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PrimitivesPrimitives

The set of possible outcomes  

of the random experiment    Ω = ΩU × ΩS1 × ... × ΩSt × ... × ΩSn  

   × ΩO1 × ... × ΩOt × ... × ΩOn     
 

Test-score variables     Yit: Ω → IR     
 

Person and situation variables  U: Ω → ΩU person variable 

        St: Ω → ΩSt situation variable 
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TheoreticalTheoretical VariablesVariables

τit := E(Yit | U, St)  Latent state variable 

εit := Yit − τit   Measurement error variable 

ξit := E(Yit |U)  Latent trait variable 

ζ it := τit − ξit   Latent state residual 
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PropertiesProperties of Latent Variablesof Latent Variables

 Decomposition of variables 

            Yit = τit + εit 

            τit = ξit + ζit     

 

 

Decomposition of variances 

            Var(Yit) = Var(τit) + Var(εit) 

            Var(τit) = Var(ξit) + Var(ζit) 
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ExpectedExpected ValuesValues and and 
Covariances of Covariances of thethe ResidualsResiduals

         E(εit) = 0 

         E(ζit) = 0 

 

Cov(εit, ζjs) = 0 

Cov(εit, τjs) = 0 

Cov(εit, ξjs) = 0 

Cov(ζit, ξjs) = 0 
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ExpectedExpected ValuesValues: : 

A Little A Little ProofProof

Proof of:         E(ζit) = 0 

    

    E(ζit)  = E(τit − ξit)       (Inserting the definition) 

= E(τit) − E(ξit)       (Rule iii of Rule Box 5.1) 

= E[E(Yit | U, St)] − E[E(Yit |U)]      (Inserting the definitions) 

= E(Yit) − E(Yit) = 0       (Rule iv of Rule Box 6.2) 
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Covariances of Covariances of thethe Residuals: Residuals: 
A Little A Little ProofProof

Proof of:         Cov(ζit, ξjs) = 0 

First we proof E(ζit |ξjs) = 0, which implies Cov(ζit, ξjs) = 0. 

  ζit  = τit − ξit      (Definition of ζit) 

  = τit − E(Yit |U)      (Definition of ξit) 

  = τit − E[E(Yit | U, St) |U]       (Rule vi of Rule Box 6.2) 

= τit − E(τit | U )       (Definition of τit) 

This shows that ζit is a residual with respect to the regressor U. Hence, 

its regression on all functions of U is zero and ξjs := E(Yjs | U) is such a 

function of U. Furthermore, its covariances with all functions of U are 

zero, because the covariances of a residual with all functions of its 

regressor are zero.  
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Important CoefficientsImportant Coefficients

 

Reliability 
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Stability of the latent state variable        Kor(τit, τis)  

Stability of the latent trait variable    Kor(ξit, ξis) 
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SingletraitSingletrait ModelModel
Path DiagramPath Diagram
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SingletraitSingletrait ModelModel
DefinitionDefinition

       Yit  = τit + εit 

             = λit 0 + λit1 ξ + εit 

      Cov(εit, εjs) = 0      (i, t) ≠ ( j, s) 
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SingletraitSingletrait ModelModel
Fixing the scale and IdentificationFixing the scale and Identification

Fixing the scale of the latent trait variable ξ: 

E(ξ) = 0   and  Var(ξ) = 1 

   or            λ110 = 0    and  λ111 = 1 

 

Identification in the case λ110 = 0    and  λ111 = 1  

E(ξ) = E(Y11) 

     2
1itλ Var(ξ) = 
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Cov Y Y Cov Y Y
Cov Y Y
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          Var(τit) = 2
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         Con(Yit) = Rel(Yit) 
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SingletraitSingletrait ModelModel
TestabilityTestability

Var(Yit) = Var(τit) + Var(εit)  
   = 2

1itλ Var(ξ) + Var(εit) 

 

Cov(Yit, Yjs) = Cov(τit,τjs) = λit1 λjs1Var(ξ),    (i, t) ≠ ( j, s) 
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MultistateMultistate ModelModel
pathpath diagramdiagram
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MultistateMultistate Model Model 
DefinitionDefinition

       Yit = τit + εit 

                     τit = λit0 + λit1ηt + εit  

        Cov(εit, εjs) = 0      (i, t) ≠ ( j, s) 
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MultistateMultistate--SingletraitSingletrait ModelModel
pathpath diagramdiagram
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MultistateMultistate--SingletraitSingletrait ModelModel
DefinitionDefinition

       Yit = τit + εit  

            = λit0 + λit1ηt + εit 

                     ηt = γt0 + γt1ξ + ζt 

 

       Cov(εit, εjs) = 0      (i, t) ≠ ( j, s) 

      Cov(εit, ηs) = 0 

       Cov(ζt, ζs) = 0 

       Cov(ζt, εjs) = 0 

         Cov(ζt, ξ) = 0 
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SingletraitSingletrait Model with Method FactorsModel with Method Factors
path diagrampath diagram

1 

1 

1 

Y11 

Y21 

Y31 

Y12 

Y32 

Y22 ξ 

δ 2 

δ 1 

ε 11 

Y13 

Y23 

ε 33 Y33 

λ121

 κ211

20

SingletraitSingletrait Model with Method FactorModel with Method Factor
DefinitionDefinition

        Yit = τit + εit 

     = λit 0  + λit1ξ + δi + εit 

Y33 = τ33 + ε33 

     = ξ  + ε33 

 

         Cov(εit, εjs) = 0      (i, t) ≠ ( j, s) 
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MultistateMultistate Model Model withwith MethodMethod FactorsFactors
pathpath diagramdiagram
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SingletraitSingletrait--Multistate Model Multistate Model withwith MethodMethod FactorsFactors
pathpath diagramdiagram
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