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Conditional Expectations:

An Introduction to the Concept and its Applications
in Empirical Sciences*)

Rolf Steyer

Abstract: An introduction is given to the concept of the conditional expectation that may
be viewed as the generalized concept of regression. It is shown that the conditional ex-
pectation E (Y |X) of a numerical random variable Y given a possibly multidimensional
and not necessarily numerical random variable X = (X,, ..., X) is an adequate concept
to formulate very restrictive as well as very weak propositions on the dependency of Y
on X. The focus is not on the dependency in the sample but on the “true™ or theoretical
dependency to be estimated and tested by means of samples. The properties of the
residual F:=Y — E(Y|X) are studied in detail using some general rules of computation
which are formulated and illustrated in the Appendices. These properties, such as the
uncorrelatedness of F with each X;, je J={1,..., m}, are derived from the definition
of F. No assumptions are required for the functional form of E(Y | X), nor on the dis-
tributions of X, Y, or F. Two applications are treated in some detail. In the first one, the
conditional expectation is used to unravel an old fallacy (going back to Simon, 1954) con-
cerning uncorrelated errors and causality in path models. In the second application the
conditional expectation is used to derive a new and simple procedure to determine a co-
efficient (proposed by Tack, 1980, 1986) for the “sensitivity” of a test-score variable with
respect to a given set of situations.

Key words: Conditional expectations, path analysis, test theory, regression theory.

1. Introduction

About a hundred years ago, when the concepts of correlation and re-
gression were introduced to the bio- and social sciences by Bravais
(1846), Galton (1877, 1889), Pearson (1896, 1901), and Yule (1897), a
new type of law was discovered. In contrast to the kind of laws that
could be described by (deterministic) mathematical functions, the new
kind of law was nondeterministic in nature. Galton (1877) proposed for
instance, that the dependency of the weight of sweet peas on the weight
of the mother plant can be described by a regression line. What was
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new about this regression (or “reversion” as Galton called it in that
paper)?

A first important feature is that the dependence described by this
regression line was lawful but nondeterministic per se, that is, the devia-
tions from the regression line were not due to measurement error, but
reflected an essential property of the phenomenon itself. Although re-
gression analyses were known before Galton, they were applied mainly
to deal with measurement error, for example, in geophysics (Adrain,
1818), astronomy (Littrow, 1818, 1833), and psychophysics (Fechner,
1860). These scientists assumed that the underlying laws could be for-
mulated by deterministic mathematical functions, although it was not
possible to observe them in their pure form, because the variables in-
volved could not be measured without error.

While stochastic types of laws were already known earlier (e.g., Men-
del, 1866), the new type of law introduced with the concepts of regres-
sion and correlation was concerned with quantitative variables, which is
the second important feature. Thus, at the end of the last century,
stochastic laws and concepts had emerged involving both qualitative
(see also Yule, 1900, 1907, 1912) and quantitative variables.

Later on, the concept of regression was generalized to deal with mul/-
tiple independent variables (multiple regression) that may also be
qualitative in nature. This development is mainly ascribed to Fisher
(1925) and became popular under the label ““analysis of variance”, first
in the agricultural sciences and later on in sciences like psychology. The
fact that analysis of variance (with fixed effects) is a special case of
regression analysis was rediscovered for psychology mainly by Cohen
(1968) in his well-known article “Multiple Regression as a General
Data-Analytic System”".

The title of Cohen’s article reflects a tendency in modern methodol-
ogy to treat correlation and regression as “data-analytic” methods and
to neglect their importance as theoretical concepts which allow to for-
mulate substantive scientific propositions much more precisely than
was possible before these concepts were known. This tendency may also
be responsible for ignoring an important development in probability
theory due to Kolmogoroff (1933). This mathematician succeeded first
to reformulate probability theory as a special branch of mathematical
measure theory, thus establishing probability theory as a mathematical
discipline. Second, Kolmogoroff developed the theory of conditional ex-
pectations that may also be viewed as a formalization and generalization
of the concept of regression. In fact, these terms are now used synony-
rr;ously by mathematicians (see, e.g., Bellach, Franken, and Warmuth,
1978).

The present paper is intended to popularize the concept of a condi-
tional expectation, which may be applied almost always when lawful
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but nondeterministic dependencies are to be formulated. We begin with
hinting at a problem in the usual formulation of the linear regression
model and give a general characterization of the conditional expecta-
tion or general regression E (Y | X). Next, we study the properties of the
residual F =Y — E(Y | X). This residual variable deserves special atten-
tion, because it is the crucial feature that discriminates between deter-
ministic and stochastic dependencies. We then briefly review some
well-known classes of models that can be formulated in terms of con-
ditional expectations. Furthermore, an application is discussed in which
the conditional expectation is used to derive a new and simple proce-
dure to determine a coefficient for the “sensitivity” of a test-score
variable with respect to a given set of situations. Finally, we outline
some other applications that appeared in the methodological literature.

2. Simple Linear Regression

Let us look more closely at the concept of linear regression as a con-
ceptual tool to describe the “‘true’” dependence of a random variable,
say Y, on another one, say X, both numerical. By “true™ we mean that
it is not the dependence in a sample but the theoretical dependence to
be estimated by samples. As has already been discussed above. such a
dependence is, in many cases, not deterministic. Therefore, an error
variable, say F, has to be introduced. This variable might have a
variance greater than zero because of at least four reasons. First, it
might be due to measurement error of the regressand Y. Second, there
might be other variables on which Y depends. Third, the true regressive
dependence of Y and X might not be linear, and fourth, it might reflect
the fact that the dependence of Y on X is nondeterministic per se. In all
these situations, an equation may be formulated specifying how Y
depends on X. In the cases of simple linear regression, the equation is

(l) Y=ayo+ayx’x+F1

where oy and ayx are real constants. In order to express the idea that
the error variable F is, in some sense, random and not systematically
related to X, the assumptions

2) E(F)=0=C(F,X)

are added, that is, the expectation E (F) of the error variable F is zero,
as well as the covariance C (F, X) of F and X. These are the usual as-
sumptions of simple linear regression in that kind of literature which
uses regression to formulate substantive scientific propositions and not
only as a technique to analyse data (see e.g., Hummell and Ziegler,
1976 Kenny, 1979; or Joreskog and Sérbom, 1981).



5 Rall Steyer

I we define the conditional expectation E{¥|X =gx) of Y given
X =1 1o be the best prediction of Y given X = x, then the Equations |
and 2 are not sufficient e derive that the best prediction of ¥ given the
vilue x of X s equal t0 Zyg + 2yy ' 1t 2 prediction, the model should
imply. if il is supposed to make sense at all. This prediction can only be
derived from the egquation on Y if the additional assumption is made
that the conditions] expectation of the residual F given X = x is zero,
that is il
(5 EiFIX=x)=10, forallvalues xof X.

This assumption on F is much stricter than assuming that the uncondi-
tonal expectation E{F) 15 2ero. Using this last equation and some rules
of computation for the conditional expectation E(Y | X = x) of Y given
X = x. Equation | now yiclds

(4 Ei(Y|X=2x) =Elayytoayx  X+F|X=x)
=E{ayp X =2+ Elayx X | X=x}+E(F X =x)
=Typ+ Myx " X,

the desired properiy that sy, + 2yy * % is the best prediction of ¥ given
a vilue x of X,

Hence, the Equations 1 and 2 are not sufficient 1o define the “true”
linear regression beciuse they do not imply that the pairs of poinis
(% E{Y |X =x]) lic on a straight line, Therefore, the model defined by
Equations | and 2 might be called a direar yuavi-regression in order to
distinguish it from the true linear regression,

3. The General Concept of a Conditional Expectation
or egression

The situation deseribed above is a very special one in that there is only
one regressand (Y) and one numerical regressor (X) and that the depen-
dence of ¥ on X 15 characterized by the Equations | and 2. A more gen-
eral task, however, is to formulate propositions on how the best predie-
tion of ¥ given X =x, or in mathematical well-defined lerms, on how
the conditional expectations E(Y|X =x) of a specified stochastic
variable ¥ given X = x vary along with the values x of a specified m-
dimensional random variable X =(X;,...,Xn) where m=1 and
where X is not necessarily numerical, An adequate concept for this pur-
pose is the conditional expectation (synonymously, regression) E(Y 1 X)
of 4 random variable Y (with finite expectation) given a {usually other)
random variahle X,
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The conditionzl expectation E{Y | X) of a numerical random variable
Y on a probability space (£2, , P} (with finite expectation) given a ran-
dom variable X (with values in an arbitrary set) is defined by the fol-
lowing two conditions:

{a} E(Y|X) is measurable with respect to the sigma-algebra o {X)
penerated by X
() E(lc-E(YIXN=E(l-"Y), forall Cesi(X).

The definition is hard 1o understand with no backeround in basic con-
cepts of measure theory. Condition (a) basically means that E (Y | X) is
a function of X. An alternative characterization may be useful, IF Y can
be assumed to have finite variance, E(Y | X) may be conceptuabized 1o
be the optimal functron F(X) of X o predict Y. More formally,
E(Y|X) is that numerical measurable function ((X) of X, which mim-
mizes the following function of F{X):

(5] E((Y = F{X)7).

Mote hat no assumption has (o be made concerning the type of (X)
{see Appendix B for a proof). E(Y | X) is a numerical random variable,
the values of which are identical with the conditional expectations
E{Y | X=x) of ¥ given X =x. Hence, E(Y X) is a lunction of X. It
may be regarded as a generalization of the best predictor of ¥ that
often appears in the literature on applied statistics. Note, however, that
E(Y | X) is defined without reference and resiniction (o a certain equa-
tion, The linear quasi-regression, on the other hand, may also be de-
fined to be that dmear function (X)) = 2 + o X, 2. @; & R, which
minimizes 5. The conditional expeciation s umquely defined only up
to probability 1. Therefore, equations on conditional expectations only
hold *“almost surely”™, in general, a mathematical detail that is not men-
tinned any more in this introductory presentation. Also note that we
always assume a underlying probability space (£2.# ) on which X, Y,
and E (Y| X) are random variables.

Applving the concept of a conditional expectation E(Y ' X) of Y
given X, the (true) lincar regression model can now be formulated as
fiollows:

(6) E{Y | X} = @y 4 oyx " X,

that is, E{Y | X} is sssumed to be a linear [unclion of the numerical
random variable X. As will be seen later on, this single assumption al-
lows for the deduction of the Equations 1 to 4 and even many more
important properties. If X is dichotomous with values zero and one. for
cxpmple, there are only two different values of E(Y|X), namely
E(Y|X=0}=tty, and E(Y|X=1)=sy,+ ayx (see Equation ). In
this case, ayx=E(Y/X=1)—E(Y |X =10} is the difference between
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the two true group means of Y and Equation 6 will always hold. Hence,
if X is dichotomous, there is no question whether or not the regression
E (Y| X) is linear. The only question is whether or not ayx = 0.

If, on the other hand, X is continuous, the values of the pair of
variables (X, E(Y|X)) are the points on the regression line. If X has
more than two values, Equation 6 is restrictive and may be wrong in a
substantive application. However, propositions about conditional ex-
pectations do not have to be as restrictive as that contained in Equa-
tion 6. A less restrictive proposition would be, for example, to postulate
that E(Y|X) is an increasing function of X, which is a more precise
formulation of Y tends to increase with X”. If the number of observa-
tions of X and Y is big enough, the values E(Y | X = x) of E(Y|X) can
be estimated and it can be decided whether or not E(Y|X) increases
with X. Such a decision will usually be based on statistical decision
procedures, of course.

Note that the proposition that E(Y |X) increases with X is much
weaker than propositions often found in psychological theories saying
that Y increases with X. The latter proposition is deterministic and
therefore must be rejected if there are two pairs (x;.y;), (xz,y;) of
values of X and Y such that x; < x, and y, > y,.

The arguments discussed above are intended to show that the for-
malization of psychological propositions does not necessarily lead to
,propositions that are unrealistically restrictive. Even weak propositions
like the one discussed above may easily and precisely be formulated in
terms of conditional expectations. What is advocated here, is the use of
conditional expectations to formulate theoretical scientific propositions
that should not be mixed up with descriptive propositions characteriz-
ing a given sample.

Using conditional expectations does not only allow for the precise
formulation of weak propositions, but it also allows to introduce any
degreee of restrictiveness up to deterministic propositions. The most
restrictive models specify a function for E(Y[X) and postulate Y =
E(Y|X), implying that there is no residual variable F =Y —E(Y|X)
with positive variance. Hence, the conditional expectation is an ade-
quate concept for stochastic as well as for deterministic propositions.

Usually, however, propositions on conditional expectations allow for
a residual F with positive variance. In this case it is important to know
the properties of F studied in the following section.

4. The Residual and its Properties

In this section, we describe the most important properties of the re-
sidual F:=Y — E(Y|X). which hold regardless of the assumptions for-
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mulated about E(Y|X): that is, whether E(Y[X) is assumed to be a
linear function of X as in the simple linear regression model, any other
polynomial, or whether it is just a nondecreasing function of X, for in-
stance. These properties even hold if X is not numerical at all such as in
classical error (test) theory models (see Section 9 below).

In the following sections, the regressor X may be m-dimensional, or,
synonymously, X may be a random vector consisting of m one-dimen-
sional, not necessarily numerical random variables X, ..., X, that is,
X =(X...., Xp). In this case, the regression E(Y[X) may also be
written E(Y|X,,...,Xn). An equivalent notation is E(Y|X;,je D),
where J={1,...,m} denotes a finite index set. However, the proposi-
{ions to be made about the residual F even hold if J is a countably in-
finite index set, that is, if J={1,2,...} is the set of natural numbers. It
will be assumed throughout that the regressand Y has finite expecta-
tion, say E(Y), and that ¥ and X are random variables on the same
probability space (2,.#, P).

Formulating substantive propositions by specifying assumptions on a
conditional expectation E (Y |X) of a random variable Y on a, possibly
multidimensional, random variable X =(X,,..., Xp), implicitly in-
volves propositions on a residual variable F (see Section 2 for some in-
terpretations of F) that is defined by

N F:=Y—E(Y|X).

We must ask then, what are these implicit propositions about I and
what are its general properties? Note again that no assumptions are
necessary to derive the equations in the following paragraphs (see the
Appendix B).

First of all, and almost trivially, F and E(Y|X) add together yield-
ing Y. In formula,

(8) Y=E(Y | X)+F,

which immediately follows from Equation 7. This additivity property
of F is not self-evident. In psychophysics, for example, the power law is
formulated with a multiplicative error variable (cf. e.g.., Thomas,
1983), although the log-transformation yields an additive error again
(see, e.g., Steyer and Erdfelder, 1984).

Second, and most importantly, the conditional expectation of the
residual F given any measurable function f(X) of X is zero, that is,

9 E(F[f(X))=0.

Equation 9 implies that the expectation of F given all combinations of
values of the variables X;, j € J, is zero. Special cases of Equation 9 are
E(F|X)=0 (with f(X)=X) and E(F|X;) =0, j €] (with f(X)=X;).
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Equation 9 is a very fundamental property of F, because it allows to
derive a number of other properties (see the Appendix B).

A third property of the residual F is that its (unconditional) expecta-
tion is equal to zero, that is

(10) E(F)=0.

This property is weaker than the second one, because it follows from
the second (see the Appendix B), but not vice versa. Contrary to the
latter, Equation 10 does not imply that the conditional expectations
E(Y|X=x) of F given X = x are zero, for all values x of X. Considering
Equations 9 and 10, we can say that F is regressively independent from
any measurable function f (X) of its regressor X: E (F [ f (X)) = E (F).

A fourth property of the residual F=Y—E(Y X,,...,X,) is that
it: covariance with each X;, jeJ={l,....m}, is zero, provided that
each X; is numerical with finite expectation and finite variance (which
implies that the covariance exists). In formula,

(11) C(F,X;))=0, forall jeJ={l,...,m},

which implies that the coefficients of correlation of F and each X; are
zero. If S(X) and S(Y) denote the positive square roots of the corre-
sponding variances, the correlation between two numerical random
variables X and Y with finite expectation and variance is defined by

C(X,Y)
S(X)-S(Y)’
0, otherwise.

A fifth property of the residual F =Y — E (Y |X) is
(13) E(F|E(Y|X))=E(F),
that is, the residual F is regressively independent from the regression
E(Y|X) of Y given X. In fact, this is a special case of the second prop-
erty with f(X):= E(Y|X). This fifth property is mentioned separately
only because it has a special well-known interpretation in the context of
error (test) theory models (see Section 9).

Equation 13 also implies the sixth property
(14) C(F,E(Y|X)) =0,
which immediately follows from Equation 13 (see the Appendix B). Ac-
cording to this equation, the covariance of the residual F and the re-

gression of Y given X (the conditional expectation) is zero.
Equation 14 may be used to derive the seventh property of F:

(15) V(Y)=V(E(Y|X)) +V(F).

if: 8/(X), S:(Y) =0,
(12) R(X,Y):=
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Hence, the variance of Y is a sum of the variance of the regression
E(Y|X) and the variance of the residual F. V(E (Y | X)) is that part of
the variance of Y that is determined by X and V(F) is the residual
variance, that is, that part of V (Y) that is not determined by X.

To summarize, the definition of the residual F (Equation 7) implies —
without any assumptions — the seven properties discussed above. It
should be noted however, that the definition of F, and especially F and
each X; being uncorrelated, do not imply that the absolute value
variable |F| or the conditional variance of F are independent from X.
Hence, if such properties are desired to be part of a model, they have to
be formulated as additional assumptions. It will be shown in Section 6
that the conditional expectation is also very useful to formulate pro-
positions on how the variance of a random variable Y varies along with
another random variable X. In Section 9 we show that the so-called
“axioms” of classical test theory are special examples of the properties
of the residual discussed above.

5. The Coefficient of Determination

A concept closely related to the residual F=Y — E(Y|X) is the coeffi-
cient of determination R (Y |X)?, which is defined for a numerical ran-
dom variable Y with finite expectation E (Y) and finite variance V(Y)
by

V(E (Y |X))

VY) if V(Y)>0,

(16) R(Y|X)?:=
if V(Y)=0,

that is, the coefficient of determination of the random variable Y with
respect to the regression E(Y|X) is defined to be the variance of
E(Y|X) devided by the variance of Y, provided that V(Y) is greater
than zero. Otherwise, R (Y| X)? is defined to be zero. The positive square
root of R(Y|X)? is called the coefficient of multiple correlation and
denoted by R (Y | X).

Again, these definitions are not based on any assumptions about
E(Y|X) or X. Thus X may be nonnumerical such as in test theory
models, for instance, where R (Y |X)? is also called the “reliability co-
efficient” (see Section 9).

It is easily seen that R (Y |X)? and R (Y|X) may take on values be-
tween zero and one. They will be zero, if E (Y |X) =E(Y), that is, if Y
is regressively independent from X, because in this case, V(E(Y |X)) =
V(E(Y))=0, since E(Y) is a constant. They will be one, if E(Y|X)
=Y and V(Y)> 0, which implies V(E(Y|X))=V(Y) (see Equa-
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tion 16). As the conditional expectation E (Y |X) may be interpreted to
be the best predictor of Y based on X, the coefficient R (Y |X)? may
be interpreted to be that portion of the variance of Y that is determined
by X.

If R(Y|X)? is the portion of the variance of Y that is determined
by X, then 1 — R (Y|X)? is that portion that is not determined by X. In
fact,

(17) 1—R(Y|X)2=V(F)/V(Y),

where V (F) denotes the variance of the residual F =Y — E (Y |X). This
is easily seen, if we insert Equation 15 into 16:

(18) R(Y|X)2=(V(Y) = V(F)/V(Y)=1-V(F)/V(Y).

Rearranging this equation then yields Equation 17. Combining 16 and

17 results in
V(E(Y[X))  V(F) V(F)

19 + =R(Y|X)+—=
it viy ven RN
that is, the portion of the variance that is determined by X and the por-
tion that is not determined by X add up to unity, another property
which follows from the definition of the residual F by Equation 7.

1,

6. The Conditional Variance and Covariance

Sometimes one is interested in formulating propositions on how the
conditional variance V(Y |X =x) of a random variable Y, given that
another random variable X takes on a value x, varies along with the
random variable X, which is possibly multidimensional and non-
numerical. In psychophysical adjustment experiments, for instance, the
conditional variance of the judgment increases with size of the given
stimulus (see, e.g., Gescheider, 1976, p. 35; Steyer and Erdfelder, 1984).
Another proposition often made is that the conditional variance of Y
given X = x does nor depend on X. The conditional variance is an im-
portant concept, because it reflects the goodness of the prediction of Y
based on X. Similarly, the covariance of two random variables Y, and
Y, may be assumed to be dependent or independent on another one, X.

Analogously to the conditional expectation E (Y |X) of Y given X,
wvhich is a random variable whose values are identical with the condi-
ticnal expectations E (Y |X =x) of Y given X = x, the conditional vari-
ance V(Y|X) of Y given X is a random variable whose values are
identical with the conditional variances V(Y |X =x) of Y given X =x.
The corresponding propositions hold, of course, for the conditional
covariance of two random variables Y, and Y;.
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Let Y, and Y, be random variables with finite expectations E (Y)),
E(Y,), and E(Y,-Y;). The conditional covariance of Y, and Y, given
X = (X;...., Xp) is then defined by

(200  C(Y,,Y2|X):=E((Y, —E(Y;|X)) - (Y2~ E(Y2[ X)) | X),

that is, the conditional covariance C (Y}, Y2|X) of Y, and Y, given X is
the conditional expectation of the random variable

(21) Z:=(,—-EMI[X) (Y2—E(Y2|X))

given X. If F,:=Y; —E(Y;|X) and F2:=Y, — E(Y; | X), we may equiv-
alently define C(Y;,Y2|X) to be the conditional expectation of the
product of the residual variables F, and F;. In formula,

(22) C(Yi. Y2|X)=E(F,  F[X).
Note that E(F, - F,|X) = C(F,, F;|X), because E(F,|X)=0=E(F,|X)
(see Equation 9).

The conditional variance of a random variable Y given X is defined
to be the conditional covariance of Y with itself, provided that Y has
finite expectation E (Y) and variance V (F). In formula,

(23) V(Y |X):=C(Y,Y[X), if E(Y)and V(Y)are both finite.

The following equations can be derived from these definitions:

(24) C(Y;, V2| X)=E(Y; - 2| X) — E(Y; | X) - E(Y:[X),
(25) V(Y|X)=E(Y?|X) - E(Y|X)%

Both equations closely correspond to those well-known properties of
unconditional covariances and variances. If Y; and Y, are dichotomous
(e.g., with values zero and one), conditional (local) stochastic indepen-
dence, which plays an important role in probabilistic models of mental
tests (see, e.g., Fischer, 1974), may now be formulated by

26) C(Y,,Yz[X)=0 or E(Yi-Y2|X)=E(Y,[X) E(Y2[X).

7. Some Single Equation Models

The conditional expectation is a unifying concept, which makes it easy
to see the communalities of different kinds of models resulting from
different kinds of assumptions on E (Y| X). The conditional expectation
E(Y|X) of Y given a numerical random vector X = (X, ..., X;y) might
be specified, for example, by

(27 E(Y|X)=ayo+ 2 ;- X;, J={1,...,m},
jel
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where the coefficients oy, and ay;, j €J, are real constants. If the ran-
dom variables X; represent quantitative properties, this is often called a
regression model, whereas it is also called an analysis of variance model,
if the variables X; represent qualitative properties or group member-
ship (see, e.g.,, Bock, 1975; Moosbrugger and Steyer, 1983; Timm,
1975). In this case, the values of E (Y |X) are the conditional expecta-
tions of Y in the smallest cells of the designs represented by the
variables X,, ..., Xm- In a 2x2 factorial design, for instance, E (Y|X)
does not have more than four different values, the four true cell means.
“In logit-linear models (see, e.g., Cox, 1970; Haberman, 1978, 1979;
Langeheine, 1980), where the dependent variable Y is dichotomous
with Y=1 or Y=0, the conditional expectation E(Y|X) of Y given
X=(X,,..., X,y is specified by

exp (fyq + Z By X;)
jel

(28) E(Y|X)= ,
| 1+exp(ﬂY0+_zjﬁYj'Xj)
ie

J={l,...,m},

where again fy, and fy;, j€J, are real constants. In these cases, in
which Y is dichotomous with values zero or one, E (Y |X) is also de-
noted by P(Y=1|X) and called the conditional probability of Y =1
given X. In this case, the values of E(Y |X)=P(Y=1|X) are the con-
ditional probabilitiesP(Y=1|X=x)of Y =1 given X = x.

8. A Recursive Path Model and an Old Fallacy

Sometimes models consist of several equations on conditional expecta-
tions such as in recursive simultaneous equation systems or path models.

Consider, for example, the path diagram depicted in Figure 1. Models -

of this type can be described by specifying one equation for each de-

—* |iZ2

| I3 | & | 41

Figure 1: Path diagram for a recursive model with three variables.
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pendent variable, for instance,

(29) E(Zy|Z) =ax+ayZ,
and
(30) E(Z3|2),Zy) = a3+ 03" Zy + 032" 23,

where again the coefficients ;; are real constants. All properties of the
residuals

31 F,:=Z,—E(Z,|Z)) and F;:=Z;—E(Z;|Z,,Z,)

appearing as additional assumptions in the usual formulation of path
analysis models, namely

(32) C(F;.Z) =0,

(33) C(F3,2))=C(F3,Z) =0,
(34) C(F;,Fy) =0,

(35) E(Fy) =E(F;) =0,

(see, e.g., Brandtstidter and Bernitzke, 1976; Kenny. 1979: or Hummell
and Ziegler, 1976) and the additional properties

(36) E (F3|Fy) =0,
(37)  E(F,|Z))=E(F;|Z)) =E(F;|Zy) =E(F3/Z,.2,) =0,

can be derived from the definitions of F, and F; using the rules of com-
putation for conditional expectations given in the Appendix A. Using
the concept of the conditional expectation helps to distinguish between
assumptions and logical consequences from definitions. Thus, Equa-
tions 32 to 37 being logical consequences of the assumptions formulated
in Equations 29 to 31, makes immediately clear that the uncorrelated-
ness of residuals and the corresponding regressors can nof be used to
distinguish a usual regression model from a causal one, a fallacy still
appearing in the literature (see, e.g., Hodapp, 1984, p. 26, or Kenny,
1979, p. 51) that goes back to a paper of Simon (1954, 1971). The fal-
lacy is due to Simons misinterpretation of the uncorrelatedness of er-
rors. Whereas his interpretation is that “all other™ variables influencing
Z5 are uncorrelated with all other variables influencing Z, (see 1971,
p. 10), the analysis above shows that the uncorrelatedness of the error
variables F, and F; is a logical consequence of their definition and the
equation 29 and 30. Hence, Simons conclusion that “correlation is proof
of causation in the two-variable case if we are willing to make the as-
sumption of time precedence and non-correlation of the error terms”



00 Kol dteyer

(1971, p. 10) is wrong. Non-correlation of errors does not imply that
there is no omitted other variable, say W, influencing Z,, Z,, and Z;.

The proof of this proposition is as follows: Since Equation 29 and 30
imply the uncorrelatedness of errors, it must only be shown that these
two equations do nor imply that the coefficients fw, 1=1,2,3 (repre-
senting the influence of the omitted variable W) in the following equa-
tions are zero:

(38) E(Z,|W) =B+ fiw W,
(39) E(Z;|Z,\W) = fy+ 2" Z, + fow W,
(40) E(Zy|Z),Zy, W)= s+ B3 Z + B Zy+ faw - W.

In fact, using the rules of computation given in the Appendix A, it is
easy to see that the Equations 38 to 40 with f;y #0,i=1,2, 3, even
imply the Equation 29 and 30 (and therefore also the uncorrelatedness
of the residuals F5 and F3), provided that one additionally assumes:

(41) E(W|Z)) =awo+aw; " Z,,
(42) E(W|Z,Z2) = fwot Pwi " Z,+ Bw2 Zs.

A more adequate theory of causal regression models does not focus on
the non-correlation of the residuals but on the invariance of the regres-
sion coefficients when passing from E(Z,|Z)) to E(Z,|Z,, W) and
from E(Z3|Z,.Z,) to E(Z3|Z,,Z,, W) (see, e.g., Steyer, 1983, 1984,
1985 a, b, ¢, d).

9. Error Theory of Situation-Dependent
Psychological Properties

Although there are a number of applications of the concept of condi-
tional expectations in the psychological and methodological literature
(see Section 10), a more detailed application might be in place here to
further demonstrate the usefulness of the concept. In contrast to the ap-
plication of the conditional expectation in path models, we now treat an
example with nonnumerical regressors. We present and discuss assump-
tions which allow to compute a coefficient representing the “sensitivity”
of a test-score variable with respect to a given set of situations. This
coefficient has been proposed by Tack (1980, 1986).

The procedure and the assumptions refer to the following type of ex-
periment: A unit is sampled and then randomly assigned to one of
several given situations in which its values on two essentially equivalent
variables (see Assumption (d) below) are assessed. After that another
situation is drawn from the given set and the value of the unit on a
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third variable is observed that is also assumed to be essentially equiv-
alent to the first two variables. The most remarkable result is that no
assumption of uncorrelated errors is needed to determine the “sensi-
tivity coefficient”.

The classical error (test) theory in its modern version presented by
Zimmerman (1975, 1976) considers the following type of experiments:
A unit u (e.g., a person or person-situation combination) is sampled
from a set U of observational units and the values of u with respect to
m properties (which, in the simplest cases, might be dichotomous, such
as solving or not solving a task) are observed. Hence, the set of possible
outcomes of this kind of experiment is:

(43) Q=UxQx...xQ,, meN,

where each Q;,i=1,..., m, is the set of possible values with respect to
the i-th property. In the usual simple cases, all the factor sets of Q2 are
finite. Hence we can chose the power set # () to be the sigmaalgebra
on which a (usually unknown) probability measure P is assumed to
exist. We might just know that each unit u € U has the same chance to
be sampled.

We consider the stochastic variables Y;: @ - R, i=1,..., m (the
test-score variables) on this probability space that map the qualitative
values of the m properties considered into the set of real numbers. Fur-
thermore, we consider the projection py: Q2 — U, the values of which
are the units u € U, that is,

(44) pu(®)=py((v, wy,...,wy))=u, forall weQ.
We now define T, to be the conditional expections or regressions
(45) Ti:=E(Yi[py), i=1,...,m.

If the units are persons, we may call the variables T; person-regres-
sions (or “true-score variables”) of the variables Y;. The values of
such a person-regression T; are the conditional expectations (or true
scores) E(Y;|py=u) of Y; given a person u. The general properties
of the residual discussed in Section 3 may now be written: Y;=T; + F;
(Eq.8), E(Fi|f(py))=0 (Eq.9), E(F))=0 (Eq.10), E(F;|T)=0
(Eq. 13), C(F;, T)) =0 (Eq. 11), V(Y;) = V(T;) + V(F;) (Eq. 15). Note
that none of these Equations is an axiom. Instead, each of it is an im-
mediate consequence of Definition45. Also note that the equation
E(F; |f(pu)) =0 also implies E (F;|T;) = 0 and C (F;, T;) = 0. Another
interesting point is that the uncorrelatedness of “errors”

(46) C(F;,Fp=0, i#j, i,j=1,...,m,
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is not a consequence of 45 (see, e.g., Tack, 1980). Furthermore, the co-
efficient of determination (Eq. 12) may be written V (T;)/V (Y;), which
is called “reliability coefficient” in this context. Hence its definition
does not depend on the “axiom” of uncorrelated errors.

Tack (1980) generalized this classical error (test) theory model intro-
ducing a set S of situations out of which one is observed. Hence, in-
stead of 43, we now underly the set

(47) R=0xSxQx...x2n,

of elementary events or possible outcomes of the experiment. We may
interpret Q2 in two different ways. First, we assume U = O. In this case
Equation 47 characterizes another experiment than 43. Whereas in 43
the situation in which the properties of the person are observed is con-
stant (and therefore not mentioned), it may now be different every time
the experiment is run. Second, if on the other hand U = O x §, then 43
and 47 may characterize the same type of experiment. The only differ-
ence is that in 47 we take account of the fact that another situation may
be realized each time a person is sampled and his or her properties are
observed. Both kinds of interpretation are possible. The first one leads
to a generalization of the classical model, the second to its reinterpre-
tation.

In any case we may now consider the projection p,: 2 — S, the value
ps (w) of which is the situation s € S drawn or observed. Furthermore,
aside from the person-regression E (Y;| pg) (the classical “true-score vari-
able™), there is the situation-regression E(Y;|ps) and the person-situa-
tion-regression E (Y; | pg, ps)-

Tack (1980) has shown that the trivial equation

(48) E(Yi|po. ps) = E(Yi|po) + E(Yi[po. ps) — E (Y| po)

about the person-situation-regression E (Y;|pg, ps) leads — without ad-
ditional assumptions — to the following decomposition of variances:

(49)  V(E(Yi|po. ps) = V(E(Yi[ po)) + V(E (Y| po. ps) — E(Yi| po)).

The '4st variance may be interpreted as that part of the variance of Y;
that is not due to the persons but still systematic with respect to persons
and situations. It contains the variance determined by the situations and
the interaction of persons and situations (see Steyer, 1986, for details).

In the following sections we treat conditions under which the
variance of E (Y; | po. ps) — E (Y;| po) (see Eq. 49) or the coefficient

(50) V(E(Yi|po, ps) — E(Yi| po))/V (Yi)

can be determined from the variances and covariances of the variables
Y.
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Although the definition of the coefficient 50 does not depend on any
assumptions, it cannot be determined from “observable” quantities
(such as the variances and covariances of the Y;) without any assump-
tions. This is the same state of affairs as with V(E (Y;| py))/V(Y;), the
classical coefficient of reliability, the determination of which rests on
assumptions of parallel or essentially equivalent tests.

We now propose a procedure to determine the coefficient 50. For
this purpose we have to enlarge the experiment discussed above: A
person o is sampled from a set O and randomly assigned to a first situa-
tion s, which is drawn from a set S; of several given situations. In this
situation his or her values on two (essentially equivalent) variables Y,
and Y, are assessed. After that a second situation s, is randomly drawn
from the set of situations and his or her value on a third variable Y; is
observed (that is also assumed to be essentially equivalent to the first
two variables with respect to the person-regression; see Assumption (d)
below). Hence the set of possible outcomes or elementary events is now
assumed to be

(5” Q=0XS|XQ[X92XS_2XQ3,

where S, =S, and 2, = 2, = 2;. Aside from the above mentioned pro-
jections po: 2 = O and p;: 2 = S, (denoted ps above), we may now
additionally consider the projection py: 2 — S,.

Assuming the random assignment of persons to situations we have:

(a) the projections py, p; and p; are totally stochastically independent.

Possible dependencies in a sample do not affect the validity of this as-
sumption. It can only be wrong if the person sampled is not randomly
assigned to the two situations or if the two situations are not sampled
independently.

Two additional assumptions are:

(b) E(Yi|p0‘p|)=E(Yi‘pﬂiplip2)s i=l’25

() E(Y3|po, p2) = E(Ys|po, P1. P2)-

Whereas (b) will always be fulfilled in the type of random experiment
described above, the Assumption (c) may be wrong in some applica-
tions. For instance differential learning effects caused by the first situa-

tions s, might influence the value of Y; assessed in situation s,.
The next assumption is

(d) E(Yi[po) =E(Ya2|po) + 2 =E(Y;[po) +B, af€R,

which means that Y;, Y;, and Y; are essentially equivalent with respect
to their person-regressions. This assumption is well known from classi-
cal error (test) theory.
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Furthermore, we assume

e E(Yy|po.p)=E(Ya|lpo.p)+7 7yeR,

which means that Y; and Y; are also essentially equivalent with respect

to their person-situation-regression. Whether or not assumptions d and

e hold in a given application is not a logical but an empirical question.
Finally, we assume that the covariances of the residuals

Gi:=Y;,—E(Yi|po,p1), i=12,

(52) (Yi|po, p1)
G;:=Y;— E(Y3|po, p2)

are equal:

() C(Gy,Gy) =C(Gy, G3) =C (G2, Gy).

In classical error theory the residuals are usually assumed to be un-
correlated. Hence, in this important respect (see the discussion of Tack,
1980) our assumptions are less restrictive than the classical ones.

The Assumptions (a) to (f) imply the following equations (see Steyer,
1986, for proofs):

(53) C(Y),Y;)=C(E(Y:|po) E(Y2]po))

+ C(E (Y1 |po, p1) — E(Yi | po), E(Y2| po. p1) — E(Y2| po))

+C(G,,Gy)
(54) C(Y;, Y3) =C(E(Yi|po), E(Y3|po)) + C(G;, G3), =12,
(55) 1 C(Yy, Ya) = C(Y;, Y3)

=C(E(Yi|po, p1) — E(Yi|po), E(Ya|po, p1) — E(Y2| po)),
i=

(56) C(Y),Yy)—C(Yi,Y3)=V(E(Yi|po, P1) —E(Yi[po)), i=1,2

Dividing this difference by the variance of Y; yields the desired co-
efficient 50:

CM. o) —C(Yi, Ys) _ V(E(Yilpo. p1) — E(Yi|po))

(57)

V(Y) V(Y) i
i=1,2.
Adding the final assumption of equality of variances:
(8) V(Yh) =V(¥2)= V(Ys),
leads to
V(E (Y;| po> p1) — E(Y; .
(58) R(Y,.Yy)—R(Y,Yy)= (E(Yi|po>p1) —E( ‘Po)), =12

Vi(Ys)
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Hence in this case the coefficient 50 can be determined by the differ-
ence of the correlations R (Y;,Y,) and R (Y;,Y;) or the difference of
R(Y;, Y,) and R (Ya, Y3).

To summarize, contrary to the opinion of Pawlik (1976), we do not
need a “theory of parallel situations” in order to determine the variance
due to situations and the person-situation interaction of the psychologi-
cal property considered. What we need are assumptions of essential
equivalence of the person-regressions and the person-situation-regres-
sions or true score variables (see Assumptions (d) and (e)), and the As-
sumption (a) that can be realized through the design of the experiment.
Even the classical (and highly problematic) assumption of uncorrelated
errors can be replaced by the much weaker assumption of equal error
covariances.

10. Conclusion

Correlation and regression are often exclusively treated as data-analytic
methods, neglecting the fact that these concepts are very useful to
formulate theoretical propositions on nondeterministic dependencies
between random variables. The theory of conditional expectations may
be viewed as the general theory of regression. The conditional expecta-
tion (regression) is defined without reference to a certain regression
equation. Propositions formulated in terms of a conditional expectation
do not necessarily involve an equation at all, for instance, if we say that
E(Y|X) increases with X. Furthermore, as illustrated in the applica-
tion above, the regressor X may also be nonnumerical.

In this paper, two applications of the conditional expectation have
been treated in some detail. In the first one, it has been used to unravel
an old fallacy concerning uncorrelated errors and the concept of
causality in recursive path models. In the second, it has been applied to
derive a procedure to determine a coefficient for the “sensitivity” of a
test-score variable with respect to a given set of situations.

It has often been argued that formalization is inadequate in sciences
like psychology. In fact, the assumptions about distributions and equal
variances, for example, that are often made in analyzing sample data,
are rather restrictive. Using the concept of a conditional expectation
E (Y| X), however, any proposition can be formulated on how the con-
ditional expectations E (Y |X = x) of a random variable Y given X = x
vary along with X without any further assumptions. The only presup-
position is that the expectation E(Y) is finite, which is (almost) no
restriction for application in the empirical sciences.

Although no assumptions about E (Y |X) or about the distributions
of Y, X, or the residual F need be made, many properties of F (see
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Equations 7 to 15) can be derived from its definition F:=Y —E (Y [X)
using general rules of computation given in the Appendix A. These
rules in turn are derived from Kolmogoroff’s (1933) definition of the
conditional expectation (see any book on mathematical probability
theory such as Bauer, 1974; Breiman, 1968; Lo¢ve, 1977, 1978).

The concept of a conditional expectation has been applied in a
number of papers, for example, on the theory of mental tests (Steyer,
1986; Tack, 1980, 1986; Zimmerman, 1975, 1976; Zimmerman and Wil-
liams, 1977), on causal models (Steyer, 1983, 1984, 1985a, b, c,d), on
the communalities of some stochastic models (Moosbrugger, 1983), to
psychophysical models (Erdfelder and Steyer, 1984), and models for
perceptual illusions (Steyer and Erdfelder, 1984). The papers by Zim-
merman and Zimmerman and Williams were pioneering, showing
among other things that the axioms of the classical theory of mental
tests can in fact be deduced from the definition of the true scrore
variable as a special conditional expectation. Some of the other papers
mentioned above, which were inspired by Zimmerman’s, showed
further that such simplifications can also be obtained in other areas.

Appendix A:
Rules of Computation for Conditional Expectations

In this appendix some general rules of computation for conditional ex-
pectations are gathered. Their use is illustrated in Appendix B. We as-
sume throughout that Y is a numerical random variable on an under-
lying probability space (22, P) with finite expectation E (Y) and that
X is a random variable on (€2, P) with values in an arbitrary set.
Hence, X may be multidimensional and/or nonnumerical. Proofs for
Rules 1 to 5 may be found in Breiman (1968) or Bauer (1974), for
example. A proof for Rule 6 is given in Steyer (1983, p. 144). Note that
all equations on conditional expectations only hold with probability 1
(or P-almost surely).

Rule 1. The expectation of a conditional expectation (regression)
E (Y| X) is equal to the expectation of Y. In formula:

E(E(Y|X)) =E(Y).

Rule 2. (i) The conditional expectation of a weighted sum oY+ f-Z
of two random variables Y and Z with finite expectations (the
weighted sum or linear combination is also a random variable
with finite expectation) given X is equal to the weighted sum
of the conditional expectations of Y and Z given X.
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(ii) The conditional expectation of a real constant f given X is
equal to the constant £ itself. In formula:

(i) E(w' Y+B-Z|X)=a-E(Y|X)+8-E(Z|X);
(i) E(B|X) =4 o fBeR.

Rule 3. The conditional expectation of the regression E (Y | X) given X
is equal to the conditional expectation of Y given X. In for-
mula:

E(E(Y|X)|X)=E(Y|X).

Rule 4. The conditional expectation of the regression E (Y [ X) given a
family (fi (X), k € K) of measurable functions of X is equal
to the conditional expectation of Y given (fi (X), k € K):
E(E(Y|X)|fi (X), k € K) = E(Y |fi (X), k € K).
Special cases of this rule are, for example:
(i) E(E(Y|X)|X)=E(Y|X) (thisisRule3),
(i) EE[X,,X)|X)=E(Y[X)),
(iii) E(E(Y[X)|E(Y|X))=E(Y|E(Y|X)),
(iv) E(E(Y X, X5, X3) [ X, X2+ X3) =E(Y | X, X3+ X3).
Rule 5. If f(X) is a numerical measurable function of the m-dimen-
sional random variable X = (X,, ..., Xp) such that E (Y- f (X))
is finite, then the conditional expectation of the product of

Y with f(X) given X is equal to the product of f(X) and
E (Y | X). In formula:

Ef(X)-Y|X)=fX)-E(Y|X).
If we define J = {1, ..., m}, presuppose that the X;, j € J, are numerical
and that Z is a random variable with finite expectation E (Z), special
cases of this general rule are:
(i) E(X;|X)=X;, ifjel and E(X)) is finite.
(i) E(Y-X;|X)=X;-E(Y]|X),
if je Jand E (Y- X;) is finite.
(iil) E(X; Xy | X) =X Xy,
if j, k e J and E (X - Xy) is finite.
(iv) E(Y'E(Z|X)|X)=E(Z|X) E(Y|X).
(v) E(EY[X)[E(Y[X))=E(Y|X).
(vi) E(E(Z|X;,jel) Y|X)=E(Z|X;,jelo) E(Y|X),
ifJoc J.
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Rule 6. If Y is regressively independent from the numerical random
vector X=(X,,..., X,,) then the covariance and the correla-
tion of Y and each X;, jeJ={l,..., m}, is zero provided that
the variances of Y and each X, j € J are finite. In formula:

If
V(Y)<oo and V(X)) <o, jeJ,
and
E(Y|X,, ..., Xu) =E(Y),
then

C(Y,X)=0, forall jeJ.

Appendix B: Proofs

The use of the rules of computation (referred to as R. 1 to R. 6) listed
above is now illustrated to derive:

(a) the proposition that E (Y | X) minimizes the following function of
the measurable function f(X): E((Y—f(X))?) if Y has finite
variance;

(b) the properties of the residual discussed in Section 3;

(c) the formulae for the residuals of the recursive path model in Sec-
tion 8.

We begin with point (a) which refers to Section 3. For simplicity
define X,:=E(Y|X) and let Z:=f(X) be an arbitrary random vari-
able measurable with respect to the sigma-algebra .« (X) generated
by X. First consider

E((Y=Xp) (Xo—2) [X)=(Xo—2Z) - E(Y — X, |X) (R.5)
=0 (Eq.9)
Because of R. 1, this implies: E ((Y — X;) - (X — Z)) = 0. Hence,
F(Z)=E((Y - 2)) =E(((Y — Xp) + (Xo— 2))?)
=E((Y-Xo))+E((Xo—2)) +2-E((Y—Xo) - (Xo— Z))
=E((Y~-Xo)?) +E((Xo - 2)?).

Because E ((Y — Xg)?) is a constant, this proves that f(Z) has its mini-
mum for Z = X, = E (Y| X), which was to be shown.

Equation 9:
E(F[f(X)) =E(Y-E(Y|X)[f(X)) (Eq.7)
=E(Y[f(X))—E(E(Y|X)|f(X)) (R.2)
=E(Y|f(X)) —E(Y|f(X)). (R.4)
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Equation 10:

E(F)=E (Y- E(Y|X)) (Eq. 7)
=E(Y)-E(E(Y|X))
=E(Y) - E(Y). (R.1)

Equation 11 follows from Equations 9, 10, and Rule 6. Equation 13, is
a special case of 9, if one considers Equation 10. Equation 14 follows
from Equation 13 and Rule 6.

Equation 15:
V(Y)=C(Y,Y)=C(E(Y|X)+F,E(Y|X)+F)
=V(E(Y|X)) + V(F). (Eq.14)
We now turn to Section 8. The properties of the residuals F; and F;

defined by Equation 31 will now be derived beginning with Equation 37
and then going back to Equation 32.

E(F3|2,,Z)=E(Z;—-E(Z3]Z,,Z)) | Zi, Zy) (Eq. 31)
=E(Z3|2),Z,) —E(E(Z3]2,,29) (2, Zy) (R.2)

=E(Z;|2,,2Z,) —E(Z3|2,,Z)). (R.3)
E(F,|Z))=E(Z,-E(Z,|Z2)|Z)) (Eq. 31)
=E(Z,]Z))-E(E(Z:|Z)|Z)) (R.2)

=E(Z,|Z)) - E(Z2|Z)). (R.3)

Equation 36:

E(F;|Fy) =E(F;|Z, - E(Z,]Z)) (Eq. 31)

=0, (Eq. 9)

because F, is a function of the regressors Z, and Z, and because Fj; is
the residual with respect to the regressions E(Z;|Z,, Z,). Except for
Equation 34, the other equations are the general properties of the re-
sidual discussed in Section 3. Equation 34 immediately follows from
Equation 36 and Rule 6. Hence it is shown that Equations 29 to 31
imply Equation 34.

We now show that Equations 38 to 42 imply Equations 29 and 30:
This proves that F, and F; being uncorrelated does not imply that the
coefficients f,w, i =1, 2, 3, of the Equations 38 to 40 are zero. Although
F, and F; are uncorrelated (see Eq. 34), an omitted variable W can
exist “which influences” all variables (Z,, Z,, Z3) in the model.
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Equation 29:

E(Z;|Z) = E(E(Z,|Z,,W)|Z)) (R.4)
=E(fu+Bu-Zi+hw W|Z) (Eq. 39)
=Put P Zi+ fow EWI[Z) (R.2,R.3)
=P+ P Zi+ Baw  (wo + %wi * Z1) (Eq. 41)

= (B + Paw - two) + (Bu + Baw " 2wi1) “ Zy,
which is Equation 29 with
oy := P+ Pow - dtwo and oy 1= fy + Bow - dw -
Equation 30 can be derived analogously:
E(Zy|Z,,Z))=E(E(Z;|Z,,2,, W) |Z,,Z)) (R.4)
=EBuo+Bu-Zi+PuZo+ frw-W|Z.2Z;)  (Eq.40)
=PBun+Bn L +Pn Zy+hw EWI[Z,,Z;) (R2,R.3)
=Pt b Zi+hn 2,
+ Baw - (Bwo+ Pwi - Zy + Bwa " Z)) (Eq. 42)
= (B30 + Baw * Bwo) + (B3 + Bsw - Bwi) - Z,
+ (Bn+ Bsw  Bwa) * Za,
which is Equation 30 with
a3 = Pro+ faw  Bwo, 3= Fu+ Baw Bw,

o3 i= 3+ Paw " Bwa,
which was to be shown.

and
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