-independence of all true outcome variables 7., x € X(Q), is defined by

VxeX(Q): E(dX, @) = E(t.l ) (11.9)

and abbreviated V x e X(Q): 7, EX | .

Corollary 11.12 [Conditional Independence of 7 and X Given ¢]
Let the Assumptions 11.1 (a) to (h) hold. Then

(i) VxeX(Q): 1,1l X|g
(i) VxeX(Q):1,FX|¢p
(iii) TIL X | .

Proof:

Proposition (i). This follows from Theorem 11.10 (iii), 0 (t,) € 6(Dx) for all x € X(Q),
and RS-Box 6.1 (vi).

Proposition (ii). This follows from (i) and RS-Theorem 6.8.

Proposition (iii). This follows from Theorem 11.10 (iii), o(t) < a(Dy), and RS-Box
6.1 (vi).

Note that Propositions (i) and (iii) of Corollary 11.12 are not equivalent to each other
because 7 1L X | ¢ implies 7, 1L X | ¢ for all x € X(Q), but not vice versa (see Exercise 11-2).

In the following corollary we turn to some conditional independencies of the true out-
come variables and indicators of an event {X=x}.

Corollary 11.13 [Conditional Independence of 7, and 7x-, Given ¢, or ¢]
Let the Assumptions 11.1 (a) to (g) hold and let 7,1, x'€ X(Q), denote a true outcome
variable of Y given x'. Then

(1) YxeX(Q): 1ol Tx—x| @y
(i) VxeX(Q): 1o F Tx—x| @y
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(ii)) VX, x'€X(Q): Tl Tx=x| @
(iv) Vx,x'€eX(Q): 1o F x| .

Proof

Proposition (i). This follows from Theorem 11.10 (i) and o (t,) < o (Dx).
Proposition (ii). This follows from (i) and RS-Theorem 6.8.

Proposition (iii). This follows from Theorem 11.10 (iii) and o (1y1) € 0(Dy).
Proposition (iv). This follows from (iii) and RS-Theorem 6.8.

Hence, if the Assumptions 11.1 (a) to (f) hold, then, according to the first proposition of
Corollary 11.13, the true outcome variable 7, and the indicator 7x-, are ¢,-conditionally
independent and this holds for all x € X(Q). According to the second proposition of this
corollary, for all x € X(Q), 1, is ¢-conditionally mean-independent from 7x_,, that s,

VxeX(Q): E(TelTx=x,¢x) 5 E(Tx| @x). (11.10)

Furthermore, according to the third proposition of Corollary 11.13, all true outcome
variables 7,/, x'€ X(Q), and all indicators 7x-,, x € X(Q), are ¢-conditionally independent.
Finally, according to the fourth proposition of this corollary, all 7./, x'e X(Q), are ¢-condi-
tionally mean-independent from all indicators 7x-,, x € X(Q), and this implies

VxeX(Q): E(TylTx=x,p) = E(t,.l¢). (11.11)

Remark 11.14 [Consequences for Unbiasedness] If, additional to the Assumptions 11.1
(a) to (g), we assume that all 7., x € X(Q), are P-unique, then, according to Equations
(11.10), (11.11), and Theorem 6.20 (i), we can conclude that all conditional expectations
EX=*(Y|¢,) and EX=*(Y|¢), x € X(Q)), are unbiased, that s,

VxeX(Q): X (Y1) = E(tel @) (11.12)

and
VxeX(Q): EX(Yg) = E(n:]9) (11.13)

[see Def. 6.13 (i)]. Remember, according to Definition 6.18 (i), the conditional expecta-
tion E(Y|X, ) is called unbiased, denoted E(Y|X, ) - Dy, if all EX=*(Y|¢), x€ X(Q), are
unbiased, that is, if Equation (11.13) holds. Hence, Theorem 6.20 (i), Corollary 11.13, and
Definition 6.18 (i) imply the following corollary. <

Corollary 11.15 [Unbiasedness of EX=*(Y|¢,) and EX=* (Y| )]

Let the Assumptions 11.1 (a) to (g) hold and assume that 1, x € X(Q), is P-unique. Then
EX=*(Y|¢@,) and EX=*(Y|¢), x € X(Q), are unbiased. Furthermore, if all 7., x € X(Q),
are P-unique, then E(Y | X, @) is unbiased as well.

Remark 11.16 [Unbiasedness of EX=*(Y|¢,=p,) and EX~*(Y|¢ =p)] Let p, € [0,1] be a
value of the true propensity ¢, and p € [0,1]/ be a value of the J-variate propensity
@=(p1,...,9)). If PX=* (.= p,) > 0, then, according to Definition 6.13 (ii), the conditional
expectation value EX= (Y|, = p,) is called unbiased, denoted E X=X(Y|@,=p,) F Dy, if
T, is P#*=Px_-unique, and
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EX(Y1px=pa) = E(tl 9= py). (11.14)

Correspondingly, if P*=*(¢ = p) > 0, then, according to Definition 6.13 (ii), the conditional
expectation value EX=*(Y|¢p = p) is called unbiased, denoted EX=*(Y|¢p = p) E Dy, if 1, is
P?%=P-unique, and

EX*(Ylp =p) = E(tlp=p). (11.15)

Furthermore, remember that P¥*=P*-uniqueness and P?#~?-uniqueness of 7, follows
from 7, being P-unique, but not vice versa [see RS-Box 5.1 (V)]. <

Corollary 11.17 [Unbiasedness of EX=*(Y |¢, = p,) and EX=*(Y|¢p= p)]
Let the Assumptions 11.1 (a) to (g) hold. Let p, € [0,1] be a value of p, and p € [0,1) a
value of p = (p1,...,¢)).
() IfPX=*(@,=p.) >0 andt, is P*=P* -unique, then EX=*(Y | @, = p,) is unbiased.
(i) IfP*=*(p =p) > 0 and . is P?=P -unique, then EX=*(Y | = p) is unbiased.
Proof:
These two propositions follow from Corollary 11.15, Equations (11.12), (11.13), RS-
Remark 5.31, and RS-Remark 2.55.

11.1.2 Identification of Total Effect Functions

Corollary 11.15 has immediate implications on unbiasedness of the ¢-conditional total
effect functions, provided that we additionally assume P-uniqueness of 7, and 7, in order
to make sure that unbiasedness of EX=*(Y| @) and E X :"'(Yl(p) is defined.

Corollary 11.18 [Identification of the ¢-Conditional Total Effect Function]
Let the Assumptions 11.1 (a) to (g) hold, let T,1, x'€ X(Q), denote a true outcome vari-

able of Y given x', assume that T, and Ty are P-unique, and let CTE , .1 denote the

causal @-conditional total effect function comparing x to x' with respectto'Y .
(i) Then

CTE,, . /(p) = EX=*(Y|¢) - EX=(Y|¢) (11.16)

holds for the composition of ¢ and CTE,, ...
(ii) If p is a value of ¢ such that P(X=x,p=p),P(X=x"¢=p) >0, then

CTE,, /(p) = EX™*(Y|p=p) - EX"*(Y|p=p). (11.17)

Proof
Proposition (i). According to Corollary 11.15, EX=*(Y|¢) and EX=*'(Y |¢) are unbi-
ased. Hence,
E*=* (Y1)~ E*=*(Y1¢) = E(1,19) - E(tul¢) [Def. 6.13 (i)
7 E(t—1ol9) [RS-Box 4.1 (xviii)]
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= CTE,), ../ (¢). [Def. 5.38 (i)

Proposition (ii). Note that P(X=x,p=p) > 0 implies P(¢ =p) > 0 and P-unique-
ness of T, and 1, implies that 7, and T, are also P?~" -unique [see RS-Box 5.1 (V)].
Finally, according to Corollary 11.17, the conditional expectation values EX=* (Y| = p)
and EX :x/(Y | =p) are unbiased. Hence,

EX*(Y|@=p)-E**(Y|p=p) = E(:lp=p)—EGvl@=p)  [Def.6.13 (i)
= E(1x—To/l@=p) [RS-(3.35)]

CTE,, ., (P). [Def. 5.38 (ii)]

11.1.3 Identifying the Expectation of a True Outcome Variable

According to the following theorem, we can use the conditional expectations E X=2(Y | py)
and EX=*(Y| ¢) for identifying the expectation of a true outcome variable t,.

Corollary 11.19 [Identifying the Expectation of a True Outcome Variable]
Let the Assumptions 11.1 (a) to (g) hold and assume that T, is P-unique. Then

E(ty) = E(E*¥=*(Y1¢)) = E(E*=* (Y| ¢.). (11.18)

Proof:

According to Corollary 11.15, EX:x(Yltpx) and EX:x(YI(p) are unbiased. Assum-
ing that 1, is P-unique implies that the expectation E(t,) is uniquely defined [see RS-
Box 5.1 (vii) for C = Q] and that the conditional expectation E(ty| @) is P-unique as
well [see RS-Box 4.1 (xiv) for Y = 1, and Z = 1), where 1,,71,€ §*=*(Y|Dx) and RS-
Rem. 4.10]. Hence,

E(E**(Ylgpy) = E(E(:l¢.) [Cor. 11.15, (11.12)]
= E(1y). [RS-Box 4.1 (iv)]

The corresponding arguments apply if we replace ¢ by ¢.

Now we consider the implications of Corollary 11.19 on the identification of a causal
average total effect. According to Corollary 11.20, the causal average total effect ATE
can be computed from the expectations of the conditional expectations EX=*(Y|¢,) and
E X:x'(Yl(px/) and from the expectations of the conditional expectations EX=*(Y|¢) and
E X:x'(Yl @), provided that we can presume that 7, and 7, are P-unique.

Corollary 11.20 [Identification of the Causal Average Total Effect]
Let the Assumptions 11.1 (a) to (h) hold and assume that T, and T, are P-unique. Then

ATE.. = E(EX™*(Y|¢,)) — E(EX(YIp,)) (11.19)
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= E(EX™*(Y|¢) — E(EX™"(Y|¢)). (11.20)
Proof:
ATE,x = E(tx) — E(1y1) [Def. 5.38 (i)]
= E(EX™*(Y|¢,) — E(EX(YIp,)). [Cor. 11.19]

The corresponding argument applies if we replace ¢, and ¢, by .

11.1.4 Identifying a Conditional Expectation of a True Outcome Variable

Equation (11.18) shows how to identify the expectation E(z,) of a true outcome variable
1, via the expectation of the ¢-conditional expectation EX=*(Y | ¢) and via the expecta-
tion of the ¢,-conditional expectation E X=x(y] @,). Of course, E(t,) is only a very coarse
information as compared to the true outcome variable 7, itself.

The next theorem shows how to identify the conditional expectation E(z,|V,), where V,
is any random variable that is measurable with respect to (7x-,,®). The random variable
V, can be chosen such that the degree of dissolution in the reaggregation is as fine-grained
as desired. Of course, V, cannot contain more information (in terms of the o-algebra it
generates) than the random variable (7x-,,¢.).

Corollary 11.21 [Identifying a V,-Conditional Expectation of 7,]
Let the Assumptions 11.1 (a) to (g) hold and assume that 7, is P-unique. Furthermore,
let V. be a random variable on (Q, &4, P) such that o (Vy) € 0 (1x=x,Px)-

(i) Then
E(t| Vo) 5 E(EX* (Y1 @) | Vi) (11.21)

(ii) Ifvy is a value of V, such that P(X=x,V,=vy) >0, then

E(1c|Vi=vy) = E(E** (Y] ¢y | Vi=vs). (11.22)
Proof:
Proposition (i).
E(E** (Y1) | Vi) = E(E(l9p.) | Vi) [Cor. 11.15, (11.12)]
= E(E(x| Tx=x,¢x)| Vi) [Cor. 11.13 (ii), Def. 4.41]
= E(1,|V3). [Box RS-4.1 (xiii)]

Proposition (ii). This equation immediately follows from (i) and RS-Theorem 4.27
because P(X=x,V,=vy) >0 implies P(V,=v,) > 0.

The following theorem shows how to use the conditional expectation EX=*(Y| ¢) for
identifying the conditional expectation E(z,|V) of a true outcome variable 7, given a ran-
dom variable V that is (X, ¢)-measurable.
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Corollary 11.22 [Identifying a V-Conditional Expectation of 7,]
Let the Assumptions 11.1 (a) to (h) hold and assume that all 7., x € X (Q), are P-unique.
Furthermore, let V be a random variable on (Q, &, P) such thato (V) c o(X,@).

(i) Then
VxeX(Q: E(EX(YI9)|V) = E(mV). (11.23)

(i) Ifv is a value of V such that P(X=x,V=v) >0, then

E(EX*(YI¢)|V=v) = E(t,|V=v). (11.24)
Proof:
Proposition (i). Forall x e X(Q),
E(E**(YI9)|V) = E(E(wl)| V) [Cor. 11.15, (11.13)]
= E(E(t: X, )| V) [Cor 11.12 (ii), Def. 4.41]
= E(1 V). [Box RS-4.1 (xiii)]

P

Proposition (ii). This equation immediately follows from (i) and RS-Theorem 4.27
because P(X=x,V=v) >0 implies P(V=v) > 0.

Remark 11.23 [A Caveat] Note that Corollary 11.21 (i) is restricted to a (7x=,,®,)-measur-
able random variable V.. Correspondingly, Corollary 11.22 (i) is restricted to a (X, ¢)-mea-
surable random variable V. Hence, these corollaries do not allow to identify E(7,|Z) via
the conditional expectations E X=x(y| @) orE X=x(y| @) for every covariate Z of X. <

11.1.5 Identifying a Causal Conditional Total Effect Function

Corollary 11.20 shows how to identify the causal average total effect. In contrast, Corol-
lary 11.24 shows how to identify a causal conditional total effect function that is less fine-
grained than CTE,, .,/ (¢) but still more informative than the causal average total effect.
This can be useful, for example, in statistical analysis if sample size is too small for a reli-
able estimation of CTE o xx! ().

Corollary 11.24 [Identifying a Causal Conditional Total Effect Function]
Let the Assumptions 11.1 (a) to (h) hold and assume that T, and 1, are P-unique. Fur-
thermore, let V be a random variable on (Q, </, P) such that o(V) c (X, ¢).

(i) Then

CTEy, .o (V) = E(EX*(Y|9)|V) - E(E***(Y19)| V). (11.25)

Vixx
(i) Ifv e Qy is a value of V such that P(X=x,V=v), P(X=x,V=v) >0, then
CTEy. ../ (v) = E(EX*(Y|@)|V=v) - E(EX¥(Y|¢)|V=v).  (11.26)

Proof:
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Proposition (i).

CTEy, (V) = E(Ty—T|V) [Def. 5.38 (i)]
= E(%,|V) = E(zo|V) [RS-Box 4.1 (xviii)]
= E(EX=* (Y| |V) - E[EX¥¥ || V). [Cor. 11.22 (i)]

Proposition (ii). This equation immediately follows from (i) and RS-Theorem 4.27
because P(X=x,V=v) >0 implies P(V=v) > 0.

Note that CTE
CTE

vixy' (V) is still a causal conditional total effect variable. In general,
v:xx' (V) is not identical to the prima facie total effect variable

PFE,. (V) = EX=*(Y|V) - EX=(y|v).

V;xx
In contrast to CTEy,. .,/ (V), the random variable PFE,. ./ (V) has no causal meaning un-
less it happens to be identical to CTEy,, ./ (V).

11.1.6 Numerical Example

Example 11.25 [Z-Conditional Independence of X and 7 — continued] We use the ex-
ample presented in Table 7.5 that also displays the values of the true propensity

¢ = P(X=1|Dx) = P(X=1|U). (11.27)

In this specific example, there are three different true propensity scores for treatment
1: The first unit has probability P(X=1|U=u,) = 7/8 for treatment 1, the next three
units have probability 5/8, and the last two units have probability 2/8 for treatment 1.
These conditional probabilities are the values of the true propensity ¢ = ¢; of treatment
1 because, in this example, U is a global potential confounder of X. Because X is di-
chotomous, we only need this single propensity ¢;. The other one can be computed via
P(X=0|U) =@po=1-¢;.

First of all, we check if the true outcome variables 7, = EX=%(Y|Dy) = EX=°(Y|U) and
71 = EX*Y(Y|Dy) = EX71(Y|U) are P-unique. According to Theorem 5.27 (ii), this is the
case, because P(X=0|U), P(X=1|U) > 0. According to Corollary 11.15, this implies that
the conditional expectations E X=x(y] @) of the outcome variable Y given treatment x and
the true propensity ¢ are unbiased for both values, 0 and 1, of the treatment variable X.

Table 11.1 displays the conditional expectation values EX=*(Y | ¢ =p), which can be
computed from the parameters in Table 7.5 using

E*(Yp=p) = Y EX*(Ylp=p,U=w)-P***(U=ulp=p)

u
- _ (11.28)
= Y EX"(Y|U=uw)-P**(U=ulp=p)
u
(see Exercise 11-4).
Because ¢ has only three different values, the conditional expectations EX=*(Y|¢) can
be parameterized as
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Table 11.1. Conditional expectation values EX=*(Y | = p) of the outcome variable Y given
treatment x and true propensity p in the example of Table 7.5

@ = P(X=1|U)
Treatment 7/8 5/8 2/8
x=0 72 89 111
x=1 83 96 122
EX* (Y1) = ¥§? + ¥ Apsis + Y57 Tp=ass, (11.29)

where 7,-5/3 and 7,-2/3 denote the indicator variables for the events {¢ =5/8} and {¢p =2/8},
respectively. For treatment x = 0, this conditional expectation is

EX=%Y|g) = y(()o) +Y§0)' 1p=5/8 +Y§0)' 1p=2/8

(11.30)
72+17-1p=5/8+39- 1p=2/s,

and for treatment x =1 it is

EX Y1g) = ¥y 417 Tp=si+Ys T2

(11.31)
83+13- 1(p:5/8 +39- 1(p:2/8-

(see Exercise 11-5).
Because the conditional expectations E X=x(y| @) are unbiased, the prima facie effect
variable

EX=' (Y1) - EX"(Y19)
83+13- 1(p:5/8+39' 1(,0:2/8_ (72+17- 1(p:5/8+39' 1(p:2/8) (11.32)
11-4-14-5/8

PFE(p;lO ()

is also the causal ¢-conditional total effect variable CTEy; (¢). That is, PFE ;0 (¢) =
CTE ;10 (¢). Hence, the causal conditional effects CTE ;o (p) of treatment 1 compared to
control given ¢ = p are

CTE;10(718) = PFE0(7/8) = 11-4-0 = 11,

CTE;10(5/8) = PFEy,19(5/8) = 11-4-1 =7,

and
CTE¢;10(2/8) = PFE¢;10(2/8) =11-4-0 = 11.

Now we illustrate how to use the conditional expectations EX=*(Y| @) in order to com-
pute the Z;-conditional effect function CTE 7,0 for the covariate Z; = Sex. Note that, in
contrast to Z, = College and Z = (Z,, Z,), the covariate Z; is ¢-measurable. In fact, Z; is
the composition of ¢ and a map g, because

m, ifep(w)=7/8or¢p(w)=>5/8

7w = glotw) z{f if p(w) =2/8
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(see RS-Lemma 2.34). Hence,

CTEz;10(Z) 5 E(EX"' (Y1) —-E*°(Y1 )| Z1) [(11.25)]
= E(11-4-19p=5/8|21) [((11.32)]
= 11 — 4-E(1yp=5/8121) [RS-Box 4.1 (xviii)]
= 11 = 4-E(1p=5/8112=r) [0(17=F)=0(Z1)]
3 3
= 11 - 4(Z — Z 121:f) [see Exercise 11-6]
5 8+3-1z=r.

Hence, the causal conditional effects CTE 7, ;1o (z) of treatment 1 compared to control given
the value z of Z; are
CTEz;10(m) = 8+3-0 = 8

for males and
CTEz;;10(f) = 8+3-1 =11

for females. These effects are in fact identical to the two conditional expectation values
E(t1—19lZ1=m) and E(1; —19|Z1=f) [see Def. 5.38 (ii)] that can be computed directly
from Table 7.5.

Finally, according to Theorem 11.20, the causal average total effect is

ATE)y = E[CTE;19(@)] = E[PFEy;10(¢g)]
= E(11-4-1p-5/8) = 11-4-E(1p=5/8) = 11-4-3/6 = 9.

This effect can also be directly computed from Table 7.5 as the expectation E(7; —17¢). An-
other alternative is to compute it from the Z;-conditional effect variable CTE 7,10 (Z) via

E(CTEz;;10(Z1)) = E(8+3-14-¢)
8+3-E(1-r)

2
8+3-— =9.
6

To summarize, this example shows how we can use the true propensity ¢ as a covariate
for identifying average and conditional total effects, where we can condition on ¢ or on a
measurable function of ¢. The values of the causal total effect variable CTE,;, (¢) are not
only the conditional total effects given a value of the propensity ¢, but we can also apply
Equation (11.25) in order to compute a V-conditional effect function provided that V is
a measurable function of ¢. Furthermore, Theorem 11.20 allows to compute the causal
average total effect from the ¢-conditional effect variable. <

11.2 Methodological Implications of the Theory of True Propensities
Now we discuss the methodological implications of the theory of true propensities pre-

sented in section 11.1 for the analysis of causal effects. We distinguish two cases: in the
first one, the true propensities are known, in the second they are unknown.



356 11 Identification of Causal Effects Using Propensities
11.2.1 Known True Propensities

Remark 11.26 [Conditional Randomization] In the true experiment, the true propensi-
ties are fixed by the experimenter, for example, as a function of a measured covariate Z,
such as the rated neediness of a person for a therapy. The experimenter may decide, for
example, that a person with a high need receives the treatment with probability 5/6, a per-
son with a medium need receives the treatment with probability 3/6, and person with a
low need receives the treatment with probability 1/6. If a person is rated to have a high
need, then the experimenter tosses a dice and treats the subject unless he tosses a six, and
he proceeds in the same way with persons belonging to the other two categories, except
for the different treatment probabilities and associated decision rules: If a person is cate-
gorized to have a medium need, then the experimenter treats the subject unless he tosses
a four, five or six. If a person is rated to have low need, then the experimenter treats the
person if he tosses a one. Such a procedure is called conditional randomization. <

Remark 11.27 [True Experiment] More generally, conditional randomization ensures
VxeX(Q): ¢ 5 P(X=x|Dy) 5 P(X=x|2). (11.33)

Under Equation (11.33), the true propensities ¢, and the Z-conditional treatment proba-
bilities P(X=x|Z) are identical (at least P-almost surely).

To emphasize, according to Equation (11.33), the treatment probabilities do not have
to be the same for each observational unit. Instead, the experimenter may determine the
treatment probabilities according to his diagnostic criteria of severity of symptoms, his
rated probability of success for the specific patient, or other optimality criteria (see, e. g.,
Pukelsheim, 2006; Berger & Wong, 2005). Of course, if several, say m, criteria are used
for fixing the treatment probabilities, then the covariate Z = (Z;,..., Z,,) would be an m-
variate random variable. Note that one or all of these covariates might also be continuous.
If Z,,...,Z, are real-valued, then one possibility is to fix the true treatment probabilities
by

(a) choosing coefficients ay,ay,...,«,, according to the desired relevance for the treat-

ment probability to be fixed,

(b) computing the conditional treatment probability according to the linear logistic

equation
exp(ao+a;-Z1+...+ 0 Zp)
1+exp(o+ 0 -2y +..c4 O+ Zpy)

P(X=x|Z) = (11.34)

(c) assign an observational unit (person) to treatment x with (conditional) probability
P(X=x|Z,=z,..., Zm=2m), which itself depends on the values z,,..., z,, of the unit
on these covariates.

<

Remark 11.28 [Identifying Conditional and Average Total Effects] If the true propensi-
ties ¢ := P(X=x|Dyx), x € X(Q), are known as described for a true experiment, then we
may use them in order to identify conditional and average total effects. If, for example,
there are only two values of X, say 0 and 1, and the true outcome variables 7y, and 7, are
P-unique, then the conditional expectations EX=°(Y|¢,) and E XZ‘(YI(pl) are unbiased
(see Cor. 11.15). Because ¢y = P(X=0|Dy) = 1 — ¢, the o-algebras generated by ¢, and
@, are identical, which implies EX=°(Y | ¢@,) = EX=%(Y|¢,) and EX=1(Y | o) = EX=L(Y ).
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Note that, using E XZO(YI(pl) and EX=!(Y|¢,) in the identification of conditional and
average total effects, no restrictive assumptions are necessary. When determining the treat-
ment probabilities, the experimenter only has to make sure that

P(X=0|Dx) P(X=0[2)3 0 and P(X=1|Dy) = P(X=1/2)> 0. (11.35)

Remember, according to Theorem RS-5.27, this condition is equivalent to P-uniqueness
of 7y and 7;. Also note that (11.35) implies 0 < P(X=1) < 1, which is equivalent to the con-
junction of P(X=0) >0 and P(X=1) > 0 [see SN-Th. 3.52 (ii)].

According to Corollary 11.19, the expectations of the conditional expectations EX=* (Y| ¢)
and EX=*(Y|¢,) are identical to the expectation of the true outcome variable 7, [see
Eq. (11.18)]. Hence, because ATE,, ' = E(1,) — E(7y/), the expectations of the conditional
expectations EX=*(Y |¢,), EX=*(Y|¢), EX=*'(Y|¢,), and EX=¥'(Y|¢) can be also be used
for identifying the causal average rotal effect ATE, ;. That s,

ATE 1 = E(EX™*(Y|¢,)) - E(EX™*' (Y| ¢,1)) (11.36)
= E(EX™*(Y| ) - E(EX (Y| ). (11.37)

Furthermore, the conditional expectations EX=*(Y|¢) and EX =x'( Y| ) can also be used
to compute the ¢-conditional total effect function CTE p;xxs that s,

CTE,, ../ (9) = EX*(Y19) — EX="(Y]¢) (11.38)

[see Eq. (11.16)].

Finally, we can also compute the conditional expectations E(z,| V) and E(7,/|V) of the
true outcome variables 7, and 7,/ given an (X, ¢)-measurable map V [see Eq. (11.23)]. Be-
cause

CTEV;xx’(V) E(Txlv)_E(Tx’lv) (11.39)

E(EX*(Y19)|V) - E(EX"(Y|9)| V) (11.40)

[see Eq. (11.25)], the conditional expectations E X=x(y| @) can be also be used for identify-
ing the causal V-conditional total effect function CTE ., via Equation (11.40). <

Gehort das Folgende nicht nach hinten?

11.2.2 Unknown True Propensities

Remark 11.29 [Quasi-Experiment] By definition, in a quasi-experiment, the true propen-
sities can only be estimated. In this case, we need two kinds of assumptions, which entails
that there are also two sources of errors. The first source of error is in the selection of the
covariates. The critical question is: ‘Did we select those covariates in Z = (Z,,..., Z,,) for
which the treatment variable X and a global potential confounder Dy are independent
given these covariates of X?’ [see Eq. (11.1)]. The second source of error is in the specifi-
cation of the parameterization of the conditional probability P(X=x|Z). If Z has only a
few values such as needinessin the example above, then it is easy to specify a saturated pa-
rameterization of P(X=x|Z), thatis, a parameterization that always holds for the selected
covariate Z. However, if Z has many values, is multivariate, or even continuous, then a
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correct parameterization may be difficult. If, for example, we base our analysis on the as-
sumption that the parameterization specified in Equation (11.34) holds, then the critical
question is, whether or not this assumption is correct, that is, ‘Did we correctly specify
the parameterization of P(X=x|Z)? Of course, there are many other types of paramet-
ric functions for P(X=x|Z). These functions are not necessarily logistic functions or they
may include quadratic and higher order terms as well as product terms representing inter-
actions between different covariates. Furthermore, it is also possible that there is no simple
parametric function at all that describes P(X=x|Z). In fact, there are many alternatives
to logistic regression for estimating P(X=x]|Z), such as neuronal networks (e. g., King &
Zeng, 2001), boosted regressions (e. g., McCaffrey, Ridgeway, & Morral, 2004), classifica-
tion trees (e.g., Lee, Lessler, & Stuart, 2010), and smoothing splines generalized additive
models (e. g., Keele, 2008; Woo, Reiter, & Karr, 2008). <

In the sequel we treat some theorems that are useful in covariate selection. They cannot
only be used in selecting a covariate Z = (7, ..., Z,,) for which the treatment variable X
and the global potential confounder Dy are Z-conditionally independent [see Eq. (11.1)],
but also for finding a correct parameterization of P(X=x|Z2).

Remark 11.30 [Balancing] If Wis a potential confounder of X, then according to Theo-
rem 11.31, there is ¢,-conditional independence of W and the indicator 7x-, and ¢-con-
ditional independence of W and X. <

Corollary 11.31 [Conditional Independence of X and a Potential Confounder W]
Let the Assumptions 11.1 (a) to (c) hold and let W be a potential confounder of X. Then

(l) WL 1X=x | (Px-
Ifwe additionally assume 11.1 (d), then

(i) WILX ¢
(i) WL 1x—| .

Proof

Proposition (i). This follows from Theorem 11.10 (i), Definition 4.11 (iv), and RS-Box
6.1 (vi).

Proposition (ii). This follows from Theorem 11.10 (ii), Definition 4.11 (iv), and RS-
Box 6.1 (vi).

Proposition (iii). This follows from Theorem 11.10 (iii), Definition 4.11 (iv), and RS-
Box 6.1 (vi).

Remark 11.32 [Identical Conditional Distributions] If x and x’ are two values of X for
which P(X=x,¢p=p),P(X=x',p=p) >0, then W 1L X | ¢ implies

PW\X:x,(p:p = PW\X:x’,(p:p (11.41)

(see SN-Rem. 17.47). Hence, if P(X=x,¢@=p) > 0 for all x € X(Q), then ¢-conditional inde-
pendence of X and Dy implies that the (X=x, ¢ = p)-conditional distributions of a poten-
tial confounder W of X are identical for all x € X(Q). Note that, by definition, a covariate Z
of X is also a potential confounder of X. Therefore, Equation (11.41) also holds if Wis one
of the covariatesin Z = (/3,..., Z,,). <
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Remark 11.33 [Covariate Seclection] The fact that W 1L X | ¢ implies Equation (11.41) is
often used in covariate selection aiming at finding a covariate Z of X such that

Vxe{l,...,J}: P(X=x|2) = P(X=x|Dy) = Px. (11.42)
If we define
VxeX(Q): ny:=P(X=x|2) and 7= (y,..., 7)), (11.43)

and Equation (11.42) holds, then W 1L X | ¢ and W 1L X | & are equivalent. Hence, if x and
x'are two values of X and p is a value of 7 for which P(X=x,7=p), P(X=x',m=p) >0, then
W 1L X | = implies

PW\X:x,n:p = PW\X:x’,n:p (11.44)

(see Rem. 11.32). Now, if, in an analysis of empirical data, we have to reject the hypothesis
that these two conditional distributions of the potential confounder W of X are identical,
then it follows that Equation (11.42) does not hold and we may look for another covariate
Z* of X satisfying

vxe{l,...,J}: P(X=x|Z") = P(X=x|Dx) 5 ¢x. (11.45)
<

Remark 11.34 [7-Conditional Mean-Independence of W from X] Note that W 1L X' | w im-
plies

EWIX,n) 5 E(W|m) (11.46)

(see RS-Th. 6.8). Furthermore, if x and x’ are two values of X for which P(X=x,n=p),
P(X=x',m=p) >0, then this implies

E(W|X=x,n=p) = EW|X=x",m=p). (11.47)

These equations can be used as well to check if Equations (11.42) and (11.43) actually hold
for the selected covariate Z = (Z,..., Z,,). <

Remark 11.35 [Did we Select the Right Covariates?] If, for example, X is dichotomous,
we define 7 := P(X=x|Z), and find that

E(WI|X,m) = E(W|n)

does not hold, then we can conclude that = s¢p= P(X=1|Dy) does not hold as well. That
is, we did not select Z such that Equations (11.42), (11.43), and all their implications —
such as unbiasedness of E(Y | X, ) (see Cor. 11.15) — hold. <

Remark 11.36 [Did we Consider a Correct Parameterization?] Even if we are sure that
Equation (11.42) holds for the covariate Z of X, then each of the equations (11.44) to
(11.47) can also be used to check if we consider a correct parameterization of the condi-
tional probabilities P(X=x|Z2), x € X(Q). For example, if X is binary, we define the random
variable
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explap+a;-Z1+...+ Q- Zp)
T l+exp(@oH 0+ H U L)

(11.48)

and find in an empirical data analysis that the hypothesis
EW|X,p) 5 E(W|p)

does not hold, then we can conclude that either P(X=x|Z) is not a version of the true
propensity ¢ — which means that Z = (7;,..., Z,,) does not contain the right covariates
in the sense that Equation (11.42) holds — or Equation (11.48) does not specify a (correct)
parameterization of the conditional probability P(X=x|Z). <

11.3 Z-Conditional Propensities for Total Effects

If the true outcome variables 1y, 13, ..., T; are P-unique, then, according to Corollary 11.15,
the conditional expectations EX=*(Y|¢,), x € X(Q), and E(Y| X, ¢) are unbiased. Hence,
in section 10.2 we discussed fixing the true propensities ¢ = P(X=x|Dy) or selecting co-
variates such that the true propensities are estimated. The criterion for covariate selection
discussed in section 11.1 has been presented in Theorem 11.4, namely

VxeX(Q): P(X=x|Dx) 3 P(X=x|2).

This equation can not only be used to fix the true propensities as functions of the covariate
Z; instead, its implications can also serve for covariate selection (see Remarks 11.30 to
11.36).

Remark 11.37 [Another Criterion for Covariate Selection] Another criterion for covari-
ate selection does not aim at estimating the true propensities. Instead, it suffices to select
a (possibly multivariate) covariate Z of X such that

VxeX(Q): P(X=x|2) = P(X=x|1.,2). (11.49)

This equation is equivalent to Z-conditional independence of 7x-, and the true outcome
variable 7., for each value x of X. In Box 7.2 we introduced the shortcut Vx: 7, Il 7x—, | Z for
this equation. Unfortunately, in practice, Equation (11.49) does not lend itself for covariate
selection, because it is not empirically testable (see sect. 7.5).

However, Equation (11.49) does not only follow from Dx 1l X |Z (see Th. 8.31). If all 7,
x € X(Q), are P-unique, then, according to Theorem 9.35, it also follows from

VxeX(Q): EX*(Y|Dx) =, EX*(Y|2). (11.50)

This equation is abbreviated by Vx: Y F Dx|(X=x, Z). In fact, ifall 7., x € X(Q), are P-unique,
and Equation (11.50) holds, then

VXeXQ): 7, = EX*(Y|2). (11.51)

Hence, if we can assume that all 7,,, x € X(Q), are P-unique, then another strategy of co-
variate selection aims at finding a covariate Z of X such that Equation (11.50) holds. <
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Remark 11.38 [Another Strategy for Covariate Selection] Because

EYIX,Z) = ) EX"(Y|Z)-1x—, (11.52)
xeX(Q)

[see RS-Eq. (5.36)], we can also summarize the alternative strategy of data analysis as fol-
lows: Find a (possibly multivariate) covariate Z = (Z3,..., Z,;) of X such that

E(Y|X,Dx) 5 E(Y|X,Z). (11.53)

If Equation (11.53) holds, we define 7 = (r4,...,7;) with ny = P(X=x|2), x=1,...,J, and
we assume that all true outcome variables 7., x € X(Q), are P-unique, then we can identify
the causal 7-conditional total effect variables by

CTEgw(m) = EX=*(Y|m) - EX=¥(Y|m), (11.54)
and the causal average total effect by
ATE, = E(CTEq,»(m) = E(E*=*(YIm)) - E(E*"(Y|m). (11.55)

In general, the conditional total effect function CTEy.,, is less fine-grained than the con-
ditional total effect function CTE4;,,', which, under Equation (11.53), is also a version of
the true total effect function specified by CTEp ./ (Dx) 5 E*=*(Y|Dy) — EX=*(Y|Dy). <

Remark 11.39 [Z-Conditional Propensity] Let x € X(Q) be a value of X and Z be a (pos-
sibly multivariate) covariate of X.Then a version

7y = P(X=x|Z) (11.56)

of the Z-conditional probability of the event {X=x} is called a Z-conditional propensity
of x. Hence, 7, is a random variable that is measurable with respect to Z and because
Z is a covariate of X, the propensity n, and Z itself are measurable with respect to Dy
[see Def. 4.11 (iv) and Rem. 4.16]. Furthermore, if z € Z(Q) Q% is a value of Z such that
P(Z=z) >0, then P(X=x|Z=z) is also called the propensity score of x given the value z of
Z (cf. Rosenbaum & Rubin, 1983a, 1984). Note that 7, is not necessarily identical to the
true propensity ¢y that has been defined in Equation (11.5), that is, Equation (11.53) does
not necessarily hold. Defining ¢, we condition on a global confounder Dy of X, whereas
defining 7, we condition on a covariate Z of X. While 0(Z) c o(Dy), the two o-algebras are
not necessarily identical. <

Remark 11.40 [Only /-Propensities] Note that we only need J such propensities if there
are J + 1 different values of X, because

o 1-(my +---+my) (11.57)

(see Exercise 11-3). Hence, we can gather the propensities in the J-dimensional vector
7= (my,...,m;). Note that  is function of Z because each 7, is a function of Z, x € X(Q).
Hence, according to RS-Lemma 2.35, 7, is measurable with respect to Z.If X is binary with
values 0 and 1, then

P(X=012) 5 1-P(X=1|2) (11.58)

(see again Exercise 11-3). <
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Remark 11.41 [The Propensity Given 7 is a Covariate] Also note that = = (7y,...,7;) as
well as each 7y, x = 1,...,J, are covariates of X, that is, # and each m, are measurable
with respect to Dx (see RS-Th. 2.16), provided that the random variable Z is a covariate of
X and therefore is Dx-measurable [see again Def. 4.11 (iv) and Rem. 4.16]. Following the
same arguments, according to RS-Theorem 2.34, 7 is also a covariate of X. <

In the following lemma we show that P(X=x|n,) and P(X=x|n) are versions of the
conditional probability P(X=x|Z). This lemma prepares Theorems 11.44 and 11.48.

Lemma 11.42 [P(X=x|7m,) and P(X=x|x) are Versions of P(X=x|2)]
Let X and Z be random variables on the probability space (Q, <, P), let ny := P(X=x|2),
forallxeX(Q), and n := (my,...,7;). Then

VxeX(Q): P(X=x|Z2) 5 P(X=x|m) 5 P(X=x|n). (11.59)

Proof

According to RS-Remark 4.12, P(X=x|Z) is another notation for the conditional
expectation E(1x-.|Z), where 1x_, denotes the indicator variable of the event {X=x}.
Hence, for all x e X(Q),

P(X=x|Z) = E(P(X=x|2)|my) [0(P(X=x|2))<0(m), RS-Box 4.1 (xi)]
P(X=x|my). [o(myx) € 0(Z), RS-Box 4.1 (xiii)]

The proof of the second equation is analog. We simply have to replace ny by & and then
use transitivity of the relation = (see SN-Remark 2.73).

Remark 11.43 [Z-Conditional Independence of X and True Outcome Variables] Note
that

Tl 1x—y|Z o PX=x|Z,Ty) fP(szlZ) (11.60)
(see RS-Th. 6.6). According to the following theorem, this condition has an implication for
the conditional probability P(X=x| ). <

Theorem 11.44 [An Implication of Z-Conditional Independence of 7, and 7x_]
Let the Assumptions 11.1 (a), (b), (e) to (g), and (i) hold, and define my gP(X:xIZ).
Then

Tl Ix—|Z = P(X=x|my,1y) = P(X=x|my). (11.61)
Proof:
P(X=x|7my,Tx)
= E(P(X:le,Tx) |7zx,rx) oy, Ty) € 0(Z,T,), RS-Box 4.1 (xiii)]
= E(P(X=x|2) | 7ix, 7x) [T AL 1x=x| Z, (11.60)]
= P(X=x|2) [0(P(X=x|Z) c 0(7mx,Ty), RS-Box 4.1 (xi)]

= P(X=x|my). [(11.59)]
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Remark 11.45 [An Implication of Z,-Conditional Independence of 7, and 7x_,] Accord-
ing to RS-Lemma 6.6, Proposition (11.61) is equivalent to

Tl Ix—x|Z = Tl Tx— | 7. (11.62)

<

If Z is a covariate of X, then x, = P(X=x|Z) is a covariate of X as well. Therefore, the
second part of Theorem 7.19 immediately yields the following corollary.

Corollary 11.46 [z, 1L x—, | 7, Implies Unbiasedness of E*X=* (Y| ,)]
Let the Assumptions 11.1 (a), (b), (e) to (g), and (i) hold and assume that 1., x € X(Q), is
P-unique. Furthermore, for x € X(Q), define ny := P(X=x|Z). Then

Tl Ty_i|my = E***(Y|my) F Dy. (11.63)

Hence, according to this corollary, if the true outcome variable 7, is P-unique, and 7x-,
and the true outcome variable 7, are m,-conditionally independent (i. e., if 7, 1L Tx | 7y),
then EX=*(Y|x,) is unbiased.

Remark 11.47 [Strong Ignorability] If we consider 7 := (1¢,71,...,7;), then
TIX|Z o VxeX(): P(X:le,T)gP(X:xIZ) (11.64)

(see RS-Th. 6.5). Remember, if we assume 7 1L X | Z and that each 7, x € X(Q), is P-unique,
then this is the assumption of strong ignorability given Z (see Rem. 7.16). <

Theorem 11.48 [7-Conditional Independence of True Outcome Variables and X]
Let the Assumptions 11.1 (a), (b), and (e) to (i) hold. Furthermore, for all x € X (Q), define
7y = P(X=x|Z) and n := (71,...,7)). Then

(i) DxIX|Z = 7l X|Z = 1 X|n
(ii) Ifallt,, x € X(Q), are P-unique, then Y E Dx|(X,Z) = vl X|m.

Proof:
Proposition (i). The first implication in this proposition is Theorem 8.31 (i). For the
proof of the second implication, we have to show

11 X|Z = VxEX(Q):P(X:xlﬂ,r)gP(X:xIn)

(see RS-Th. 6.5). Hence, for all x € X(Q),

PX=x|m, 1)
= E(P(X=x|Z,7) |7z,r) [o(m,7) €0 (Z,7), RS-Box 4.1 (xiii)]
= E(P(X=x|2)|n,7) [Tl X|Z, (11.64)]
= P(X=x|Z) [0(P(X=x|2)) co(n,T), RS-Box 4.1 (xi)]

= P(X=x|m). [(11.59)]
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Proposition (ii). According to Theorem 9.38, Y E Dx|(X,Z) = 1 X| Z, ifall 7.,
x € X(Q), are P-unique. Hence, Proposition (ii) follows from (i).

According to Theorem 11.48, Z-conditional independence of the putative cause vari-
able X and the global potential confounder Dx of X as well as the conjunction of (X, Z)-
conditional mean-independence of the outcome variable Y from Dx and P-uniqueness
of all true outcome variables 7., x € X(Q), imply 7-conditional independence of X and the
multivariate true outcome variable 7.

If Z is a covariate of X, then 7, = P(X=x|Z) is a covariate of X as well. Therefore, The-
orem 7.21 yields the following corollary.

Corollary 11.49 [7 L X | # Implies Unbiasedness of E X=x(y|m)]

Let the Assumptions 11.1 (a), (b), and (e) to (i) hold and assume that all T, x € X(Q), are
P-unique. Furthermore, for all x € X(Q), define ny := P(X=x|Z) and  := (m,,...,7)).
Then

Tl X|nm = E(Y|X,n)F Dy. (11.65)

11.3.1 Methodological Implications

The conclusion of Theorem 11.48, conditional independence of X and the multivariate
true outcome variable 7 given 7, does not only imply unbiasedness of the conditional ex-
pectation E(Y|X, ). It also has other important methodological implications.

Remark 11.50 [Reduction of Dimensionality] Conditioning on 7 := (774,...,7;) instead of
the original covariate Z := (Z3,..., Z;,) can be advantageous. For a small number J +1 of
values of X and a large number of covariates Z, ..., Z,, this may simplify the conditional
expectation E(Y|X, m) considerably compared to the conditional expectation E(Y|X, Z).
If, for instance, X represents a treatment variable and there are J+ 1 = 2 treatment con-
ditions and m = 5 covariates 7i,...,Zs, then conditional independence of 7 = (7¢,7;)
and X given the covariate Z := (Zj,...,Z;) implies that 7 and X are also conditionally
independent given 7; := P(X=1|Z2). In contrast to Z, the propensity ; is a univariate
random variable. This fact allows us to compute the average total effect ATE,, not only
from the conditional expectations EX=*(Y|Z,,...,Zs), x = 0,1, but also from the condi-
tional expectations EX=*(Y|m,) x = 0,1, and from the 7,-conditional prima facie effect
function PFEy;1 (see Th. 6.34). Furthermore, the causal 7, -conditional total effect func-
tion CTEy, ;1 is identical to the m;-conditional prima facie effect function PFE;,;, (see
Cor. 6.37).

Note, however, that the Z-conditional total effect function CTE,;;y may be more in-
formative than the 7, -conditional total effect function CTEj,;10, because 7, := P(X=1|2)
may not be a one-to-one function of Z. Furthermore, the interpretation of 7; may not
be as easy as the interpretation of the covariate Z. If, for example, Z is a pretest, then we
exactly know the meaning of the (Z=z)-conditional treatment effect of a person scoring
z on the pretest. These conditional effects immediately answer questions such as ‘Is the
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treatment effect on the outcome variable Y higher for those having a low score on the
pretest as compared to those having a high pretest score?’ In contrast, the meaning of the
(7= p)-conditional treatment effect of a person scoring p on the propensity 7; usually is
less clear.

Finally, if there are many values of X and few covariates it will be more convenient and
more informative to use the conditional expectations EX=*(Y| Z) rather than the condi-
tional expectations EX=*(Y| x) in identifying causal total effects and causal conditional
effect functions. For example, if there are six treatment conditions and only one single
univariate covariate Z for which 7 1L X | Z holds, then we would need five different propen-
sities 1, = P(X=x|Z), x=1,...,5, and six conditional expectations EX~*(Y|m), x € X(Q0),
instead of just six conditional expectations EX=*(Y|Z) for identifying all causal total ef-
fects and causal conditional effect functions. In this case, using the six conditional expec-
tations EX=*(Y|Z) would be preferable to using five propensities n, = P(X=x|Z) plus
six conditional expectations E X=X(Y|m,). Furthermore, using the six conditional expecta-
tions EX=*(Y|Z) would yields even more informative causal conditional effect functions
because the propensities 7, are measurable with respect to Z.

Alternatively, we may use the conditional expectations E X=x(Y|m)with w = (my,...,75),
a five-dimensional random variable, although Z is just one-dimensional. Because, in em-
pirical applications, the propensities 7, = P(X=x|Z) usually have to be estimated, using
propensities instead of covariates is much more error-prone in such a case with many val-
ues of X and only few covariates. <

Remark 11.51 [Fraud Prevention] If Z = (Z,,..., Z,,) is chosen such that Dx 1l X | Z holds,
then the outcome variable Y is not involved in the selection of the covariates 7, ..., Z,,.
In other words, in empirical applications, we can choose Z without knowing the out-
come variable Y and even before Y is assessed. This can be used to prevent that a co-
variate Z is selected such that EX=*(Y|Z) — EX:x/(YlZ) describes the desired total ef-
fect function and E (E*=*(Y|Z2))-E (EX:X/(YIZ)) the desired average effect of the treat-
ment. Covariate selection before the outcome variable Y is assessed does not imply that
we have to conduct a propensity score analysis estimating the n-conditional expectations
E*=*(Y|m) and the 7-conditional effect functions. Instead or in addition, we may also es-
timate the Z-conditional expectations E X=x(Y|Z) and the Z-conditional effect functions
EX=X(Y|Z)- EX=¥'(Y|2). <

11.3.2 Numerical Examples

Table 7.5 gives an example for conditional independence of the true outcome variable
T = (79, 71) and the treatment variable X given the covariate Z := (Z;, Z,), where Z; = sex
and Z, = college. In this table, the covariate Z is two-dimensional. Remember, this example
is constructed such that the person variable U is a global potential confounder implying

EX(Y|Dy) = EX**(Y|U) (11.66)

and
P(X=1|Dy)

P(X=1|U). (11.67)

Note that, in this example, there is also conditional independence of T and X given the
one-dimensional propensity 7; = P(X=1|Z). In section 7.4.2, we already checked con-
ditional independence of T and X given the two-dimensional covariate Z, which implies
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Table 11.2. Conditional expectation values EX=*(Y|m;=p) in the example of Table 7.5

Propensity score

Treatment p=6/8 p=5/8 p=2/8

x=0 72.00 97.50 111.00
x=1 83.00 102.50 122.00

Tl X |m [see Th. 11.48 (i)]. According to Theorem 7.21, this in turn implies that the condi-
tional expectations EX=°(Y'|x,), EX~}(Y|x,), and E(Y|X,n,) are unbiased, provided that
the true outcome variables 7, and 7; are P-unique. According to RS-Theorem 5.27, P-
uniqueness of 7, and 7; follows from P(X=0|U) >0 and P(X=1|U) > 0, respectively.

Also note that, in this example, the Z-conditional propensity ; differs from the true
propensity ;. This entails that the conditional total effect functions CTE; o and CTEy; 1o
differ from each other. However, both are causal total effect functions and both can be
used for identifying the causal average total effect ATE;,.

In this example, there are three different Z-conditional propensity scores for treatment
1. The first two units have the Z-conditional propensity score P(X=1|Z=m, Z,=no) =
6/8, whereas the next two units have the propensity score P(X=1|Z,=m, Z, =yes) = 5/8,
and the last two units have the propensity score P(X=1|Z,=f, Z, =yes) = 2/8 for treatment
1 (see Table 7.5). These propensity scores are the values of the propensity 7; = P(X=1|2).
Because X is dichotomous with values 0 and 1, we only need one a single propensity 7, =
P(X=11|2%y, 7). The second propensity is 7y = P(X=0121, Z,) =1 - P(X=1|2, Z»).

In this example, m; has only three different values. Therefore, the conditional expecta-
tions EX=*(Y|m,), x =0, 1, can be parameterized by

EX*(Yim) = Y+ Y0 1 csis + Y5 - T8, x=0,1, (11.68)

where 7;,-5/8 and 7;,-2/8 denote the indicator variables for the events {#;=5/8} and
{m,=2/8}, respectively.
For treatment x =0,

EYIm) = v ¥ Tm=si 4 Yy - Tmy=ars
72+25.5-15,=5/8+39 15,=2/8,

(11.69)

and for treatment x = 1

1 1 1
Y(() ) +Y§ ). 7n1:5/8+Y£ . Tny=2/8

83+19.5- 1n1:5/8 +39- 1711:2/8-

X=1
ETYim) (11.70)

The y-coefficients in these equations can be computed from the conditional expectation
values EX=*(Y|r, = p) displayed in Table 11.2 (see Exercise 11-5). These conditional expec-
tation values EX=* (Y|, = p) have be computed from the parameters displayed in Table 7.5
using
EX*(Y|m=p) = Y E**(Y|m=p,U=w) - P (U=ul|m, =p)
u

= Y EX'(YIU=w)-P*(U=ulm =p),
u
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just in the same way as in Example 11.25.
Because the conditional expectations EX=*(Y|x,) are unbiased, the prima facie effect
variable

EX=N(Y ) - EX°(Y|m)
83+19.5- 15,=5/8+39 1,=2/8 — (72+25.5" 15,25/ + 39~ T, =2/8) (11.71)
=11-6- 15,58

PFEm;lO(T[I)

is also the causal conditional total effect variable CTEjy,;10(r;). Hence, the causal condi-
tional total effect CTEj,;10(6/8) of treatment 1 compared to the control on the outcome
variable Y given 7, = 6/8 is

CTEg,;10(6/8) = PFE,.19(6/8) = 11-6-0 = 11,

the causal conditional total effect CTEy;10(5/8) of treatment 1 compared to the control on
the outcome variable Y given 7, =5/8 is

CTEz,:10(5/8) = PFE;,10(5/8) = 11-6-1 = 5,

and the causal conditional total effect CTE,;10(2/8) of treatment 1 compared to the con-
trol on the outcome variable Y given 7, = 2/8 is

CTEg,;10(2/8) = PFER,:19(2/8) = 11-6-1 = 11.

According to Theorem 6.34 and using Equation (11.71), the causal average total effect
is
E[PFEy;,.10()] = E(11=6-15,-5/8) = 11=6-E(1,-5/8) = 11-6-2/6 = 9,

which is the same result as already obtained in Example 11.25.

11.4 Weighting the Outcome Variable

Now we will show how to compute the average total effects by choosing appropriate
weights for the outcome variable Y. The only assumption required is that the conditional
expectation E(Y|X, Z) is unbiased.

Remark 11.52 [Implications of Unbiasedness of E(Y'| X, Z)] According to Definition 6.13,
unbiasedness of the conditional expectation E(Y|X, Z) implies that all true outcome vari-
ables 74, x € X(Q), are P-unique, which in turn implies P(X=x | Dx) > 0, forall x € X(Q) (see
RS-Th. 5.27). If Z is a covariate of X, then 0(Z) c o(Dyx) [see Def. 4.11 (iv), Rem. 4.16], and,
according to RS-Box 5.1 (iv), this implies P(X=x|2) > 0. Finally, note that P(X=x|Z2) > 0
implies that there is a version n, € 2 (X=x|Z), that is, a Z-conditional probability of
{X=x}, such that 7, > 0 (see Exercise 2?2 ?). Hence, if Z is a covariate of X, then

E(Y|X,Z) isunbiased = Vx=0,1,...,J: A7, € P(X=x|Z): n>0. (11.72)

<
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Now, for all x=0,1,...,/, let n, € Z(X=x|Z) be such that n, > 0. Then the weighted
outcome variable referred to in Lemma 11.53 is:
J -
Yw =Y Z 1X=x'P(X_X) ’ (11.73)
x=0 Tx
Also note that the weighting variable, by which Y is multiplied, is a function of X and Z
(see Exercise 11-10). The crucial ingredients of this weighting variable are the Z-conditional
propensities 7y = P(X=x|Z2), the values of which are the (Z=z)-conditional probabilities
P(X=x|Z=2z) = E(1x-x|Z=2) [see the general definition of these conditional expectation
values by RS-Eq. (4.24)].
The following lemma will be used in proving Theorem 11.54. In this lemma E X=x(y,12)
denotes the Z-conditional expectation of Y,, with respect to the probability measure
px=x,

Lemma 11.53 [The Conditional Expectation EX=*(Y},| Z)]
Let the Assumptions 11.1 (a) to (d) and (g) hold, let n, € P (X=x|Z) such that m, > 0,
and let Y,, denote the weighted outcome variable defined in Equation (11.73). Then

P(X=
v, - y.PE=D)

Vo - (11.74)

and
P(X=x)

EX(Yy|2) = EX*(Y1Z)- (11.75)

TTx

Proof:

Forall x'e X(Q), letm, € 2 (X=x'|Z) such that m, > 0. Because PX=*(X#x) = 0, we
can conclude: PX=*(1x_,1 =0) = 1, for all x' # x. Hence,

J P(X=x'
Y = V| Y Tyow g) [(11.73)]
x'=0 x!
P(X=
_ oy PX=0)
PX:x ﬂx
which proves Equation (11.74). Using this equation yields
_ _ P(X=
E*=*(YylZ) = EX=* (Y% |Z) [(11.74), RS-Box 4.1 (xiv)]
X
_ P(X=
B BTz T [RS-Box 4.1 (xvi)]

X

If PX=*(Z=z) > 0, then Equation (11.75) implies

P(X=x)

EX=¥(Yy|Z=z) = EX**(Y|Z=z2) ———— .
(YylZ=2z) (Y1Z=2z) P(X=x|Z=2)

(11.76)

In Theorem 11.54 we present an identification equation for the expectation E(7,) of a
true outcome variable 1.
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Theorem 11.54 [Identification of E(7,)]
Let the Assumptions 11.1 (a) to (d) and (g) hold, assume that EX=*(Y| Z) is unbiased,
and letty € P(X=x|2Z) such thaty, > 0. Then

P(X=x)
Ty

= EX=%(v,,). (11.78)

E(t,) = EXY|EX*(v|Z) -

(11.77)

Proof:
Note that unbiasedness of EX=*(Y'| Z) implies that 1, = EX=*(Y|Dx) is P-unique,
which implies that EX=*(Y| Z) is P-unique [see RS-Box 5.1 (iv)]. Hence,

E*~*(Yy)
= EX (B (Ywl 2)) [RS-Box 4.1 (iv)]
- EX:““(EXZ’“(Y|Z) : P(Xz’”) [(11.75)]
X
= fEsz(YlZ) . P(izm dp*=* [RS-(3.17), (3.21)]
X
1 Yex P(X=x) :
= 7P(X=x)_[1xzx (E (Y12) o )dP [SN-Cor: 9.5]
= fEX:me)- Bx=x gp
Tix
_ X=x . . 1{X}(x,) ! r
—fE (Y|Z=2) PX=11Z=2) z(dx',2) [RS-(3.12)]
X=x T (x') ) :
ffE (Y|Z=2) - T )PX‘Z:Z(dx ) Pz(dz) [SN-(17.43)]
= fEXZx(Y|Z=Z) m[ 11 (x")Px 7= (dx") P7(dz)
_ X=x — N o -
= fE (Yz=2) P(X=x1Z=2) Py z=2({x}) Pz(d2) [SN-(17.30)]
1
= X=x = ¢ —_— = = -
_fE (Y|Z=2) = P(X=x|Z=2) Pz(dz) [SN-(17.14)]
= fEsz(YlZzz) P(dz)
= E(EX=*(Y12)) [RS-(3.15)]
= E(E(1,12)) [EX=*(Y|Z) \- Dy, Def. 6.13]
= E(1y). [RS-Box 4.1 (iv)]

369

Remark 11.55 [Identification of the Causal Average Total Effect] Under the assumptions

of Theorem 11.54, the expectation E(t,) of the true outcome variable 7, =

EX=*(Y|Dyx) can

be identified by the conditional expectation EX=*(Y,,) of the weighted outcome variable
Y, [see Eq. (11.78)]. Furthermore, according to Equation (11.77), we can identify the ex-
pectation E(t,) of the true outcome variable 7, also by taking the (X=x)-conditional ex-
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pectation of the conditional expectation EX=*(Y|Z) of the outcomes on the covariate Z
weighted by the function P(X=x)/ m,. Because these equations hold for each value of X,
this yields

ATE .1 = E(1y) — E(1y)

— _ P X= S S P X= !
= EX=*| pX=x(y|2) M) _pX= (EX*X (v|z) 2= (11.79)
Ty Ty!
= EX=%(Y,) - EX=¥(Yy), (11.80)
provided that EX=*(Y|Z) and EX=*'(Y|Z) are unbiased. <

Remark 11.56 [Prerequisites for Using the Theorem] A prerequisite for using Theorem
11.54 is to know the (Z=z)-conditional propensity scores P(X=x|Z=z). In applications,
these functions are known if the experimenter determines these conditional treatment
probabilities, for example, as a function of the covariate Z, or as a function of the observa-
tional-unit variable U. In quasi-experiments, in which by definition the propensities are
not under the experimenter’s control, the propensities may also be estimated. However,
in this case we need (a) a correct choice of the relevant (possibly multivariate) covariate Z
such that the conditional expectation E(Y|X, Z) is unbiased, and (b) a correct estimate of
the propensities P(X=x|2), x € X(Q). <

Remark 11.57 [A Caveat Concerning Efficiency] Using the weighting procedure neither
involves the conditional expectation E(Y|X, Z) nor the conditional expectation E(Y|X, )
or the expectations of these conditional expectations. Therefore this procedure may be an
option whenever estimating these conditional expectations or their expectations is diffi-
cult. What is needed, instead, are the propensities P(X=x|Z). It should be emphasized,
however, that Theorem 11.54 does not say anything about efficiency of estimators. Hence,
in empirical applications one should also compare the standard errors of the average to-
tal effects estimated via Theorem 11.54 to the average total effects estimated via adjusting
procedures based on Theorems 6.34 and 11.20. <

Example 11.58 [Z-Conditional Independence of X and ? — continued] We use Table 7.5
to illustrate weighting the outcome variable using the Z-conditional propensities P(X=x]|
Z),where Z := (Z,, Z,) with Z; := sex and Z, := college. Remember,

EX=¥(Yy) =) EX**(Yy|Z=2)- P***(Z=2), (11.81)

isalways true if E X=x(y,,) exists and Z is discrete with P(X=x, Z=z) > 0 for all values z € Q}
[see RS-Box 3.2 (ii)]. Inserting Equation (11.76) yields

EX(Yy) = ) E¥(Yy|Z=2) - P (Z=2)

P(X=x)

T . pXR(Z=2)
P(X=x|Z=2)

=Y EX*¥(Y|Z=2)
z
(see also Exercise 11-8). All terms occurring in this equation can be computed from the
parameters displayed in Tables 7.5 and 11.2.
For treatment 0 we obtain



11.5 Summary and Conclusions 371

EX0Y,) = Y EY | 2=2) — )

L pX(z=yp)
- P(X=0|Z=2)

1/2 1/2 1/2
72-—-1/6+97.50- —-1/4+111- —-1/2 = 93.50,
2/8 3/8 6/8

and for treatment 1,

P(X=1)

—————.p*¥l(z=2
P(X=1|Z=2)

EXN(Yy) = Y EXN(Y|Z=2)-

1/2 1/2 1/2
83— -1/2+102.50- — -5/12+122- — -1/6 = 102.50.
6/8 5/8 2/8

Hence, according to Equation (11.77), the causal average total effect is
ATE,, = EX*Y(Y,) - EX*%(Y,,) = 102.50-93.50 = 9.

This result is exactly what we obtained before using the true propensity (see Example
11.25). <

11.5 Summary and Conclusions

In this chapter, we treated several ways to use conditional treatment probabilities in
the identification of causal conditional and average total effects. A first possibility is to
use the true propensities ¢x = P(X=x|Dx), x=1,...,], as covariates. Conditioning on
¢ = (@1,...,9y), the conditional prima facie effect function PFE,,,, and the conditional
expectation E(Y|X, ) are always unbiased. The limitation of this procedure is that the
true propensities have to be known. This means that this procedure can only be applied if
the true propensities are fixed by the experimenter or if the (possibly multivariate) covari-
ate Z is selected such that ¢y = P(X=x|Dx) = P(X=x|2).

A second possibility is to choose the Z-conditional propensities, that is, the condi-
tional probabilities 7, = P(X=x|Z), x=1,...,J, as new covariates, and assume that the
original covariate Z is selected such that 7 = (7, 13,...,7;) and X are conditionally mean-
independent given Z. According to Theorem 11.48, this can be achieved (a) by selecting
Z such that X and a global confounder Dy are Z-conditionally independent or, (b) by se-
lecting Z such that Y is Z-conditionally independent from a global confounder Dy. In
both cases we can compute the conditional total effect function CTE,,,/ and its expec-
tation, which is the causal average total effect ATE, /. Brookhart et al. (2006) and Wyss,
Girman, LoCasale, Brookhart, and Stiirmer (2013) compare the statistical implications of
procedures (a) and (b) to each other.

The last procedure treated in this chapter consists of weighting the outcome variable
with weights using the Z-conditional propensities P(X=x|Z). Using this procedure either
presumes that these probabilities are known — this defines the true experiment — or that
they are estimated in quasi-experiments. In a quasi-experiment, we have to assume that
Z is selected such that the conditional expectations E X=x(y|Z7), x € X(Q), are unbiased.
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Table 11.3. Implications among some causality conditions involving propensities

& N N N
= = N = [
1l & 1l g N =
= = = = & = X
5 5 5 5 = = i
= 3 = = 3 3 -
T X|m (a)-(d)
Tl Tx_r | Z (@)-(d)
Ll X|Z (@-(d) (@)-(d)
Tl 1x—s|Z (@-(d) (@)-(d)
T X|Z @-d  (@-d @ @@ @-@
YEDXIX,Z) | @@ @@ @-d @@ @-(d @-d
YUDyl(X,Z) | @@ @-@ @-@ @@ @@ @d @-d

Note. We define ny = P(X=x|Z), x€X(Q), and 7 = (71,...,7;). An entry (a)-(d) means that the
condition in the row implies the condition in the column, provided that the Assumptions 11.1(a) to (d) hold.
Furthermore, we assume that, for all x € X(Q), the true outcome variables 7y are P-unique. The symbols
involving F and 1L have been explained in Box 7.2. The implications of 7yl 7x— |7y and of 7L X |7 on
other causality conditions have been summarized in Table 7.2.

11.6 Exercises

> Exercise 11-1 Is it possible in applications to know the true treatment probability P(X=x|Dyx)
and why is it useful to know it?

> Exercise 11-2 Why does 7L X | ¢ imply 7, 1L X | ¢ for all x €{0,1,..., J}?

> Exercise 11-3 Show that Equation (11.57) holds.

> Exercise 11-4 Compute the conditional expectation values displayed in Table 11.1 using Equation
(11.71).

> Exercise 11-5 Compute the coefficients of Equation (11.70) from the conditional expectations
presented in Table 11.1.

> Exercise 11-6 Consider Table 7.5 and show that
E(1p=5/8112=f) = SR Tz1=f
4 4 1
holds for ¢ = P(X=1|0).

> Exercise 11-7 Show that the strong ignorability condition 71 X |Z holds in the example pre-
sented in Table 7.5.

> Exercise 11-8 Show that E(Y,,| X=x) = E(1y) for Y}, defined in Equation (11.73).

> Exercise 11-9 Use Equation (11.19) to compute the average total effect in the total population
from the average total effects in the two subpopulations for the random experiment presented in
Table 7.5.

> Exercise 11-10 Why is the weight variable occurring in Equation (11.73) a function of X and Z?

> Exercise 11-11 Prove the implications among the causality conditions shown in Table 11.3.
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Solutions

> Solution 11-1 In applications, it is possible to know the true treatment probability function
P(X=x|Dy). For instance, if the experimenter fixes the individual treatment probabilities P(X=x |
U=u) himself and makes sure that no other potential confounder determines the treatment prob-
ability. These probabilities can be fixed following ethical or economic considerations. They do not
have to be identical for all individuals in order to allow for valid causal inference. If the individual
treatment probabilities are known, we can use the functions ¢y := P(X=x|Dx) = P(X=x|U) as co-
variates in the adjustment theorems. The conditional expectations E(Y| X, ¢), with ¢ := (¢1,...,¢)),
are always unbiased. Alternatively, we can compute the weighted outcome variable [see Eq. (11.73)],
where Dy takes the role of the covariate Z. The expectation of this weighted outcome variable in
treatment x is equal to the expectation E(7y) of the true outcome variable under treatment x. Fur-
thermore, the difference between the expectation of the weighted outcomes in treatment x and the
expectation of the weighted outcomes in control 0 is the average causal effect of treatment x com-
pared to the control (see Theorem 11.54).

> Solution 11-2 Because o(7y) € 0(7), forall x €{0,1,...,J}, we can conclude from SN-Box 16.3 (vi)
that 7 Il X| ¢ implies 7, 1L X | ¢ forall x €{0,1,...,J}.

> Solution 11-3 The indicator g is (identical to) the constant 1 and 7, = P(X=x|Z2) 5 E(1x=x12),
x€{0,1,...,J} [see SN-Eq. (10.4)]. Hence,

1=1g
5 E(1al2) [SN-Box 10.2 (i)]
= E(Tx=0+ Tx=1+...+ 1x=7|2) [Ta = Tx=0+ Tx=1+...+ Tx=J]
= E(Ix=0|2)+E(1x=112)+... + E(1x=; | 2). [SN-Box 10.2 (xvi)]

Inserting the shortcut my, x €{0,1,..., J}, and subtracting 7; +... + 7; on both sides yields Equation
(11.57).

> Solution 11-4 Fehlt noch
EX*(Y|p=p) = Y EX=*(Y|p=p,U=w)- P**(U=ulp=p) (11.82)
u

= Y EX=X(Y|U=w)- P*=*(U=ulp=p) (11.83)
u
> Solution 11-5 According to Equations (11.68) and (11.70), the conditional expectation EX=1(Y | ¢)

1S
EX y1g) = YV + ¥ 1pmsis + Y5 - 1pmas. (11.84)

For ¢ = 7/8, this equation and the conditional expectations in Table 11.1 yield
EXL(v19=7/8) = Y = 83.00,

and for ¢ = 5/8 they yield
EX1(Y19=5/8) = y! +y{V = 96.00.

Hence y{") = 96— 83 = 13. Finally, for ¢ = 2/8, Equation (11.84) and Table 11.1 yield
EX(vip=2/8) = Y +y{V = 122.00.

Hence Y = 12283 = 39.

> Solution 11-6 Fehlt noch
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> Solution 11-7 If X is binary and each of the values 0 and 1 has a positive probability, then 7 L X | Z
is equivalent to
P(X=1|Z,7) = P(X=1|2) (11.85)

(see SN-Rem. 16.25 and Eq. (11.57)). Looking at Table 7.5 shows that, given the value (m, no) of Z,
the bivariate true outcome variable 7 = (79, 71) is constant, taking on the value (72, 83). This implies

P(X=1|Z=(m, no),7=(72,83)) = P(X=1|Z=(m, no)).
Furthermore, given the value (m, yes) of Z,
P(X=1|Z=(m, yes), 7=(95,100)) = P(X=1|Z=(m, yes), 7=(100,105)) = P(X=1|Z=(m, yes)).
Finally, given the value (f, yes) of Z,
P(X=1|Z=(f, yes), 7=(106,114)) = P(X=1|Z=(f, yes), 7=(116,130)) = P(X=1| Z=({, yes)).

This shows that Equation (11.85) holds.

> Solution 11-8

E(Yw | X=x) = EX=%(Yy) [(3.24)]
= Y E* Y (Yy|Z=2)- P*=*(Z=2) [SN-Eq. (9.23)]
Z
= ZE(Y|X=x,Z=z)~#T?_Z) -PX=¥(Z=z) [(11.76)]
. —xlZ=

P(X=x)-P(Z=2z) P(X=x,Z=2)
P(X=x,Z=2) P(X=x)

= ZE(Y|X=x,Z=z) . [SN-Egs. (9.13) to (9.15)]
z

=Y E(Y|X=x,Z=2)-P(Z=2)
Z

ZE(T)CIZ:z)-P(Z:z) [Def. 6.13 (ii)]
z

E(7y). [SN-Eq. (9.23)]

> Solution 11-9 According to Equation (11.19) and because the two-dimensional covariate Z is dis-
crete, we can use
ATE1y = E(PFEg0(p)) = ) PFEg10(p)- Plo=p),
7

where the summation is over all values p of ¢. For the example presented in Table 7.5 this yields:

ATE o

PFE ;10(7/8) - 1/6+ PFE ;10(5/8) - 3/6 + PFE :10(2/8) - 2/6
11.00-1/6+7.00-3/6+11.00-2/6 = 9.

> Solution 11-10 The weight variable in Equation (11.73) is a function of X and Z because it
depends on X via the indicator 7x—; and on the covariate Z via the Z-conditional propensity
P(X=x|2).

> Solution 11-11 The sequence of proofs of the propositions of Table 11.3 is row wise.

(@ tlX|m = 7.l Tx=—x | mx. According to Lemma 6.6, we have to show that 7 1L X | 7 implies
P(X=x|my,Ty) = P(X=x|mny), Vx=0,1,...,].
Hence,

P(X=x|7y,1x)
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(b)
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(d)
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(0)

(p)

(@
()

7 E(Tx=x|7x,7x) [SN-Eq. (10.4)]
= E(E(Tx=x 7, 7) | 7x, ) [SN-Box 10.2 (V)]
= E(E(1x=x I7) | 71x,7x) [z 1L X|m, SN-Box 16.3 (vi), Lem. 6.6, SN-Eq. (10.4)]
= E(E(1x=x |12) | 7x,7x) [Th. 11.48 22, SN-Eq. (10.4)]
= E(E(1x=x |7x) | 7x, 7 ) [Th. 11.44 22, SN-Eq. (10.4)]
= E(Tx=x|7mx) [SN-Box 10.2 (vii)]
= P(X=x|my). [SN-Eq. (10.4)]

Tedl Tx=x |Z = T¢lL 1x—y | mx. Thisis Theorem 11.44 22 (see Rem. 11.45).

T2 X|Z = 7yl 1x—x |mx. According to SN-Box 16.3 (vi), 7, L X | Z implies 741l Tx=x |Z,
because o(7x=,) < o(X). Now the proposition follows from (b).

T, L X |Z = 141l 1x—x |Z. This proposition immediately follows from SN-Box 16.3 (vi), be-
cause 0(Tx=y) c 0(X).

Tl 1x=x |Z = 151l Tx=x | mx. According to SN-Box 16.3 (vi), T 1L Tx—x |Z implies 74 1L Tx—-x |Z,
because o(1y)  o(7). Now the proposition follows from (b).

Tl 1x=x |Z = 151l 1x=x|Z. This proposition immediately follows from SN-Box 16.3 (vi),
because o(1y) € o(7).

Tl X|Z = 14l Tx=x | mx. According to SN-Box 16.3 (vi), T 1L X | Z implies 7y 1L Tx- |Z, be-
cause 0(7y) € o(7r) and o(7x=x) < d(X). Now the proposition follows from (b).

Tl X|Z = vl X|n Thisis Theorem 11.48 (i).

Tl X|Z = 1.l 1x=y |Z. This proposition immediately follows from SN-Box 16.3 (vi), be-
cause 0(7y) € 0(7) and o(1x=x) € 0(X).

Tl X|Z = 1,1 X|Z. This proposition immediately follows from SN-Box 16.3 (vi), because
0 (1) co(1).

Tl X|Z = vl 1x=,|Z. This proposition immediately follows from SN-Box 16.3 (vi), be-
cause 0(Tx=y) € 0(X).

YEDx|(X,Z) = 1yl 1x=x|mx. According to Theorem 11.48 (ii), YFDx|(X, Z) implies
71 X | . Now the proposition follows from (a).

YEDx|(X,Z) = tl.X|n. Thisis Theorem 11.48 (ii).

YEDx|(X,Z) = 141l 1x=x | Z. According to Theorem 9.38, Y I Dx|(X, Z) implies T L X | Z.
Now, the proposition immediately follows from SN-Box 16.3 (vi), because o(7y) < o(r) and
0(1x=x) co(X).

YEDx|(X,Z) = 1,1 X|Z. According to Theorem 9.38, Y I Dx|(X, Z) implies 1L X | Z.
Now, the proposition immediately follows from SN-Box 16.3 (vi), because o (1) < 0(7).
YEDx|(X,Z) = 1l 1x=x | Z. According to Theorem 9.38, Y - Dx|(X, Z) implies T IL X | Z.
Now, the proposition immediately follows from SN-Box 16.3 (vi), because. and o(7x=x) ©
o(X).

YEDx|(X,Z) = tl.X|Z. Thisis Theorem 9.38.

All seven implications in the last line of Table 11.3. According to SN-Theorem 16.34 and SN-
Remark 16.35, Y L Dx|(X,Z) = YFEDxI|(X,Z). Therefore all other implications in the last
line of Table 11.3 follow from (1) to (q).






Chapter 12
Methodological Conclusions

In this chapter, we will summarize and discuss the most important issues treated in this
book. The specific goals are:

(a) to summarize the theory,

(b) to discuss the most important consequences of the theory of causal conditional
and average total effects for the design and analysis of experiments and quasi-
experiments, and

(c) toreflect on other issues in causal inference that are not treated in this volume.

12.1 Summary of the Theory

In the introduction, we motivated the theory presented in this book by a version of Simp-
son’s paradox showing that comparing conditional probabilities can lead to contradictory
and seriously misleading causal inferences. There, we also showed in a second example
that this also applies to comparing conditional expectation values.

The Problem

The difference between the conditional expectation values of the outcome variable Y
given values x and x'of a discrete putative cause variable X is called a prima facie effect.
This is not necessarily identical to the causal total effect on Y comparing x to x'. In fact, we
presented examples, in which there are positive total effects of comparing treatment 1 to
treatment 0 for each and every observational unit (person) and still a negative prima facie
effect E(Y|X=1)-E(Y|X=0) (seee.g., Tables 1.1 to 1.4 or Table 6.2).

The Kind of Empirical Phenomenon the Theory is About: Single-Unit Trials

We continued preparing the stage for the theory of causal conditional and average total
effects by describing the kind of empirical phenomena the theory is dealing with. These
empirical phenomena are called single-unit trials. One of the simplest examples of such
a single-unit trial consists of drawing a single observational unit (e. g., a person) from the
set of units, exposing or observing exposure to one of at least two treatment conditions
and, finally, observing the outcome variable Y, the distribution of which might be affected
by the treatment variable X. In terms of statistics, one might also say that the theory deals
with a sample of size n = 1. It neither deals with a sample of size n > 1 nor with a con-
crete data sample or data set that we use in data analysis. Note that this kind of empirical
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phenomenon is not only of interest to the scientist but also to the practitioner who has to
choose a treatment for the person seeking his help.

The Mathematical Framework of the Theory: A Regular Probabilistic Causality Setup

The description of a single-unit trial already shows that there is a time order between
drawing an observational unit, its treatment, and the outcome. This is one of the prop-
erties distinguishing causal dependencies from ordinary probabilistic dependencies. This
time order is represented by a filtration (%,);cr, which is not only used to define an out-
come variable Y but also plays an important role in specifying the cause o-algebra € and
the confounder o -algebra 2+ used to define the putative cause variable X and the global
potential confounder Dx of X, respectively. The confounder o-algebra % is also used to
define a potential confounder of X, which is a random variable on (Q, &, P) that is measur-
able with respect to Z«. Such a potential confounder of X is also called a covariate of X,
often denoted by Z, in particular if used in a conditional expectation such as E(Y|X, Z).

The terms mentioned above are the additional components that distinguish a reg-
ular probabilistic causality setup ((Q,gl,P), (F)te,6, D, X, Y) from a probability space
(Q, o, P). Within the latter, we can define random variables and deal with ordinary prob-
abilistic dependencies among random variables and among events. The additional struc-
tural components of a regular probabilistic causality setup, however, do not yet distinguish
between causal and ordinary probabilistic dependencies. They just provide the mathe-
matical framework in which we can define causality conditions, and it is them that are
crucial for the distinction between ordinary and causal probabilistic dependencies and
effects.

Causality Conditions

The logically weakest of these causality conditions are the unbiasedness conditions. Un-
biasedness of the conditional expectation value EX=*(Y) = E(Y|X=x) is defined by pos-
tulating that the true outcome variable 7, = EX=*(Y|Dy) is P-unique (implying that its
expectation is identical for all its versions) and that EX=*(Y) is identical to the expecta-
tion of 7, = EX=*(Y|Dy). The conditional expectation E(Y|X) is then called unbiased if
all its values EX=¥(Y) = E(Y|X=x) are unbiased. Similarly, unbiasedness of the condi-
tional expectation EX=*(Y|Z) is defined by assuming P-uniqueness of 7, and requiring
that EX=*(Y|Z) is identical almost surely to the Z-conditional expectation of 7,. The con-
ditional expectation E(Y | X, Z) is called unbiased if each EX=*(Y|Z) is unbiased (see ch. 6).

The term EX=*(Y) used above is the expectation of Y with respect to the probability
measure PX=*, Presuming P(X=x) > 0, this measure is defined by PX=*(A) = P(A| X=x),
for all A€ «/. Similarly, E X=x(Y|Dy) and EX=*(Y|Z) are conditional expectations with re-
spect to PX=* (see RS-ch. 5).

The assumption of P-uniqueness of 1, mentioned above means that whenever 7, and
7} are two versions of the Dx-conditional expectation of Y with respect to P*=*, then
T3 Tx. According to RS-Theorem 5.27, this assumption is equivalent to P(X=x|Dx) > 0,
that is, to postulating that the Dx-conditional probability of the event {X=x} is positive
P-almost surely. Assuming that the true outcome variables 7, and 7, are P-unique implies
that the expectations of 7, and 7,/ (and of their difference) is a uniquely defined number



12.1 Summary of the Theory 379

that does not change with a different choice of the versions of the true outcome variables
7, = EX=X(Y|Dy) or 7 = EX='(Y | Dy) (see RS-sect. 5.2 for the mathematical details).

Unfortunately, the unbiasedness conditions are not empirically testable or falsifiable.
This also applies to independence and Z-conditional independence of X and the true
outcome variables 7., as well as to mean-independence and Z-conditional mean inde-
pendence of the 7, from the putative cause variable X. These conditions, summarily called
the Rosenbaum-Rubin conditions, have been treated in chapter 7.

Another kind of causality conditions, which have been introduced in chapter 8, are the
Fisher conditions. They comprise independence and Z-conditional independence of the
putative cause variable X and the global potential confounder Dy of X. These conditions
can be tested, and if necessary be falsified, by testing independence or Z-conditional in-
dependence of X and a potential confounder of X, say W. Even more important is that,
if X is a treatment variable, then independence of X and Dy as well as Z-conditional in-
dependence of X and Dy can be created by the design technique of random assignment
of an observational unit to one of the treatment conditions. Similarly, Z-conditional inde-
pendence of X and Dy can be created by the design technique of Z-conditional random
assignment of a unit to a treatment (see sect. 8.6 for details).

Still another type of causality condition are the Suppes-Reichenbach conditions that
have been treated in chapter 9. They comprise X-conditional and (X, Z)-conditional in-
dependence of the outcome variable Y and the global potential confounder Dy of X.
These conditions, too, can be tested, and if necessary be falsified, by testing X-conditional
or (X, Z)-conditional independence of Y and a potential confounder W. The Suppes-
Reichenbach conditions also comprise X-conditional and (X, Z)-conditional mean-inde-
pendence of Y from Dy, which can empirically be checked and if necessary be falsified
via testing X-conditional or (X, Z)-conditional mean-independence of Y from a potential
confounder W of X. In contrast to the Fisher conditions, the Suppes-Reichenbach condi-
tions cannot be created by design techniques, but (X, Z)-conditional mean-independence
of Yfrom Dy can be used for covariate selection (see sect. 9.4).

The Fisher conditions as well as the Suppes-Reichenbach conditions imply uncon-
foundedness, the last kind of causality conditions treated in this volume (see ch. 10). Un-
confoundedness of the conditional expectation value EX=*(Y) = E(Y|X=x) is defined by
postulating P-uniqueness of 7, and that EX=*(Y) is identical to the expectation of the
conditional expectation E X=Xy |W) whenever W is a potential confounder of X. Fur-
thermore, the conditional expectation E(Y|X) is called unconfounded if all its values
EX=*(Y) are unconfounded. Similarly, unconfoundedness of the conditional expectation
EX=%(Y|Z) is defined by requiring P-uniqueness of 7, and that E X=x(y|Z) is identical al-
most surely to the Z-conditional expectation of the conditional expectation E X=x(y|Z,W)
whenever W is a potential confounder of X. The conditional expectation E(Y|X,Z) is
called unconfounded if each EX=*(Y|Z) is unconfounded. Unconfoundedness of the con-
ditional expectation E(Y|X, Z), too, can be used for covariate selection. To my knowledge,
it is the weakest causality condition implying unbiasedness of E(Y|X, Z) that it is still em-
pirically testable (see sect. 10.7).

Causal Total Effects

The definition of causal total effects on an outcome variable Y comparing x to x’, two
values of a putative cause variable X, is based on the concept of a true outcome variable
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1, = EX=¥(Y|Dy), a conditional expectation of Y’ given the global potential confounder
Dy of X with respect to the probability measure PX=*, In this conditional expectation we
condition on the value x of X and the global potential confounder Dy of X, and with it, on
all potential confounders of X. Hence, the true total effect variable d,,' = T, — T, cannot be
biased and we can define

ATE,, = E(1,—7,) = E(EX™*(Y|Dy) - EX™(Y|Dy),

the causal average total effect on Y comparing x to x', provided that 7, and 7,/ are P-unique,
or equivalently, provided that P(X=x|Dx) and P(X=x'| Dyx) are positive P-almost surely.
Similarly, a causal Z-conditional total effect variable is defined by the difference

CTEZ;xx’(Z) f E(Tx |Z) - E(Tx/ |Z)

between the Z-conditional expectations of the true outcome variables 7, and 7/, again
presuming P-uniqueness of 7, and 7,/. Here, Z is a random variable on (Q, &/, P), typically
a covariate of X, but it can also be X itself. Such a causal Z-conditional total effect variable
may provide more detailed information than the causal average total effect ATE,, .

12.2 Design and Analysis of Experiments and Quasi-Experiments

True Experiments

Some of the conditions implying unbiasedness of the conditional expectation E(Y|X) or
unbiasedness of the conditional expectation E(Y|X,Z) can be created the researcher in
true experiments, that is, in empirical studies in which

(a) there are at least two treatment conditions,

(b) there is random assignment, or at least conditional random assignment of the ob-
servational unit to one of the treatment conditions, and

(c) assignment also means actual exposure to treatment.

Causal inference is most safe in true experiments. There, unbiasedness of the condi-
tional expectations E(Y|X) and E(Y|X, Z) can be created by design, namely by some form
of random assignment of the unit to one of the treatment conditions. Note, however, that
such a design can be jeopardized by systematic attrition of observational units (see, e.g.,
Shadish et al.,, 2002; West & Sagarin, 2000). In this case, the study is not a randomized
experiment any more, and the Fisher conditions of independence and Z-conditional in-
dependence of the treatment variable X and the global potential confounder Dy of X (see
Box 8.1) may be violated.

Quasi-Experiments

The assumptions under which identification of causal effects is possible may also hold in
a quasi-experiment if an appropriate covariate Z of X is selected. By definition, in a quasi-
experiment there are at least two treatment conditions, but requirement (b) or (c) defining
a true experiment does not hold. Such a uni- or multivariate covariate Z of the putative
cause variable X can be manifest or latent. It can also be the Z-conditional propensity
P(X=x|Z) because, if Z is a covariate of X, then P(X=x|Z) is a covariate of X as well.
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Causality Tests and Covariate Selection

Causality tests and covariate selection are useful for two purposes. The first is to establish
causality, that is, to select a (possibly multivariate) covariate Z such that E(Y| X, Z) is unbi-
ased. The second is to select a covariate Z in order to learn about conditional total effects
that are as close as possible to the individual total effects. Also in the true experiment, co-
variate selection is meaningful. However, here the purpose is not to establish causality, but
to learn about conditional total effects.

Unfortunately, the weakest causality condition, unbiasedness of the conditional ex-
pectation E(Y|X, Z), is not empirically testable. What is testable, however, are some of the
other causality conditions, all of which imply unbiasedness. Testing one of these sufficient
conditions may be called a causality test. In Remarks 8.60 and 8.61 we described how co-
variate selection and causality tests can be conducted for the Fisher conditions. Similarly,
in section 9.4 we described how covariate selection and causality tests can be conducted
for the Suppes-Reichenbach conditions and in section 10.7, we described how to check
the unconfoundedness conditions and how to use them for covariate selection.

In empirical causal research, covariate selection oftentimes is focussed on the Fisher
condition of Z-conditional independence of X and the global potential confounder Dyx
of X. This is most obvious in those studies that use some kind of propensity score anal-
ysis. However, if we are interested in the causal mechanisms and the most-fine grained
conditional total effects, then we might be better off with covariate selection based on the
Suppes-Reichenbach condition choosing the covariate Z such that E(Y | X, Z) = E(Y|X,Dy).
Because

E(Y|X,Dx) 5 Y E**(Y|Dy),

X

the Z-conditional total effect variables EX=*(Y|Z)-E X:x'(YlZ ) are identical P-almost
surely to the true total effect variable 1, — 7 = EX=%(Y|Dy) —EX:X/(YIDX). Hence, if we
can assume E(Y|X, Z) = E(Y|X,Dy), then the Z-conditional total effect variable

EX(Y12)-EX¥(Y|Z) = 10— Tw

yields the ultimate goal of in the search for causal total effects.

Two Threats to Causal Inference

In quasi-experiments, there are two kinds of threats to valid causal inferences. First, the
covariate Z may not be chosen such that E(Y|X, Z) is unbiased. Selecting the covariates
determining the probability that a unit is exposed to treatment x or the covariates deter-
mining the outcome variable Y are of crucial importance in a quasi-experiment. Alterna-
tively, one may select Z such that E(Y|X, Z) is unconfounded.

If Z is not chosen such that E(Y|X, Z) satisfies one of the causality conditions, then
causal inference will fail. Choosing the appropriate covariate is not just statistical routine;
it requires substantive knowledge about (a) the process of assigning units to treatment
conditions and/or (b) the covariates determining the conditional expectation of the out-
come variable Y.

Second, even if the covariate Z is correctly chosen such that the conditional expecta-
tion E(Y|X, Z) is unbiased, the conditional expectation E(Y|X,Z) may not be modeled
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co1r1rectly.1 If, for example, one considers only a linear function of X and Z, but the (true)
conditional expectation E(Y|X, Z) is a nonlinear function of X and Z, then causal infer-
ences may not be valid. If the propensity is used, an additional problem is the correct
model for the propensity P(X=x|Z), unless the propensity scores have been fixed by the
experimenter and do not have to be estimated.

12.3 Other Issues of Causal Inference

In this book we studied the relations between the conditional expectations E(Y|X) and
E(Y|X, Z), and various kinds of causal conditional and average total effects. However, as
already mentioned in the preface, empirical causal research involves several inferences
and substantive interpretations. Among these are:

(a) statistical inference, i. e., the inference from a sample to parameters characterizing
the distributions of random variables,

(b) causal inference, i. e., the inference from parameters characterizing the distributions
of random variables to causal effects,

(c) interpretation of the putative cause,

(d) interpretation of the outcome variable,

(e) interpretation of the random experiment (i. e., the empirical phenomenon) consid-
ered.

Most of these issues, which are dealt with in the theory of internal and external validity
(see, e. g., Campbell & Stanley, 1963; Cook & Campbell, 1979; Shadish et al., 2002), have not
been treated in this book. Instead we only focused on the second point. Briefly considering
all these points may help to put the contribution of this book into perspective.

Statistical Inference

Statistical issues and models dealing with sampling processes, estimation and hypothe-
sis testing, e.g., have not been treated. We did not present the sampling processes and
models allowing to estimate and test the different kinds of causal effects. Under which
assumptions is it possible, e.g., to use conditional expectation models with fixed regres-
sors, stochastic regressors, or models with errors in the variables for estimating and testing
causal effects (see, e. g., Fahrmeir, Hamerle, & Tutz, 1996)? Can we also use random coeffi-
cient models (see, e. g., Searle, Casella, & McCulloch, 1992, or models with latent variables
(see, e.g., Bollen, 1995)? Which of the hypotheses relevant for the analysis of causal ef-
fects are linear, which need methods for testing nonlinear hypotheses? Can we use also
nonparametric conditional expectation techniques (see, e. g., Takezawa, 2005)?

There are also specific statistical issues, e.g., dealing with non-compliance and sub-
Jject reassignment (see, e.g., Angrist, Imbens, & Rubin, 1996; Barnard, Du, Hill, & Rubin,
1998; Barnard, Frangakis, Hill, & Rubin, 2003; Greenland, 2000; Jo, 2002c; J. M. Robins,
1998; West & Sagarin, 2000), time-dependent covariates (see, e.g., ]. M. Robins, Hérnan,
& Brumback, 2000), and sensitivity analysis (see, e.g., Greenland, 1996, 2001; Jo, 2002b;
Rosenbaum, 2002b).

1 Note again that — unlike the linear quasi-regression — the conditional expectation E(Y |X, Z) is well-defined
without any reference to a specific function of X and Z (see RS-sections 3.3 and 4.2).
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Causal Inference

Causal inference deals with the inference from parameters characterizing the distributions
of random variables (such as the expectations of an outcome variable in two treatment
conditions) to causal effects. This is what the theory of causal effects in experiments and
quasi-experiments presented in this book has been about. In section 12.1 we summarized
the most important issues.

Interpretation of the Treatment Variable

The interpretation of the treatment variable is another point at which substantive conclu-
sions can go wrong. Suppose X is a treatment variable. The substantive differences be-
tween the different values x of the treatment variable X are often not clear, because there
usually are differences in several aspects. Suppose, for instance, we study the effects of
‘taking drug A’ as compared to ‘not taking drug A’ in a pharmacological experiment. The
nominal value ‘taking drug A’ of the treatment variable consists of several components,
such as ‘going to a physician), ‘taking a pill’, and ‘ingesting drug A’, while the nominal value
of X ‘not taking drug A’ may consist of ‘not going to a physician’, ‘taking no pill, and ‘not
ingesting the drug’

Which of these components is the causal agent? Is it the nominal value of X, i.e., is it
‘taking drug A’ or is it rather ‘going to the physician), or ‘taking a pill'? Of course, these
questions can be answered only if studies are designed such that the interpretation of the
values of the treatment variable is unambiguous, e.g., if ‘taking drug A’ is compared to
‘taking a pill’ (a placebo) that looks and tastes exactly the same without containing the
drug to be investigated and that also involves ‘going to a physician’ and ‘taking a pill’, but
not ‘ingesting drug A’.

It should be emphasized that random assignment does not solve this interpretation
problem. As argued above, a treatment usually differs from the control in several compo-
nents and it is not clear which of these components is the causal agent. Similarly, random
assignment neither solves the interpretation problem of the outcome variable, nor the in-
terpretation of the random experiment considered (external validity) (see the following
sections).

Interpretation of the Outcome Variable

Another point at which substantive conclusions about causal effects can go wrong is the
interpretation of the outcome variable. Here, the problem is that oftentimes there is a dif-
ference between what is intended to measure and what is actually measured. A simple ex-
ample is annual income. What is actually measured is either what subjects report as their
annual income or what the tax authorities have in their records. However, the true annual
income may differ from both actual measures, self report and tax authorities records. Sim-
ilar problems occur if we measure intelligence by a specific psychological test, academic
achievement by a citation index, depression or life satisfaction by specific questionnaires.
In all these cases, we may erroneously believe that what is actually measured is what we
intended to measure (for more details, see Shadish et al., 2002, ch. 3).
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Interpretation of the Random Experiment Considered

The individual and average causal effects defined in this book refer to single-unit trials.
A simple example is sampling an observational unit (e.g., a person) from a set of obser-
vational units, exposing it (or observing its exposure) to one of the treatment conditions,
and finally, observing the outcome variable Y for the sampled unit (see ch. 2 for more de-
tails). In applications, such a single-unit trial always refers to a specific set of observational
units, such as the set of all patients with a given diagnosis, the set of all undergraduate psy-
chology students at your university in a given year, or the set of all consumers of a specific
brand at a specific point of time. Furthermore, the single-unit trial also consists of a spe-
cific distribution of the observational-unit variable, that is, the probabilities P(U=u) that
the unit u (patient, student, consumer) is sampled. However, what is not explicitly repre-
sented in the mathematics treated in this book are the side conditions, i. e., the historical
context, space, and time under which the single-unit trial is conducted. All these side con-
ditions are implicitly referred to when we say that we are talking about a specific single-unit
trial, a specific random experiment that is represented by the probability space (Q, &, P).

Consequently, all our propositions about causal effects refer only to the specific ran-
dom experiment, i. e., the specific single-unit trial considered. What can go wrong in the
interpretation of the random experiment considered, for instance, is that we may not be
aware of some crucial side conditions without which the effect would not occur. For ex-
ample, the treatment studied may exert its effects only if the subjects know that they are a
part of a scientific study. In this case a generalization beyond the specific study would go
wrong. Another point is generalizing to a population differing from the population of the
units from which the actual sample was drawn. In psychology, for instance, many experi-
ments are conducted with psychology students. The crucial issue is if and to what extent
we may generalize to other populations of subjects. Problems related to the interpretation
of the random experiment considered may be called problems of external validity (see,
e.g., Shadish et al., 2002, ch. 5).
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