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Preface

Why another book on probability?

This book has two titles. The subtitle, ‘Fundamentals for the Empirical Sciences’
reflects the intentions and the motivation of the first author for writing this book.
Hereceived his academic training in psychology, but considers himself a method-
ologist. His scientific interest is in explicating fundamental concepts of empiri-
cal research (such as causal effects and latent variables) in terms of a language
that is precise and at the same time is compatible with the statistical models used
in the analysis of empirical data. Applying statistical models aims at estimating
and testing hypotheses about parameters such as expectations, variances, covari-
ances, etc. or of functions of these parameters such as differences between expec-
tations, ratios of variances, or regression coefficients, etc., all of which are terms
of probability theory. Precision is necessary for securing logical consistency of
theories, whereas compatibility of substantive theories with statistical models is
crucial for probing the empirical validity of theoretical propositions via statistical
inference.

Much empirical research uses some kind of regression in order to investi-
gate how the expectation of one random variable depends on the values of one
or more other random variables. This is true for analysis of variance, regres-
sion analysis, applications of the general linear model and the generalized linear
model, factor analysis, structural equation modeling, hierarchical linear model-
ing, and for the analysis of qualitative data. Using these methods we aim at learn-
ing about specific regressions. A regression is a synonym for what, in probability
theory, is called a factorization of a conditional expectation, provided that the re-
gressor is numerical. This explains the main title of this book: ‘Probability and
Conditional Expectation.

What is it about?

Since the seminal book of Kolmogoroff (1933/1977) the fundamental concepts
of probability theory are considered to be special concepts of measure theory.
A probability measure is a special finite measure, random variables are spe-
cial measurable mappings, and expectations of random variables are integrals
of measurable mappings with respect to a probability measure. This motivates
Part I of this book with three chapters on the measure-theoretical foundations of
probability theory. Although at first sight this part seems to be far-off from prac-
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tical applications, the contrary is true. This part is indispensable for probability
theory and for its applications in empirical sciences. This does not only apply to
the concepts of a measure and an integral but in particular to the concept of a
measurable mapping, although we concede that the full relevance of this con-
cept will become apparent only in the chapters on conditional expectations. The
relevance of measurable mappings is also the reason why this chapter is more
detailed than the corresponding chapters in other books on measure theory.

Part II of the book is fairly conventional. The material covered, probability,
random variable, expectation, variance, covariance, and some distributions, is
found in many books on probability and statistics.

PartIIl is not only the longest, it is also the core of the book that distinguishes it
from other books on probability or on probability and statistics. Only few of these
other books contain detailed chapters on conditional expectations. Exceptions
are Billingsley (1995), Fristedt and Gray (1997), and Hoffmann-Jergensen (1994).
Our book does not cover any statistical model. However, we treat in much detail
what we are estimating and about what we test or evaluate hypotheses using sta-
tistical models. How we are estimating is important but what we are estimating
is of most interest from the empirical scientist point of view and this point is typ-
ically neglected in books on statistics and in books on probability theory such as
Bauer (1996) or Klenke (2013). A simple example in case is the meaning of the
coefficient B; in the equation E(Y|X,2) = fo + 1 X +P2Z + f3ZX. Oftentimes,
this coefficient is misinterpreted as the ‘main effect’ of X. However, sometimes
B has no autonomous meaning at all, e.g. if P(Z=0) = 0. In general, this coef-
ficient is just a component of the function g,(Z) = f; + f3Z that can be used to
compute the conditional effects of X on Y for various values z of Z (see chapter
15 for more details). The crucial point is that such concepts can be treated most
clearly within probability theory, without referring to a statistical model, sample,
estimation or testing. This also includes exemplifying the limitations of condi-
tional expectations. Simple examples show that conditional expectations do not
necessarily serve the purpose of the empirical researcher, namely to evaluate the
effects of an intervention on an outcome variable. But even in these situations
conditional expectations are indispensable for the definition of the parameters
of substantive interest (see, e. g., chapter 14).

There is much overlap of Parts Il and III with Steyer (2003). However, that book
is written in German and the mathematics is considerably less rigorous. Aside
from mathematical precision, the two books also differ in the definition of an
important concept: In Steyer (2003) the term regression is used as a synonym of
a conditional expectation, whereas in this book we use it as a synonym for the
factorization of a conditional expectation.

In the first chapter of Part III we gently introduce conditional expectation val-
ues and discrete conditional expectations. In the next chapter of this part we
then present the general theory of conditional expectations that has been intro-
duced by Kolmogoroff (1933/1977) and is since that time treated in many books
on probability theory — although much too briefly in order to be intelligible for
researchers in empirical sciences. Our chapter on conditional expectations con-
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tains many more details and is supplemented by a number of other chapters on
important special aspects and special cases. Such a special aspect is the concept
of a residual with respect to a conditional expectation. Residuals have many in-
teresting properties and they are used in order to introduce the concepts of con-
ditional variance and covariance, as well as the notion of a partial correlation. We
then turn to specific parameterizations of a conditional expectation, including
the concepts of a linear regression and a linear logistic regression. Note that these
concepts are introduced as probabilistic concepts. As mentioned above, they are
what we aim at estimating in applying the corresponding statistical models. The
next two chapters provide the probabilistic foundations of the analysis of condi-
tional and average effects of treatments, interventions, or expositions to poten-
tially harmful or beneficial environments. To our knowledge this material is not
found in any other text book. Note, however, that although these two chapters
provide important concepts, they do not cover the theory of causal effects, which
is another book project of the first author.

Part IV uses conditional expectations in order to introduce conditional inde-
pendence and conditional distributions. Although these two chapters are more
extensive than comparable chapters or sections in other books, the material is
found in other books on probability theory as well.

For Whom is it?

This book has been written for two kinds of readers. The first are applied statis-
ticians and empirical researchers who want to understand in a proper language,
i.e., in terms of probability theory, what they estimate and test in their empiri-
cal studies. The second kind of readers are mathematicians who want to under-
stand in terms of probability theory what applied statisticians and empirical re-
searchers estimate and test in their research. Both kinds of readers are potential
contributors to the methodology of empirical sciences.

Many exercises and their solutions provide extensive material for assignments
in courses, but they also facilitate independent learning. At the same time these
exercises and their solutions help streamlining the main text.

Note that we do not provide all proofs, in particular in the chapters on mea-
sure, integral, and distributions. In these cases we refer to other textbooks, in-
stead. We decided to include only those proofs that may help to increase under-
standing of the background and to learn important mathematical procedures. Of
course, we provide proofs of all propositions for which we did not find an appro-
priate reference.

Prerequisites

We assume that the reader is familiar with the elementary concepts of logic, sets,
functions, sequences, and matrices as presented, e.g., in chapters 1 and 2 of
Rosen (2012). We try to stick to his notation as close as possible. One of the excep-
tions is the symbol for the implication for which we use = instead of —. Another
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exception is the symbol for the equivalence for which we use < instead of —.
Box 0.1 summarizes the most important notation to start with. The concepts re-
ferred to by these symbols are defined, e. g., in Rosen (2012) or in Ellis and Gulick
(2006). For a rich collection of mathematical formulae we recommend the hand-
books of Harris and Stocker (1998) and Bronshtein, Semendyayev, Musiol, and
Miihlig (2015).
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Chapter 1
Measure

In this chapter, we introduce the concept of a measure and other closely re-
lated notions. We start with some examples and then introduce the concept of
a o-algebra, which is crucial in measure theory and probability theory. At first
glance this concept seems to be a pure technical construction, which is usually
not dealt with in textbooks on ‘Probability and Statistics’ for empirical sciences.
However, a o-algebra turned out to be the natural domain for a measure, includ-
ing probability measures. Moreover, in probability theory, a o-algebra is not only
the domain of probability measures. The o-algebra generated by a random vari-
able can be interpreted as the set of events that is represented by this random
variable. This is treated in more detail in chapter 2 on measurable mappings,
which provides the general theory of random variables because random variables
are measurable mappings. The virtues of o-algebras will become fully apparent
in chapter 10 on conditional expectations and its subsequent chapters. The pair
(Q, ¢f) consisting of a nonempty set Q and a o-algebra «f on Q is called a mea-
surable space. Such a measurable space is crucial for the definition of a measure.
Next, we treat some important examples of measures, including the counting
measure, the Dirac measure, and the Lebesgue measure. Finally, we turn to con-
tinuity and uniqueness properties of a measure.

1.1 Introductory Examples

Consider Figure 1.1 showing the set Q of all points (x, y) inside the rectangle and
the sets A and B of all points (x,y) inside the two ellipses, respectively. These
three sets are subsets of the plane R? := RxR, where R denotes the set of all real
numbers, and R xR := {(a, b): a,b € R} is the set of all ordered pairs (a, b) with
a,b € R, called the Cartesian product or product set of R with itself. In Figure
1.1, the sets A and B have a nonempty intersection. Now let area (A) and area (B)
denote their areas and area (An B) the area of their intersection. Inspecting this
figure reveals:

area(AUB) = area(A)+ area(B) —area(ANB).

This example illustrates three important points:

(a) A measure such as area is a function on a set system on Q, i.e., on a set of
subsetsof aset Q such as A, B, and AnB.
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Figure 1.1. A Venn diagram of two sets and their intersection

(b) If area is defined for the subsets A,B  Q, then it is also defined for their
intersection An B and for their union AuB.

(c) Measures are additive. In other words, if A and B are disjoint subsets of Q,
i.e., if AnB =@, then area(AUB) = area(A) + area (B).

Note that, in the example presented in Figure 1.1, the sets A and B are not disjoint,
and this is why area (A N B) has to be subtracted in the equation displayed above.
Points (a) to (c) also apply to other measures such as length and volume as well
as to probability measures. Therefore, we adopt a more general language and talk
about subsets A, B of a set Q) (or measurable sets A, B) and their measure p instead
of lines and their lengths, rectangles and their areas, cubes and their volume, or
events and their probabilities.

For example, if O = {1,...,6} denotes the set of possible outcomes of tossing a
fair dice, A= {1,6} and B = {2,4, 6} denote the events of tossing a 1 or a 6 and toss-
ing an even number, respectively. Furthermore, AN B = {6} and the probability of
tossing a 1 or a 6 or an even number — the event AUB — is

P(AUB) = P(A)+PB)-P(ANB) = =+=—-= = %

In the first example, the measure area assigns a real number to a subset of
R2. In the second example, the measure P assigns a real number to a subset of
Q={1,...,6}. This suggests that a measure should be defined such that it assigns
a real number to all subsets of a set, i.e., to all elements of the power set. Un-
fortunately, this may lead to contradictions (see, e. g., Georgii, 2008, p. 9-10). In
contrast, defining a measure on a o-algebra such contradictions can be avoided.

1.2 o-Algebra and Measurable Space

In the following definition, we consider a set system </ on Q, a sequence A;, A, ...
of subsets of Q, and their countable union. Remember, a set system on a set Q) is a
set of subsets of Q presuming that Q is not empty. A sequence of subsets of a set Q
is a function from the set Ny = {0,1,2,...} or N = {1,2,...} or a subset of these sets
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to 22(Q), the power set of Q. Furthermore, the finite union of the sets A,..., A,
and the countable union of the sets A;, A,,... are defined by

n
A :={acQ:3ie{l,....n}: acA;} (1.1)
i=1

and

(o)
A :={aeQ:3ieN:acA;}, (1.2)
i=1

respectively. Hence, by definition, U_, A; is the set of all elements that are an
element of at least one of the sets A;, i =1,...,n, and Ul?i’ A; is the set of all ele-
ments that are an element of at least one of the sets A;, i € N. Finally, A°:=Q\ A
denotes the complement of A (with respect to Q).

Definition 1.1 (0-Algebra)
A sset o of subsets of a nonempty set Q) is called a o-algebra (or o-field) on
Q, if the following three conditions hold:

(a) Qe
(b) If Ae<f, then A€ € o.
(©) IfAy,Ay,...€ o, then Ul?gl A e

An element of a 6-algebra is called a measurable set.

Remark 1.2 (Closure With Respect to Set Operations) Condition (c) postulates
that o-algebras are closed with respect to countable unions of sets A, Ay, ... € <.
However, in conjunction with (a) and (b) this implies that a o-algebrais also
closed with respect to finite unions of sets Ay,..., A, € of, because every finite
union of sets Ay,..., A, € & can be represented as a countable union of the sets
that are elements of </, e.g.,

n
JA =AU...UA,UQUQU... . (1.3)
i=1

Note that (a) and (b) imply @ € <f, because Q° = Q.

Furthermore, although condition (c) only requires explicitly that o-algebras are
closed with respect to countable unions, Definition 1.1 implies that a o-algebra is
closed also with respect to intersections such as A; N A, and set differences A;\ A,.
In other words, if A; and A, are elements of o, then A; U A,, A; N Ay, and A; \ A,
are elements of o/ as well, provided that </ is a g-algebra. The same is true for
countable intersections A; N A,N... of elements of «/. In more formal terms: If of
is a o-algebra, then

(e e}
AI’AZ’---E'Q{ = ﬂAie.Q{ (1.4)
i=1
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(see Exercise 1-1), where ﬂ;’jl A;=A;NAyn...is defined by

o0
(A ={acQ:VieN:acA;}. (1.5)
i=1
Because "
A =AIN...NnA,NANAQN..., (1.6)
i=1
we can also conclude
n
A, Aped = [lAied, 1.7

i=1

where N l."zl A;, the finite intersection of the sets A;,..., A, is defined by

—y

A = {aeQ:Vie(l,...,n}: acA;}. (1.8)

i=1

<

Remark 1.3 (Countable and Uncountable Unions) Defining a o-algebra we use
the symbol o in order to emphasize that unions of finitely or countably many
sets are considered, but not other unions of sets. For example, the closed interval
[a,b] :={xeR:a<x<DbabeR,} on the real axis is identical to the union of
singletons {x} that contain only one single element x€ R, i.e.,

la,b] = |J {x}. (1.9)

asx<b

This union is neither finite nor countable. Hence, condition (c) of Definition 1.1
does not imply that this union is necessarily an element of a g-algebra </ on R,
even if all singletons {x}, x € R, are elements of /. <

The following notion of a measurable space proves to be convenient in mea-
sure theory.

Definition 1.4 (Measurable Space)
If Q is a nonempty set and < a o-algebra on Q, then the pair (Q, <) is called
a measurable space.

Example 1.5 (The Smallest o-Algebra) The smallest o-algebra on a set Q is of =
{Q, @}. It contains only the elements Q and the empty set @. As is easily seen,
QuO=Q, Q°=0, and O° = are elements of «f. This shows that o/ = {Q, @} is
closed with respect to union and complement. <

Example 1.6 (Power Set) The power set 22(Q)) of Q, i.e., the set of all subsets
of Q, is always a og-algebra on Q. It is the largest o-algebra on a set Q. All other
o-algebras on Q are subsets of 22(Q)). <
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n0<;
]oe<yes<;
no ———
=

Figure 1.2. Example of a tree representation of a Cartesian product

Example 1.7 (A Small o-Algebra) If A is a subset of Q, then o ={Q, 0, A, A®} is
always a o-algebra on Q (see Exercise 1-2). Again, it is easily seen that this set
system is closed with respect to union and complement. <

Remark 1.8 (Motivation for o-Algebras) These examples show that there can be
many different o-algebras on a set Q. Why not simply always use the largest one,
the power set 22(Q)? In fact, this would be possible as long as Q is finite or count-
able. There are at least three reasons for using o-algebras. First, there are impor-
tant sets Q (e.g., Q = R) such that measures of interest (e.g., length — which
is the Lebesgue measure pertaining to Q = R) cannot be defined on 22(Q) (see
e.g., Wise & Hall, 1993, counterexample 1.25). These measures can be defined,
however, on other o-algebras, such as the Borel-o-algebra [see Eq. (1.18)]. (For an
example in which the power set is ‘too large’ see Georgii, 2008, p. 9-10). Second,
in some sense, o-algebras contain those elements of a larger set system that are
relevant for a particular question. In probability theory, together with Q and a
probability measure, each g-algebra on Q represents a random experiment that
is in some sense contained in a (often larger) random experiment. For example,
if we consider the random experiment of tossing a dice, then we may focus on
whether or not the number is even. Together with Q and the probability measure,
the corresponding o-algebra represents a ‘new’ random experiment contained in
the random experiment of tossing a dice (see Exercise 1-3). Third, using different
o-algebras is indispensable for introducing conditional expectations, conditional
independence, and conditional distributions (see chs. 9 to 17). <

Example 1.9 (Joe and Ann) Consider the following random experiment: First,
we sample a unit u from the set Qy := {Joe, Ann}. Second, each unit receives (yes)
or does not receive a treatment (7n20). Third, it is observed whether (+) or not (-) a
success criterion is reached (see Fig. 1.2). Defining Qy := {yes, no} and Qy:= {+, -},
the Cartesian product

Q = QuxQxxQy = { (Joe no,-), Joe,no,+),..., (Ann, yes,+) }

is the set of possible outcomes w of this random experiment. It has eight ele-
ments, namely the triples (Joe, no,—), (Joe, no,+), ..., (Ann, yes,+) (see all eight
leaves of Fig. 1.2 for a complete list of these elements).
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In this example, a first o-algebra </ we may consider is the set of all subsets of
Q, the power set 22(Q). This set has 28 = 256 elements, where 8 is the number of
elements, i. e., the cardinality of Q (see Kheyfits, 2010, Th. 1.1.37, p. 22). Among
these elements is the set

A := {(Joe, no,-), Joe, no, +), (Joe, yes,—), Joe, yes, +)} = {Joe} x Qx x Qy.

In the context of probability theory it is also called the event that joe is drawn.
Other elements of of are the sets

B := {(Joe, yes,—), (Joe,yes, +), (Ann, yes,—), (Ann, yes, +) } = Qu x {yes} x Qy.
that the drawn person is treated, and
C := {Uoe, no,+), Joe, yes, +), (Ann, no,+), (Ann, yes,+)} = Qu x Qx x {+}

that {+} (success) occurs, irrespective of which person is drawn and whether or
not the person is treated.

Aside from the power set of Q we could also consider the o-algebras <) :=
{Q, Q,A, A°}, o = {Q, @,B, B}, and <4 = {Q, @,C, C°}, to name just three.
(For another one see Exercise 1-4). In a sense, <) represents the information
which person is drawn. In contrast, <% contains the information whether or not
the drawn person is treated, and 73 whether or not the drawn person is success-
ful. Of course, all these o-algebras are subsets of 22(Q), the powersetof Q. <

Example 1.10 (Trace of a Set System and Trace o-Algebra) If & is a set system
on Q and Qg < Q, then
<§|QO = {QonA: Ae &}

is a set system on Q. It is called the trace of & in Q. Furthermore, if </ is a
o-algebra on Q and Q c Q, then the set system

g, = {QNnA: Aesl}

is a o-algebraon Q, (see Exercise 1-5). If Q # Q, then the trace ¢z¢|QO is a
o-algebra on Q, but not on Q, because Q ¢ o |Qo' <

Example 1.11 (Joe and Ann - continued) In Example 1.9 we defined the event A
that Joe is drawn, the event B that the drawn person is treated, and the o-algebra
o =1{Q, @,B, B¢}. The trace of &, in A is

o), = (A0, ANB, AN B°}.

Obviously, just like all elements of <, are subsets of €2, all elements of | , are
subsets of A. From an application point of view, considering <, | , means to pre-
sume that Joe is drawn and consider the events that he is treated or not treated,
respectively. <
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1.2.1 o-Algebra Generated by a Set System

The concept of a o-algebra generated by a set system is useful in order to define
important o-algebras. It is also useful for specifying certain measures (see sec-
tion 1.6). The following theorem prepares Definition 1.13. Reading this theorem,
remember that a o-algebra on a set Q is itself a set (of subsets of ), so that we
can consider the intersection of o-algebras.

Theorem 1.12 (Intersection of o-Algebras is a 5-Algebra)
Let I be a nonempty (finite, countable, or uncountable) index set and let all
&, i € I, be a-algebrason Q. Then (\;e; <; is also a o-algebra on Q.

(Proof p. 28)

This theorem allows us to define the o-algebra generated by a set system on Q.

Definition 1.13 (o-Algebra Generated by a Set System)
Let & be a set system on Q and let (4;,i € I) be the family of all a-algebras on
Q that contain & as a subset. Then we define

(&) =« (1.10)
iel
and call it the o-algebra generated by &. The set& is also called a gener-
ating system of o (&).

Remark 1.14 (Smallest o-Algebra Containing & as a Subset) According to The-
orem 1.12, every set system & on Q generates a uniquely defined o-algebra (&)
on Q. Note that the o-algebra o(&) is the smallest o-algebra on Q containing &
as a subset, i. e,

€ isaoc-algebraonQand&c¥€¢ = o(8)c%E. (1.11)

Furthermore,
olo(&)] = a(8). (1.12)
<

The following lemma immediately follows from (1.11). It can be used in proofs
of the identity of two o-algebras.

Lemma 1.15 (Smallest o-Algebra Containing & as a Subset)
Let (Q, o) be a measurable space and & a set system on Q witho(8) = <. If €
is a o-algebra on Q with & c € c of, then € = .

(Proof p. 29)
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Remark 1.16 (c-Algebra Generated by Unions of Set Systems) Let 2,8, % be set
systems on a nonempty set Q. Then

0 QUEUF) = 0[QUC(EUF)] (1.13)
(see Exercise 1-6). <

Example 1.17 (Several Set Systems May Generate the Same o-Algebra) If Aisa
subset of Q, then the set system {A} generates the o-algebra {Q, @, A, A°}. Note
that {Q, @, A, A} is also generated by the set systems { A°} and {A, A}, for in-
stance. Hence,

o({A}) = o({A°}) = o({A4, A°) = 0({Q,0,4, A%} = {Q,0,A A°}.

In contrast, if @ # A # Q, then the o-algebra {Q, 0, A, A} is neither generated by
the set system {Q} nor by {Q, @}. Instead,

o({0}h) = o({Q}) = o({Q2,0}) = {Q,0},
i.e, {Q}, {0}, and {Q, D} generate the o-algebra {Q,?}. <

Example 1.18 (A Generator of the Power Set) Let Q be finite or countable and
let & := {{w}: e Q}. Then o(&) = P(Q) (see Exercise 1-7). <

This example is generalized in Lemma 1.20.

Remark 1.19 (Partition) Reading the following lemma, remember that a set sys-
tem & on Q is called a partition of Q if

(a) VBe&: B#0Q.
(b) VB,Ce&: B#C = BnC=0.
(0 UBE(‘;B:Q'

Lemma 1.20 (An Element of a 0-Algebra Generated by a Partition)
Let &:={B,...,B,} or& :={By, B,,...} be a finite or countable partition of Q,
respectively. Then for all C € o (&) there is an I(C) < N such that

c=U B = U B (1.14)
i€I(C) B;cC

where, by convention, U;cp B; := 0.
(Proof p. 29)

Remark 1.21 (Constructing a 0-Algebra) If & = {A,,..., A} is a finite set of sub-
sets of Q, then there is a finite partition & = {By,..., B,} of Q with ¢(8) = o(%).
Furthermore, if & is a finite set of subsets of Q, then each element of o (&) is ob-
tained by finitely many unions, intersections, or complements of elements of &
(see Exercise 1-8). <
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Example 1.22 (Joe and Ann - continued) In Example 1.11, we already consid-
ered the event A that Joe is drawn and noted that the trace of the g-algebra
oty ={Q, 0,B,B°}in Ais oh|, = {A, O, AnB, AnB°}.In contrast, the g-algebra
on Q generated by the trace | 4 is

0(&¢2|A) =1{Q,0,A A5 AnB, AnB°, (AnB)U A®, (AnB%) U A°},
where (ANB)U A°= A°UB and (ANnB¢)U A° = A°UB°. <

Remark 1.23 (Monotonicity of Generated o-Algebras)
Let &,8, be set systems on Q with & c &,. Then o(&)) < o(&>) (see Exercise 1-9).
<

An important kind of o-algebras are those for which there is a countable set
system that generates them.

Definition 1.24 (Countably Generated o-Algebra)
Let (Q, /) be a measurable space. Then < is called countably generated if
there is a finite or countable set & c &/ such that o(&) = .

Example 1.25 (Some Countably Generated o-Algebras) Examples of countably
generated o-algebras are:

(a) All o-algebras on a finite set Q.
(b) (N), n€NN.

(For a proof see Exercise 1-10). For another example, see Remark 1.28. <

Remark 1.26 (A Caveat) Note that there are countably generated o-algebras for
which not all of their elements can be constructed by countably many unions,
intersections, or complements of elements of the generating system. An example
in case are Borel o-algebras on R orR"” (see Rem. 1.28 and Michel, 1978, sect. 1.4).
<

Lemma 1.27 (0-Algebra Generated by the Trace of a Set System)
Let Ac Q) be nonempty, 6§ c 2(Q), and & |, := {CNnA: Ce&}. Then

a(&1,) = 0B |a (1.15)

where 6(& | 4) denotes the o-algebra generated on A, whereas (&) is a c-al-
gebra on Q. Furthermore, if € is a o-algebra on Q and A € & such that

VCeé&: C#A = AnC=0, (1.16)
i.e., A does not intersect with any other element of &, then

(€U |, = €|, 1.17)
(Proof p. 30)



12 1 Measure

a +

Figure 1.3. A half-open rectangle in the plane R?

Hence, according to Equation (1.15), the o-algebra generated by the trace of a
set system & is the trace of the o-algebra generated by & and according to Equa-
tion (1.17), the trace of the o-algebra (6 U &) in the set A is identical to the trace
of the g-algebra ¥ in A, if 1.16 holds.

1.2.2 o-Algebra of Borel Sets on R"

For a,b € R with a < b, let us consider a half-open interval 1a,b] in R, which is
defined by
la,b] := {xeR:a<x<b},

and the set system
4 :={la,bl: a,beR and a< b}

of all half-open intervals in R . The o-algebra generated by this set system is called
the Borel o-algebra on R. It is denoted by Z8. The elements of & are called the
Borel sets of R. In formal terms,

B = B, := o(HA). (1.18)

Note that there are several sets systems generating the Borel o-algebra (see, e.g.,
Klenke, 2013, Th. 1.23, p. 9). In particular,

B, = o({]—oo,b]: beR}) (1.19)

(see Georgii, 2008, p. 12). Similarly, we define the Borel 5-algebraon R? =R x R
to be the o-algebra generated by the set system .#, of all half-open rectangles in
R?, whose sides are parallel to the axes (see Fig. 1.3). These rectangles are defined
by

lay, by] x1az, by] = {(xl,xz) e R?: a<x1=b, ay<x < bz}-

The o-algebra o(.%,) is denoted by %,, i.e., %, := d(.%), and its elements are
called the Borel sets of R>.
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This definition is easily generalized: The Borel o-algebra on R" is defined by
B, .= 0 (S,), n€ N, where .#, is the system of all half-open cuboids in R”, whose
sides are parallel to the axes. Such a cuboid is a set

]alybllx---x]an;bn] (120)
={(x,....x)) ER": a1 <x1 < by,..., Ay < Xn < by}, '

where ay,...,a,, by,..., b, € R.Just like 28;, the o-algebra %8, has several generat-
ing systems, one of which is

By = o({l—oo,b1] x...x1—00,b,]: by,...,b, €R}) (1.21)

(see Exercise 1-11).

Note that not every subset of R” is a Borel set. In other words, 28, is not the
power set of R” (see Rem. 1.60). However, for each x = (x3,...,x,) € R", the sin-
gleton {x} isa Borel set of R", i.e.,

{xle%B, VxeR" (1.22)

(see Exercise 1-12).
Furthermore, if R = R U {—o0, +00} denotes the extended set of real numbers,
then
% = 0(B U{{—oc},{+o0}})

is a o-algebraon R and it is called the Borel o-algebraon R. Similarly, %, is
called the Borel o-algebra on R™. It is defined as the product of the o-algebra 2
with itself (n times) (see Def. 1.31)_. Finally, we may sometimes consider ‘@”lﬂo’
the trace of the Borel ¢ -algebra on R" in Qy c R"™

Remark 1.28 (The Borel o-Algebra is Countably Generated) Note that
% =o({la,bl: a,beQ,a<b}),

where Q is the set of rational numbers. Because Q is countable, the set of intervals
{la,bl: a,b € Q,a < b} is countable as well. Therefore, the Borel o-algebra 4 is
countably generated. This also holds for 98,, n € N (see Klenke, 2013, Th. 1.23,
p-9). <

Remark 1.29 (Trace of the Borel g-Algebra in a Countable Subset of R) Let 2
denote the Borel o-algebra on R. If Qy < R is finite or countable, then %8|, =
P (Qo), where B, is the trace of the Borel o-algebra on R in Qy <R (see Exer-
cise 1-13). <

1.2.3 o-Algebra on a Cartesian Product

In section 1.2.2 we defined a o-algebraon R"” =R x ... x R (n-times). Now we
consider o-algebras on general Cartesian products. We start with an example.
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Example 1.30 (Joe and Ann - continued) In Example 1.9 we already considered
the Cartesian product
Q= QUX.QXXQy,

which consists of the eight triples (Joe, no,—-), (Joe, no,+),..., (Ann,yes,+) (see
again Fig. 1.2). Now consider the o-algebras o) := 2(Qyp), o = P(Qy), and
o3 =P (Qy), as well as the set

& = {A| x Ay x Ag: Ay € oy, Ay € sy, As € sy},

which is a set system on Q consisting of 4-4-4 = 64 elements. For example, the set
system & contains the elements

A = {Joe} x {no} x{-} = { (Joe,no,-)}
and

B := {Ann} x {yes} x {+} = { (Ann, yes, +)}.
However, & does not contain
AU B = {(Joe, no,-), (Ann, yes, +) }

as an element. The only product set A; x A, x A3 with A; € o), Ay € o, A3 € o3
that contains A U B as a subset is Qy x Qx x Qy= Q. However, A U B # Q. There-
fore, & is not a o-algebra [cf. condition (c) of Rem. 1.2]. In this example, the
o-algebra generated by & is the power set of Q, i.e., (&) = 22(Q). It consists
of 28 = 256 elements. According to the following definition, (&) is denoted by
oy ® of, ® of3 and called the product a-algebra of <y, <f», and sfs. <

Definition 1.31 (Product o-Algebra)
Let (Q4,94),...,(Qn,<f,) be measurable spaces and Q := Q; x ... xQ,. Then

n n
A ®..0d), = QR = 0({ XA Ajeod;,i= 1,...,n}) (1.23)
i=1 i=1
is called the product o-algebra of the -algebras </;,i =1,...,n.

To emphasize, the product o-algebra of; ® ... ® ), is not the Cartesian product
o x ... x of,. Instead, the product o-algebra is generated by the set system of all
Cartesian products of elements of the o-algebras «/,...,<7,. In Lemma 2.42 we
give an equivalent specification of a product o-algebra, using projection map-
pings.

The following lemma provides a relationship between the generating sys-
tems of the o-algebras «f;, i = 1,..., n, and the generating system of the product
o-algebra.
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Lemma 1.32 (Generating System of a Product o-Algebra)
Fori=1,...,n, let (Q;, ;) be measurable spaces and &; c of; with 6(&;) = ;.
Then

Rt = 0({i:)(lA,-:A,-eg,-,izl,...,n}). (1.24)

For a proof see Klenke (2013, Th. 14.12 (i), p. 276).
This lemma implies

n
B = QB =AB®...0 48 (n-times)
i=1

for the Borel o-algebra on R”. This lemma also implies the following corollary.

Corollary 1.33 (Countable Generating System of a Product o-Algebra)
Let (Q;,4;),i=1,...,n, be measurable spaces, where all </; are countably gen-
erated. Then ', <; is countably generated as well.

Example 1.34 (Countable Sets and Product o-Algebra) Let Q,...,Q, be finite
or countable sets and «}, ..., <, be their power sets. Then

n n
R = g“”( X Qi),
i=1 =1

i.e., ®;?:1 & is the power set on Q := Q; x... x Q,, (see Exercise 1-14). <

Remark 1.35 (Complement of a Cartesian Product) Let (Q; x Q,, o/ ® of,) be a
measurable space, A € /|, and B € of,. Then (A x B)€ € of] ® of,, and this set can
be written

(AxB) = (A°xB) U (Q,x BY), (1.25)

which is a union of disjoint sets (see Exercise 1-15). <

1.2.4 n-Stable Set Systems That Generate a o -Algebra

For many proofs, generating set systems are useful, which have the property of
N-stability.

Definition 1.36 (N-Stability)
Let Q denote a nonempty set. A set & of subsets of Q is called n-stable (or
N-closed) ifANBeé& forall AJBE&.

Example 1.37 (Set System With One Single Element) A set system {A} that has
only a single element A c Q is Nn-stable (cf. Example 1.17). <
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Example 1.38 (Partition and N-Stability) If & is a partition of the set Q, then
2 := U {0} is Nn-stable. <

Example 1.39 (A n-Stable Generating System of a Product o-Algebra) Consider
the measurable spaces (Q;, <), i =1,..., n. The set

{Aix..x Ay Ajedt;, i=1,...,n},
is a N-stable generating system of ®' | < (see Exercise 1-16). <

Another type of a set system is a Dynkin system. It can be used in order to show
that a specific set system is a o-algebra.

Definition 1.40 (Dynkin System)
Aset D of subsets of a set Q is called a Dynkin system on Q, if the following
three conditions hold:

(a) QeD.
(b) IfA€9D, then A°€ 2.
(©) IfAy, Ay,... €D and they are pairwise disjoint, then U;’;’l A €ED.

In the definition of a o-algebra «/ we require U72, A; € o/ for all sequences
Ay, Ay, ... € o, whereas for a Dynkin system the corresponding requirement is
only made for all sequences A, A, ... € 2 of pairwise disjoint sets. Analogously
to Definition 1.13, for a set system & on Q, §(&) is defined as the Dynkin system
generated by &, i. e., as the intersection of all Dynkin systems containing &. Ac-
cording to the following theorem a Dynkin system is also a o-algebra if and only
ifitis n-stable.

Theorem 1.41 (Dynkin System and c-Algebra)
Let Q) be a nonempty set.

(i) A Dynkin system 2 on Q is a o-algebra if and only if it is N-stable.
(ii) If& is an-stable set of subsets of Q, then 6(&) = a(&).

For a proof see Bauer (2001, Ths. 2.3 and 2.4, p. 6, 7). According to proposition (i)
of this theorem we can prove that a set system is a o-algebra by showing that it
is a N-stable Dynkin system, and proposition (ii) can be applied to show that the
Dynkin system generated by a N-stable set system is a o-algebra.

1.3 Measure and Measure Space

A measure assigns to all elements of a g-algebra an element of the closed interval
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[0,00] ;= {xeR:0<x} U {o0},
i.e., anonnegative real number or the element co.

Example 1.42 (A First Example) Let Q = R and assume that the closed interval
[3,9] = {x € R:3 < x <9} as well as the union [3,9]U[10,12] are elements of a
o-algebra on Q. If the measure is length, then

length([3,9]) =9-3 =6

and

length ([3,91U[10,12]) = length([3,9]) + length([10,12])

9-3)+(12-10) =6+2 =38,
because the two intervals are disjoint, i. e., their intersection is the empty set @.
In this case the lengths of the intervals [3,9] and [10,12] add up to the length of

their union [3,9]U[10,12]. In Definition 1.43 (c) we do not only require additivity
but o-additivity. <

Reading the following definition, remember that 32, a; is defined by

n

a; ;= lim Za,-.
1 n—ee i

18

Definition 1.43 (Measure and Measure Space)
Let (Q, /) be a measurable space. A function u: o/ — R is called a measure
and the triple (Q, <, 1) is called a measure space, if

(@ o) = 0.

(b) w(A) = 0, VAeof. (nonnegativity)

(© IfAy,Ay,... € A are pairwise disjoint, then u(U‘l?ZlAi) = ‘l?‘:’lu(Ai).
(o-additivity)

1.3.1 o-Additivity and Related Properties

Remark 1.44 (o-Additivity Implies Finite Additivity) Note that o-additivity of a
measure implies finite additivity, i. e., it implies

n n
p(UAi) =) uA), ifA,...,A, € o are pairwise disjoint (1.26)
i=1 i=1
[see Rule (ii) of Box 1.1 and its proof in Exercise 1-18]. <

Remark 1.45 (o-Additivity) Using the term o-additivity signalizes that unions
of finitely or countably many sets are considered, but not other unions of sets. If,
instead of o-additivity, we would require additivity for any kind of unions, includ-
ing uncountable unions, then the Lebesgue measure A on (R, %) — the measure
of length — could not be constructed any more. This is explained in more detail
in Remark 1.71. <



18 1 Measure

Remark 1.46 (Representation of a Union as a Union of Pairwise Disjoint Sets)
Let (Q, o/) be a measurable space. If A, A,,... € & is a sequence of subsets of Q,
then there is a sequence Bj, By, ... € of of pairwise disjoint sets with

Ua = (JB. (1.27)

One way to construct By, By, ... is to define B, := A; and

i-1
U 4;

j=1

B; := A;\ , fori>1, (1.28)

(see Exercise 1-17). <

Remark 1.47 (Additivity of Measures for Partitions) Let (Q, </, u) be a measure
space, B € o/, and assume

(@) Aj,..., A, € o are pairwise disjoint,

(b) B < U, A
Then

W(B) =) uBNA). (1.29)
i=1

Analogously, if
(c) Ay, Ay,... € of are pairwise disjoint,
(d) B < U2, A

then

W(B) =) uBNA). (1.30)
i=1

(see Exercise 1-19). <

1.3.2 Other Properties

Other important properties of a measure are displayed in Box 1.1. Some of these
properties can intuitively be understood inspecting the Venn diagram presented
in Figure 1.1. These properties always hold with the conventions +co + oo = +00
and o + oo = +o0o, for a € R. However, note that the term +oco — co cannot mean-
ingfully be defined. Therefore, properties (vi) and (vii) only hold if we assume
1(ANB) < oo. For proofs of all theses properties see Exercise 1-18.

Remark 1.48 (Finite Additivity and o-Additivity Applied to Singletons) IfQ isfi-
nite or countable, then each A c Q is finite or countable as well. Hence, for any
measure p on the measurable space (Q, 2(Q)),

p(A) = u( U {w}) =Y ulo)), YAcQ. (1.31)

weA weA
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Box 1.1 Rules of Computation for Measures

Let (Q, <7, 1) be a measure space.

If Ay, Ay, ... € of are pairwise disjoint, then

p(fj 4) = 5 uA). (0-additivity) (i)

t;l z:1
,u(UlA,-) = L ul4), ¥neN. (finite additivity) (ii)

= =

If A, B € of, then:

1(A) = p(AnB) + u(A\B). (iif)
1) = p(B) + p(BO). (iv)
u(A) < u(B), ifAcB. (monotonicity) (v)
WA\B) = u(A) — u(AnB), if (ANB) < oo. (vi)
((AUB) = u(A) + u(B) — u(AnB), if u(ANB) < oo. (vii)
L(A) = Q) <co = w(ANB) = u(B). (viii)
#(A) =0 = p(AUB) = u(B). (ix)

Let A€o and let Qy < Q and be finite or countable with p(Q\ Q) = 0.
If, for all w € Qy, {w} € o, then

pA) = ) pdob. x)

w€eANQ

If A}, A,,... € o/, then

q

3

(@

A,-) < Y A, (0-subadditivity) (xi)
i=1

1

I
-
I

This means that a measure on (Q,@(Q)) is already uniquely defined if its values
1({w}) are uniquely defined for all w € Q, provided that Q is finite or countable.
Rule (x) of Box 1.1 extends this result to a more general measure space (Q, <, 1).
This rule shows that a measure on (Q, &) is already uniquely defined if its values
1({w}) are uniquely defined for all w € Qg, provided that Q is finite or countable
with p(Q\ Q) =0 and {w} € of for all w € Q. <
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1.4 Specific Measures

Now we consider some examples of measures, all of which are used later on in
order to introduce still other measures. For some of these examples we use the
indicator of a set A.

Definition 1.49 (Indicator)
Let Q be a set and Ac Q. Then the function 1,: Q — R defined by

1,(0) = 1, ifweA, (1.32)
4 a 0, ifodA, ’

is called the indicator of A.

Remark 1.50 (Sums and Products of Indicators) If1,,15: Q — R are the indica-
tors of two sets A, B < Q, then

1415 = 1an (1.33)
and
1A+1B_1AOB =14+15-14-1p = 1AUB- (1.34)

Equation (1.33) immediately implies
1a+15 = 1aus, if AnB=0. (1.35)

More generally, if A,,..., A, is a finite sequence of pairwise disjoint subsets of Q,
then

n
21y =1y ap (1.36)

i=1

i.e., then the sum of the indicators of the sets A,..., A, is the indicator of the
union Ul.": 1 Ai Finally, if A, Ay, ... is a sequence of pairwise disjoint subsets of Q,
then

(e
2 La = 1y a4 (1.37)
i=1

<

Remark 1.51 (Indicators of Products Sets) Let Q;,Q, be nonempty sets, A < O
and B c Q,. Then

Ly(w1) - 1g(w2) = laxp(wi,w2), V(wg,wy) €y x Q. (1.38)

This equation follows from the definitions of the product set and the indicator. <
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1.4.1 Dirac Measure and Counting Measure

Example 1.52 (Dirac Measure) Let (2, «/) be a measurable space, let w € Q, and
consider the function d,: «/ — {0,1} defined by

0p(A) = L(w), VAed. (1.39)

Then 6, is a measure on (Q,.<f) (see Exercise 1-20). <

Definition 1.53 (Dirac Measure)
The function 6, defined by Equation (1.39) is called the Dirac measure at
(point) w.

Example 1.54 (Counting Measure) Let (2, </) be a measurable space and define
the function ug: &/ — R by

weQ VAed. (1.40)

Y 1a(w), if Aisfinite,
p#(A) =
00, if A is infinite,

Then py4 is a measure on (Q, «/) (see Exercise 1-21). <

Definition 1.55 (Counting Measure)
The function py defined by Equation (1.40) is called the counting measure
on (Q, 7).

Remark 1.56 (Cardinality of a Set) If Aisfinite, then u4(A) is called the cardinal-
ity of A, i.e., uy(A) simply counts the number of elements w of the set A. Further-
more, for finite or countable Q and Ac Q,

A = Y Law) = Y 8u(A). (1.41)

we we

<

Example 1.57 (Sum of Dirac Measures) Let (2, «/) be a measurable space.If B c
Q is finite or countable and J,, is the Dirac measure on (Q,</) at point w, then
Y weB Ow: & — [0,00] defined by

(X 60)i = X 604, VAes, (1.42)

weB weB

is a measure on (Q, &) (see Exercise 1-22). Hence, if Q itself is finite or countable,
then }_,cq 0 is ameasure on (Q, o), and it is identical to the counting measure
defined in Example 1.54, because, for A € o/,
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(X 60)t = X 6oy [(1.42)]
we we
=) L [(1.39)] (1.43)
we
= ux(A). [((1.4D1)]
<
1.4.2 Lebesgue Measure
Consider the half-open interval 1a,b]. Then
M(la,b]) = b—a (1.44)

is the length of the interval ]a, b]. Next consider a rectangle1a,,b;1 x lay, b;] in
R? with a, < b; and a, < b,. This set can be visualized by the set of all points in-
side the rectangle presented in Figure 1.3 (excluding the lower and left boundary).
Obviously,

As(lar, bil x 1az, by1) = (b1 — ay) - (b2 — az) (1.45)

is the area of this rectangle.

According to the following theorem, there is one and only one measure on
(R, %) satisfying (1.44) for all such intervals. This measure is called the Lebesgue
measure on (R,98) and is denoted by A or A,. Similarly, there is one and only
one measure on (R? %) satisfying (1.45) for all such rectangles. It is called the
Lebesgue measure on (R? 98,) and is denoted by A,. The following theorem deals
with the general case.

Theorem 1.58 (Existence and Uniqueness of the Lebesgue Measure)
For alln € N, there is a uniquely defined measure A, on (R",%,) satisfying

n
An(]ahbl] X---X]ambn]) = H(bi_ai))
i=1

Va;,b;e R witha; <b;, i=1,...,n.

(1.46)

For a proof see Klenke (2013, Th. 1.55, p. 24).

Definition 1.59 (Lebesgue Measure)
The measure A,, satisfying Equation (1.46) is called the Lebesgue measure
on (R", %,).

Remark 1.60 (Sets of Real Numbers That are not Lebesgue Measurable) Hence,
the Lebesgue measure 1, is defined on (R”, 23,). Note, however, that this measure
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space (R"* %8,,1,) can be completed by extending the Borel g-algebra by includ-
ing all the subsets of sets A € %8, with 1,,(A) = 0. In Wise and Hall (1993, coun-
terexample 1.25) it is shown for n = 1 that there are subsets B c R that are not ele-
ments of the completed o-algebra. Therefore, B ¢ 98, and this implies %8 # 22 (R).
<

1.4.3 Other Examples of a Measure

Example 1.61 (Restriction of a Measure to a Sub-o-Algebra) Suppose (Q, <, p)
is a measure space and € c «f a o-algebra. Then the function v: ¥ — R defined
by

v(A) := u(h), VAeE, (1.47)

is a measure on ({2, %) (see Exercise 1-23). <

Example 1.62 (Weighted Sum of Measures) If y;, u,,... are measures on (Q, /)
and 0 < oy, 0y, ... € R, then ¥ «; p;: o/ — [0,00] defined by

(Y| ) =Y aipitn), vaess, (1.48)

i=1 i=1

is again a measure on (Q, &) (see Exercise 1-24). For 0 = 0,41 = 042 = ... this
implies: If y;,..., u, are measures on ({2, <) and «ay,...,Q, are nonnegative, then
the function Y. | a; y; defined by

n n
(X i) =Y a4, vAes, (1.49)

i=1 i=1

is also a measure on (Q, 7). <

1.4.4 Finite and o -Finite Measures

A measure p on a measurable space (Q, <) is called finite if u(Q) < co. Other-
wise it is called infinite. Within the class of infinite measures there is a subclass
with an important property, called o-finiteness. Many fundamental propositions
of measure and integration theory only hold for measures that are o-finite.

Definition 1.63 (o-Finite Measure)

Let p be a measure on a measurable space (Q,</). Then  is called o-finite
if there is a sequence Ay, A;,... € o with U;.’jl A;=Qand, foralli=1,2,...,
U(A;) < oo.

To emphasize, even if u(Q) = oo, the measure u can be o-finite (see Examples
1.64 and 1.65). Note that any finite measure is also o-finite.
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Example 1.64 (o-Finiteness of the Lebesgue-Measure) The Lebesgue measure 1
on (R, %) is o-finite, because R = L_Jl.°:°1 [-i, 1] and /1([—1', i]) =2-i < oo, for all
ieN. <

Example 1.65 (A o-Finite Counting Measure) Consider the measurable space
(R, %) and the measure p: 98 — [0,00], where p = Z;’:O 0; and §; denotes the
Dirac measure at i on (R, 28) with §;(A) = 14(i), A€ 9B, i € Ny (see Example 1.57).
Then p is o-finite because R = U;’;l [-n, n] and ,u([—n, n]] =n+1, for all neN,.
This measure simply counts the number of elements i € N, in a Borel set A. In
other words, for all finite A € 98, u(A) is the cardinality of the set AnNj. <

1.4.5 Product Measure

In section 1.4.2 we considered the Lebesgue measure on (R",28,) that is spec-
ified for n-dimensional cuboids by Equation (1.46) using the product of one-
dimensional Lebesgue measures on (R, %8). Now we introduce the general con-
cept of a product measure. The following lemma shows that o-finiteness of mea-
sures is sufficient for the existence and uniqueness of such a measure. Hence, this
lemma shows that presuming finite measures is sufficient but not necessary for
the definition of the product measure.

Lemma 1.66 (Existence and Uniqueness)
Let (Q;, o;, u;) be measure spaces with o-finite measures i;, i = 1,...,n. Then
there is a uniquely defined measure, denoted (1, ®...® [, on the product space

n n
( Qi: ®-9¢i):
i=1 i=1
satisfying
V(A,...,A)) Eoi X ... x oly:
(1.50)
Pi®...® U, (A x...xAy) = (A ... - 1n(Ay).

This measure is o-finite as well.
For a proof see Bauer (2001, Th. 23.9, p. 143). Hence, p:= 1 ®...® , is a measure
on the product space ( ?:IQ,-, ®:’:1 ,ef,-] with
PA xox Ay) = i (AD - .o - pp(An), YV(AL...,Ap) () x...xafy). (1.51)
Definition 1.67 (Product Measure)

The measure [, ® ... ® l, defined by Equation (1.50) is called the product
measure of ly,..., .
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Figure 1.4. Approximation of an open egg-shaped set O from below

1.5 Continuity of a Measure

The term o-additivity refers to countable unions of pairwise disjoint sets and it
implies finite additivity, which involves finite unions of pairwise disjoint sets. Fur-
thermore, o-additivity implies the following continuity properties of a measure,
which is essential for the definition of the integral (see ch. 3).

Theorem 1.68 (Continuity of a Measure)
Let (Q, o, 1) be a measure space and let Ay, A,,...€ of .

(i) IfAicA,c...,then

(@

lim p(A;) = ,u( Ai). (continuity from below)
I —00

Il
—

(i) IfA; 2 Ay >... and thereis an n € N with u(A;) < oo, then

8

lim p(Ay) = p( Al-). (continuity from above)
1—00

1

~
Il

For a proof see Klenke (2013, Theorem 1.36, p. 15, 16).

Remark 1.69 (Finite Case) If A;,..., A, € &/ isafinite sequencewith A, c...c A,,
then U, A; = A, and

n
u(U A = man. (1.52)
i=1
This is a trivial case of Theorem 1.68 (with A,, = A,41 = Ap40=... ). <

Example 1.70 (Geometric Examples) Figures 1.4 and 1.5 illustrate this theorem
for the Lebesgue measure 1, on (R? 9,), the area of a set O and the sets A;,i € N.
In this example, A, is the open rectangle in the open (i.e., the set without its
boundary) egg-shaped set O displayed in Figure 1.4, A, the union of A; with two
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Figure 1.5. Approximation of an open egg-shaped set O from above

other rectangles in the middle figure, and Az the union of A, with two additional
rectangles in the right figure. Adding more and more rectangles it is plausible
that A; € A, c ... € O and that their union approximates O, i.e., Ul?i’l A; = 0.
Under these premises Theorem 1.68 (i) yields the conclusion lim;_., 1,(4;) =
Ao © A;) = 1,(0). Figure 1.5 illustrates the same principle. However, now the
area of the egg-shaped set O is approximated from above by subtracting the areas
of appropriate rectangles.

As a second example consider the Lebesgue measure A on (R, 28) and the in-
tervals A; =]x— %, x], i € N. Obviously, A; 2 A, >... and A(A;) = % < oo, for all
i € N (see also Exercise 1-12). Hence, for all xe R,

- = 0. (1.53)

Aty = A( (V1= 5, x1) = lim A(x— 7, x]) = lim
i=1 l 1—00 1 i—oo 1

This is an implication of continuity from above, and it implies

Ya,beR: a<b = Alabl) = Ala,b]) = A(la,b[) = A(]a,bl)

b a. (1.54)

Remark 1.71 (A Motivation for o-Additivity) As already mentioned in Remark
1.45, o-additivity refers to unions of finitely or countably many sets. Now con-
siderUj<y<2{x} = [1,2] € % [see Eq. (1.9)]. According to Equation (1.53), A ({x}) =
0, for all x € [1,2], and hence A ({x €[l,2]:x€ Q)}) =0, because the set of rational
numbers is countable. In other words, the Lebesgue measure A of the set of all ra-
tional number in the closed interval [1,2] is zero, and this is not a contradiction
to
AU w)=a(2)=2-1=1,
l<x<2

because U; <, <»{x} is an uncountable union. This illustrates that additivity for
uncountable unions can be meaningless. <
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1.6 Specifying a Measure via a Generating System

Given a measurable space (Q, /), a measure is a function that is defined on <.
In many situations, e.g., when &« = o(&) can only be described by a generating
set system & (such as the set system .#; generating the Borel o-algebra on R), it is
important to answer the following questions:

(a) Existence: If there is a set function fi: & — R, is there also a measure
1: 0(&) — R such that u(A) = fi(A), VAe&?

(b) Uniqueness: Is a measure u on (Q,0(8)) already uniquely defined by its
values p(A), Aeé&?

(Sufficient conditions for the existence of such a measure u are formulated in
Klenke, 2013, Theorem 1.53, p. 23.)

The following uniqueness theorem for finite measures provides an answer to
these questions, which suffices for our purposes. (A more general formulation for
o-finite measures with additional assumptions and a proof of Theorem 1.72 is
found in Klenke, 2013, Lemma 1.42, p. 18.)

Theorem 1.72 (Generating System and Uniqueness of a Measure)

Let (Q, <) be a measurable space and let & c «f, where & is Nn-stable and
0(&) = . If wy and p, are finite measures on (Q,<f), i.e., measures with
1 (Q), 1 (Q) <oo, then

VAEE: (A=A = YAeod: (A =mA).

Example 1.73 (Countable Q) Let Q be a finite or countable set and let of =
Z(Q). Then the set system

& = {0} u {lw}: e}

is Nn-stable and 0 (&) = /. As already noted in Remark 1.48, a finite measure p on
(Q, ) is uniquely defined by its values u({w}), w € Q. <

Example 1.74 (Measures on (R, %8)) The set system
& ={la,bl: a<b, a,beR} U {D}

is N-stable and o (&,) = 98 [see Eq. (1.18) and section 1.2.4]. Another N-stable set
system &3 with 0(&3) = B is

& = {1-o0,b]: beR}

(cf. Klenke, 2013, p. 9). This set system is crucial for the definition of a cumulative
distribution function (see section 5.7.1). <
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1.7 o-Algebra That is Trivial With Respect to a Measure

All o-algebras treated in section 1.2 have been defined without reference to a
measure. Now we define the concept of a trivial o-algebra, which is defined re-
ferring to a measure. We start with a lemma about the set of all subsets of a set
with p(A) =0 or p(A) = p(Q), i.e., the set of all sets that are trivial with respect
to the measure p. Hence, the set of u-trivial sets includes all null sets, i. e., all sets
Ac Qwith u(A) =0, and all sets A < Q with u(A) = pu((Q).

Lemma 1.75 (The Set of all Trivial Sets is a 0-Algebra)
Let (Q, o, 1) be a measure space and assume that p is finite. Then
T:={Aeal: u(A) =0 or p(A) = n(Q)} (1.55)

is a o-algebra.
(Proof p. 30)

This lemma allows for the following definition:

Definition 1.76 (Trivial o-Algebra With Respect to a Measure)

Let (Q, o, 1) be a measure space, assume that p is finite, and let 9, be defined
by (1.55). Then each o-algebra¢ < 9, is called a -trivial o -algebra and
its elements p-trivial sets.

Obviously, {Q,@} is a trivial o-algebra with respect to all measures on {Q,?}.
Hence, we can call it a trivial o-algebra.

1.8 Proofs
Proof of Theorem 1.12
(a)
Viel: o;isaoc-algebraonQ = Viel: Qed, [Def. 1.1 (a)]
=> Q€ n .
iel
(b)

Ae (o > Viel: Acg
€l L viel: Aco;  [Def 1.1 ()]
=> Ae n.szflu
iel

(©)
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AL Ay,...e(eti = Viel: A, A,... o

iel
o0
>Viel: |JAjed, [Def. 1.1 ()]
(o] ]:1
=> U Aj € ﬂ.ﬂfl‘.
j=1 iel

Proof of Lemma 1.15

If € is a o-algebra with & c € and o« = ¢(&), then (1.11) and the assumption € < &/ imply
o =0(8)c 6 < of. Hence, € = .

Proof of Lemma 1.20

Define 2 := {C =Ujey(c) Bi: 1(C) =N}.

& c9: For Bj € & choose I(Bj) = {j}. Then B; = UieI(Bj) B;.

9 c &: Because N is countable, any I(C) < N is finite or countable, and this implies
that C = U;ec B; is an element of o (&) [see Def. 1.1 (c), (1.3)].

Checking the three conditions defining a o-algebra (see Def. 1.1), we show that 2 is a
o-algebra.

(a)

o - JUL By if&=1Bi,....By
U®, Bi, if&=1{B1,By,...},

because & is assumed to be a partition. This shows that Q € 2.
(b) The equation for Q in (a) also implies I(C°) = I(C)€. Therefore, C° € 2 if C € 2.
(c) If Cy,Cy,...€9, then

00 o)
U Cj = U U B; = U B; € 9,
j=1 J=1iel(C)) i€U]?"__’II(Cj)

because U]?zl I(Cj) cNN.

Finally, we prove the second equation in (1.14). If j € I(C) and C = U;¢1(c) Bi, then
BjcC, which implies

U BiCUBi-

iel(0) BicC

Vice versa, if Bj < C, then j € I(C), because for any w € B}, thereisno i # j such that w € B;
[see condition (b) of Rem. 1.19]. Hence,

UBiC U B;,

B;jcC iel(C)

which proves the second equation in (1.14).
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Proof of Lemma 1.27

In this proof we use o (&) to denote the o-algebra on Q generated by & c 22(Q). Similarly,
0 4(2) denotes the o-algebra on A generated by 2 c 22(A).

(1.15). 0q(é) is a o-algebraon Q and & < 0q(&), by definition of 0q(&). Hence,
é"|A co0q(8) |Av and 0q(8) |A is a o-algebra on A (see Exercise 1-5). Therefore, the defi-
nition (1.10) yields

04(&]4) € 0a(&)]4-

Furthermore, & € 6g(&]| 4 U&| 4¢), which implies

0a(&) < 0q(&]4U & 4c) [Rem. 1.23]

c 00(04(6]4) Uoac(] 1)) [Rem. 1.23]

= {CU D:Ceoy(€|,), Deoye (£|Ac)}. [this set system is a o-algebra]
Therefore,

00(®)|4 < {CUD: Ceoa(8]4) Deoac(8]4e)}| 4

= {cuD)na: Ceoa(&],), Deoac(8] )}

{CnA: Ceoa(€]4)} [Dc A
aa(&] ) [Cc Al

Hence, we have shown o4 (€] 4) < 0q(8)| 4and 0q(8)| 4 < 04(&] 4), whichis equivalent
tooa(&],) = 0a&)]4-

(1.17).
0Q(GUBE)| 4 = aA(€UE| ) ((1.15)]
= 04(€|4U&],) [see def. of the trace in Example 1.10]
= 04(€],U10,4) ((1.16)]
= 04(€],) [0, AL €] 4]
= €| - [Exercise 1-5, (1.12)]
Proof of Lemma 1.75

(@) Qe€J, bydefinition of J,.
(b) If A€ 9, then Rules (iv) and (v) of Box 1.1 and finiteness of u yield

u(Q), if u(A) =0,

(A%) = p(Q) - p(4) =
H HEDTH {o, if (A) = p(Q),

which implies A€ € J,.

(c) Let Aj, Ay,... € o/. We consider two cases. First, if u(A;) = 0, for all A;,i € N, then
Rule (xi) of Box 1.1 yields (Ug®, 4] < X2, u(4) = 0,i.e., U, A; € T, Second, if there is
a j € N such that u(A;) = u(Q), then Rule (v) of Box 1.1 yields
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1) = p(Aj) s p < pQ),

o0
U 4
i=1

which implies u[ ;?:1 A,-) = p(Q). Therefore, U;?:l A €T,

1.9 Exercises

> Exercise 1-1 Let </ be a o-algebra of subsets of a nonempty set Q and let A;, Ay,... € &.
Show: (a) AinAsN...€e, (b) AiNn Ay € o, and (c) A1\ As € .

> Exercise 1-2 Show that the set system «f = {Q, @, A, A°} is stable (closed) with respect
to union of elements of .

> Exercise 1-3 Consider the set Q = {wy,...,wg} representing the set of all possible out-
comes of tossing a dice and the power set 22(Q2), which, in probability theory, represents
the set of all possible events (including the ‘impossible’ event ) in this random experi-
ment. Specify the o-algebra on Q that represents all possible events if we only distinguish
between even and uneven number of points.

> Exercise 1-4 Consider the random experiment that has been described in Example 1.9.
Aside from the power set of Q we already considered the o-algebras «/; = {Q, @, A, A°},
o ={Q, @,B, B¢}, and o5 = {Q, @, C, C°}. Define another o-algebra not yet mentioned.

> Exercise 1-5 Prove: If o is a o-algebra on Q and Q( < Q, then deO ={QonA: Ae}
is a o-algebra on Q.

> Exercise 1-6 Prove the proposition of Remark 1.16.

> Exercise 1-7 Show that a(8) = 22(Q) if Q is finite or countable and & := {{w}: w € Q }.
> Exercise 1-8 Prove the proposition of Remark 1.21.

> Exercise 1-9 Let &;,8, be set systems on Q with &; < &,. Show that o(&1) € 0(82).

> Exercise 1-10 Prove propositions (a) and (b) of Example 1.25.

> Exercise 1-11 Prove Equation (1.21).

> Exercise 1-12 Show that {x} € 9, for all x € R”, where 9, is the Borel o-algebra on R".

> Exercise 1-13 Let 28 be the Borel o-algebra on R and let Qy < R be finite or countable.
Show that ‘%lﬂo =22(Qg).

> Exercise 1-14 Prove the proposition of Example 1.34.
> Exercise 1-15 Prove the proposition of Remark 1.35.

> Exercise 1-16 Let (Q;, <), i =1,...,n, be measurable spaces. Show that the set system
&:={A1 x...x Ap: Ajeof;, i=1,...,n} is n-stable.

> Exercise 1-17 Prove the proposition of Remark 1.46.

> Exercise 1-18 Prove the rules of Box 1.1.
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> Exercise 1-19 Prove the propositions of Remark 1.47.

> Exercise 1-20 Show that§,: &/ — {0,1} in Example 1.52 is a measure.

> Exercise 1-21 Prove that the function defined by Equation (1.40) is a measure on (Q, «/).
> Exercise 1-22 Show that ) ,cp 6 in Example 1.57 is a measure.

> Exercise 1-23 Show that v: € — R defined in Example 1.61 is a measure on (Q, 6).

> Exercise 1-24 Prove that the function ):;?:1 «; ;i defined in Example 1.62 is a measure
on (Q, ).

Solutions

> Solution1-1 (a) If A}, Ay,... € o, then AS, AS,... € o/ [see Def. 1.1 (b)]. Hence,

cy¢ Cc

[ee]

() Ai

[e9)
U A7
i=1 i=1

€. [Def. 1.1 (c), (b)]

o0
ﬂ Ap = = [de Morgan]
1

i=

(b) Let Ay, Ay € of and choose Asz, Ag,... such that Q = A;, for all i =3, i € IN. Then,
according to Definition 1.1 (a),

(e o)
AiNAy = AinANnQ = nAl‘ ed.
i=1

() A1\Ay = AinAS € o [see (b) and Def. 1.1 (b)].

> Solution 1-2 The unions QUA =Q, QU A’ =Q, and QU@ = Q are all elements of o
and the same is trueforOU A=A, QU A¢ = A, and AUA® = Q. Furthermore, BUB = B
forall B € .

> Solution 1-3 The o-algebra on Q that only distinguishes between even and uneven
number of points is &) := {{wl , 03, W5}, {w2, wyg, we}, Q, @}. This is a sub-o-algebra of 22(Q).
Therefore, of; represents the set of all possible events of a random experiment that is, in a
sense, contained in the original random experiment.

> Solution 1-4 Consider the set system that contains as elements A, A%, B, B, Q, @, all
unions and all intersections of these sets as well as the unions and intersections of the re-
sulting sets such as (A°UB€)N(AUB) and (A° UB€) U (AUB). Altogether these are 16 sets.
This is 0(<#) U o), the o-algebra generated by «f) U.afs = {A, A%, B, B%,Q,?} (see Def. 1.13
and Rem. 1.21).
> Solution 1-5 (a) Qg NQ = Q. This implies Qg € ‘Qflﬂo'

(b)

Ated|qg, = JAed: A*=QynA.
With this set A and using B° for the complement of a set B with respect to Q,

Qo \A* = Qp\ (QoN A)
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Qoﬂ(QgﬂA)c

Qo N (QFUA9)

(QoNQJ U QN A
c

QonA €a¢|Qo.

(c)
AlAS,.ed|q) = AL A, e Af =Qpn A ieN.
Hence,
AT UASU... = (QNnADUQoNA)U... = Qon (A UAU..)ed]|q,.
> Solution 1-6 If % is a o-algebra on Q, then
EUF cY o oaluF)cY. [(1.1D)] (1.56)

Furthermore, for three sets A, B, C,

AUBcC < AcCABCcC. (1.57)
Hence,
QUEVF Y o (DcHNEUFcY) [(1.57)]
o @cHA(0EUF)cY) [(1.56)]
& QUo(BUF)cY. [(1.57)]

Now Definition 1.13 yields the proposition.

> Solution 1-7 If Q is finite or countable, then each of its subsets A is finite or countable
as well. Therefore,

VAcQ: A = U {w} €a(&). [Def. 1.1 (c), Rem. 1.2]
weA

Because each element A of 22(Q) is aunion U, e 4 {w} of singletons {w}, w € A, this implies
2(Q) co(&). Hence, & c Z(Q) c 6(&). Therefore, Lemma 1.15 implies 6 (&) = 2 (Q).

> Solution 1-8 Suppose that& ={A,..., A;;} and A} =Aj and let A; denote the comple-
ment of A;. Then, for all (ki,..., k) € {1,c}™ define

m kj
Bk, k) = [N A7
j=1
Then
F = {Biey,. k) Koo k) €416, By k) # D}

is a finite partition of Q. Note that & contains all nonempty intersections of sets A or their
complements, respectively, where j = 1,..., m. Now Lemma 1.20 implies the proposition.

> Solution 1-9 If & < &, < 22(Q), then for any o-algebra «f on Q with & c «f also &) <
. Remember, if J < I, then N;¢; B; © N;e¢j Bi, for any sets B;,i € I. Therefore, 0(&1),
which is the intersection of all o-algebras containing &}, is a subset of the intersection of
all o-algebras containing &», which is 6 (&5).
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> Solution 1-10 (a) If Q is finite, then 22(Q) is a finite set system. Therefore, each o-
algebra o/ on Q is a finite set system. Because & = o (), this o-algebra is countably gen-
erated.

(b) The setNj is countable and therefore also ]N(')Z for n € N. Example 1.18 then implies
that 22 (]Ng ) is countably generated.

> Solution 1-11 Let 7, ={]—oo,b1] x...x1—00,by1: by,..., by € R}.
(i) Forall (by,...,by) eR"andallme Nwithm<b;, i=1,...,n,

By, :=1-m,b1] x...x 1—=m,b,] € %,.
According to Definition 1.1 (c) this implies

U Bm =1-00,bi] x...x]~00,b,] € 0(Fp).
melN

Hence, /5, < 0(.#,), which, according to (1.11) and (1.12), implies
o(Hy) < o(Fy) = By,.

(ii) Forall ay,...,ay, by,...,b, e R,witha; <b;, i =1,...,n,
n
lay, b1l x...x1ap,by] = 1-00,b1] x...x]—00,b,] \ (U Hj)y
j=1

where Hj := ]—o00,b1] x...x ]—oo,bj_l] x ] —oo,a;] x ]—oo,ij] x ]—oo,b;,]. Hence,
according to Remark 1.2, lay, b1] x...x lay, by 1 € 0(H6,) and &, c o(#,), which, accord-
ingto (1.11) and (1.12), implies

%n = 0(Fy) < ().

> Solution 1-12 If x € R, then {x} = ﬂ;’jl]x— 1/i, x]. According to Equation (1.18), the
intervals ]Jx—1/1, x] are elements of the generating set system of 28, the Borel o-algebra on
RR. Therefore, their countable intersection is an element of 8. If x = (x1,...,x;) € R", then

fx) = ﬁo(>"< ]x,_;,x,-]).

i=1\j=1

n 1
According to Equation (1.20), the cuboids X |x; — -, x;] are elements of the set system
i i
S, and o(Fy) = By. J=1

> Solution 1-13 Because {x} € 4 for all x € R (see Exercise 1-12) we can conclude: {x} €
‘%lﬂo for all x € Q. Hence, if Q is finite or countable, Example 1.18 implies ‘@lﬂo =P (Qy).

> Solution 1-14 Let Qg,...,Q, be finite or countable sets and let «,...,2/, be their
power sets. Then w; € Qy,...,0, € Q, implies {w1} € o, ..., {w,} € o,. Therefore,

n
(@1, 0p)} = {01} % ... x {0p) € { X A,-:A,-edi,ie{l,...,n}}.
i=1
Hence,

n
o({(w1,...,wp)}: 01 €Qy,...,w €Q,) € ®a¢i.
i=1
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With Q; being finite or countable, Q = Q; x ... x Q, is finite or countable. Therefore,

o({wr,...,wp)}: w1 €Q,...,w, €Q,) = P(Q)
n
(see Example 1.18). Because ®a¢i c 2(Q), we can conclude
n =1 n
R i = P x...x0Q,) = 2 X Q).
i=1 i=1

> Solution 1-15
(AxB)° = {(w1,w2) €Q1 xQp: w1 ¢ A or wp ¢ B}
= {(w1,w2) € Q1 xQy: (w1 € A, w2 €B) or wy ¢ B}
= (A°xB) U (1 x BY)

and
(A°xB) N (Q; x BY)

={(w1,w2) €Qy xQ: w1 € A, 02 € B, w2 ¢ B}
= {((D],U)g) €Q] XQzZ w1 gA, (1)2€BﬂBC :Q}
=0.
> Solution 1-16 Remember that (a € A, b € B) means (a € Aand b € B) and that (a€ A
and b € B) and (b € Band a € A) are equivalent. Let A;,B) € #4,...,A,, By € &,. Then
AiNBy edA,...,AyNB,€of,. Hence, Ay x...x A, €8,B1 x...xB,e§and (A;NBy) x...x
(A, N By) € &. Furthermore,
(A1 x...xAp) N (B X...xBy)
= {(w1,...,0p): W] €EAL,...,0, €Ay, 01 € By,...,w, € By}
= {(0.)1,...,(1)”)1 w1 € (Al mBl)rn'ywn € (Antn)}
= (AinBy) x...x(A,NBy) € &.
> Solution 1-17 Let B; denote the sets defined in Remark 1.46.
(i) Bi=Ajes/. ForallieN,i>1,B; €./

i-1 i—1
U 4; U 4,
j=1 j=1
(ii) For any sequence Cy,Co,... <, define

c

B; = A\ = Ain €. [Def. 1.1 (b), Rem. 1.2]

n n
Ucj=0, ifm>n, and NCi:=9Q ifm>n

J=m J=m

Then, using associativity and commutativity of the intersection, for1 < k < [,

k-1 -1
BirnB; = | A\ UA] A\ UA]
j=1 j=1
k-1 \¢ -1 \¢
= AN UAf nAN UAf [A\B:AOBC]
j=1 j=1
k-1 c -1 c
= Agn ﬁAj NA N ﬂAj [de Morgan]
j=1 j=1
k-1 k-1 -1
— C c Cc c
= AN AN [‘]Aj n ﬂAj nALN 'ﬂ AS
j=1 j=1 j=k+1

= Q. [Ap N AS = Q)
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(iii) The sets B; are defined such that B; c A;, forall i € I. Therefore, U;?:l B; c U;?:l A;.
Furthermore, forallw € Q,

(o]
wvelJA = FieN:weAAVj<i:wgA)
i=1
=> JieN:weA{n...nA_nA;=B;
[o.0]
> WE U B;.
i=1
Hence, UZ.OSIA,- c Ul.ongi,and this implies Ul.olei = Ul.oglAi.
> Solution 1-18 (i) This is condition (c) of Definition 1.43.
(i) If Aj,..., A, € of are pairwise disjoint, then A, Ay,... with @ = Ay4) = Apt2 = ...

is a sequence of pairwise disjoint measurable sets. Therefore, conditions (a) and (c) of
Def. 1.43 imply

n o0 o0 n [ee] n
p(Ua) = p(UA) =Y pan =Y pan + ¥ @ =Y pan.
i=1 i=1 i=1 i=1 i=n+1 i=1

(iii) For A,BcQ,
A= (ANB)U(ANB®) = (ANB)U(A\B)
and
(ANB)N(ANB®) = AnNBNnB® = 0.

Hence, for sets A, B € o/, Rule (ii) (finite additivity of u) implies proposition (iii).
(iv) This proposition is a special case of (iii) with A = Q.
(v) Exchanging the roles of A and B in (iii) we obtain

u(B) = w(AnB) + u(B\ A).
If Ac B, then AnB = A and, because u(B\ A) =0,
WA = u(AnB) < w(ANB)+u(B\A) = u(B).

(vi) This rule immediately follows from proposition (iv) for p£(AnB) < co. [Note that
1(A) — u(AnB) is not defined if p(A) = p(ANB) = c0.]
(vii) For A,BcQ,
AUB = (A\B)U (AnB) U (B\ A).

Because the right-hand side is a union of pairwise disjoint sets, finite additivity of p yields

U(AUB) + w(AnB) = u(A\B) + u(AnB) + u(B\ A) + u(AnB)
= u(A) + u(B). [Box 1.1 (iii)]

(viii) w(Q) = u(AUA®) = u(A) + u(A°). Hence, if u(Q) = u(A) < oo, then p(A°€) = 0.
Therefore, for all B €./, (v) implies u(A°nB) = 0. Furthermore, B = (ANB) U (A°NB) and
(ANnB)N (A°NB) = @. Hence, p(B) = u(AnB) + u(A°nB) = u(AnB). Note that, in general,
1(A) = p(Q) does not imply A = Q.

(ix) w(A) =0implies

W(B) = u(A) +u(B)
= u(AuB) [((xi)]

= u(B). ()]
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Note that, in general, ;1(A) = 0 does not imply A= Q.

(x) Let B := Q\Qp. Then p(B) = 0 as well as u(AnB) = 0 for all Ae«/ [see Box
Box 1.1 (v)]. Furthermore, for Aeof/: A= (ANQy) U (ANB), where AnQy and AnB
are disjoint. Now, the sets AN Qy, A€, are the elements of the trace o-algebra and
(Qq, o/ |QO) =[Qo, 2(Qo)]. Therefore we can apply Equation (1.31). Hence, for all A € </,

(A = u(AnQg) + p(ANB) [Box 1.1 (ii)]

= ) u(wh) + pAnB) [(1.31)]
weANQg

= ) uplw)h. [W(ANB) =0]
weANQg

(xi) Let A1, Ay, ... € of and define By, By,... € o/ by B = A;, and B; = A; \u]i;}Bj for
i >1 (see Rem. 1.46). Then By, By, ... is a sequence of pairwise disjoint sets with B; ¢ A; for
all i e N and Ul.ojl B; = Ul.ojl A;. Hence,

H A;

TCs

I
—
3
&

Il
—

I
018

1(B;)  [Def.1.43 (c)]

81

< w(A). [Box 1.1 (V)]
1

> Solution 1-19 If the A;,..., A, € &/ are pairwise disjoint and B € &/, then, for i # j,
i,j=1,...,n,
(BNA)N(BNA)) = BN(AinAj) = BnO = 0.

Hence, the sets BN Ay, ..., BN A, are pairwise disjoint. Furthermore, condition (b) of Re-
mark 1.47 implies

n n

U(BﬁAi) = Bn U A; = B.

i=1 i=1
Therefore, additivity of u yields

n n
W(B) = u( U (BmAi)) = ) uBNA,
i=1 i=1
which is Equation (1.29) The proof of Equation (1.30) is literally the same except for re-
placing U7, by U%2,, X", by ¥92,, and additivity of u by o-additivity.
> Solution 1-20 Let w € Q.
(a) According to Equation (1.32), 6, (@) = 1p(w) = 0.
(b) According to Equation (1.32), 8 (A) = 1a(w) € {0,1}, for all A € o/, and this implies
0w(A) =0, forall Ae of.
(c) If Ay, Ay, ... € of are pairwise disjoint, then

e [ g Ai)

1yge, 4, (@) [(1.32)]

o0
Y 1a ) [(13D)]
i=1

I
18

6u(A).  [(1.32)]

I
—
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> Solution 1-21 (a) According to Equation (1.40), p#(@) = Y ,eqlpw) = 0.

(b) Accordingto Equation (1.40), uz(A) = Y. ,eq la(w), forall finite A € o/, and puy(A) =
oo, if Ais infinite. This implies puy(A) =0, forall A€ /.

(c) If Ay, Ay, ... € o are pairwise disjoint and all A; are finite, then

o0
p#[UAi) Y 1y, 4, [(140)
i=1

weQ

=) ZlA @ [(1.37)]
weQ i=
o0

> Z 14;(w)

i=1 we

I
[\’18

u#(Ap). [(1.40)]

I
—

Note that the set U"O A; can be countably infinite even if all A; are finite. In this case
Ly (U‘l?zl Aj)=oco= Zool u#(A;). If at least one of the A; is infinite, then U°° LAj 2 Apis
an infinite set and pg (U]: Aj) = py(Ay) is infinite as well.

> Solution 1-22 (a) Using Equations (1.42) and (1.39),

(Z %)(@) =) 60@ =) lpw =) 0=0.
wEB weB weB wEB
(b) Using Equations (1.42) and (1.39),
VAt (Y 60)l) = ¥ 60D = ¥ Lal@) = 0.
weB wEeB weB

(c) If A, Ay, ... € o are pairwise disjoint, then

(X 5w)(BAi) )y 5(»[UA1) [(1.42)]

weB i=1 weB i=
= 2 1yx A [(1.39)]
weB
=y Z 1a; (w) [(1.37)]
weB i=1
o0
=) ) bulA) [(1.39)]
weB i=1
[o.0]
=Y [ Z so)un]. 1042
i=1\ weB

> Solution 1-23 (a) Equation (1.47) yields: v(Q) = u(Q) =
(b) Equation (1.47) also yields: v(A) = u(A) =20, forall A€ 6.
(¢) If Ay, Ay, ... € € are pairwise disjoint, then

v| U ) = o U Ai)  [Def. 1.1 (©), (1.47)]
i=1 i=1

o0
= Z (A [Def. 1.43 (c)]

g 1

=) V(A). [(1.47)]
i=1
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> Solution 1-24 (a) Using Equation (1.48) and Definition Def. 1.43 (a) yields
o0 o0 o0
(Y aim)@ =) qm@ =Y 0=o0.

i=1 i=1 i=1

(b) Similarly, using Equation (1.48) yields, for all A € 7,

o0 o0 n

(X i) =Y aipi(a) = lim Y aipi(a) = o,
i=1 i=1 i=1

because p;(A) = 0 and we assume «; = 0.
(c) If Ay, Ay, ... € o are pairwise disjoint, then

(Eaw)(Ja) - Ean(Ta)
- (e ) (o)
=2 ai ) pil4) [Def. 1.43 (c)]

(5 wrm) ap

. ((1.48)]

1l
—

Note that the last but one equation holds, because rearranging summands does not
change the sum if the terms a; and u;(A;) are nonnegative.






Chapter 2
Measurable Mapping

In chapter 1 we treated the concepts of a o-algebra and a o-algebra generated
by a set system on a set Q. An element A of a o-algebra «/ has been called a
measurable set. We also introduced the concept of a measure, which assigns a
nonnegative real number or oo to all elements of a o-algebra. This chapter is
devoted to the concept of a measurable mapping, related concepts such as the
o-algebra generated by a mapping, and the image measure of punder f, the mea-
sure induced by a measurable mapping f on its codomain space. All these con-
cepts play an important role in integration and probability theory. In probability
theory, a measurable set is called an event, a measurable mapping f is called a
random variable and the image measure of the probability measure P under f is
called the distribution of f.

2.1 Image and Inverse Image

Two key concepts of this chapter are the image of a set A c Q and the inverse
image of a set A’ Q' under a mapping f: Q — Q' We start with the formal defi-
nitions and then illustrate these concepts in section 2.2.

Definition 2.1 (Image and Inverse Image)
Let Q, Q' denote two sets and f: Q — Q' a mapping. Then we call
f) = {f(w):we A}, AcQ, 2.1)
the image of Aunder f, and
f'A) = {weQ: flweAd}, AcqQ (2.2)
the inverse image of A' under f.
Whereas the image f(A) is a subset of Q', the inverse image f ~!(A’) is the set
of all elements of the domain Q for which f takes on a value in the subset A’ of

its codomain Q' For convenience, we also use the notation

{feAt:= f1(A) and {f=w't:=f'{o'). (2.3)
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6
4 '\\\- ()
A f:é-x T o
2 4 f(A)
Q Q!
0 T T T T T T T T
0 2 4 6 8 10 0 2 4 6 8 10

Figure 2.1. Rectangles and their images under a function

Remark 2.2 (Properties of Inverse Images) Let f: Q — Q' be a mapping, I be
anindex set, A'c Q/, and (A}, i € I) a family of subsets A} of Q. Then

A = 1A, (2.4)

FHNAD) = NF @b, 2.5)
iel iel

7 yan = UJrtah 2.6)
iel iel

(see Exercise 2-1). Note that, in general, the corresponding properties do not nec-
essarily hold for the image f(A), Ac Q. <

2.2 Introductory Examples

2.2.1 Example 1: Rectangles

Our first example deals with rectangles, their images, and their inverse images
under a mapping f.

The Measurable Space

Let[a, b], a,b € R, denote the closed in interval between a and b, inclusively, and
consider the two rectangles

Q =10,10]x[0,6] and A =1[2,7]1%x[2,5]

depicted on the left-hand side of Figure 2.1. The elements of Q2 and A are points
x = (x1, xp) in these rectangles with coordinates x; on the horizontal axis and x;
on the vertical axis. Furthermore, let us consider a g-algebra on Q,

o = {Q,0,A A°).
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6
f—l (B l) C/
4 SiatEh) ] B
2 - —
Q Q’
0 I I I I I I I
0 2 4 6 8 10 0 2 4 6 8 10
Figure 2.2. Rectangles and their inverse images under a function
The Mapping and the Image
Consider the set Q' = Q and the function f: Q — Q' defined by
fx) 3 (3 3 ) VxeQ (2.7)
xX)=—x=[=-x, - x|, xeQ. .
4 4 7 g "

Hence, f maps all points x = (x;, x») € Q to the points f(x;,x,) € Q. This is il-
lustrated by Figure 2.1 for the point x = (4,4), which is mapped to f(x) = (3,3).
The right-hand side of Figure 2.1 also depicts the image of A under f,i.e., f(A) =
{f(x): x € A}, as well as the image f(Q) of Q under f.

The Inverse Images
We specify the o-algebra
o' ={Q',0,B', (B}

on Q’, where
B’ =14.5,7.5]x[0,4.5]

is the rectangle depicted on the right-hand side of Figure 2.2, and (B")¢ = Q' \ B’
is its complement.
Now we consider the inverse image of B’ under f [see Eq. (2.7)], i.e.,

f1(B") =16,10]x[0,6]

(see Fig. 2.2). It is the rectangle on the right side of Q. For further examples see
Exercises 2-2 and 2-3.
Also consider the inverse image of the rectangle

C' =14.5,10]x[0,6]

(see Fig. 2.2). Its inverse image under f is identical to the inverse image f ' (B’),
ie,
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.,
2

Figure 2.3. A set and its image under a function

fiech = i,
which follows from

f«ch = fFHB'u(C'\B")] [B'c C’, Fig. 2.2]
= f'BHu fCc'\B) [(2.6)]
= f'BHYuo=F1B).

Note that f~!(C’\ B’) = @, because f has been defined on Q = [0,10] x [0,6]. If
we would define f on Q = R?, then the set f ~1(C'\ B') would not be empty. (See
also Exercise 2-4.)

2.2.2 Example 2: Flipping two Coins

Now we consider the random experiment of flipping two coins.

The Measurable Space

In this random experiment, the set of possible outcomes is
Q = {(hh), (h1), (1, h), (1,0}

This set consists of four elements (pairs). For example, the first component of the
pair (h, t) represents the outcome of flipping i = heads with the first coin and the
second component represents the outcome of flipping ¢ = tails with the second
coin. As a g-algebra on Q we consider the power set o = 2(Q).

The Mapping

Consider the function X: Q — Q' = {0, 1,2} defined by

Xle,nl =0, XMW =1,  X((hnl=1,  and X[(h,h)] = 2.
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(t,1)

(t,h)
N\ | |4 1
X'(B" (h1) B’
X
Q Q'

Figure 2.4. A set and its inverse image under a function

Table 2.1. Example of Measurable Sets Represented by a Mapping X

XeQ'} = X"1Q" =Q 0, 1, or 2 heads are flipped

{X e} = X 1) =0 neither 0, 1, nor 2 heads are
flipped

{X=0} = X~ '(op = {(t, 0} no heads are flipped.

{X=1} = X '(1) = {(h,1),(t, W)} heads are flipped exactly
once

{X=2} = X712} = {(h,h)} two heads are flipped

{Xe{o,1}} =X7'{0,1) = {(hD, (N, &0 not more than one heads
are flipped.

{Xe{0,2}} =Xx7'40,2) ={hh), @D} either two heads or no
heads at all are flipped

{Xe{1,2}} =X7'{L2) ={(hN),(h0, (K} atleastone headsis flipped

Looking at this assignment rule shows that this function may be called number of
flipping heads. Again, we consider the image of a set Ac Q under X, i.e., X(A) =
{X(w): w € A}, A c Q. For example, for A = {(h, h), (h, 1)}, the image under X is
X(A) ={1,2} (see Fig. 2.3).

The Inverse Images

Suppose o/ = 22(Q’) is the power set of Q' = {0,1,2}. In this example there are
also 23 = 8 inverse images X ' (A") = {w € Q: X(w) € A’}, A’e€ o/, Three of these
eight inverse images are:

X7'doh = {(t,n}, X7'{1Y) = {(h o), (¢, W}, X7'd2h = {(h W)}

These are the events that X takes on the value 0, 1, and 2, respectively. (In order
to identify the inverse images listed above, trace back the arrows from right to left
in Figure 2.4.) Furthermore, consider the inverse images
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X7'do,1) = {1, 0, (b, 1), (£, W)},
X7'do,2h) = {(t,1), (h, W)},
X7'dL2h = {(h, 0, (t,h), (h,h)}.
These are the events that X takes on a value in the sets {0,1}, {0,2}, and {1, 2}, re-

spectively. One of these inverse images, namely X ~1(B"), with B’ :={1,2}, is rep-
resented in Figure 2.4. Finally,

X'QH)=0Q and X'@ = 0.

Hence, we listed all eight inverse images X !(A’), A’ € o/’ They are the eight
measurable sets that can be represented by the mapping X and the o-algebra
o' = P(Q'). These sets are listed in Table 2.1, using the notation {X € A’} :=
X1(A), Aegt’, and {X=x} := X 1({x}), {x} € o/ ' [see Eq. (2.3)].

2.3 Measurable Mapping

Now we define the concept of a measurable mapping and related concepts such
as the o-algebra generated by a mapping and measurability of a mapping with
respect to a mapping.

Remark 2.3 (Mapping) Remember, a mapping f: Q — Q' assignsto allw € Q a
unique f(w) € Q. Hence, f is, by definition, a subset of the Cartesian product
QxQ), ie, f={(w f(®): o€ Q}. This implies that, instead of f: Q — Q’, we
can also write f: Q — Q" for the same mapping, provided that f(Q) c Q" <

Remark 2.4 (Identical Mappings) If f,g: Q — Q' are two mappings, then

f=g ¢ {(ofw):we}={0gw)):weal (2.8)

If f =g we say that the two mappings are identical. Hence, even if f: Q — Q'
and g: Q — Q" are mappings with Q' # Q" it is still possible that f and g are
identical. Note that (2.8) also implies: If, for f: Q — Q' and g: Q — Q", we write
f,8:Q— Q" with Q" :=Q'uQ”, then f and g remain unchanged. <

2.3.1 Measurable Mapping

Now the core concept of this chapter is defined as follows:

Definition 2.5 (Measurable Mapping)
Let (Q, o), (Q', o) be measurable spaces and let f: Q — Q' be a mapping.
Then f is called (<4, <¢")-measurable if

f'A) e, VAed'
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Remark 2.6 (Notation) We use the notation
[ Q) — Q)

to express that the mapping f: Q — Q' is (o, «/')-measurable. If there is no am-
biguity about <, we also say that f is «f - measurable or measurable with respect
to . <

Examples

Example 2.7 (Rectangles — continued) In Example 2.2.1, we considered the map-
ping f: Q — Q' = Q defined by f(x) = %x. Furthermore, we considered the rect-
angle B’ =14.5,7.5] x [0,4.5] and the inverse image

1B =16,101x10,6].

If A=1[2,7] x[2,5], then the inverse image f !(B’) is not an element of the
o-algebra of = {Q, 0, A, A°}. In this example, we also specified the -algebra of ' =
{Q',0,B’, (B")°}. Hence, [ is not (of,«/')-measurable. However, if we specify a
o-algebra € such that f “1(B") € €6, then f is (¢,%/')-measurable. As we see later
on, this condition is sufficient for f to be (¢, «/’)-measurable (see Th. 2.20). <

Example 2.8 (Flipping two Coins - continued) In Example 2.2.2, we considered
the mapping X = number of flipping heads and in Table 2.1 (p. 45) we listed all
inverse images X "1(A), A’e o' = 22({0,1,2}). Of course, of = P(Q) ensures that
all inverse images X "!(A"), A’e o/, are elements of o/.

However, instead of «f = 22(Q), we might consider the o-algebra

'Q{O = {Qr Q) {(h) h)r(h) t)}r {(t) h)r(t) t)}}-

The element {(h, h), (h, t)} represents the event that heads are flipped in the first
flip and {(t, h), (¢, 1)} is the event that tails are flipped in the first flip. Hence, the
o-algebra <, contains the events that refer to the outcome of the first flip only,
whereas X represents the number of heads in both coin flips. If we choose </ to
be the power set of Q' ={0,1,2}, then it is not true that all eight inverse images
X~1(A"), A'e o', are elements of of,. The inverse image X ~'({12}) = {(h, h)}, e.g.,
is not an element of <. Hence, if we consider the measurable spaces (Q, <) and
(Q,22(Q")), then the mapping X is not (<, 2(Q'))-measurable. Hence, in some
sense & is ‘not well-adapted’ to X. <

Example 2.9 (Two Trivial Cases) If (a) o = 22(Q) is the power set of Q or if (b)
o' ={Q',@}, then every mapping f: Q — Q' is (o, o/ ')-measurable. This is easily
seen as follows: (a) If o« = 22(Q) is the power set of Q, then all inverse images
f1A), A’ < Q’, are elements in of = 22(Q), because it is the set of all subsets
of Q. (b) If o' = {Q’, @}, then every mapping f: Q — Q' is («f,«/')-measurable,
because f1(Q') = Q and f~1(@) = @. Again, the inverse images Q and @ are
both elements in every o-algebra on Q. Hence, in both cases, (a) and (b), every
mapping f: Q — Q' is («f,o/')-measurable. <
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Example 2.10 (Constant Mapping) A constant mapping f: Q — Q' is defined by

flw) = 0, Yoeq,

where w' is a fixed element of Q. Such a constant mappingis («#, «/ ')-measurable
for any o-algebra &/ on Q and any o-algebra &/’ on Q'. This is true, because for
all subsets A’ of Q': If '€ A’, then f~'(A") = Q. If, in contrast, o’ ¢ A, then
f~1(A") = @. However, Q and @ are elements of all o-algebras on Q. <

Example 2.11 (Identity Mapping) The identity mapping id: Q — Q defined by
idw) = w, YweQ,

is («f, ofy)-measurable for any pair of g-algebras on Q with «f, c /. This is easily
seen as follows:

id71(A) = A, VAe,.
Because we assume <, < of, we can conclude that id is (¢, of;)-measurable. <

Example 2.12 (Indicator of a Measurable Set) Let (Q, /), (Q} «/') be two mea-
surable spaces, where /' is any o-algebra on Q'c R with {0},{1} € o/’ Then the
indicator 1,: Q — Q' is («/, o/ ')-measurable if and only if A € «. Note that the re-
quirement {0},{1} € o’ is not only satisfied by (Q', &) := ({0,1}, 22({0,1})), but
also by (Q «/") = (R, %) and by (Q), «¢) = (R, %), where % denotes the Borel
o-algebra on R and 2 the Borel o-algebra on R. <

Example 2.13 (Indicators of Unions and Intersections) If (), <) is ameasurable
space and A, B € &/, then 1, ~p and 1,4, are (s, 98)-measurable. This follows from
the fact that AnB € «f and AUB € . For the same reason, Aj, A, ... € of implies
that 1U,-°§1 A is (of, 98)-measurable. <

Example 2.14 (Constant Function) Assume that (Q,«/) and (Q', /') are mea-
surable spaces such that {w'} € &/, for all w’ € Q'. Furthermore, let f: Q — Q.
If of = {Q,D}, then f is (o, ')-measurable if and only if f is a constant func-
tion, i. e., if and only if there is an w’ € Q' such that f(w) = w’, for all w € Q (see
Exercise 2-5). Note that for (Q’ /") = (R, %), {x} € B, for all x€ R. <

Example 2.15 (Dichotomous Function) If o = {Q, 0, A, A°} with A c Q, then
f:Q—Ris (of, B)-measurable if and only if f = a;14 + ap1sc for oy, 00 € R (see
Exercise 2-6). <

Step Function

Another important example of a measurable function is a step function, which is
defined as follows:
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Definition 2.16 (Step Function)

Let A,...,An, n €N, be a finite sequence of subsets of a set Q). Then a finite
linear combination

n
f= Z(xilAi’ o,...,0, ER, (2.9)
i=1
is called a step function.

Remark 2.17 (Step Function and a Partition of Q) If the sets A,,..., A, are pair-
wise disjoint, if we define A, := Q\ ( " A;), then {Ay,..., Ay, Aps1} is a finite
partition of Q. Furthermore, if f satisfies (2.9), and o+, := 0, then, forall A'c R,

= U A (2.10)
e
(see Exercise 2-7). <

Remark 2.18 (Measurability of a Step Function) If (Q, o) is a measurable space
and A,,..., A, € o, then the step function f: QO — R defined by Equation (2.9) is
(of,98)-measurable (see Exercise 2-8). <

Lemma 2.19 (Measurability if o/ is Countably Generated)
Let (Q, /) be a measurable space and let of = o(&), where & is a finite (i.e.,
& ={A,..., A,}) or countable (i.e., & = {Ay, Ay,...}) partition of Q. Then
f:Q— R is (7, B)-measurable if and only if there are a;,0;,... € R such
that f =Y a; 14;, wherei € {i =1,...,n} or i € N, respectively.

(Proof p. 70)

A Necessary and Sufficient Condition of Measurability

Let () o/ ') be a measurable space and &'  «/'. Then we denote
&) = if'ah: Aeégh. 2.11)

This notation is used in the following theorem, which can be utilized for proving
(4, o4 ")-measurability of a mapping f: Q — Q.

Theorem 2.20 (Measurable Mapping and Generating Systems)
Let (Q, ), (Q), /') denote measurable spaces, let &' ¢ o', and f: Q — Q.
Then

olf &Nl = foEN). (2.12)

Furthermore, if 0(&') = o/, then f is (o, ")-measurable if and only if
YA € o, forall A€ &'
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For a proof see Klenke (2013, Theorem 1.81, p. 33).
Now consider a finite or countable set Q’. Then Theorem 2.20 and Example
1.18 immediately imply the following corollary:

Corollary 2.21 (Finite or Countable Generating Systems)

Let (Q, ), (Q', 2(Q")) be measurable spaces, where Q' is finite or count-
able, and let &' = {{w'}: 0'€ Q'}. Then a mapping f: Q— Q' is (o£,2(Q"))-
measurable ifand only if f '({n'}) € of, forallw'e Q'.

Example 2.22 (Rectangles — continued) In Example 2.2.1 we considered the map-
ping f: Q — Q' = Q defined by f(x) = %x. Furthermore, we considered the rect-
angle B’ = 14.5,7.5] x [0,4.5]. The set system

&' = (B},
which contains B’ as the only element, generates the o-algebra
o'={Q',0,B', (B"}.
Hence according to Theorem 2.20, the mapping f is («/,s/')-measurable pro-
vided that f~}(B") € of. <

Example 2.23 (Flipping two Coins - continued) In Example 2.2.2, we defined
the mapping X = number of flipping heads with codomain Q' = {0,1,2}. Now
consider the system
&' = {{0},{1}}
of subsets of Q'. First, note that 6(&') = 22(Q’). Therefore, Theorem 2.20 implies
that X is (o, 22(Q'))-measurable for each o-algebra o on
Q= {(hn), (h1), (th), (D)}
for which
X'qop) = {(nnteos and X' = {(h, 0, (1, R} € o.
This does not only hold for o) = 22(Q2), but also for the o-algebra

o ={Q, 0, (1,0}, {(h,0,(, W)}, {(hh)},
{(h,h),(h, 1), (t, W}, {(h,h),(t, 1)}, {(h,1),(t, D), (L, D)}}.

As mentioned before, <, contains all events that can be represented by X (see
Table 2.1, p. 45). In contrast, this does not hold for the o-algebra

’do = {Q) ®r {(hrh))(hr t)}) {(trh))(tr t)}}

(see Example 2.8). Hence, X is measurable with respect to «/; and «, but it is
not measurable with respect to «. In this application, this means that the events
{(h, h), (h, 1)} and {(t, h), (£, £)} cannot be formulated in terms of X. Furthermore,
some of the events that can be formulated in terms of X are not elements of <.
For example, X71({0}) = {(t, 1)} is not an element of . <
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2.3.2 o-Algebra Generated by a Mapping

Let us consider again Example 2.2.2 and the mapping X = number of flipping
heads . The set that consists of the eight inverse images X 1A, Ale o’ is again
a o-algebra on Q. In a sense, this o-algebra carries the information associated
with the mapping X; it contains all events that can be represented by X (see Table
2.1). In the following theorem we formulate the general proposition.

Theorem 2.24 (o-Algebra Generated by a Mapping)
Let f: Q — Q' be a mapping and let (Q', /") be a measurable space. Then
flet) = {f1(A): A e} (2.13)

is a o-algebra on Q.

For a proof see Klenke (2013, Theorem 1.81, p. 33)).

Remark 2.25 (Smallest g-Algebra) Note that f ! («/') is the smallest o-algebra €
on Q such that f is (¢, </’)-measurable, i. e.,

%€ is a o-algebraon Q and f is (¥,«/)-measurable = f~'(«') c €.

<

The set f~!(«/") contains all sets in ¢ that can be represented by f and ele-
ments of o/ . Because f ! («/') is important, it has an own name and an alterna-
tive notation, which is sometimes more convenient.

Definition 2.26 (0-Algebra Generated by a Mapping)

The set f~'(¢") defined by Equation (2.13) is called the c-algebra gener-
ated by f and <f'. If there is no ambiguity about <, then we also say that
fY(") is generated by [ and use the notation

o(f) :== f ). (2.14)

Remark 2.27 (Monotonicity) Note that, for two set systems €' < 7/,
i€ e i, (2.15)
because [ 1€ ) ={f1(A): A €€} c {f1(A): A e} = f 1A N

The following corollary immediately follows from Definition 2.26 and the def-
inition of («f, o/ ')-measurability (see Def. 2.5).
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Corollary 2.28 (A Condition Equivalent to Measurability)
Let f: Q — Q' be a mapping and let (Q), /') be a measurable space. Then f
is (of, ") -measurable if and only if o(f) c <.

In the following lemma and the subsequent remark, we treat a N-stable gen-
erating system (see Def. 1.36). For a o-algebra ¢ and a measurable function
f:(Q, ) — (Q) /') we use the notation 6 (€, ) :=0c(€ U f ().

Lemma 2.29 (n-Stable Generating System)

Let (Q, o) be a measurable space and let € c o/ be a o-algebra. Furthermore,
assume that Q' is finite or countable and let f: (Q, /) — (Q', 2(Q") be a
measurable mapping. Then the set

2 :={Cnf'{oN:w'eQ andCe €}

is a N-stable generating system of 6(€, f) := o(€ U f ' [2(Q")]).
(Proof p. 71)

Remark 2.30 (A Special Case) Let us consider the special case in which € =
{Q,0}. In this case, Lemma 2.29 simplifies as follows: Let (Q,</) be a measur-
able space and let f: (Q, /) — (Q ! 9(9/)) be a measurable mapping, where Q'
is finite or countable. Then the set { f '({w'}): w'e Q'} U {@} is a N-stable gen-
erating system of a (f) := f 1[22(Q")]. N

Example 2.31 (o-Algebra Generated by an Indicator) Let 1,: (Q, <) — (R, %)
be the indicator of A€ o/. Then 0(1,) ={Q, @, A, A°}. The same o-algebra is gen-
erated by 1,4: (Q, &) — ({0, 1}, 22({0, 1})) (see Remark 2.33 for the general propo-
sition). <

Example 2.32 (Flipping two Coins - continued) In Example 2.2.2, we consid-
ered flipping two coins and the measurable mapping X = number of flipping
heads with codomain Q' = {0,1,2}. In this example, all elements of X ~1[22(Q")]
have been listed in Table 2.1 (p. 45) as the inverse images X ~'(A’) of the eight sets
A’ € 2(Q'). Furthermore, X "1[22(Q")] = o, where o, is the o-algebra defined in
Example 2.23.

Instead of choosing Q' = {0,1,2} as the codomain of X, we may also choose
the set R of real numbers, i. e., X: Q — R is then considered to be a function into
R. In this case we use the Borel o-algebra 98 on R. However, according to the
following remark, the o-algebra X ~!(98) generated by X and 48 is the same as the
o-algebra X "'[22(Q")] generated by X and the power set of Q' = {0,1,2}. <

Remark 2.33 ( o-Algebra Generated by a Function Into a Countable Set) Let us
consider a function f: Q — Q' < R and let % denote the Borel o-algebra on R.
If Q' is finite or countable, then f~1[22(Q")] = f ~1(98) (see Exercise 2-9). <
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Table 2.2. Joe and Ann With Random Assignment and Measurable Mappings

Elements of Q Measurable mappings

% =) E < E >~

2 < < <

o) = =g o= =

. n |£8 &8 &8
(Joe, no, —) .09 | Joe 0 0
(Joe, no, +) 21 | Joe 0 1
(Joe, yes, —) .04 | Joe 1 0
(Joe, yes, +) .16 | Joe 1 1
(Ann, no, —) 24 | Ann 0 0
(Ann, no, +) .06 | Ann 0 1
(Ann, yes, —) 12 | Ann 1 0
(Ann, yes, +) .08 | Ann 1 1

Example 2.34 (Joe and Ann - continued) Table 2.2 (p. 53) displays mappings on
(Q,e), all components of which have already been specified in Example 1.9. The
first mapping displayed in Table 2.2 is the person variable U that assigns to each
possible outcome w € Q the value joe if w € {Joe} x Qx x Qy and the value Ann if
w e {Ann} xQxxQy.Hence, U: Q — Q is amapping with domain Q = Qyx Qx x
Qy and codomain Q. It projects the first component u of w = (¢, wy, wy) onto
the set Qy. Therefore, it is also called the first projection mapping.

The second mapping in this table is the treatment variable X. It assigns to each
possible outcome w € Q the value 0 if w € Qy x {no} x Qy and the value 1 if w €
Qu x {yes} x Qy. Hence, X: Q — Q' is a function with domain Q and codomain
Q' ={0,1}.

The third mapping is the outcome variable Y . It assigns to each w € Q the value
0if w € Qy x Qx x {~} and the value 1 if w € Qy x Qx x {+}. Therefore, Y: Q — Q'
is a function with domain Q and codomain Q' ={0,1}. Hence, all three mapping
U, X, and Y have the same domain Q.

Considering U: QQ — Qyu and the o-algebra &y := {QU, Q, {]oe},{Ann}}, the
o-algebra U ! («/y) consists of the following four inverse images: the event

U~ ({Joe}) = {Uoe, no,-), Joe, no,+), (Joe,yes,~), (Joe,yes, +)}
that Joe is drawn, the event
U~'({Ann}) = {(Ann, no,-), (Ann, no,+), (Ann,yes,—), (Ann, yes, +)}

that Ann is drawn, the sure event U ~1(Qy) = Q that Joe or Ann are drawn, and the
impossible event U ~1(@) = @ that neither Joe nor Ann are drawn. <
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2.3.3 Final o-Algebra

Consider the mapping f: Q — Q. As noted in Remark 2.25, for a o-algebra /'
on Q) o(f) = f~(«/") is the smallest g-algebraon Q for which f is measur-
able. In contrast, now we consider a o-algebra € on Q and look for the largest
o-algebra €’ on Q'such that f is (€, ’)-measurable. This o-algebra is specified
in the following lemma. It is called the final -algebra.

Lemma 2.35 (Final o-Algebra)
Let f: Q — Q' be a mapping and € a o-algebra on Q.

(i) Then
€= {AcQ": fT(A)e6} (2.16)

is a o-algebra on Q).
(ii) Furthermore, if f:(Q,€) — (Q), /') is a measurable mapping, then
oA'<6;.
(Proof p. 71)

Note that (ii) is a formal way of saying that Céf’ is the largest o-algebra on Q'
such that f is ¥-measurable.

Definition 2.36 (Final o-Algebra)
The o-algebra <€f’ defined by Equation (2.16) is called the final o-algebra
of € under f.

2.3.4 Multivariate Mapping

Now consider the measurable space (X", Q/, ®/_, <//) and note that the defini-
tions of measurable mappings and of the o-algebra generated by a mapping also
apply to n-variate mappings f: Q — Q/ x...xQ/ and in particular to functions

for which Q x...x Q) =R".

Lemma 2.37 (0-Algebra Generated by a Multivariate Mapping)

Let Q be a nonempty set, (Q;, afi’), i=1,...,n, ne N, be measurable spaces,
and f = (fi,..., [») be a multivariate mapping with f;: Q — Ql,i=1,...,n,
ie, f:Q—X!, Q] Then

n

Ofirensfi) = 0(f) = 7 (@] ) = o(LnJa(fl-)). 2.17)
i=1

i=1

(Proof p. 72)
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According to the following theorem, a multivariate mapping is measurable if
and only if all its components are measurable.

Theorem 2.38 (Measurability of Multivariate Mappings)
Under the assumptions of Lemma 2.37, the following two propositions are
equivalent to each other:

@ f:( Q) — (XL, Q}, QL /) isameasurable mapping.
(b) Vi=1,...,n: fi: (Q ) — (Q), &) is a measurable mapping.

(Proof p. 72)

Remark 2.39 (o-Algebra Generated by a Family of Mappings) Let [ be a (finite,
countable, or uncountable) index set and let (f;,i € I) be a family of mappings
fi: (Q,f) — (Q}, &#]). The o-algebra generated by this family is defined as

ofieD := o[ Jolf). 2.18)

iel
Then Equation (2.17) implies
o(f) = o(f;,iel), wherelI={i=1,...,n}. (2.19)
<

Example 2.40 (Joe and Ann - continued) In Example 2.34 we already considered
the function X: Q — R indicating with its values 1 and 0 whether or not the drawn
person is treated and the function Y:Q — R indicating with its values 1 and
0 whether or not the drawn person is successful. If we specify the o-algebra </
on Q such that X and Y are both (<, 98)-measurable, then the bivariate func-
tion (X,Y): Q — R? is (&, %,)-measurable. And vice versa, if we specify the
o-algebra o/ on Q such that the bivariate function (X,Y): Q — R? is (o7, %,)-
measurable then X and Y are both (<, 28)-measurable. In this example X, Y,
and (X,Y) are measurable with respect to & whenever the two inverse images
X71({1}) and Y ~'({1}) are elements of o/ (see Exercise 2-10). <

Remark 2.41 (Lower Dimension Multivariate Mappings) Lemma 2.37 and Re-
mark 1.23 imply

n
o(fi,i€]) c f“(®a¢i’), Vjcil,..., n}
i=1
Furthermore, Theorem 2.38 implies: If

£ = v fi): @) — (X 2, @

i=1 i=1

=

i
5
0
]

|
X
2
X
&

~
Il
—
~.
I
—

is measurable as well. <
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2.3.5 Projection Mapping

In Definition 1.31 we introduced the product o-algebra ®?:1 of; for a finite num-
ber of measurable spaces (Q;, «#;). Now we give an equivalent characterization.
Let (Q;, ), i =1,...,n, be measurable spaces. Then, for j = 1,..., n, the jth pro-
jection mapping nj: X, Q; — Q; is defined by

n
Tj(wy,...,0,) = 0), Y(0i,...,0,) € X Q. (2.20)
i=1

The inverse images are

H;I(Aj) = Qx..x Qi xAjx Qg x...xQ,, forAjc Q. (2.21)

Lemma 2.42 (Product o-Algebra)
If (Q;,9f),i=1,...,n, are measurable spaces, then

n
Rt = o(my,..., 7). (2.22)
i=1

(Proof p. 73)

2.3.6 Measurability With Respect to a Mapping

In the next definition, we consider two mappings and the concept of a mapping
being measurable with respect to another mapping.

Definition 2.43 (Measurability With Respect to a Mapping)
Let f: Q— Q' and h: Q — Q" be mappings, and let (Q} /") and (Q", ") be
measurable spaces. Then h is called measurable w.r.t. f (or f-measur-
able) if

h it c ). (2.23)

If Q' is finite or countable, then the following corollary provides a representa-
tion for all functions that are measurable with respect to f.

Corollary 2.44 (Measurability With Respect to a Discrete Function)

Let f: Q — Q' bea mapping, let (Q',2(Q")) be a measurable space, where Q'
is finite or countable, and let h: Q@ — R be a function. Then h is measurable
w.r.t. f ifand only if for all w'e Q' there are o, € R such that
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Figure 2.5. A composition of two mappings

=) ay Ly (2.24)
! QI
@ (Proofp. 73)

Example 2.45 (Flipping Two Coins - continued) Consider the mapping X =
number of flipping heads with codomain Q' = {0,1,2}, let H := {(h, ), (h, h), (¢, )},
and let 15: Q — Q" denote the indicator of H, with Q" = {0,1}. Hence, 1 indi-
cates with its values 1 and 0 whether or not at least one heads is flipped. If we
consider the o-algebra of' = 22(Q') on Q' and the o-algebra /" = 22(Q") on Q"
then

XN ={Q, 0, ((hh}, {(h1),,0}, (1,0}
{(h, ), (h,0),(t, W)}, {(hh),(t, 1)}, {(h0),(th), (L0} }

and

1" = {Q, 0, {(hh),(h, 0, )}, (1,0} }.

Obviously, 1 (4" c X7 1(£"). Therefore, 1 is measurable with respect to X,
but not vice versa. That is, X represents a more detailed information about the
outcome of the random experiment than 1. Hence, if the value of X is known,
then we can compute the value of 1, but not vice versa. In our example, Figure
2.5 shows: if X(w) = 1, then 15(w) = 1. However, if 15(w) = 1, then X(w) = 1 or
X(w) = 2. (For amore general presentation of this property see Lemma 2.52.) <
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2.4 Theorems on Measurable Mappings

In this section we consider compositions of mappings, which are defined as fol-
lows: Let Q, Q’, and Q" be nonempty sets and let f: Q — Q' and g: Q' — Q" be
mappings. Then the composition of f and g is the mapping go f: Q — Q" defined
by:

gof(w) := glf(w)], YweQ, (2.25)

(see Fig. 2.5), where go f(w) denotes the value of the mapping go f for the ar-
gument w. Instead of go f, we often use the notation g(f) and say that g(f) isa
function of f. Using this notation, Equation (2.25) can be written

g = glfw)], VYweQ. (2.26)

Lemma 2.46 (Compositions With a Finite or Countable Number of Values)
Let f: Q — Q' be a mapping, where Q'is finite or countable, and letg: Q' — R
be a function. Furthermore, for w'e Q', define 1, :=1,-1(,y. Then

gof =gf) = ) g1y = 2 g0 10 y. (2.27)
w'eQ’ w'eQ’
(Proof p. 73)

Hence, under the assumptions of Lemma 2.46, for all w € Q,

gof® = glfl =} gl =) go) lyry. 228

w'eQ’ w'eQ’

Example 2.47 (Flipping two Coins - continued) Let us consider X = number of
flipping heads and the mapping g: Q' — Q" defined by g(x) := 1j,2;(x), for all
x € Q' (see Fig. 2.5). Then the composition go X defines a new mapping goX: Q —
Q", where Q" = {0,1}. In this example, the composition go X is identical to the
indicator 1y of the event H = {(h, h), (¢, h), (h, 1)} that heads are flipped at least
once. <

Example 2.48 (Joe and Ann - continued) In Example 2.34 we already considered
the mapping U: Q — Qu = {Joe, Ann} showing which person is drawn and the
mapping X: Q — Q' = {0,1} indicating whether or not the drawn person is
treated. Now we can consider the bivariate random variable (U, X): Q — Qyx Q'
and we can write

X = go(U,X) = g(U,X)

as the composition of (U, X) and a (projection) mapping g,

glu,x)] = x, Y(u,x) eQyxQ'
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2.4.1 Measurability of a Composition

The following theorem shows that measurability is preserved by the composition
of mappings.

Theorem 2.49 (Measurability of a Composition)
Iff: Q) — Q) A )andg: (Q), A4") — (Q") o/ ") are measurable mappings,
then the composition go f is (of,4")-measurable.

(Proof p. 74)

Remark 2.50 (o-Algebra Generated by a Composition) Note that
goN ") = fTHg T ("] (2.29)
(see the proof of Theorem 2.49). <

Example 2.51 (Flipping two Coins - continued) Figure 2.5 illustrates Theorem
2.49.If (a) X is (/, o/ ')-measurable and (b) g is («//,«/")-measurable, then 1y =
go X is (o, ")-measurable. Suppose &/’ = 2(Q') and /" = 2(Q"), where
Q' =1{0,1,2} and Q" = {0,1}. Then the premise ‘(a) and (b)’ is satisfied if o is
such that X (o) c . If the premise ‘(a) and (b)’ is not satisfied, then we can-
not conclude that 1y is («#, &/ "')-measurable. Note that in this example 15 can be
(4,4 ") -measurable even if (a) and (b) do not hold. A sufficient requirement is
that {(¢,9)} and {(¢, h), (h, 1), (h, h)}, the inverse images of {0} and {1} under 1y,
respectively, are elements of «# (see Cor. 2.21). <

If a mapping & is measurable with respect to a mapping f, then each element
in the o-algebra generated by h is an element in the o-algebra generated by f. If
h is measurable with respect to f, then in a sense, the information represented
by h is already contained in f (cf. section 2.3.2). This is expressed in more formal
terms in the following lemma, which is crucial, e. g., in the general definition of
conditional expectations E(Y|X=x) (see ch. 10).

Lemma 2.52 (Factorization Lemma of Measurable Functions)

Let f:Q — Q' be a mapping, let (Q), /') be a measurable space, and let
h: Q — R bea function. Then h is measurable w.r.t. f,i.e. h=' (&) c f ("),
ifand only if there is a measurable function g: (Q, «¢') — (R, %) such that

h=gof (2.30)
is the composition of f and g. We call g a factorization of h w.rt. f.
For a proof see Klenke (2013, Corollary 1.97, pp. 38).
If, instead of (R, %) we consider a measurable space (Q", 2(Q"), where Q"

is finite or countable, then the elements w” € Q" can be renamed by real num-
bers such as 1,2, etc. Renaming is a one-to-one measurable function, because
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Figure 2.6. The two step functions f and & in Example 2.55

the o-algebra on Q" is the power set of Q" (see Example 2.9). Hence, Lemma 2.52
implies the following corollary:

Corollary 2.53 (Factorization of a Mapping Into a Finite or Countable Set)
Let f: Q — Q' be a mapping, (Q), /') a measurable space, and h: Q — Q"
a mapping, where Q" is finite or countable. Then h is measurable w.r.t. f,
i.e, h1[22(Q")] c f~ ("), if and only if there is a measurable mapping
g: Q) )~ (Q", Q") such thath=go f.

Example 2.54 (Flipping two Coins - continued) If we specify Q' = {0,1,2}, the
o-algebra of ' = 2(Q’'), the set Q" = {0,1}, the o-algebra o« " = 2(Q"), and the
function h = 1y, then the example depicted in Figure 2.5 can be used to illustrate
this corollary. The mapping g in this figure is such that 15 = go X. <

Example 2.55 (Two Step Functions) Figure 2.6 presents an example in which
Q=1[04], Ay =1[0,1], A, =11,2], A3 =12,3], and A; =]3,4]. Note that the sets
Aj,..., Ay are pairwise disjoint. The measurable function f: (Q, /) — (R, %) is
defined by

4
f= Z aila;,
i=1

where a; =1, ap = 2.5, a3 = 2, and ay = 0.5. Furthermore, the function h: Q — R
is defined by
h = Z Bj 1AjUAj+1
je(1,3)
with B; = 1.5 and ps = 3. Note that o(h) = 0({A; U Aj+1: j € {1,3}}), whereas
o(f) =0({A;:i=1,...,4}) (see Exercise 2-11). Therefore, h is measurable with
respectto f,i.e., o(h) co(f).
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According to Lemma 2.52, there is a function g: R — R such that h = go f.In
fact, if we define g by

g = ) PBilia,®), VXER,
Jjel{1,3}

then i = go f. The function g takes on the value 1.5if x=o; =lorx=a, =2.5
and the value 3 if x = a3 = 2 or x = a4 = 0.5. For all other x € R the value of g is 0.
<

Example 2.56 (Square of a Real-Valued Function) Suppose f: (Q,«/) — (R, %)
is a real-valued measurable function and f?(w) := f(w)?2 forall w € Q.

(i) If f is nonnegative, i.e., if f(w) = 0, for all w € Q, then f and f? are mea-
surable with respect to each other, i.e., a(f) = o (f?).
(i) If there are w1, w; € Q with f(w;) <0 < f(w,) and f%(w;) = f2(w,), then
a(fH ca(f), buto(f) #o(f?
(see Exercise 2-13.) In a sense, o(f) = o(f?) means that f and f? contain the

same information, whereas o(f?) < a(f), o(f) # o(f?) means that f? contains
less information than f.If, e.g., f%(w) =4, then f(w) =2 or f(w) = 2. <

2.4.2 Theorems on Measurable Functions

In the first theorem we consider sums and differences as well as products and
ratios of measurable functions. The sum of two functions f, h: Q — R” is again a
function (f + h): Q — R” defined by

f1+h1 fl((x))"rhl((.l))
(f+h)(w) = : (W) = : , YoeQ.
Ju+ by Jn(w) + hy(0)
The first parentheses in the term (f + h)(w) are used to make clear that f+ hisa
symbol of a new function on Q. Of course, the difference f — h is defined in the
same way as f + h replacing + by —.
Similarly, the product f - h of two functions f,h: Q — R is again a function
(f-h): Q— R defined by
(f-h(w) = flw) h(w), YoeQ.
Correspondingly, f/h: Q — R is defined by
(f/h)(w) = f(w)/h(w), YoeQ,

provided that h(w) #0 forall w € Q.
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Theorem 2.57 (Sums and Products of Measurable Functions)

If f,h: (Q,&f) — (R", SB,,) are measurable functions, then f + h and f — h are
(f, B,,)-measurable as well. Furthermore, if f,h: (Q,</) — (R, %) are mea-
surable functions, then f - h and f/h (with h(w) # 0, for all w € Q) are also
(<f, B) -measurable.

For a proof see Klenke (2013, Theorem 1.91, p. 37).

Remark 2.58 (Squared Function) If f:(Q,«/) — (R,%) is a measurable func-
tion, then f2:= f- f is also (< 9%)-measurable. Obviously, this also applies to
f", neN. Hence, if f is (o, %)-measurable, then f” is also (<, 98)-measurable.

<

Example 2.59 (Scale Transformations and Translations) Remember thata con-
stant real number can always be interpreted as a measurable function (see Exam-
ple 2.10). Therefore, Theorem 2.57 implies that, for all a € R, the functions f +«,
f—a,and a- f are (R, %8)-measurable if f: (0, &) — (R, %) is a measurable func-
tion. <

Example 2.60 (Number of Flipping Heads) Consider flipping a coin n times, let
Q={h,t}", and let 1,,: O — R denote the indicators of flipping heads at the ith
flip of the coin. Then

n
X =) 1y
i=1

is the number of flipping heads. If A; € of =22(Q), i =1,...,n, then (Q, <) is a
measurable space and X is measurable for any o-algebra on R (see Example 2.9).
In the case o = 22(Q) it is not necessary to apply Theorem 2.57. <

Example 2.61 (Linear Combination of two Functions) Let f, h: (Q, /) — (R, %)
be measurable functions and a, § € R. Then, according to Theorem 2.57, the func-
tion (a- f+P-g): (Q,«/) — (R, %) defined by

a@-f+B-Mw =a fw+P-hw), YVoeQ. (2.31)
is («f, 98)-measurable. <
Remark 2.62 (Positive and Negative Parts of a Function) In Theorem 2.66 we con-
sider the positive and the negative parts of a function f: Q — R. The positive part
f*:Q— Ris defined by

fH(w) = max(f(w),0), VweQ,

and the negative part f~: Q — R by

f (W) := —min(f(w),0), VYoeQ.
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flw) ftw , ()
37 sgn(f) () |
2 - -

= - -

-3 - -

Figure 2.7. Positive and negative parts of a function, and its sign function

Hence, the value f*(w) of the positive part of f is defined to be the greater one of
the two numbers f(w) and 0 if they differ and f*(w) = 0 if f(w) = 0. In contrast,
the value f~(w) of the negative part of f is defined to be the smaller one of the
two numbers f(w) and 0 multiplied by —1 if they differ and f~ (w) = 0if f(w) =0.
Note that f* and f~ are both nonnegative functions and that

f=rr-r

<

Example 2.63 (Positive and Negative Parts of a Function) The positive and neg-
ative parts of a function are illustrated by Figure 2.7 showing the graph of the
function f: R — R defined by

2

XA H-18l<z<3315
fx) =14 3 ’ ' B
0, otherwise.

The positive part f * takes on the value 0 if x < 0 (see the red line on the horizontal
axis), whereas negative part f~ takes on the value 0 if x = 0 (see the blue line on
the horizontal axis). <

Remark 2.64 (Absolute Value Function) Furthermore, we consider the absolute
value function |f]: Q — R defined by

fw), iff(w)=0

Ifl(®) = |f (W] := {—f(w), if f(w) <O.

Note that |f| = f*+ f~ = max(f*, f7). Hence, in Figure 2.7, the absolute value
function is represented by the red and blue lines above (if —1.81 < x < 3.315) or
on (if x < —1.81 or x > 3.315) the horizontal axis. <
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Remark 2.65 (Sign Function) In Theorem 2.66, we also refer to sgn(f): Q@ — R,
called the sign function, which is defined by

1, iff(w)>0
sgn(f) (@) =<{ 0, iff(w)=0
-1, if f(w)<0.

In Figure 2.7, the graph of this function is represented by the green lines above
and below the horizontal axis, and by the green point. <

Theorem 2.66 (Positive and Negative Parts of a Func_tion)
Let (€, o) be a measurable space. If f: QO — R is («f,98)-measurable, then the
functions {7, f~, |f|, and sgn(f) are (<f, 9B)-measurable as well.

For a proof see Klenke (2013, Corollary 1.89, p. 36). The positive part f*, the neg-
ative part f~, and the absolute value function | f| of a function f plays an impor-
tant role in integration theory (see ch. 3).

Another implication of Theorem 2.57 on the measurability of some sets that
are often used is formulated in the following remark.

Remark 2.67 (Some Important Measurable Sets) Let ({2, <) be ameasurable space
and let f, g: (Q, /) — (R, %) be measurable functions. Then

(@ {weQ: flo=gw}es
b) {weQ: flw>gw}es
(€ {weQ: flo=gw}ess

(see Exercise 2-12). <

2.5 Equivalence of Two Mappings With Respect to a Measure
Now we study some properties of mappings f: Q — Q' involving a measure space
(Q, <, w). In this case, we use the notation

f: Qe p)— Q'

to express that f: Q — Q' is a mapping and that y is a measure on the measurable
space (Q, /). If there is also a o-algebra < 'on Q', then we use the notation

fr@Qst ) — Q)

to express that the mapping f: Q — Q' is (¢, &/ ')-measurable and that u is a mea-
sure on the measurable space (Q, o).
Remember, two mappings f and g are identical, i.e., f=g, if and only if

{weQ: f(w) #glw)}=0.

A less restrictive concept is their equivalence with respect to the measure (1.
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Definition 2.68 (Equivalence of Two Mappings With Respect to a Measure)
Let f, g: (Q, s, u) — Q' be mappings. Then f and g are called p-equivalent,
denoted by

f =&
if there is an A € of with u(A) =0 and, forallw € Q\ A, f(w) = g(w).

Because (@) =0, f =g implies f = g.

Remark 2.69 (A Note on Notation) If f, g are denoted by f: (Q, < ) — Qf and
g: (Q, o, u) — Q, then we can choose Q' = Q;UQy and denote f, g: (Q, <, u) —
Q' (see Rem. 2.4). <

Remark 2.70 (An Alternative Notation) If f = g we also say that f =g, p-almost
everywhere (u-a.e.). Furthermore, we also write

flw) = g(w), forp-almostallw € Q, (2.32)
and use f (w)u_iu g(w) as a shortcut. <

Remark 2.71 (Singleton With a Positive Value of a Measure) If f = g or, equiva-
lently, f(w)#_ia g(w), and {w} € o with u({w*}) >0, then

f*) = glo).
<

Remark 2.72 ( u-Equivalence, Restricted Functions, and Compositions) Let f,
g: (Q, ¢4 u) — Q' be mappings.
i) IfQ'=R, then
fz8 = W f 518 VAed. (2.33)

(i) If h: Q' — Q" is also a mapping, then
ffg = hof fhog (2.34)
(see Exercise 2-14). <

Remark 2.73 (Equivalence Relation) If ./ is a set of mappings (Q, <7 u) — Q/,
then = is an equivalence relation on .4 (see Exercise 2-15). In other words, if
f> 8, h € 4, then the following propositions hold for =

@ f = f (reflexivity).

(i) g= fifand only if f =8 (symmetry).
(iii) If f =g and g = h, then f = h (transitivity).
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<

Definition 2.74 (Equivalence Class With Respect to a Measure)
Let # be a set of mappings (Q, 4, i) — Q' and let f € 4. Then

C(f) = {gejl:gff}

is called the u-equivalence class of f in # and f a representative of
the class C(f).

Remark 2.75 (A Partition of the Set .#) If ./ is a set of mappings (Q, </, u) — Q/,
then the set {C(f): f €4} is a partition of 4 ,i.e.,

(@) Vfed: C(f)#0.
(b) Vf,ge:C(f)=C(g) or C(f)nC(g) =0.

© UchH=w«.
fet

(see Exercise 2-16). <

Remark 2.76 (Other Properties of -Equivalence)

(i) Letf, g:(Qefw— Q" If u(Q) >0, then
VaeQ\vpeQ': fzang=pArf=g = a=p. (2.35)

(i) Iff,g f5g" Qo ) — R, then

f=fng=g" = [f+g = [+g
f-g 7 1-¢" (2.36)
fg=r"sg"

Furthermore, suppose p({m €eQ: glw) = 0}) =0, and define ]—C: Q—R by
g

€,

g(w)’
0, otherwise,

flw)
—, ifg(w) #0,
i(u)) = { &

*

and let E‘ be defined analogously. Then

ffrnegze = 2.37)

o I~
°Q|\vs
* *
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(iii) If f;, fi¥: (Q, e, p) = Rand o; €ER, i =1,...,n, then
n n
(Vi=1,...,n: f; = fi ) = Zlcxif,- = Zl(x,-ﬁ . (2.38)
i= i=
(i) Iffi, fo,..., A5 fo.. 1 (o 1) = R and oy, ®y, ... €R, then

(Vi=L2..: fi = () = ;aiﬁ = i;o(if,-*, (2.39)

provided that the limits denoted by the infinite sums (see Box 0.1) exist.

For proofs see Exercise 2-17. <

Remark 2.77 (Order Relations for Real-Valued Functions) For two mappings f,g:
Q — R we write f <g, if and only if

fweQ: flw)=glw)}=0.
The notation f > g, f < g, and f = g is used correspondingly. <

Remark 2.78 (Order Relations With Respect to a Measure 11) For functions f, g, h:
(Q, <, u) — R, we also use the notation

f<eg

if there is an A € o« with f(w) < g(w) for all w € Q\ A and u(A) = 0. The notation
f>sf =8 and f >g is used correspondingly. Furthermore,
"

ffg and g=h = ffh (2.40)

The analog propositions hold for >, = and 2 (see Exercise 2-18). <
I

2.6 Image Measure

In the definition of a measurable mapping f: (Q, <) — (Q} &) we required: for
all A'e of": f~1(A") € of. Because a measure u assigns a value to all elements
A e, the measure p also assigns a value to each f‘l(A’) ={weQ: f(w) e AL
This is the reason for choosing the term measurable mapping: If p is a measure
on.«/ and f is («f, </ ')-measurable, then there is a value u[f ~' (4")] for all inverse
images f1(A"), A'e o’

According to the following theorem, a measurable mapping f: (Q, <, u) —
(Q', /") induces a measure on the codomain space (Q/, </ ).
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Theorem 2.79 (Image Measure)
Let f:(Q,s 1) — (Q), ') be a measurable mapping. Then the function
ur: o' — R defined by

pr(A) = ulf 1A, VAesdd, (2.41)

is a measure on the measurable space (), </ ).
(Proof p. 74)

Definition 2.80 (Image Measure)
Iff: (Q,¢ p) — (Q) ") is a measurable mapping, then i;: o' — R defined
by Equation (2.41) is called the image measure of yu under f.

Example 2.81 (Rectangles — continued) Now we consider a measure u: o/ — R
restricted to <7, which is specified by

M) = (7-2)-(5-2) =15

and
©(Q) = (10-0)-(6—-0) = 60.

This specification determines the areas of all four sets in «/, because p(A°) =
1(Q) — u(A) = 60— 15 = 45 and u(@) = 0. Hence, the measure space (Q, <, ) is
completely determined. Note that  is the restriction of the Lebesgue measure A,
to the o-algebra «, i.e., u(A) = 1,(A), for all Ae .

In Example 2.2.1 we considered the mapping f: Q — Q' = Q defined by
flx) = %x. Furthermore, we considered the rectangle B’ = 14.5,7.5] x [0,4.5] and
the o-algebra ¢ ' = {Q', @, B, (B')¢}. If we specify <f such that f~!(B’) € of, then
f is (of,of")-measurable. In this case, all inverse images f'(A’) of sets A’ € o'
are elements of the o-algebra <7 . Therefore, the areas A,[f ~'(A")] of these inverse
images are defined by the measure A, on < that assigns the area to all elements
of of. If we specify o = {Q, @, f1(B"), f '[(B")°]}, then

A2, (B) = Aolf 71BN = A,(16, 101 % [0, 6]) = (10-6)-(6-0) = 24,
A2, ((BN) = Ao(fH(BNT) = A(10, 6] x [0, 6]) = (6-0)-(6—0) = 36,
Az, (Q") =60, and A2, (@) = 0. Then the function Ay, : o' — R defined by
A2, (B") = A,fT'(B"), VB'esd),

is again a measure, the image measure of 1, under f. Therefore, (Q', /', 1, f) isa
measure space.

Note that the image measure A2, on the o-algebra o/ " differs from the area
measure on /. In fact, the area of B' is (7.5—4.5)-4.5 = 13.5 and the area of (B")¢
is60—13.5 =46.5. <
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Remark 2.82 (Cumulation of the Values p({w})) If {w} € o, for all w € Q, then

prwH = > pw), (2.42)

w: f(w)=0’

provided that the sum is over a finite or countable number of summands. The
measure p assigns to the singletons and other elements A € &/ a nonnegative
number p(A), and f maps each element w € Q to an element w’ in Q'. Thereby
it translates the values p(A) of the measure u to their images f(A). In particular,
this applies to the singletons {w}. This is illustrated in the following example. <

Example 2.83 (Flipping Two Coins — continued) In this example,
1
P({w}) = 7 VoeQ, (2.43)

uniquely defines a measure P: 22(Q2) — R and the measure space (Q,Q”(Q),P).
The reason is that the singletons {w} are pairwise disjoint and Rule (x) of Box 1.1
implies
P(A) = P(Ute}) = ¥ Plo)), VAeds,
weA weA
For instance, the set A = flipping one and only one head is the union A = {(h, 1)} U
{(t, W)} ={(h, 1), (t,h)}. Hence,

P(A) =) P({w}) = P({(h,0}) + P(I(r, )}) =

weA

AN
AN
[\S]

Now consider Figure 2.4 and realize that each arrow translates the value y({w}) =
i from left to right. According to Equation (2.42), this yields

1
Px({0}) = PIX™'({o}] = Pl{(t,0}] = 7

_ 2
Px({1}) = PIX'({1)] = PU(t, ), (h,0}] = 7
and )
Px(2}) = PIX~'({2N] = Pl{(h, W} = r
<
Example 2.84 (Image Measure Under a Step Function) If f: (Q,«/, u) — (R, %)
is measurable such that f = Y z'n:I a; 1,, with pairwise different ay,...,a, €R, o; #

0, and pairwise disjoint A; € o/, i = 1,...,n, and if we define A,,11:= Q\ (Ui":1 A),
and a,+; :=0, then the image measure is
n+1
iy = Y plA) -8y, (2.44)
i=1

(see Exercise 2-19). Equation (2.44) generalizes Equation (2.42): For all w € 4;
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flw) = a;-14, (W) = a;.

Hence, f translates the value u(A;) to a; € R and i assigns the value p(A;) to the
singleton {a;}, i =1,...,n+1. <

Our next theorem deals with the image measures of p-equivalent measurable
mappings. As arandom variable is a particular measurable mapping and the dis-
tribution of a random variable a particular image measure (see section 5.1), this
theorem has important implications on all concepts that in some sense describe
properties of distributions of random variables such as expectations, variances,
covariances, etc.

Theorem 2.85 (1-Equivalence Implies Equality of Image Measures)
Iff,g: (Q, ot w — (Q), ') are measurable mappings, then

fz8 = wr=tg (28]
(Proof p. 74)

In the following theorem we present a necessary and sufficient condition for
u-equivalence of two compositions go f and g*o f.

Theorem 2.86 (u-Equivalence of Compositions)
Iff: ( Qe — Q") and g,g*: Q) ") — (R,%B) are measurable map-
pings, then

g8 © gof z8°f (2.46)
(Proof p. 75)

2.7 Proofs

Proof of Lemma 2.19

(@) If f =% ; a; 14;, then for allBe &,
7= U A eo,

i:a;€B
because « is closed with respect to finite and countable unions.

(b) Assume that there are no aj,as, ... € R such that f =214 Then there are an i
and elements w;, w2 € A; with f(w;1) # f(w2). Applying Equation (2.5) yields

FHfo)nfH{f(w2) = 0.
Furthermore, because v € 1 ({f}), j=1L2,
FHife)nA; £ 0, and fH(if(0})nA; # O.

Therefore, we conclude: f ™! ({f(w1)}) € «f and f 7! ({f (w2)}) € «. Because {f (w1)}, {f (w2)} €
3B, it follows that f isnot (&, 9B)-measurable.
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Proof of Lemma 2.29
(i) n-stability of 2. If C;,C € €, and v, w5 € Q’, then

[Cinf oD n [Cn f Hwih]

=(C1nCy) N [f_1 (fwihHn f_1 (fwhh1 [N is associative and commutative ]
-1 1A s I _ A

_ {(clmcz) N, el =} 25
0, ifw]Zw>

is an element of 9, because C; N C, € € and @ € €, which follows from the definition of a
o-algebra .

(ii) Denote o/’ = 22(Q') and define 6(2) =0 (%6, f) := o[ U f L ")].
(@) 0(2) colB U f ()] Obviously, {f (w'h: 0’ €Q'} c f~1(«4"). Therefore,

2 ={Cnf HwD:0'eQ,Ced}
ciCnf i) Aed Cee}
c o[€uf . [Rem. 1.2]
Hence, according to Remark 1.23, 6(2) c 6[€ U f L (/).
(b) o[B U f~ ")) c0(D). Because Qe €and Q€ f 1 («/'),allC € € andall f 1 (A’) are

elements of 6(2) (see Def. 1.1, Q'is finite or countable). Therefore, € U f_1 (L co@).
Proposition (1.11) then implies o[€ U f "1 («")] < o(D).

Proof of Lemma 2.35

(i) We have to show that ‘6} satisfies conditions (a) to (c) of Definition 1.1.
(a)

a=f@he€ > Qe [216)]
(b)
Aleer = flahes ((2.16)]
=> 1A = Fliia) e [Def. 1.1 (b), (2.4)]
= (AN e6;. [(2.16)]
(c)
A’I,A’z,...e%]i => 7 YAD, fYAY,...e€ [(2.16)]

o0 [o.0]

= Urah = f—l( UAf) €€  [Def. 1.1 (c), 2.6)]
i—1 i=1
loo , ’ i

= iL:JlAie%”f. [(2.16)]

(i) Forall A’e o’

Alegg' > f_1 Ahee [(%,af')—measurability of f1

= Ae <g]£. [(2.16)]

Hence, (€, ")-measurability of f implies &/’ c <€]§
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Proof of Lemma 2.37
First, note that, for A} € ,Q{l.’, i=1,...,n,

FUA % ... xAp) = {weQ: f(w)e Al x...x A}
= {0eQ: (AW),..., frlw) € Al x...x Ap}
= {weQ: filw)eA],..., fnlw) €A}

1 2.47
= NiweQ: filw) e A}} (2.47)
i=1
n
= N fitAp.
i=1
Hence,
n
o) ={f7'a): A e @/} [Def. 2.26]
i=1
= o({f Ay x...x Ap): Alet/ i=1,...,n}) [Th. 2.20, Defs. 1.13, 1.31]
=o({fitAhn..nf A Afedt] i=1,...,n}) (2.47)]
n n
so(U{fitabn N f7l@):Alest i=1,...,n}) [Rem. 1.23]
i=1 Jj=1,j#i
n
=o(U{fi'@ab: Alest i=1,...,n}) o) =0l
i=1
n
=o(U o). [Def. 2.26]
i=1
Furthermore,
{AtADn.nf, Ay Alest! i=1,...,n}
n
collU {fi_l(All‘):Af €a¢i', i=1,...,n}|. [Rem. 1.2, finite intersections]
i=1
Therefore,
n n
o(Uo() =a(U{fi'ah:Ales i=1,...,n}) [Def. 2.26]
i=1 i=1

o({fitApn..nf A Aledt] i=1,..,n})  [Rem.123]
= o(f).
Hence, 6(f) = o (UL, (f1).

u

Proof of Theorem 2.38
(b) = (a): Forall i =1,...,n:Let A} € ,Q{l.’. If f; is measurable, then f;!(A}) € «. Hence,

FUA ... xAp) = {weQ: f(w) e Al x...x A}
n

=N fi'Ahes.
i=1
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Because {A] x...x Ay : Al € ,Q{l.',i =1,...,n} is a generating system of ®?:1 a{i', Theorem
2.20 implies that f is measurable.
(@) = (b): If f is measurable, thenforall i =1,...,n,

ittty = {fitAh: Aje o/}

n
={fifahn N fl@p: Aiess}
Jj=1,j#i
= { QY x L x QI x Al x QL x L x Q) Al et [(2.47))

c f_l[édi') cd.

Proof of Lemma 2.42

Consider
n n n n
= (.., ) ( X Q;, ®a¢i) - ( X Q;, ®£¢i)-
i=1 i=1 i=1 i=1

Analogously to the proof of Lemma 2.37 and using Definition 1.31,

n
QR ot = o({A1 x...x Ap: Aje oty i=1,...,n})
i=1

=o({m M A1 x...xAp): Aie sy, i=1,...,n}) [(2.20), (2.21)]

= o(m) [Th. 2.20, (2.12)]

=o(m,i=1,...,n). [Lem. 2.37, (2.18)]
Proof of Corollary 2.44

If Q' is finite or countable and we consider the measurable space (Q,2(Q)), then o(f) =
o[{ftw'): '€ Q'}] [see Lemma 2.29 with € = {Q, @}]. Because { f "L ({w'}): 0’ € Q'}
is a finite or countable partition of Q, this corollary is an immediate implication of Lemma
2.19.

Proof of Lemma 2.46
Forallw € Qandall w’e Q’,
0, if f(w)#w’
(@) = Nl (@) = 248
SN Ly (0) = 8107 Ly () {g(w’), if (o) =0, 248

This equation is equivalent to
8N 1y = g0 Ly (2.49)

Because theset {f ! ({o’}): '€ Q'}is a finite or countable partition of Q we can conclude:
1 = Z 1f:w/. Therefore,

w'eq’
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g =8 la= 3 &P lpmy =) g1y,

w'eQ’ w'eq’

and this implies Equation (2.27).

Proof of Theorem 2.49

Iff: (Q ) — Q) ), g: (Q), ") — (Q") o "") are measurable mappings, then, according
to Corollary 2.28, f (") c o/ and g1 (/") c o/ . Hence, forall A" € o¢",

8o ) HA") = {weQ: glf(w)]e A"}
= weQ: fweg A"}

= f'gh M.
Furthermore,
FUg ™ e i) 1215)]
c . [(2.15)]
Proof of Theorem 2.79

We show that p has the properties (a) to (c) required in Definition 1.43. For each property
of ur we use the corresponding property of .

@ pp(@)=plf~ (@)= p@) =0.

(b) Forall A'e o pp(A) = plf~1(A))] = 0.

(c) If A}, AL,... € o/ are pairwise disjoint, then, according to Equation (2.5), for i # j,

FrAhnf ) = r1aina) = r1@),

i.e., the inverse images f_1 (A'l),f_1 (A’Z), ... are pairwise disjoint as well. Therefore,

oo o)
ur(Uat) = u(f‘l[UAl‘)) [2.41)]
i=1 i=1
[e.0]
= N( U f_l(Azl')) (2.6)]
i=1
[e.0]
= Y u(flan) [Def. 1.43 (c)]
i=1
[e.0]
= ) pp(AD. [(2.41)]
i=1
Proof of Theorem 2.85

Iff 78 then there is a set A satistying

flw) = glw), YoeQ\Aand p(A) =0.

Monotonicity of u implies u({w € A: f(w) €A’}) =0=p{w € A: g(w) € A')) forall A'e o',
Hence, using additivity of ,
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(A = pif AN
= plweQ\A: f®) €A + pllweA: flw)eA')
= plweQ\VA: gw) eA)) + plw e A: glw) e A}
= plg M AN = pg(AN.

Proof of Theorem 2.86

For measurable functions g, g*: (), «//) — (R, %) define A’ := {0’ € Q': g(0') # g*(w")}.
Note that A’ € of ' [see Rem. 2.67 (c)]. Then

£l = {wEQ;f((;))EA/}
= {weQ: glf (W] # g If @]}
= {weQ:(go N # g e NW)}

Hence,gu:f g e uf(A')ZO < ulf ' AN=0 o gof m g¥of.

2.8 Exercises

> Exercise 2-1 Prove Equations (2.4) to (2.6).

> Exercise 2-2 Consider Example 2.2.1 and compute the inverse images of the sets {(4.5,0)},
{(7.5,0)}, {(7.5,4.5)}, and {(4.5,4.5)} under the function

3 3 3
fx1,x0) = Z'(xl,xz) = (Z'xl,z'xz)-

> Exercise 2-3 Consider Example 2.2.1 and specify the inverse images of the rectangles
[8,10] x [0,2] and [3,7.5] x [0,3] under the function f: Q — Q' defined by f(x1,x) = % .
(x1,x2).

> Exercise 2-4 Consider Example 2.2.1 and use Equation (2.4) to determine the inverse
image f ' [(C")°].

> Exercise 2-5 Prove the proposition of Example 2.14.

> Exercise 2-6 Prove the proposition of Example 2.15.

> Exercise 2-7 Prove the proposition of Example 2.17.

> Exercise 2-8 Prove the proposition of Remark 2.18.

> Exercise 2-9 Prove the proposition formulated in Remark 2.33.

> Exercise 2-10 Consider Example 2.40 and show that X, Y, and (X,Y) are measurable
with respect to </ whenever the two inverse images X ~1({1}) and Y ~!({1}) are elements of
.

> Exercise 2-11 In Example 2.55 we considered Q = [0,4], A; = [0,1], A» =11,2], A3 =
12,3], and A4 = 13,4]. There, we also defined the functions f and h. Show that o(h) =
0({AjUAji1: jeJhando(f) =c({A;: i=1,...,4}). Furthermore, show a(h) < o (f).
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> Exercise 2-12 Proof the propositions of Remark 2-12.
> Exercise 2-13 Prove the proposition of Example 2.56.
> Exercise 2-14 Prove the propositions of Remark 2.72.

> Exercise 2-15 Consider Remark 2.73 and show: If . is a set of mappings (Q, <, ) — Q/,
then = is an equivalence relation on ..

> Exercise 2-16 Show that {C(f): f €.#} is a partition of ./ (see Remark 2.75).
> Exercise 2-17 Prove the propositions of Remark 2.76.
> Exercise 2-18 Prove proposition (2.40).

> Exercise 2-19 Prove the proposition of Example 2.84.

Solutions

> Solution 2-1 Equation (2.4):
FHAN) = {weQ: f@ e (AN} = {weQ: flw)gA'} = [fH(AN°
Equation (2.5):

f‘l( N A}) = {0eQ: flwe [ Al} = {weQ: flw) e AL Viel}

iel iel
= NiweQ: fweAl} = [ fAh.
iel iel
Equation (2.6):
f‘l[ U A,‘) = {weQ: flwe |JAl} = (weQ:3iel: fo)eAl}
iel iel
= JtweQ: fwmeAlt = J f1Aah.
iel iel

> Solution 2-2 The inverse images are the sets f ~![{(4.5,0)}] = {(6,0)}, f ' [{(7.5,0)}] =
{(10,0)}, f1[{(7.5,4.5)}] = {(10,6)}, and f ~![{(4.5,4.5)}] = {(6,6)}.

> Solution2-3 f~1([8,101x[0,2]) =@ and f~1([3,7.5] x[0,3]) = [4,10] x [0,4].

> Solution 2-4 According to Equation (2.4), the inverse image of (C "¢ under fis
fhehy = irhee

Q\ (16,10] x[0,6])

= ([0,10] % [0,6]) \ (16,10] = [0,6])
[0,6] x[0,6].
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> Solution2-5 If f: Q — Q' is constant, then, according to Example 2.10, it is (of, o/ n-
measurable for o = {Q,?}. Now, assume that f is not constant, i.e., J3w;,w2 € Q: f(w;) #
f(w2). According to our assumptions,

{flwD} {flo)test'.

Furthermore, w; € f_l[f{(o)i)}], for i = 1,2, i.e., the inverse images are nonempty sets.
Now, f(w1) # f(wy) implies
{floDin{f(w)} = O,

and, using Equation (2.5),
FHfo)nfH{if ) = FHfleDinife}) = F71@) = 0.

Hence, the inverse images are nonempty disjoint sets, and therefore none of them is in
o/ ={Q,0}. This implies that f is not (o, </ ")-measurable if it is not constant.

> Solution 2-6 We consider {4, AS, Q,0}. If f = o114 + az1,¢, then for all A’ € 3,

0, ifaygA,agA
A, fogeAd argA
A, fog g A aze A
Q, ifoged,aeA.

1) =

Hence, f is («/,98)-measurable. (Note that this also holds if A = @ or A = Q, and also if
o) = (Xg.)

Now assume that f is an («/, 98)-measurable function.
(a) If f takes one only one single value, say a, then

f =alg = x1la+alse, withoy =o=a.

(b) If f takes on exactly two different values f1 # B2, then f~1({B1,p2) = f 1 ({P1H U
£(4B2}) = Q, and according to Equation (2.5), f " (P11 nf " ({P2}) =@, and fL({P:}) #
0, for i =1,2. Hence, f is (<, 98)-measurable if and only if

F7Hpih = A or fUAB) = A° and A A #£0.

This implies
f =PB11a+P21lsc or f = P2ls+P1lge,
respectively.

(c) If f takes on three or more pairwise different values, then, using the same kind
of argument as in (a), we can conclude that there are at least three pairwise disjoint and
nonempty inverse images under f, say A;, Az, A3 < Q. Hence, in this case f is not (o, 8)-
measurable.

> Solution 2-7 If Ay, ..., A, € of are pairwise disjoint and we define Ap+1 := Q\ (Ui":1 Aj),

and ay+1:=0, then
n+1

n
f = Z ailAi = Z O(ilA,--
i=1 i=1

Because Ay, ..., Ap+1 are pairwise disjoint and Ul";’ll A; = Q, there is, for all w € Q, exactly
oneie€{l,...,n+1} such that w € A;, and therefore f(w) = a;. Hence, the codomain of f is
{a1,...,ap41}. Vice versa, forall a;, i =1,...,n+ 1, we obtain the inverse image
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fHah) = loeQ: fw=at = U 4; (2.50)

Jroi=a;

(If the ay,...,0,+1 are pairwise different, then f_1 ({a;}) = A;.) Now, forall A’ c R,

FlA) = {weQ: flw) e A} [Def. 2.1]
={weQ: flwe U {au}} [codomain of f is {ay,...,0+1}]
l'ZO(iEA’
=f_1( U {ai}) (Def. 2.1]
io;eA

= U e [(2.6)]

iro;eA’
= U A [(2.50)]

iZ(XiGA/

> Solution 2-8 If A,..., A, € of are pairwise disjoint and if we define A+ := Q\(Ul.”=1 Aj),
and a,+1 :=0, then
vA'es: A= U A ed,

[see Eq. (2.10)].
If Ay,..., A, € of are not pairwise disjoint, define the 2" sets

Bj = A" naV ey, j=1,..,2",
with (¢1(j),..., ¢x(j)) € 0,1} and
0 ._ 1 ._
A) = A, A} = AL

Note that some of the sets B; can be empty. Then
n 2n
f= Zl(xilAi = Zlﬁjlgj,
i= j=

with ﬁj = ;) O(xi. Because By, ..., Byn are pairwise disjoint and UJZ.ZI B;=Q, the func-
irci(j)=
tion f is (o, %8)-measurable (see the first part of this solution).

> Solution 2-9 If all values of f are elements of Q') then
f'® = f1Q'nB), VBe®.

Therefore, f~1(%B) = f~1(B|q), where B|q: denotes the trace of B in Q' (see Exam-
ple 1.10). Note that &g = P(Q') (see Exercise 1-13). Hence, f1(B) = f 1(B|y) =
fHz@n.

> Solution 2-10 First of all note that X, Y are measurable with respect to «f if and only
if and (X,Y) is measurable with respect to </ (see Theorem 2.38). Hence, it suffices to
show that X is measurable with respect to «f if X~1{1}) € of. Because X: Q — R is an
indicator, X 1({0}) = X "1 ({1}€) = (X ~1({1}))° [see Eq. (2.5)]. Hence, if X "' ({1}) € o, then
(X~1({1h)° = X ~1({0}) € . Furthermore, for all B € 4,
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0, ifogB,1¢B,

X1(B) = Xy, if0¢gB,1€B
Q\X"1{1}), ifoeB,1¢B
Q, if{0,1} = B.

(The prooffor Y is analog.)

> Solution 2-11 Because the codomain of f is R,

o(f) = o 7 (211,25,2,05))) [Rem. 2.33]
= o{r~ @, £ a2sh, £ @b, £ o5} [(2.12)]
= 0({A1, Az, A3, Aa}).

Analogously,
oth) = o( h7! (2115, 3D)) [Rem. 2.33]
= o{h (150, A~ (@3n}) (212)]

0({A1 U Ay, A3 U Ay}).
Because
{A1U A, A3 U Ag} © 0({Ay, Ap, A3, Ag}) [Rem. 1.2]

monotonicity of the generated o-algebras (see Remark 1.23) implies o(h) c a(f).

> Solution 2-12 Denote A = {0 €Q: f(w) = 00}, Ao := {WEQ: f(W) = =00}, Boo =
{weQ: g(w) =00}, and B_ := {w € Q: g(w) = —oo}. Because {oo}, {—oo} € 3, all four sets
defined above are elements of /. Furthermore,

A:={weQ: —co< f(w) <oo} = f '(R) e

and
B:={weQ: —co< gw) <oo} =g '(R) e o.

(a) Now

{weQ: flw=zgw)} = AoU{we ANB: f(w) = g(w)} UB-x
AccU{w e ANB: f(w)—-gw) =20} U B_

= AooU[Lang-(f — )] ' (10,00[) U Bso [Def. 2.1]
o. [Th. 2.57]

m

(b) Analogously,

{weQ: flw>g®)} = (AowN(BUB-x) U {w € ANB: f(w > g(w)}

= (Ao N(BUB_xo) U [Lans-(f~8)] '(10,00])  [Def.2.1]
€. [Th. 2.57]

(c) Finally,

{weQ: flu=gw)} = {weQ: flw=2gW}\{weQ: f(w>glw)}
€ . [Rem. 1.2]
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> Solution 2-13 For any real-valued measurable function f: (Q,«/) — (R, %), Lemma
2.52 yields o(fz) c o(f), because f2 = g(f) for g: R, %) — (R, %) with the measur-
able function g(x) = x2 for all x € R. [Note that g is a continuous function that is %-
measurable (see Klenke, 2013, Th. 1.88, p. 36)].

(i) We assume that f is nonnegative and measurable. Then f 2(w) = x if and only if

f(w) = /x, forall x = 0. Hence, for all A€ <,
A€eo(f) = 3B eB: A=f"1(B))
= 3AB,e B: A= (f>)"1(By) [choose By := g 1 (By)]
> Aco(f?).
This implies o (f) c o (f?).

(i) Assume that there are w;, w2 € Q with f(w;) < 0 < f(w2) and fz(o)l) = fz((J)g).
Then A := f_1 (1 —00,0[) implies A€ f_1 (AB), and w; € A and w, ¢ A. Furthermore, for all
Be%B:{w1,wa} < (f2)71(B) if f2(w1) € B and {01, w2} N (f?) "1 (B) = @ if f?(w1) ¢ B. Hence,
A (D 1(B).
> Solution 2-14 (i) If f =8 then there is a set B € o« with u(B) =0 and f(w) = g(w) forall
o € Q\B. Hence, 14(w) - f(w) = 14 (w) - g(w) for all w € Q\B. According to Definition 2.68,
1af = 148

(i) Note that A :={w € Q: hlf(w)] # higw)]} < {weQ: f(w) # gw)} =: A. There-
fore, p(A) = 0 implies n(Ap) =0 [see Box 1.1 (v)].
> Solution 2-15 Reflexivity. p({w € Q: f(w) # f(w)}) = u(@) = 0. Hence, f = f.

Symmetry. Assume that f, g € 4 and f Z8 Then

plweQ: gw) # f(w)}) = p(lwe: fw) #gw)}) = 0.

Hence, g i f-
Transitivity. Assume that f, g,h € 4, f 8 and g z h. Then transitivity of = and sub-
additivity of p yield
p{oweQ: f(w) #hw)}) < p{oeQ: f(o) # gL} U {weQ: gw) # h(w)})
p{weQ: f(w) #gw)) + p(fweQ: gw) # h(w)})
0+0 lf =8 8% h]
0.

IA

Therefore, f = h.

> Solution2-16 (a) Vfe .« : fff (reflexivity). This implies: Vf € 4 : f € C(f) and
therefore Vf e 4 :C(f) #0.

(b) Let f, g € 4. We consider two cases, f =8 and —(f = 9.
f =g Transitivity implies: Vhe 4 : f = hifand onlyif g = h.Hence,Vhe #: he C(f)if
and only if h € C(g). This means that C(f) = C(g).
=(f = g). We show C(f) n C(g) = @ by contraposition. Assume: 3h € 4 : he C(f) N C(g).
Then f = h, h =8 and transitivity implies: f =8 which is a contradiction to —(f = 9.

(c) Inpart (a) weshowed thatVfe .« : f € C(f). Therefore, Vfe /: f e Upc gy C(f.
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> Solution 2-17 (i) Supposethatpu#0,a,p € Q’andfi ang= pAf =8 Ifa#p, then
subadditivity and monotonicity of u yield

0 < ()
= pfweQ: flw)=aA gw) =p}) + plweQ: f(w) #aV gw) #p})  [Box1.1 (iv)]
= p(fweQ: flw)=an gw)=p}) [ff(x,gfﬁ]
< p(fweQ: f(w) #gw)}) [ # ]
=0, [f = &l

which proves (i) by contraposition.
(i) If f = ffand g = g¥and Ap:={w e Q: f(w) # f(w) vV g(w) # g*(w)}, then

(Ag) = p(lweQ: fw) # fH(w)} U {weQ: g) #g"(w)})
< p(fweQ: f(w) # fA)}) + p({weQ: gw) # g W)}) [Box 1.1 (vii), (V)]

-0 (f=f"g=g"

A

Note that {w € Q: f(0) + g(w) # f*(w) + g*(w)} = Ay, and that this also holds for the cor-
responding sets for the difference, product, and ratio. This implies Equations (2.36) and
(2.37).
(iii), (iv) Denote I:={i =1,...,n} for (iii) and I := N for (iv), respectively. Furthermore,
define
Ap = J{weQ: filw# ff ()} = {weQ:Iiel: filw# fi ()}

iel
Then
H(Ap) < Z {weQ: filw #f,-* (W)} [Box 1.1 (xi)]
iel
=0, iffi=fiViel
Hence,
,u[{u) e Y aifilw) # Y o fi (w)}) < u(Ao) [Box 1.1 (v)]

iel iel

0, iff,-ffi*, Viel.
> Solution 2-18

VoeQ: (fw<g A gw =hw) = [l <ho),
which, by contraposition, is equivalent to

VoeQ: flzho = (fl:zgw) Vv gw)#hw).
Therefore,

{0eQ: fwzhw)} c {weQ: f(w)=gw}u{weQ: gw) # h(w)}.
Now(fﬁg/\gi h) implies

plweQ: flo) = h(w)})
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p{weq: flw)zgw)}) + p{weQ: gw) # h(w)}) [Box 1.1 (vii)]

f=ggzh

Because a measure is nonnegative, this implies p({w € Q: f(®) = h(w)}) = 0, which is

equivalentto f < h.
> Solution 2-19 Forall A’e o/,

pp(A) = plf A

I
=
C
=

I
g
=
2

n+1

i=1

Y Ay 6o (A).

[(2.41)]

[Def. 2.16]

[Def. 1.43, ()]

[(1.39)]



Chapter 3
Integral

In the preceding chapters we introduced the most important concepts of mea-
sure theory related to the concepts of a measure and a measurable mapping. In
this chapter we introduce the integral of measurable functions. This concept is
fundamental also for probability theory, because the expectation of a numerical
random variable with respect to a probability measure is the integral of a mea-
surable function with respect to a probability measure. In chapter 6 we shall see
that this also applies to variances, covariances, and correlations. We start defining
the integral of a measurable function with respect to a measure p. Then we study
the most important rules of computation and other properties of integrals, intro-
duce the concept of a measure with density, and treat the relationship between
the Riemann integral and the integral with respect to the Lebesgue measure. The
next section is on absolute continuity and the Radon-Nikodym Theorem. Both is-
sues are crucial for conditional expectations (see ch. 10). A section on the integral
with respect to a product measure concludes this chapter.

3.1 Definition

At first we define the integral for nonnegative step functions, then we extend the
integral to nonnegative measurable functions, and finally we introduce the inte-
gral for measurable functions that may take on negative or nonnegative values.

3.1.1 Integral of a Nonnegative Step Function

In this subsection we introduce the integral of a nonnegative step function, also
called nonnegative simple function or elementary function.

Nonnegative Step Function

Definition 3.1 (Nonnegative Step Function and Normal Representation)
Let (Q, <) be a measurable space. Then f: Q — R is called a nonnegative
step function, if there is a finite sequence A,,...,A, € & and a finite se-
quence qy,...,q, €ER, a; =0, i =1,...,n, such that
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=3 ait. .
i=1

IfA,..., A, € o are pairwise disjoint, then f = Z,-nzl o; 1y; iscalled a normal
representation of f.

Remark 3.2 (Step Functions Take on Finitely Many Values) A nonnegative step
function f =Y a; 14, is a measurable function f: (Q,«/) — (R, %) taking on
only a finite number of nonnegative values. These values are not necessarily
ay,...,0,. However, note:

(i) Ifé&={A,..., A,}isapartition of Q, then ay,...,a, are the values of f.
(i) If Ay,..., A, are pairwise disjoint but & is not a partition of Q, i.e., A4 :=
Q\ U?zl A; #0, then

n
F=) aily +0-1p,,,.
i=1
This implies: f(w) =0, forallw € A,,4;.
(iii) If Ay,..., A, are pairwise disjoint and additionally «y,...,qa, are pairwise
different and not 0, then A; = f '({o;}), i = 1,..., n.
(iv) If Ay,..., A, are pairwise disjoint, then, for all a; # 0,

e = U 4.

Jraj=a;

Hence in this case, the inverse image of the set {a;} under f is the union
ofall sets A;, j€{1,...,n}, for which a; = ;.

<

Remark 3.3 (Different Representations of a Nonnegative Step Function) Note
that nonnegative step functions can have different representations and also dif-
ferent normal representations (see Example 3.7). <

Example 3.4 (Indicator Function) Let (2, /) be a measurable space and A € «.
The indicator function 1,4, which has already been introduced in Example 2.12,
can also be written 1-1, +0-1,4c. Hence, because A € « and 1 is a real number, 1,
is a nonnegative step function. Note that 1-1, is also a normal representation of
a nonnegative step function. <

Example 3.5 (Two Nonnegative Step Functions) In Example 2.55 we already pre-
sented two nonnegative step functions f and h and an illustrating Figure (see
Fig. 2.6). The representations of both functions are normal. <

Example 3.6 (Tossing a Dice) Consider the set Q = {w,...,wg} of possible out-
comes of tossing a dice. Furthermore, let o = 22(Q) be the power set of Q, and
define X: Q — R by
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X(w;) = i, VYo;eQ.

Hence, X (w;) is the number of dots. Considering the elements {w;},..., {wg} of <,
and

6
X = Z i Loy
i=1
shows that X has a normal representation of a nonnegative step function. (For a
related example see Exercise 3-1.) <

Example 3.7 (Several Representations of Nonnegative Step Functions) Consid-
er the measurable space (R, %) and the nonnegative function f: R — R defined

by
2,ifxe[0,1]
5,if x € [1,2]
fx) = 14,ifxe€]2,3]
1,if x €13,4]
0, otherwise.

This function can also be represented by

f

2-101(+5-1pn,2 +4 123 +1-113,4;
2-1j0,51+2-1y51)+5-112) +4 1231 +1-1134)
2-1ip21+3- 11,31+ 1- 124
1-104)+1-1pp3;+2-1131+1-1p1,2).

(3.2)

The first two representations are normal, the latter two are nonnormal represen-
tations of f. <

Remark 3.8 (Existence of a Normal Representation) For every nonnegative step
function there exists a normal representation (see Exercise 3-2).

If f=3%" a;1, is a normal representation of a nonnegative step function,
then there may be another sequence Ci,...,C,, of pairwise disjoint elements of
&/ and another sequence Y;,..., Y, of nonnegative real numbers such that

n m
F=>Y aly =) vile,.
i=1 i=1

Both sum terms are normal representations. The first two representations of f in
Equation (3.2) provide an example. <
Integral of a Nonnegative Step Function

The following uniqueness property holds for two normal representations of a
nonnegative step function:
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Lemma 3.9 (A Uniqueness Property)
Let (Q, o, 1) be a measure space. If f: Q — R is a nonnegative step function
and f=%1 ;1 =Y", Yi1c, are two normal representations, then

Yo p(A) = Yy w(Cy). 3.3)
i=1 i=1

For a proof see Klenke (2013, Lemma 4.1, p. 85). Note, by convention 0-co = 0.

According to this lemma, the number ¥ | a; (A;) assigned to a nonnegative
step function f does not depend on the specific normal representation of f (for
an illustration see Exercise 3-3). This property allows us to define the integral of
a nonnegative step function with respect to a measure p as follows:

Definition 3.10 (Integral of a Nonnegative Step Function)
Let (Q, </, 1) be a measure space and let f = Zle o; 14; be a normal represen-
tation of a nonnegative step function f: Q — R. Then the number

n
fdp =73 oip(A) (3.4)
i=1
is called the integral of f (over Q) with respectto p.

Remark 3.11 (Integral of a Constant) Let (Q,«, 1) be ameasure space. If f =aq,
a € R, then Equation (3.4) immediately implies

fadu = a-pQ). (3.5)

<

Remark 3.12 (Integral Over a Subsetof Q) Let Ae . If f=3" a;1,, is anor-
mal representation of a nonnegative step function, then the product 1, f is a
nonnegative step function as well and can be written

n
La-f =Y «ilana, (3.6)
i=1

which is a normal representation of 1, - f (see Fig. 3.1 and Exercise 3-4). Hence,
we may also consider the integral [1,- f dy and define the integral of f over a
subset A of Q by

fAfdu =f1A~fdu. (3.7
<

The following corollary is a special case of Equation (3.7) if f = «, a € R. (For
proof see Exercise 3-5).
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As

Figure 3.1. A partition and a subset of Q

Corollary 3.13 (Constants)
Let (Q, <, p) be a measure spaceand a e R. If A€ o, then

fadu = au(A). (3.8
A

Examples

Example 3.14 (Indicator Function) Consider a measure space (Q, «, ) and the
indicator 14 of A€ <. Then 14 = 1-1, is a normal representation of 1,. Therefore,

f dp = flA dp = 1-u(A) = u(A). (3.9)
A
<

Example 3.15 (Nonnegative Step Function and Dirac Measure) Let (Q,«/) be a
measurable space, and for w € Q let §,, denote the Dirac measure at w (see Ex-
ample 1.52). Furthermore, consider a normal representation f =Y a; 14, of a
nonnegative step function. Its integral with respect to the Dirac measure is

m m
ff dby =) ai6u(A) =) aily () = flo). (3.10)
i=1 i=1
According to this equation, the integral of a nonnegative step function f with re-
spect to the Dirac measure at w is the value of f for the argument w. Furthermore,
if f =1, is the indicator of A € o, then

flA ddy, = 1x(w). (3.11)

Hence, in this special case, the integral is the value of the indicator 1, for the
argument . <
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Example 3.16 ( Nonnegative Step Function and Counting Measure) Suppose
Q={1,...,n}, n €. For the measurable space (Q,?)’(Q)), the counting measure
Uy on the power set 22(Q)) is defined by

n
ps(A) = ) 1a(w), VAcQ, (3.12)

w=1

(see Example 1.54). Hence, ux(A) is simply the number of elements, i. e., the car-
dinality of A. Now consider a nonnegative step function with normal represen-
tation f =) l”i 1% Ly, According to Equations (3.4) and (3.12), its integral with
respect to the counting measure is

m n n m
[ram =3 aman =3« Y 1@ = ¥ 3wty

tnl i=1 =l w=1i=1 (3.13)
Z f(w).

Hence, the integral of a nonnegative step function f with respect to the counting
measure (4 is the sum over all values of f (see also Exercise 3-6). Using Equations
(1.41) and (3.10), this integral can also be written

ffdp# —ffd Zéw il fdé. (3.14)

<

3.1.2 Integral of a Nonnegative Measurable Function

In this section we extend the concept of an integral to nonnegative measurable
functions. Before introducing the definition we consider a theorem according to
which every nonnegative measurable function can be represented as a limit of an
increasing sequence of nonnegative step functions. We begin with an example.

Example 3.17 (Increasing Sequence of Nonnegative Step Functions) Consider
the measurable space (R, %) and the function f: R — R defined by

) 1-x% Vxe[0,1], (3.15)
Xx) = .
0, otherwise.

Now we construct three functions f;: R — R, i =1,2,3, with fi < f, < f3 < f that
approximate f (see Fig. 3.2). Let us start with f; defined by

o =.50, ifxeA; =[0,(1-.50)!],
a, =0, ifxeAs,

fix) ={

where [0, (1—- .50)1/2] denotes the closed interval between 0 and (1—.50)'/2 = .707.
Because A is an element of 98 and .50 is a nonnegative real number, f; = a; 14,
is a nonnegative step function. Next consider f, defined by
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By =.75 ifxeB, =[0,(1-.75)?],

B,=.50, ifxeB,=|(1-.75"2 (1-.50)!2],
B3=.25 ifxeBs=](1-.50"2 (1-.25'?],
54:0, ifxE(BIUBZUBg)C.

fx) =

Because By, B, B; are elements of 28 and .75, .50, .25 are nonnegative real num-
bers, f> = Z?zl PB; 15, is a nonnegative step function. Finally, let f; be defined by

Y1 =.875, ifxeC =][0,(1-.875)2],
Y2=.750, ifxeC,=](1-.875"2 (1-.750)!/?],
Y3 =.625, ifxeCs=](1-.750)""2 (1-.625)"2],
Y4=.500, ifxeCy=](1-.625"2 (1-.500)"2],
B =3 a5, ifxeCy= ] 1-.50017 (1 375)2],
Yo =.250, ifxeCs=](1-.375"2 (1-.250)"2],
Y;=.125, ifxeC;=](1-.250)!"2, (1-.125)"2],
Ys =0, ifxe(Cu...uC;)~.

Again, C,...,C7 is a sequence of elements of 9 and .875, .750, .625, .500, .375,
.250, .125 is a sequence of nonnegative real numbers. Therefore, f; = ZZ:I Yilg,
is a nonnegative step function. The integral of the functions f; and f, are com-
puted in Exercise 3-7. <

Convergence of an Increasing Sequence of Nonnegative Step Functions

Example 3.18 (Convergence) Figure 3.2 shows that fi(w) < fo(0w) < f3(w) < f(w)
for all w € Q. Hence, fi, f>, f3 is a finite increasing sequence of nonnegative step
functions. The interval [0,1] on the vertical axis is partitioned and these par-
titions are refined step by step. In our example, we started with the partition
{[0,.50[,[.50, 1]} . Then we partitioned

[0,.50[ to {[0,.25[, [.25,.50[} and [.50,1] to {[.50,.75[, [.75,1]}, etc.

Following this idea, we can define functions fj, fs,... such that fi, f5,... is an infi-
nite sequence of nonnegative step functions with fi (w) < fo(w) <... < f(w),forall w € Q,
and lim,,_. f,(w) = f(w),for all w € Q. According to the following theorem, this
holds for all nonnegative measurable functions f: (Q, <) — (R, AB). <

Theorem 3.19 (Approximation of Nonnegative Functions)
Let (Q, /) bea measurable spaceand f: (Q, <) — (R,2A) a nonnegative mea-
surable function. Then:

(i) Thereis a sequence fi, >, ... of nonnegative step functions such that

filw) < filw) < ..., YoeQ (3.16)



90 3 Integral

10 10 - 10 -

08 - 08 08

0.6 06 06

0.4 o d ] 04

02 - 02 ] 02

® L R R — ® — T © L R —
0 02 04 06 08 L0 0 02 04 06 08 L0 0 02 04 06 08 L0

Figure 3.2. Increasing nonnegative step functions

and
ytli_rgofn(w) = f(w), YweQ. (3.17)

(ii) Thereis a sequence of sets Ay, Ay, ... € of and a sequence of nonnegative
real numbers oy, 0y, ... such that

F=Y aila,. (3.18)
i=1

For a proof see Klenke (2013, Theorem 1.96, p. 38).

Remark 3.20 (Infinite Sums) Equation (3.18) can be visualized by Figure 3.2.
The function f; on the right-hand side of this figure is already close to f. Par-
titioning the intervals on the vertical axis again and again leads to better approx-
imations of f. Note that the horizontal axis does not have to be a subset of R;
instead, it can be any nonempty set Q.

Remember, the right-hand side of Equation (3.18) is just a symbol for the cor-
responding limit, i. e.,

[ee] n
Yoaily, = r}ggo;ailAi. (3.19)
Note that, for a; = 0, this limit always exists. <

Before turning to the definition of the integral of a nonnegative measurable
function let us use the properties (3.16) and (3.17) to define the concepts increas-
ing sequence of nonnegative step functions and pointwise convergence.

Definition 3.21 (Increasing Sequence of Nonnegative Step Functions)
Let (Q, of) be a measurable spaceand f: (Q,<f) — (R,%) a nonnegative mea-
surable function. A sequence fi, [>, ... of nonnegative step functions satisfying
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(3.16) is called increasing. If it also satisfies (3.17), then we say that fi, f>,...
converges pointwise to f and denoteitby f, 1 f.

Uniqueness of the Limits of an Integral

In Theorem 3.19 we have seen that every nonnegative measurable function f can
be represented by the limit lim ;. f, of an increasing sequence fi, f5,... of non-
negative step functions, i. e.,

f = lim f,. (3.20)

n—oo

The definition of the integral of nonnegative step functions implies that the inte-
grals of the functions f;, are increasing as well, i.e.,

foshn = [fudu = [ fdu vnen,

[see Bauer, 2001, proposition (10.7), p. 55]. Hence, the sequence of the integrals
either converges to a (finite) real number or diverges to +oo.

In Figure 3.2 we presented the first three nonnegative step functions fi, f3,
and f3 of such an increasing sequence fi, f>,... that approximates the function
f:R — R defined by Equation (3.15). Figure 3.3 visualizes the convergence of
the integrals [ f, d A with respect to the Lebesgue measure A on (R, %) (see the
shaded areas in Figure 3.3).

It should be noted, however, that there is not only one single increasing se-
quence of nonnegative step functions whose limit is f. This is illustrated in the
following example.

Example 3.22 (Uniqueness) For an example, constructasequence g, g, ... anal-
ogously to the sequence fi, f5,... in Example 3.17, using other partitions of the
interval [0, 1] on the vertical axis, e. g.,

{[0, .40, [.40,1]} and {[0,.20], [.20,.40], [.40,.80], [.80,1]}, etc.

Then g1, 8>, ... is a second increasing sequence that also approximates f. Figure
3.3 suggests that the specific choice of an increasing sequence of nonnegative
step functions is irrelevant for the limit of their integrals. And in fact, accord-
ing to the following theorem this does not only apply to our example and to the
Lebesgue measure A on 93, but to any nonnegative measurable function and any
measure (. <

Theorem 3.23 (Uniqueness of the Limits of Integrals)
Iffi, for... and g1, &, ... are two increasing sequences of nonnegative step func-
tions f,,gn: (Q, <, 1) — (R, B), then lim ;.00 fn = lim,_. g, implies
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Figure 3.3. Integral of nonnegative step functions w.r.t. the Lebesgue measure

For a proof see Bauer (2001, Corollary 11.2, p. 58).

lim
n—o00

ffndu = ,}ggofgndu-

(3.21)

According to this theorem, if we consider two increasing sequences of non-
negative step functions with identical limits, then we know that the limits of their
integrals are identical.

Definition of the Integral of a Nonnegative Measurable Function

Based on the result of Theorem 3.23, we define the integral of any nonnegative
measurable function.

Definition 3.24 (Integral of a Nonnegative Measurable Function)
Assumethat f: (Q, <, ) — (R,AB) isa nonnegative measurable function and
let f =1lim,_ f, be a representation of f as the limit of an increasing se-

quence fi, f», ... of nonnegative step functions. Then

[ran:=jim [ fuan

is called the integral of f (over Q) with respectto p.

(3.22)

Note that the integral of a nonnegative measurable function is either a non-

negative real number or +oo.

Example 3.25 (Integral With Respect to a Dirac Measure) Suppose the assump-
tions of Definition 3.24 hold. Then, for w € Q,
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f Fdb, = lim f o dde (3.22)]

n—oo
= lim_ f,(w) [(3.10)] (3.23)
= f(w). [(3.20)]

Hence, the integral of a nonnegative measurable function f with respect to the
Dirac measure at w is the value of f for w. <

We conclude this section by the following lemma on monotonicity of the inte-

grals of nonnegative measurable functions.

Lemma 3.26 (Monoto_nicity)
Iff,g: (Q,) — (R,9B) are nonnegative and measurable, then

f<sg = ffdu sfgdu. (3.24)

For a proof see Bauer (2001, p. 59, Eq. (11.8)).

Remark 3.27 (Bounds of the Integral of a Bounded Function) Let f: (Q, /) —
(R, %) be nonnegative and measurable and o € R. Then, for g = a, Equations
(3.24) and (3.5) imply

IA

fsa = ffd,u o-u(Q), (3.25)

and

\%

fza = ffd,u o- Q). (3.26)

3.1.3 Integral of a Measurable Function

Now we define the integral of a measurable function f: (Q,«/) — (R, %) using
the positive part f* and the negative part f~ of f that have been introduced in
section 2.4.2. According to Theorem 2.66, f* and f~ are both nonnegative mea-
surable functions. Reading the following definition, remember the conventions:
00+ 00 =00, —00— 00 = —00, X +00 =00, for all x e R, x —oo = —oo, for all x € R.
Also note that oo — oo is not defined, which has to be observed whenever integrals
are not necessarily finite.

Definition 3.28 (Integra_l of a Measurable Function)
Let f:(Q,o, 1) — (R,%) be a measurable function. If [ f*dyu or [ f~dpu
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are finite, then f is called quasi-integrable with respect to L, or simply
quasi-p-integrable, and

[raw=[r au-[rap (3.27)

is called the integral of f (over Q) withrespectto u. If [ f*dpand [ f~du
are both finite, then f is called integrable with respect to p, or simply -
integrable.

Remark 3.29 (Integrability and Quasi-Integrability) Of course, every integrable
measurable function is quasi-integrable and each nonnegative function is also
quasi-integrable. Furthermore, assuming that a function f: (Q, <, u) — (R, %) is
integrable or quasi-integrable includes the assumption that f is measurable. Fi-
nally, if f is u-integrable, then

—oo<ffdu<+oo,

i.e., the integral is finite, taking a value in R. If f is quasi-u-integrable, then the
integral may also be infinite, i. e., it may also take on the values +oco or —co. <

Remark 3.30 (A Standard Method for Proofs) The integral of a quasi-integrable
function has been defined in three steps, for nonnegative measurable step func-
tions, for nonnegative measurable functions, and for quasi-integrable functions.
Oftentimes, these steps are also followed in proofs of propositions involving inte-
grals. That is, in a first step it is shown that the proposition holds for nonnegative
measurable step functions. In a second step, using Equation (3.22), it is proven
for nonnegative measurable functions, and finally, Equation (3.27) is applied to
complete the proof for all quasi-integrable functions. An example is the proof of
Theorem 3.36. Oftentimes, we only detail the first step, in particular, if the re-
maining two steps are straightforward. <

Example 3.31 (Integral With Respect to the Lebesgue Measure 1) Figure 3.4 dis-
plays the integral of a function f: (R,%,1) — (R, %) with respect to the Lebesgue
measure A. Because f* and f~ are both nonnegative (see Rem. 2.62), the inte-
grals [ f*duand [ f~ dp are positive and identical to the white areas marked +
and - in Figure 3.4. According to Equation (3.27), the integral of f is the difference
between the area [ f* dp and the area [ f~ d p. N

Remark 3.32 (An Alternative Notation) An alternative notation for the integral
of fis

f fdu = f flw) pldow) = f o) pldw), (3.28)
Q

which explicitly uses the values f(w) of f. This notation conveys the idea that the
values f(w) of f are weighted by the measure of dw. If Q =R, then dw symbolizes
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fx)

15

—15

Figure 3.4. Lebesgue integral of a function from -5 to 5

the length of an infinitesimal interval between two elements in R. If Q is finite or
countable, then u(dw) symbolizes the value of u for the singleton {w} and the
integral can be written as a sum (see Example 3.16). <

Lemma 3.33 (Integrability Carries Over to Restrictions of Functions)
G) Iff: Qo u) — (R,%B) is quasi-u-integrable and A€ of, then 1, f is
quasi--integrable.
@) Iff: (Q, o, p) — (R, B) is u-integrable and A € of, then 1, f is p-inte-
grable.

(Proofp. 111)

Remark 3.34 (Integral of 1, f) Lemma 3.33 (ii) means: If f: (Q, </, p) — (R, B)
is p-integrable and A € &/, then

ffd,u is finite = flAf du is finite. (3.29)
<
If f: (Q, o, u) — (R, %) is quasi-p-integrable and A € «f, then Lemma 3.33 im-

plies that the integral [ 14 f d p is well-defined. Hence, we can now introduce the
integral of f over a subset A of Q as follows:
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Definition 3.35 (Inte§ral Over a Subset A of Q)
Iff: (Q,, u) — (R, A) is quasi-p-integrable and A € o, then

fAfdp ::flAfdu (3.30)

is called the integral of f over A with respectto (.

Because 1 f = f, a special case of Equation (3.30) is

Lfdlt:flgfdu:ffdu. (3.31)

3.2 Properties

In this section we consider some important properties and rules of computation
for the integral of a measurable function f: (Q, <, p) — (R, A).

Theorem 3.36 (Linearity)
Consider the functions f: (Q, <, ) — (R, %) and g: (Q, <, u) — (R, %B).

(i) If fis quasi-p-integrable and « € R, then of is quasi-u-integrable and

f(xfd,u:(xffdp. (3.32)

(ii) If f is quasi-u-integrable and g is pu-integrable, then f + g is quasi-u-
integrable, and

f(f+g)du = ffd;u+fgd;u. (3.33)

(Proofp. 111)

Combining propositions (i) and (ii) of Theorem 3.36 immediately yields the
following corollary.

Corollary 3.37 (Linearity)

Consider the functions f: (Q, <, 1) — (R, %), g: (Q, <, u) — (R, B) and let
o, B € R. If f is quasi-u-integrable and g is p-integrable, then o f + g is
quasi-ji-integrable, and

f((xf+ﬁg)duz(xffdu+ﬁfgdu. (3.34)
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Linearity can also be used to prove the following corollary on the equivalence
of integrability of a measurable function f and finiteness of the integral of the
absolute value function |f].

Corollary 3.38 (Integrability and Absolute Value Function)
The function f : (Q, <, u) — (R, 2B) is u-integrable if and only if

flfld/,t<oo.

(Proofp. 115)

Example 3.39 (Integral Over the Union of Two Sets) If f: (Q, < u) — (R, %) is
p-integrable and A, B € «, then 1,5 f is p-integrable and

f fdp:flAugfdp:ffdp+ffdp—f fdu. (3.35)
AUB A B AnB
If AnB =0 and f is quasi-u-integrable, then
f fd,uzflAugfduszd,u+ffd,u. (3.36)
AUB A B

(see Exercise 3-8). <

Lemma 3.40 (Measures That are Identical on a Sub-c-Algebra)
Assume that f: (Q,<f, 1) — (R, B) is nonnegative or |i-integrable. Further-
more, let € c « be a o-algebra, let f be € -measurable, and suppose that
v(A) = u(A), forall A€ €. Then (Q,€,V) is a measure space and

ffdv =ffdu. (3.37)

(Proof p. 115)

Hence, the integral [ fdp only depends on the values of p on the o-algebra
o(f), the o-algebra generated by f.

Lemma 3.41 (Integrable Functions are y-a.e. Real-Valued)
Let f: (Q, o, ) — (R, ) be measurable. If f is p-integrable, then f is real-
valued p-almost everywhere. If f is quasi-ji-integrable, then

pfweQ: flw=oco0}) >0 = ffdu = oo, (3.38)

p{oeQ: flw)=-c0}) >0 = ffdu = —oo. (3.39)
(Proofp. 115)
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Remark 3.42 (Integrable Functions are Assumed to be Real-Valued) Contrapo-
sition of (3.38) and (3.39) yields: If [ fdyu is finite, then f(w) € R (i.e., —oco <
f(w) < o0), for p-almost all w € Q (see Def. 2.68 and Remark 2.70). In this case,
there is a real-valued measurable function f*: (Q, </, u) — (R,%) with f* = f-
(For example, define f*:=1,-f+14c-0=14- f for A:={w € Q: f(w) € R}). There-
fore, without substantial loss of generality, for simplicity, we often assume that a
function is real-valued if it has a finite integral. <

3.2.1 Integral of p-Equivalent Functions

The concept of equivalence of two measurable functions with respect to a mea-
sure has already been introduced in section 2.5. Now we treat the relationship of
this concept to the integrals of two numerical functions.

Theorem 3.43 (A Condition Equivalent to f = 0)
If f: (Q,ef p) — (R,B) isa nonnegative measurable function, then

ffdpzo & ffO. (3.40)

For a proof see Bauer (2001, Theorem 13.2, p. 71).

Lemma 3.44 (Integral of a Positive Function)
Iff: Q9w — (R, B) is quasi-p-integrable and there is an A € of such that
1(A) >0and f(w) >0, forall w € A, then

flA-fdu > 0. (3.41)

(Proofp. 116)

If (Q, o, ) is a measure space, then a set A € of with u(A) = 0 is called a null
set with respect to u. In the following lemma we consider the integral over such a
null set (see Exercise 3-9).

Lemma 3.45 (Integral Over a Null Set)
Let f: (Q, <, p) — (R, &) be measurable. If Ae o, with u(A) =0, then 14 - f
is u-integrable and

ffduzflA-fduzO. (3.42)
A

(Proofp. 116)
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Remark 3.46 (Integration Over Null Sets Can be Neglected) The conjunction of
Equations (3.36) and (3.42) implies: If f is quasi-u-integrable and A€o/ with
1(A) =0, then

ffdp:fgfd,u:fQ\Afdp+fAfdp:fQ\Afdp. (3.43)

<

Lemma 3.47 (Integrals of ;-Equivalent Functions)
Let f,g: (Q, o, u) — (R, %) be quasi-u-integrable. Then

fzg = ffdu =fgdu. (3.44)
(Proofp. 116)

The following theorem presents a condition that is necessary and sufficient for
u-equivalence of f and g.

Theorem 3.48 (Identity of Integrals of -Equivalent Functions)
Iff,g: Qe p) — (R, B) are u-integrable, then

ffg & fAfd,u:ngdu, VAed. (3.45)

(Proofp. 117)

In section 3.4 we shall see that, if f and g are u-integrable and nonnegative,
then itis sufficient to consider the integrals over all sets Ain a N-stable generating
system of o in order to show p-equivalence of f and g (see Th. 3.68).

Remark 3.49 (A Counter-Example) Note that Equation (3.45) does not hold if
f, g are nonnegative but not y-integrable measurable functions. This is exempli-
fied as follows: Consider f, g: (R, </, ) — (R, %), where of = {R,Q}, U(R) = oo,
f=1andg=2.Then [; fdu= [ggdu=ocand [, fdu= [,gdu=0.Hence,
Jofdu= [,gdu, forall Ac </, but f and g are not equivalent with respect to p.

<

Remark 3.50 (Some Special Cases) Theorem 3.48 implies: If f : (Q, <, ) — (R, %)
is a measurable function, then f T aE R, is equivalent to

ffd,u =f(xdu =f1A(xd,u = (x-flA du = a-u(A), VAeo. (3.46)
A A

Furthermore, f = 0 is equivalent to
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ffdu =0, VAed, (3.47)
A

using the convention 0-oo = 0, if necessary.
An immediate implication of Equation (3.46) for A=Q is

f T aeR = ffdp = a Q). (3.48)

For a = 0, this yields
ffO > ffd,uzo. (3.49)
<

Remark 3.51 (Almost Everywhere) The notion of p-equivalence of f and g is
an example of a property that holds for all w € Q\ A with p(A) = 0. We also say
that such a property holds p-almost everywhere (u-a.e.). Another example is the

property
fw) = glw), VYoeQ\A and u(A4) =0,

which is denoted by f =8 <

The proposition of Lemma 3.47 analogously holds for the relations = and <.
The following theorem generalizes Lemma 3.26.

Theorem 3.52 (Monotonicity)
Letf, g: (Q, o u) — (R, %) be measurable functions.

(i) Iff and g are quasi-u-integrable, then

f 55 = ff du ng apu. ( monotonicity)  (3.50)

(i) Ifu(Q) >0 and f, g are u-integrable, then

f <g = ff au <fgdu. (strict monotonicity)  (3.51)
(Proofp. 117)

3.2.2 Integral With Respect to a Weighted Sum of Measures

In Example 1.62 we already noted that a weighted sum of measures with nonneg-
ative weights is again a measure. As a special case, if y is a measure on (Q, «/) and
« is a nonnegative number, then a- 1 is a measure on (Q, &) as well. Furthermore,
if f is y-integrable, then

ffd((x,u)zfafduz(xffdu (3.52)

(see Exercise 3-10). This is generalized in the following theorem.
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Theorem 3.53 (Integral With Respect to a Weighted Sum of Measures)
Iff: Q) — (R, B) is measurable and nonnegative, [, [, ... are measures
on (Q, ), and ay,0,,... € R are nonnegative, then

[ra(Com) =3 o [ rau. (359
i=1 i=1

For a proof, see Equation (3.52) and Bauer (2001, Example 3 on page 61).

If we consider a finite weighted sum of measures, the assumption that f is
nonnegative can be replaced by integrability of f. In the following theorem we
consider a weighted sum of two measures. In Remark 3.55 we extend the result to
a finite weighted sum of measures.

Theorem 3.54 (Integral With Respect to a Weighted Sum of two Measures)
Let 1, o be measures on (Q, ). If f: (Q, <, p) — (R, B) is integrable with
respect to |4, and |y, and 0 < a,, 0 € R, then f is integrable with respect to
o M + 0, iy, and

ffd(a1u1+(x2u2) = (lefd[.ll + (Xszd[.lg. (354)

For a proof, see Equation (3.52) and Bauer (2001, Example 5 on page 67).

Remark 3.55 (Integral With Respect to a Finite Weighted Sum of Measures)
By induction, Theorem 3.54 yields, for nonnegative «y,...,a, €R,

n n
ffd(Z(xim) =) (xiff du;, (3.55)
i=1 i=1
provided that f is integrable with respect to all measures y,,..., ty. <

Example 3.56 (Integral With Respect to the Weighted Sum of Dirac Measures )
Let (Q, «/) be a measurable space and, for i €N, let w; € Q, o; € R, a; =0, and d ),
denote the Dirac measure at w;. Then

(o)
p=> by, (3.56)
i=1

defined by pu(A) = Z;":’l a; 0y, (A), for all A€ o, is ameasure on (Q, «/) (see Exam-
ple 1.62). For any nonnegative measurable function f: Q — R we obtain
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ffd,u = fd) a;by, [(3.56)]
i=1

=Y a; | fdby, [(3.53)] (3.57)
i=1

=) a; flwy). [(3.23)]
i=1

For u(A) = XX, a; 6, (A), for all A € o, Equation (3.57) with «; = 0 for i > n,
yields

ff dp =) o f(w). (3.58)
i=1

Hence, the integral of a nonnegative measurable function f with respect to a fi-
nite or countable weighted sum of Dirac measures with nonnegative weights is a
weighted sum of values of f. <

3.2.3 Integral With Respect to an Image Measure

The next theorem is relevant whenever we consider the integral of a composition
go f of a mapping f with a numerical function g [see Eq. (2.25)] or the integral
with respect to the image measure u of p under f [see Def. 2.80].

Theorem 3.57 (Transformation Theorem)
Let f: (Q, ¢, pu) — (Q, ") and g: (Q', #') — (R, %) be measurable.

(i) If g is nonnegative or integrable with respect to i, then
fgdufzfgofdp. (3.59)

(ii) g isintegrable with respectto iy if and only if go f is u-integrable.

For a proof, see Bauer (2001, Corollary 19.2.1, p. 110).

If f:(Q, o, u) — (R,%) is a numerical measurable function and we replace
g by the identity function id: (R, %) — (R, %), then Theorem 3.57 implies the
following corollary.

Corollary 3.58 (An I@plication of the Transformation Theorem)
Iff: (Q,, u) — (R, AB) is nonnegative or -integrable, then

fiddufzf]ﬁiddpf:ffdpzfgfdu. (3.60)



3.2 Properties 103

Using the alternative notation of an integral introduced in Remark 3.32, Equa-
tion (3.59) can also be written

flﬁg(x) wy(dx) =ng[f(m)] uldw). (3.61)

Correspondingly, Equation (3.60) can also be written

f_xuf(dx) =ff(w) pdw). (3.62)
R Q

In Definition 3.10 we considered the case in which f = Zi":l a; 1,, isanonneg-
ative step function and defined its integral by [ fdu = X" | o; u(A;), presuming
that A,,..., A, are pairwise disjoint. Now we consider a measurable function f
with a finite number of values, which can be 0, positive, or negative.

Corollary 3.59 (Integral of a Function With a Finite Number of Values)

If (Q, 4, ) is a measure space and f = Y.[' | a; 14, with pairwise different
a,...,0, € R, o; # 0, and pairwise disjoint A,,...,A, € <, then f is u-
integrable if and only if u(A;) < oo forall i = 1,...,n. If f is u-integrable,
then

n n
fap =73 o puA) =Y a; ppliog)). (3.63)
i=1 im1

(Proofp. 118)

3.2.4 Convergence Theorems

The next two theorems deal with convergence of integrals. In the first one, we
assume that fi, f»,... is an increasing sequence of measurable functions that con-
verge to f.

Theorem 3.60 (Monotone Convergence; B. Levi)
Let the functions f,,: (Q, <, 1) — (R, &) be measurable, forall neN.

(i) If the sequence fi, f>,... is increasing with lim,_ f, = f and the
functions f,, are nonnegative for all n € N or -integrable forall n € N,
then

ff dyp = lim ffn apu. (3.64)
1—00
(ii) Ifthe functions f; are nonnegative for all i € N, then

f(if) dp = 2 fidp. (3.65)

The integrals on both sides are finite or +oo.
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For a proof of (i), assuming nonnegativity, see Bauer (2001, Theorem 11.4, p. 59).
For a proof of (i), assuming integrability, see Klenke (2013, Theorem 4.20, p. 93).
For a proof of (ii), see Bauer (2001, Corollary 11.5, p. 60).

Note that, by definition of an ‘infinite sum’ (see Box 0.1), Equation (3.65) is
equivalent to

n n
f( lim Zf,-) du = lim Zfﬁ du. (3.66)
n—oo 3 n—oo i)

In the next theorem, we replace the assumption that f}, f5,... is increasing by
the assumption that there is a g-integrable function g dominating the absolute
value functions of all f,,.

Theorem 3.61 (Dominated Convergence; Lebesgue Convergence Theorem)

Ifg, fu: (Q,of 1) — (R,%B), neN, are u-integrable and there is a measurable

function f: (Q,<f, 1) — (R, B) with nlirn fu=1f and|f,| < g foralln e N,
—00

then

ffdu :;}EIoloff" du, (3.67)

and this integral is finite.

For a proof, see Bauer (2001, Theorem 15.6, p. 83).

3.3 Lebesgue and Riemann Integral

The Lebesgue measures 1,, on (R", 9,), n = 1,2,3, represent length, area, and
volume, respectively. As the examples illustrated by Figure 3.4 shows, the integral
of the (28, %8)-measurable function f: R — R with respect to the Lebesgue mea-
sure A = 1y, i.e., the Lebesgue integral, yields the difference between the areas
marked by + and the areas marked by —, respectively.

It is useful to know conditions under which the Lebesgue integral and the Rie-
mann integrals are identical, because a lot of tools are available for Riemann inte-
gration (see, e. g., Ellis & Gulick, 2006). The following theorem is proved in Klenke
(2013, Theorem 4.23, p. 96), who also provides a brief definition of the Riemann
integral and Riemann integrability.

Theorem 3.62 (Lebesgue Integral and Riemann Integral)
Let A denote the Lebesgue measure on (R, 9%8) and let[a,b], a,be R, a<b,

be a closed interval. If f:[a, b] — R is Riemann integrable on [ a, b], then f is
A-integrable, and

b
f fx) dx :f fda :f fx) Adx) = fl[a,b] -fdA, (3.68)
a [a,b] [a,b]
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Figure 3.5. Illustrating the construction of the Riemann integral 3.22

b
where f f(x) dx denotes the Riemann integral from a to b.
a

Note that Y
f f(x)dx = F(x) b := F(b)-F(a), (3.69)
a a

where F is an antiderivative of f.

Remark 3.63 (Lebesgue vs. Riemann Integral) If we want to define the integral
of a measurable function f: (Q, /) — (R, 28), where the set Q is not necessarily
a subset of R, then this means that the traditional Riemann integral cannot be
used. The Riemann integral is constructed by partitioning the domain of f, the
set R of real numbers into small intervals and adding the area of the rectangles on
these intervals in order to approximate the area under the function f: R — R (see
Fig. 3.5). If Q ¢ R, then this idea does not work any more. Instead, the Lebesgue
integral is constructed by partitioning the codomain of f, which is the set R of
real numbers into small intervals (see Fig. 3.3). This is also possible if Q ¢ R, and
in this aspect, the Lebesgue integral is more general than the Riemann integral.

<

Note, however, that even if the domain of f is a subset of the set of real num-
bers, there are functions for which the Lebesgue integral exists and the Riemann
integral does not exist (see, e. g., Klenke, 2013, Example 4.24, p. 97). Also note that
there are functions that are Riemann integrable on a half-open or unbounded
interval but not Lebesgue integrable (see, e. g., Klenke, 2013, Remark 4.25, p. 97).

Example 3.64 (Using the Riemann Integral) As a simple application of Theo-
rem 3.62 consider the function f defined by f(x) = 10 — x on a closed interval
[a,b]. Because f is a continuous function, it is Riemann integrable. Hence, we
can apply Equation (3.68). For a = —5 and b = 5, this equation yields
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5 -
f fd/l:f f(x)dx = 16.6
[-5,5] -5

(see Exercise 3-11). This integral is the difference between the areas marked by +
and the areas marked by — in Figure 3.4. <

3.4 Density

A density f can be interpreted as a weighting function of the values of the orig-
inal measure u. If we consider a measure p on a measurable space (Q, <) with
1({x}) > 0 for all x € Q, then this means that the values u({x}) of the singletons
{x} are multiplied by a nonnegative number f(x). If we consider the Lebesgue
measure A on R, then, intuitively speaking, any infinitesimal interval dx gets a
weight f(x). Using such a density, a new measure v on & is introduced, where
v(A) is the integral of f over A with respect to u. The most important examples
are densities with respect to the Lebesgue measure (see Example 3.69).

Theorem 3.65 (Measurg With Density)
Let f: (Q, o 1) — (R, %) be a nonnegative measurable function. Then the
functionv: o/ — R defined by

v(A) =ffdp, VA€o, (3.70)
A

is a measure, called the measure with density f with respect to . It is
denoted by fopu, i.e., fou:=v.

For a proof, see Bauer (2001, Theorem 17.1, p. 96).

The notation fou has been adopted from Elstrodt (2007, p. 127). Using this
notation, Equation (3.70) can also be written

fou(A) :ffdp, VAed. (3.71)
A

Definition 3.66 (Density)

Let v be a measure on (Q, /). If f: (Q, <, ) — (R, 2B) is a nonnegative mea-
surable function satisfying Equation (3.70), then it is called a density of v
with respect to [L.

The following theorem generalizes Equation (3.52).
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Theorem 3.67 (Integral With Respect to a Measure With Density)

Let (Q, o, 1) be a measure space and f: (Q, /) — (R, %) a nonnegative mea-
surable function. Furthermore, let fou: «f — R be the measure with density
f with respect to L and let g: (Q, <) — (R, %) be measurable.

(i) If g is nonnegative, then

f gdfop = f g fdp. (3.72)

(ii) g is integrable with respect to fou ifand only if g - f is u-integrable.
(iii) If g is integrable with respect to fo u, then Equation (3.72) holds.

For a proof, see Bauer (2001, Theorem 17.3, p. 96, 97).
In the following theorem we summarize some necessary and sufficient condi-
tions for p-equivalence of measurable functions on a measure space.

Theorem 3.68 (Necessary and Sufficient Condition of u-Equivalence)
Letf, g: (Q, <, p) — (R, ) be measurable functions, let & c <f , and consider:

@ f ¢

(b)ffd,u:fgdu, VAe .
A A

(© fou = gou.

(d)ffduzfgdu, VAe&.
A A
Then:

(i) (a) = b), if f and g are quasi-u-integrable.
(ii)) (a) < (b), if f, g are u-integrable.
(iii) (a) < (o), if f, g are p-integrable and nonnegative.
(iv) (@< (b)< (0)< (), iff, g are u-integrable, nonnegative, and & c <f
is N-stable with o(&) = «.
(Proofp. 119)

Example 3.69 (A Density of the Normal Distribution) As a special case of Equa-
tion (3.70) consider

v(A) :ffd/l, VAed, (3.73)
A
with

1 —x?
fo0 = = .exp(T), xeR. (3.74)
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fx)

F(0) =.500 F(1) - F(0) = .341

Figure 3.6. Integral of a density for two intervals

In this case, the measure v = fo A is a probability measure and it is called the
standard normal distribution. For an interval [a, b], Theorem 3.67 yields

b
v([a,b]) =f1[a,b] dv = fl[u’h] df@/l = fl[a'b]f dlA Zf f(x) dx, (3.75)
a

because f is Riemann p-integrable (see Th. 3.62). According to this equation, the
value v([a, b]) of the interval [a, b] can be represented as the area between the
density and the x-axis above [a, b]. Figure 3.6 illustrates this fact for the interval
[0,1]. In this figure,

F(o) :f f(x)dx, aeR, (3.76)

denotes the corresponding distribution function (see Def. 5.81), which is a special
antiderivative of f [see Eq. (3.69)]. <

3.5 Absolute Continuity and the Radon-Nikodym Theorem

Let pand v be measures on a measurable space (2, /). A necessary and sufficient
condition for the existence of a density of v with respect to u is formulated in the
Radon-Nikodym Theorem (see Th. 3.72), which is used not only for densities but
also introducing conditional expectations (see ch. 10). The following definition
prepares this theorem.

Definition 3.70 (Absolute Continuity)
Let u and v be measures on a measurable space (), /).

(i) The measurev is called absolutely continuous with respect to (,
denotedv K, if
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VAed: u(A)=0 = v(A4)=0. (3.77)

(ii) The measures pu and v are called null-set equivalent, denoted
V=, ifvffu and p v, i.e., if

VAed: pu(A)=0 < v(A4)=0. (3.78)

If there is ambiguity about the measurable space, we use the terms abso-
lutely continuous on (Q,<) and null-set equivalent on (Q,</).

Remark 3.71 (An Implication) If there is a density f of v with respect to y, then
v < p. This is a straightforward implication of Lemma 3.45 and (3.72) (see Exer-
cise 3-12). <

Vice versa, if v L then, according to the following theorem, there is a density
f of v with respect to u, provided that 4 and v are o-finite (see Definition 1.63).

Theorem 3.72 (Radon-Nikodym)
Let u and v be o -finite measures on a measurable space (Q, &f).

(i) Thenv has a measurable density with respect to | if and only if v K [
This density is denoted by % and called Radon-Nikodym deriva-
. Iz
tive.

@) Ifv L, then Z—;’l is real-valued [1-almost everywhere.

For a proof, see Klenke (2013, Corollary 7.34, p. 158) or Bauer (2001, Theorem
17.10, p. 102 and Theorem 17.11, p. 104).

Remark 3.73 (u-Equivalence of Densities) Note that, for o-finite measures, all
densities of v with respect to u are pairwise p-equivalent (for a proof see Bauer,
2001, Theorem 17.11, p. 104). If v is a finite measure, which is equivalent to u-
integrability of the density Z—;, then Theorem 3.68 (iii) implies u-equivalence of
all densities of v with respect to u. The premise that v is a finite holds in particular
if v is a probability measure. <

Remark 3.74 (An Implication of the Radon-Nikodym Theorem) Theorem 3.72
implies for o-finite measures v and u: If v and p are null-set equivalent, then Z—;
and % both exist. <

The Radon-Nikodym theorem is used to prove the existence of the conditional
expectation [see the proof of Theorem 10.9 (Bauer, 1996, Theorem 15.1, p. 111)].
The following corollary immediately follows from Theorem 3.67 and 3.72.
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Corollary 3.75 (An Implication of the Radon-Nikodym Theorem)
Let y and v be o-finite measures on a measurable space (Q, /), and suppose
VL. Furthermore, let g: (Q, /) — (R, 98) be a measurable function.

(i) If g is nonnegative or v-integrable, then
dav

dv = -—dp. 3.79

[eav=[e G an 6.79)

(ii) g isv-integrableif and onlyif g- Z—l‘: is p-integrable.

3.6 Integral With Respect to a Product Measure
The following theorem shows that integration with respect to a product measure

can be decomposed into a two-fold iterated integration where the order of inte-
gration is arbitrary.

Theorem 3.76 (Fubini)
Let (Qi,d&ui), i = 1,2, be o-finite measure spaces and let f: Oy x Qy — R be
(o) ® b, 9B)-measurable. Furthermore, let f;: Q; — R,i=1,2, be defined by

filwy) :=ff(m1,mz)u2(dwz) and  f(w,) :=ff(w1,wz)/u1(dw1).

If f is nonnegative or integrable with respect to the product measure [; ® (i,
then the functions f; are («/;, %) -measurable, i = 1,2. Furthermore,

f fd(meu,) = f w1, 0) 11 ® s [d(wy, w,)]
Q1 xQ Q1 xQ
= f ( f (w1, ) ﬂz(d(ﬂz)) i (dwy) (3.80)
(9] Qo

Zf ( f(wl,wz)m(d(ﬂl))llz(d(ﬂz)-
Q)

Q1

For a proof, see Klenke (2013, Th. 14.16, p. 278). If f = 1. for C € o) ® of,, then this
theorem and (3.9) immediately yield the following corollary:

Corollary 3.77 (Indicators)
Let (Q;, <4, i), i = 1,2, be o-finite measure spaces and let f: 0 x Q, — R be
(et ® o, B)-measurable. Furthermore, let C € <) ® o/, and define
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V()Jl € Qll Cwl = {(,02 EQZZ (UJI,UJZ) e C}
and
Vwy € Qi Cy, :={w; € Qy: (w1,w,) € Cl.

Then
1 ® o (C) =fﬂ2(coa1)l~l1(dw1) =fl~l1(coa2)l~l2(d0)2)- (3.81)

(Proofp. 120)

Remark 3.78 (A Special Case) Choosing C = A; x A,, Equation (3.81) yields

1 ® [a(Ay x Ap) Zfliz(Az)'lAl () (dwy) = NZ(AZ)'flAl (@) (dw)
= 1 (Ay) - po(Ay),

which is consistent with Equation (1.50). <

3.7 Proofs

Proof of Lemma 3.33

(i) If f is measurable and A € o/, then 1, is measurable as well (see Th. 2.57 and
Example 2.12). Suppose that f is quasi-u-integrable, i. e., suppose that [ f*du or
J f~du are finite. Because

LT = 1af" and Quf)” = 1af "~

as well as
0<1,f"<f" and 0<1,f =<f",

monotonicity of the integral of nonnegative measurable functions (Lemma 3.26)
yields

0 s[(lAf)+dp :flAf+du sffﬂiu
and

0 < [aunrdu=[1ran <[ ran

which implies that [ (14 f)*dpor [(1,f)” dpisfinite. Hence f is quasi-u-integrable.

(i) If f is p-integrable, then [ f*du < oo and [ f~du < oco. Just like in the
proof of (i) this implies [(14f)*du < oo and [(14f)”du < oco. Hence, 1,f is u-
integrable.

Proof of Theorem 3.36

(i) Step 1: Let a = 0, f be a nonnegative step function, and f = X" a;1,, a
normal representation (see Rem. 3.8). Then, according to (3.4),
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n
f(xfd,u:f(xZ(x,-lAidp [Rem. 3.8]
i=1
nl
:fZ((X(xi)lAidIJ
=1
nl
=) (oa) p(Ay) [(3.4)]
i=1
l n
=) o p(A)
i=1
- o f fdu. (3.4)]

Step 2: Let a = 0, f be a nonnegative measurable function, and fi < f, < ...
an increasing sequence of nonnegative step functions with lim, . f, = f (see
Th. 3.19). Then, according to Equation (3.22),

[ardu=[alim s, dn

fy}ggo(afn)du

lim f o«fy du (3.22)]

n—oo

=« limffndu

n—oo

o f fdp. (3.22)]

= lim (xffn du [Step 1]

Step 3: Assume that a = 0 and that f is quasi-u-integrable. Because o f =

alfF =f=aff-af”,

fafdu :faf+ du —fcxf‘du [(3.27)]
=aff+du—aff’du [Step 2]
elfranfr o
= affdu. [(3.27)]

This proves Equation (3.32) for a = 0. For a < 0, note that
(@f)f = —af” and (af)” = —af”. (3.82)

Therefore,

fafdu =f((xf)+ du —f(af)‘du [3.27)]
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=f(—a)f‘du —f(—a)f+du [(3.82)]
—(xff_dp - (—(x)ffﬂilu [-a >0, first part of Step 3]

([ fr

o f Fdp. (3.27)]

This shows that [afdy = a [ fdu holds for all a € R, all quasi-u-integrable
f, and therefore also for all integrable f. This also implies that « f is quasi-pu-
integrable or u-integrable if f is quasi-u-integrable or u-integrable, respectively.

(ii) Step 1: Let f and g be nonnegative step functions and let f =¥ | a;14;,
g= Z;”: 1Bl i be normal representations (see Rem. 3.8) with U le A; =Qand
U ]’Z . Bj = Q. (Note that these latter requirements can always be fulfilled using
A, =Q\ U;‘z‘ll A;and a, =0, if f = Z;‘:‘ll a;14; is already a normal representa-
tion.) Then f+g=Y1" o;1ls + Z;?il P;1p; is again a nonnegative step function
(see Def. 3.9) and

n m
f+g = Z ZYijlcij
i=1j=1

is a normal representation, where C;; = A; N B; and v;; = a; + ;. Note that some
of these sets C;; may be empty. Now,

n m
ff"‘gd.u Z Z Yij /J(Cz]) [(3.4)]

i=1j=1
n -m

=Y ) (a;+PB)) u(A;inB))
i=1j=1
n m

=2 )Y % p(AinB)) +ZZFJ]#(A nB))
i=1j=1 i=1j=1
n m

=Z Z u(AiNB)) +Zﬁjzu(AmBj)
=1 j=1 j=1 =1
n

= Z (A + Z B; 1(B)) [Rem. 1.47]
ffdu +fgdu [(3.4)]

Step 2: Let f,g be nonnegative measure functions and fi < o <..., &

g < ... increasing sequences of nonnegative step functions with lim,_. f, =
and lim,_., g, = g, respectively (see Th. 3.19). Then fi+g < fo+g < ...
an increasing sequence of nonnegative step functions with lim, .. (f, + g,) =
limy,—o fr +lim,—oo o = f + 8. Then

» % IA
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ff+gdu =f,}iggo(fn+gn)du
= Jim [ (/g du (3:22))
:y}glgo(ffndp +fg,,dp) [Step 1]

—,}iggoffndu+,}iggofgndu

[(3.22)]

Il
—
~
QU

=
J’_
—
oq
xu
=

Step 3: Assume that f is quasi-u-integrable and g is y-integrable. Then
f+reg=f"-f"+g"-¢g,
f+g=(f+"-(f+g) .

This implies

f+e -+ =f"-f +g"-g",
which is equivalent to

(f+7+f +g = (f+®) +fT+g".
Applying the result of Step 2 yields

f(f+g)+du +ff‘du +fg‘du

(3.83)
=f(f+g)_d,u +ff+du +fg+du-

If g is p-integrable, then [g*du and [g~ dp are finite, and if f is quasi-u-
integrable, then at most one of [ f*dpu and [ f~d p is infinite, the other one is
finite. Furthermore, (f+g)* < f*+g" and (f+ &)~ < f~+ g~. Hence, Lemma
3.26 implies

f(f+g)+du sff++g+d,u=ff+d,u+fg+du (3.84)
and
f(f+g)_du sff_+g_d,u =ff_d,u +fg_du.

Therefore, at most one of the integrals [(f + g)* dp and [(f + g~ d u is infinite
and this implies that f + g is quasi-u-integrable. If [(f + g)" d u = oo, then

[r+pan=[rorau-[+odn =
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and, according to (3.84), f f* du=oo. This implies

[raw+ [gan=[rran-[rau+ [gan=c.

Analogously, if [(f + &)~ du = oo, then

f(f+g)du = —00 = ffdu +fgdu.
Ifboth, [(f+g)*dpand [(f +g)~ dp are finite, then (3.83) is equivalent to
f(f+g)+du —f(f+g)‘du =ff+du —ff‘du +fg+du —fg‘d/u,
which in turn is equivalent to

f(f+g)du =ffdu +fgdu.

Proof of Corollary 3.38

Because |f| = f* + f, this proposition immediately follows from the definition
of integrability (see Def. 3.28) and linearity of the integral [see Eq. (3.34)].

Proof of Lemma 3.40

If f is €-measurable, then f* and f~ are ¥-measurable as well (see Th. 2.66).
Furthermore, f* and f~ can be represented as limits of increasing sequences
of nonnegative step functions on (Q2,%) [see Th. 3.19 (i)]. Hence, according to
Equations (3.22) and (3.4), the values of the integrals [ f*du and [ f~dy only
depend on the values u(A), Ae%. Therefore, if u and v are identical on €,
then [ fdu = [ fdv, for all €-measurable functions that are nonnegative or y-
integrable.

Proof of Lemma 3.41

Define
Ay ={weQ: flw)=oolexd and A_:={weQ: f(w)=-o0}e .

If u(A4) > 0, then define the increasing sequence g,: Q — [0,00), n € N, by g, =
n-1,,.Because 1,4, -f* =limy—co gn)



116 3 Integral

ff*du =f1A+-f+du +f1mA+-f+du [(3.36)]
= r}i_l}gofg,,dp +f19\A+-f+dp [Def. 3.24]
= r}l_l}go n-ly, du +f19\A+~f+dp
= lim n-p(A4) +le\A+'f+d,u ((3.4)]
= oo.

Analogously we can prove that [ f~du = oo, if u(A-) > 0 replacing f* by f~ and
A, by A_. Therefore, if f is quasi-g-integrable and [ f* du = oo, then [ f~du
is finite (see Def. 3.28) and [ fdu = [ f*du — [ f~ du = co. This proves (3.38).
Analogously, if f is quasi-u-integrable and [ f~ du = oo, then [ f* du is finite
(seeDef.3.28)and [ fdu = [ f*du—[ f~ du = —oo, which proves (3.39). Finally,
if u(Ay U A_) > 0 and hence, p(A4) > 0 or u(A-) > 0, then, according to (3.38)
and (3.39), [ f du is not defined or not finite. Thus, by contraposition, if f is y-
integrable, then u(A+ U A_) =0, i.e., f is real-valued, p-almost everywhere.

Proof of Lemma 3.44

If f(w) >0, forall we A, then 1, f: (Q, o, p) — (R, %) is a nonnegative mea-
surable function (see Th. 2.57). Hence, [1,- fdu = 0 (see Defs. 3.24 and 3.10).
Because p({w e Q:(1,- f(w) > 0}) = u(A), the assumption u(A) > 0 implies that
1 f =0 does not hold. Therefore, according to Equation (3.40), [14- fdu # 0,
and we can conclude: 1, fdu>0.

Proof of Lemma 3.45

If f: (Q, o w) — (R, %) is measurable and A € o with p(A) =0, then 1, f is mea-
surable (see Th. 2.57) and 14 f = 0 (see Exercise 3-9). This implies (14- f)* 0

and (1,- f)” = 0. Now Equation (3.40) yields [ (14- )" dp=0and [(14-f)~dp =0.
Hence, [14- fdy exists (see Def. 3.28) and Equation (3.27) implies

flA'de :f(lA'f)+dl~L - f(lA'f)_dN = 0.

Proof of Lemma 3.47

Define A:={w € Q: f(w) # g(w)} and note that A€o/ [see Rem. 2.67 (c)]. There-
fore, f =8 implies ©(A) = 0. Hence,
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f fdu = f fdy (3.43)]
Q\A
=f gdu [Def. of A]

= f gdp. [(3.43)]

Proof of Theorem 3.48
(a)
f, g are p-integrable and f =8
> VAeol: 14-f = 1,-g and 1, f, 14- g are u-integrable [(2.33), (3.29)]

=> VAed: ffdu =fgd,u. [(3.44)]
A A

(b) If f, g are u-integrable, then f, g are real-valued p-a.e. (see Lemma 3.41).
Hence, for

B := {weQ: f(w) € {—00,00}} U {weQ: g(w) € {—o0o,00}},
B egf and p(B) = 0. Now define
As = {weQ: flw)>gw)} and A< :={weQ: f(w) <gw)}.

According to Remark 2.67 (b) and (a), A> € « and A< € «. Then

VAEd:ffdu :fgdp
A A

=> VAed: fdu = gdu [(3.43)]
ANnB¢ ANnB¢
=> VA Ed:f (f-gdu =0 [f, g p-integrable, (3.34)]
ANnB¢
= (f-gdu =0 and (f-gdu=0 [As,Ace o]
AsnB¢ A<nBC¢
= wA-NB° = 0and wW(A<NB°) =0 [(3.41)]
= u(AsUAl)
= /,L((A> NBYU(A-NB)U(A<NB°) U (A< nB)) =0 [Box 1.1 (ii)]
=fze [Def. 2.68]
Proof of Theorem 3.52

(i) Define A:={weQ: f(w) > g(w)}. According to Remark 2.67 (b), A € o . There-
fore, f =g implies p(A) = 0. Furthermore, define
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Ao = {0 e Q\A: f(w)=—-00} and Ay = {weQ\A: f(w) = g(w) =oo0}.

If 1(A_oo) > 0, then [ fdu = —oo [see (3.39)]. Therefore, [ fdu < [ gdp. If u(Ax) >
0, then [ fdu= [ gdu = oo [see (3.38)], and therefore [ fdu < [ gdu.

If u(A_) = H(Ax) = 0, then f, g are real-valued p-a.e. Now define B := (Q\
A)\ (Ao U A_), which implies p(Q\ B) =0, and

Ywe B: f(w), g(w) are finite, f(0w) < g(w).

If [(13f)"du = oo, then [, fdu = —oco. Hence, [ fdu < [gdu. If [(1pf)*du =
oo, then 13 f < 1pg implies (13 f)* < (139)" and [(138) " du = oo [see Eq. (3.24)].
Therefore, [ fdu= [ gdu = oo, which implies [ fdu < [ gdu.

Now, ifall (13 )%, (13f)7, (18", (13g)~ are u-integrable, then

f gdu = fB gdu ((3.43)]
= fB (f+g-fdu (15 f, 15 are real-valued]
_ fB Fdu + fB (g- Py [(3.34))
> fB fdu 1s(g—f) =0, (3.24)]
- f fdu. ((3.43)]
(ii) Define

B := {weQ: f(w) €{—o00,00}} U {weQ: g(w) € {—oco,00}}.

If f, g are py-integrable, then Lemma 3.41 implies u(B) = 0. Furthermore, define
A:={weQ\B: f(w) = g(w)}. Then ffg implies u(A) = 0. Hence, u(AUB) =0
[see Box 1.1 (xi)]. Now,

fgdu =f gdu ((3.43)]
Q\(AUB)

—f (f+g—fdu [Lovaaus fr 1ovaup) g are real-valued]
Q\(AUB)

:f fdu +f (g-Ndu [(3.34)]
Q\(AUB) Q\(AUB)

> f fdu. [Lo\vuus (- 1) >0, u(Q\(AUB)) >0, Lem. 3.44]
Q\(AUB)

Proof of Corollary 3.59

Assume that f: (Q,«/) — (R, %) is measurable with a finite number of positive
values ay,...,a, > 0 and a finite number of negative values a,,+1,...,a, < 0. By
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convention, if m=n, then " a; 14, =0,and if m=0, then ¥ o; 14, = 0.

i=m+1

Then

n

f:ZailAl ZallAer Z allAt
i=1 i=m+1
+ _ m ) - — _ n . — n —(Y -

and f* = i i 1a, as well as f = Y La, =X —a; 1y, There
fore,

n

ff+dp Z(xlp(A) and ff_du: Y —aq u(Ay),

i=m+1

and [ f*duaswellas [ f~ dparefiniteifand only if u(A;) < oo, foralli =1,...,n
Now, u(A;) <oo,foralli=1,...,n, implies

[ ran

ff+du—ff_du [Def. 3.28]

Do (A + 3 oy p(A)

i=1 i=m+1
n
= ) o A
i=1
n
= > a; prlfogd) [ Def. 2.80, (2.10)].
=1

Note that, in the last equation, we used the assumption that the ay,...,«, are
pairwise different.

Proof of Theorem 3.68

(i) This is the proposition of Lemma 3.47.

(ii) This proposition is Theorem 3.48.

(iii) If f, g are py-integrable and nonnegative, then it suffices to show: (b) < (c)
[see (ii)]. Now

ffd,u:fgdp, VAeof
A A

& flAfdu =f1Agdu, VAed [Def. 3.35]
= flAdfcap :flAdgep, VAed [Th. 3.67 ()]
< fou(d) = gou(Ad), VAeod [((3.9)]
< fou = gou.

(iv) If f, g are u-integrable and nonnegative, then the equivalence of (a), (b),
and (c) follows from (ii) and (iii). Hence, it suffices to show: (c) < (d). Because
u-integrability of f and g implies that fou and gou are finite measures, applying
Theorem 1.72 completes the proof.
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Proof of Corollary 3.77
Note that

Vw1, w) €y x 0t 1e(wy, 02) = 1¢, (W2) = g, (w1). (3.85)
Now,

1®4:(0) = [ Lodiu o pw) (3.9)]

:ff1C(wl’w2) He(dw) p(dwy)  [(3.80)]
=ff1cwl (w2) pa(dwy) p(dwy)  [(3.85)]

= f,uz(Cwl) p(dwr). [((3.9)]

The proof of the second equation is analog.

3.8 Exercises

> Exercise 3-1 Construct a representation of the identity function on Q = {1,...,n} as a
weighted sum of indicators of elements of <, where n € N and (Q, &) with o« = 22(Q).

> Exercise 3-2 Prove that, for every nonnegative step function, there exists a normal rep-
resentation (see Rem. 3.8).

> Exercise 3-3 Consider the measure space (Q,«/, 1), where A is the Lebesgue measure.
Show that the number ;1:1 a; A(A;) assigned to the nonnegative step function f defined
in Example 3.7 is identical for the four specified representations of f, two of which are
nonnormal representations.

> Exercise 3-4 Let (Q, </) be ameasurable space and let A € /. Show thatif f = Zin:1 ol
is a normal representation of a nonnegative step function, then the product 14 f of the
indicator 14 and f is also a normal representation of a nonnegative step function, and
uf =X ailana; -

> Exercise 3-5 Prove Equation (3.8).

> Exercise 3-6 Compute the integral of the identity mapping id: Q — Q with respect to
the counting measure py on 2(Q), where Q = {1,...,n}. Thenlook at it for n = 5.

> Exercise 3-7 Compute the integrals [ fid A and [ fod A of the functions f; and f, de-
fined in Example 3.17.

> Exercise 3-8 Prove the propositions of Example 3.39.

> Exercise 3-9 Let f: (Q,«, 1) — (R, %) be measurable and A € «. Show that 1, f = 0if
p(A) =0.

> Exercise 3-10 Prove Equation (3.52).

> Exercise 3-11 Compute the integral of the function f(x) = 10 — x? considered in Exam-
ple 3.64.

> Exercise 3-12 Prove the proposition of Remark 3.71.
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Solutions

> Solution 3-1 The identity function id: Q — Qon Q ={1,...,n} is defined by
id(i) =i, VieQ.

According to Example 2.9 it is (<7, &) -measurable for all o-algebras /) < «/. Now consider
the set {1,...,n} of values of id and the partition {{1},...,{n}} of Q. Then

n
id = Z i1y =11y + ...+ -1y
i=1
> Solution 3-2 Let f: (Q,«/) — (R, %) be anonnegative step function, with f = Zl”:l o;ly;.
Define, for all nonempty J c {1,...,n},

B] = n

M A

ie]

NA7

ig]

These are 2" — 1 sets, where several of them may be empty, and all are pairwise disjoint.
Then

f: Zai)'lB]

J: Bj#0 (ie]

is a normal representation of f.

> Solution 3-3 We compute the sum for all four representations of f. The first one is:

4
Y i A(A)

i=1

2:(1-0) +5-(2-1) +4-3-2) +1-(4-3)

2:-1+5-1+4-1+1-1=12.

The sum for the second representation of f is:

5
ZYi/l(Ci) =2-(5-0+2-(1-.5) +5-2-1) +4-(3-2) +1-(4-3)
i=1

=2-54+42-5+51+4-1+1-1=12.

The sum for the third representation of f, which is nonnormal, is:

3
Zﬁ,‘/l(B,‘) =2-2-0)+3-B-1) +1-(4-2)
i=1

=2-2+3-2+1-2=12.

The sum for the fourth representation of f, which is also nonnormal, is:

4
Z&M(Di) =1-(4-0)+1-3-0 +2-3-1) +1-(2-1)
i=1

=14+1-3+2-2+1-1=12.

Obviously, all four sums are identical.
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> Solution 3-4 Let f = Zi”:l a;14;, where Ay, ..., Ay € o/. Thisimplies AN Ay,...,AnNAp €
o, for A € of. Therefore, and because of 1,4 - f = Zi":l a;14n4;, the function 14 - f is anon-
negative step function. If f =} l": 1%l isa normal representation, then A; N A; = @ for
i # j, which implies (AN A;) N (AnAj))=An(AinA;))=AnB =0, for i # j. Therefore,
1y-f= Zi":l a;14n 4; is a normal representation as well.

> Solution3-5 [,ady = faladp = au(A) [seeEq. (3.4)].

> Solution 3-6 Consider the elements {1},...,{n} of &/ = 2(Q) and id = L' _, w - 1{}-
According to Definition 3.10,

n
fid dup = 3 o-pplio))

w=1

Lopg (1) + 2-p(2) + ... +n-pp({n}) (3.86)

nn+1)

)
= Y=
21 2

is the integral of id over Q with respect to the measure ux. Hence, in this example, the inte-
gral [id d p4 is the sum over all elements in Q. For n = 5 this formulayields [ id d py = 15.

> Solution 3-7 In Example 3.17 we considered the measure space (R, %, 1), where A is
the Lebesgue (or length) measure on %8. Remember, the Lebesgue measure satisfies

A(la,b]) = A(la,b]) = b-a,

for a < b [see Eq. (1.54)]. We also considered f; = a;14, with A; = [0, (1 - .50)1/2] and o) =
.50. Hence, fi =.50-1,4,. Therefore,

ffld/l = ;- A(A]) = 50+ A(A;) = .50-(1-.50)"2 = 50-.50'> ~ .3536.

This is the area shaded in the left part of Figure 3.3.
Similarly, in Example 3.17 we also considered f, = Z?:I B;1p; with the three intervals

B =0,(1-.79"%, By=]0-.79"% 1-.50"%], Bsy=]01-.50)"% (1-.25"Y].

Again note that By, By, B3 is a sequence of elements of <. Furthermore, f> = ):?:1 Bilp;
with B, =.75, B2 = .50, and P3 =.25. Hence, the integral of f, = ):?:1 Bi1p; with respect to
Ais
3
ffgd/l = Z Pi-A(B;) = .75- A(B1) + .50 A(B2) + .25 A(B3)
i=1

75-[(1-.75)12] + .50 [(1 - .50)"/2 = (1 -.75)' /2] + .25-[(1 - .25)/2 — (1 - .50)!/2]

.75-.50 + .50-.2071 + .25-.1589 =~ 0.3750 + .1036 + .0397 = .5183.

u

This is the area shaded in the middle part of Figure 3.3. The integral of f3 = Z?zl Yilc; can
be computed correspondingly. It is the area shaded in the right part of Figure 3.3.

> Solution 3-8 If f: (Q,«f p) — (R, B) is p-integrable and A, B c o, then 1,5 f is p-
integrable (see Lemma 3.33) and
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[ fan=[1issan (3:30)]
AUB
= f(1A+1B_1AnB)f ap [(1.34)]
:f(lAf +1gf —lanpfldp

:flAfd/,t+lefdu —flAandu [(3.34)]

:ffd,u+ffdp—f fdu. [(3.30)]
A B AnB

IfAnB=0Qand f: (Q,s, u) — (R, B) is quasi-p-integrable, then 14, p-f =14-f+1p-f,
and these three functions are quasi-p-integrable (see Lem. 3.33). If [ f *dy is finite, then
Slavp-frdu, [1a-fTdu, and [1p- f*dy are finite as well (see Lem. 3.33). If [ f*du
is infinite, then quasi-u-integrability of f implies that [ f ~dy is finite and, according to
Lemma 3.33, also the integrals [14,p5-f " du, [1a-f~dy, and [ 15- f ~du. Hence, in both
cases

flAuB'fdﬂ :flAuB'f+dﬂ _flAuB'f_dIJ ((3.27)]

= [waertan+ (1 tap ([ ran+ [1ran] w0

= (flA'f+dN —flA'f_dﬂ) + (le'f+dﬂ —le'f_dN)
- f 14 fdu + f 15 fdp. (3.27)]

> Solution 3-9
0, ifog A

14() - fw) =
Al)- (@) {f(w), ifoe A

Therefore, {w € Q: 14(w) - f () # 0} < A. Hence, p({w € Q: 14(w) - f(w) #0}) < u(A4) =0.

> Solution 3-10 Let a = 0 and remember that the measure au on (Q,«) is defined by
(ap)(A) = au(A) for all A € «/. The proof is conducted in three steps: (a) for a nonneg-
ative step function, (b) for a nonnegative numerical measurable function, and (c) for an
p-integrable numerical function (see Rem. 3.30).

(a) If f is a nonnegative step function and f = Z?Il a;14; a normal representation,
then

n n
ffd((xu) =) i (ap)(A) =a Y a; p(A;) ZfodlL
i=1 i=1

(b) If f is a nonnegative numerical measurable function and f;, i € N, is an increasing
sequence of nonnegative step functions with lim; .« f; = f, then

ffd((xu) = lim ff, d(pa)

1—00
lim (xffi du [(a)]
1—00

=o lim ff,-du :(xffdu.
1—00

(c) If f an p-integrable numerical function, then
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[ra@m =[r*a@n - [~ da@p
:cxff+d,u—cxff_du (b))
:a/fdu.

3 Integral

> Solution 3-11 Because the derivative g’(x) of a function g(x) = a+fx+yx" o,p,y€R,

nelN,is g'(x) =pB+yn x"71 the indefinite integral of f(x) is

3
f(x)dx = F(x) = 10x—%+c, ceR,

and therefore,

b b x3 b
fa f0 dx = F(x))a := F(b)-F(a) = (IOx—?))a .

For a = -5 and b =5, this equation yields

5 3
f £ dx = (wx_x_)) 5 _ (50_§) _ (_50+E) = 10020
5 3 )I-5 3 3

Hence,

5
f fd/lzf f(x)dx = 16.6.
[-5,5] -5

> Solution 3-12 Let A€o/ with u(A) =0 and let f be a density f of v with respect to p,

i.e, v=fou. Then
v(A) :flAdv :flAdfop [(3.8), v=foul

:flA-fdu =0. [(3.72), (3.42)]

Hence, v < e
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Chapter 4
Probability Measure

In chapter 1 we introduced the concept of a measure, treated various examples of
measures, and some of their properties. In this chapter, we turn to a special class
of examples, called probability measures. We start with the definition of a prob-
ability measure, then turn to conditional probabilities and the most important
theorems related to conditional probability: the multiplication rule, the theorem
of total probability, and Bayes’ Theorem. Furthermore, we introduce the concept
of a conditional-probability measure. Next, we define independence of events and
of independence of sets of events with respect to a probability measure. A section
on conditional independence given an event concludes this chapter.

4.1 Probability Measure and Probability Space

Now we introduce the concept of a probability measure as defined by Kolmogorov
(1933/1977) (for the English version of this book see Kolmogorov, 1956). As we
shall see, a probability measures is a special finite measure that is standardized.

4.1.1 Definition

Definition 4.1 (Probability Measure)
Let (Q, /) be a measurable space. Then the function P: o/ — [0,1] is called a
probability measure on (Q, <), if the following conditions hold:

(@) P(Q) =1 (standardization).

(b) P(A) =0, VAes/ (nonnegativity). IS IS

(c) Ay, A,,...€ < arepairwise disjoint = P( U Ai) =) P(A)
(o -additivity). i=1 i=1

Remark 4.2 (Probability and Probability Space) Let P be a probability measure
on (Q, /). Then the triple (Q, o, P) is called a probability space and a value P(A)
of P is called the probability of A. <

Remark 4.3 (Elementary Event and Event) Let (Q, </ P) be a probability space.
Then A €4/ is called an event, and a singleton {0}, w € Q, is called an elemen-
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tary event, if {w} € of. Note the distinction between an outcome w € Q and an
elementary event {w} € o (see Exercise 4-1). Also note that the term event is only
used in the context of a probability space (Q, </ P). Otherwise, A € o/ is called a
measurable set. <

4.1.2 Formal and Substantive Meaning of Probabilistic Terms

We distinguish between the mathematical or formal meaning of probabilistic
terms and the meaning of these terms if used in an application of probability the-
ory to a concrete real-world phenomenon. Often such a real-world phenomenon
is a random experiment such as flipping a coin. In such a case, the set Q repre-
sents the set of possible outcomes of the random experiment considered and, in
this sense, Q has a real-world interpretation. In other words, in this case Q is not
only an abstract set anymore. This real-world meaning or substantive meaning is
additional to their mathematical or formal meaning, namely being elements of
the (abstract) set Q.

The terms ‘probability measure’, ‘probability of an event’ etc. hint at an im-
portant area of application of probability theory: real-world phenomena called
random experiments. However, formally speaking, a probability measure is sim-
ply a label for a measure on a measurable space (Q, o) satisfying P(Q) = 1. If Q
is not just an abstract set but represents a concrete random experiment, then the
probability of an event A € & corresponds to the common language meaning of
the term probability.

Remark 4.4 (No Time Order Between Events) The intuitive concept of an event
often implies that events are ordered with respect to time. That is, in common
language an ‘event’ is prior, simultaneous, or posterior to another ‘event’. In con-
trast, events as defined in probability theory are not necessarily ordered with re-
spect to time. However, time order between events and sets of events can be in-
troduced with respect to a filtration (see Def. 4.17, Fig. 4.1 and Example 4.19). <

Remark 4.5 (A Priori Perspective) If we apply probability theory to real-world
phenomena, then we consider random experiments from the a priori perspec-
tive. Hence, the possible outcomes of a random experiment and events are con-
sidered before they happen. Even if an event already happened, we do as if it did
not happen when we talk about its probability (see also Rem. 4.13). <

4.1.3 Properties of a Probability Measure

Comparing conditions (a) to (c) of the definition of a probability measure to the
conditions defining a measure (see Def. 1.43) shows that (b) and (c) are identi-
cal; only condition (a) differs. However, P(Q2) = 1 implies P(@) = 0, because o-
additivity of P yields

P(Q) = PQUOUQU...) = P(Q)+ZP(@).
i=1
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Box4.1 Rules of Computation for Probabilities

Let (Q, <, P) be a probability space.

If Ay, Ay, ... € of are pairwise disjoint, then

P(UA) = Y Puy (0-additivity) ()

i=1 i=1

ll’l ll’l
P(U A,-) =Y P(4;), VneN. (finite additivity) (i)

i=1 i=1

If A, B € of, then:

P(A) = P(ANB) + P(A\B) (iif)
P(AS) = 1-P(A) (iv)
P(A) < P(B), ifAcB (monotonicity) )
P(A\B) = P(A) — P(ANB) i)
P(AUB) = P(A) + P(B) — P(ANB) (vii)
P(A)=1 = P(ANB)=P(B) (viii)
P(A)=0 = P(AUB)=P(B). (ix)

Let A €</ and let Q, < Q be finite or countable with P(Q,) = 1.
If, for all w € Qg, {w} € «f, then

PA) = Y P(w}). ®)

weANQ

If A, A,,... € o/, then

7

4) = Y PAy. (0-subadditivity)  (xi)
1 i=1

(@

Therefore, ?21 P(Q) = P(Q) — P(Q) =0 and this yields P(@) = 0. This proves the
following corollary:

Corollary 4.6 (A Probability Measure is a Measure)
A measure P on (Q, &) is a probability measure on «f if and only if P(Q) = 1.

A direct implication of this corollary is that all rules of computation for a mea-
sure (see Box 1.1) also hold for a probability measure. For convenience, these
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rules are explicitly formulated for probability measures in Box 4.1 using the addi-
tional property P(Q) = 1.

Remark 4.7 (Distribution vs. Probability Measure) A probability measure on
(Q, <) is also called a distribution on (Q, «/). Although this term is preferably used
in the context of a random variable (see Def. 5.3), the term ‘distribution’ is well-
defined without referring to a random variable. <

4.1.4 Examples

Example 4.8 (Continuous Uniform Distribution) Let 9, denote the Borel g-al-
gebra on R? and consider a probability space (Q, <, P), where Q € %,, of =
B\ g ={Q2nN A: A€ %B,} is the trace of %, in Q (see Example 1.10). Furthermore,
let A, denote the Lebesgue measure on (R? %B,), assume 0 < 1,(Q) < 0o, and de-

fine

A2(A)
Aa(Q)
Then P is the continuous uniform distribution over Q. The relative size of the
set A€« represents the probability P(A), and Figure 1.1 (p. 4) can be used to
illustrate some of its properties, e.g., Rules (iii) to (ix) of Box 4.1. This example
will be generalized in section 8.2.1. <

P(A) =

VAed. (4.1)

Example 4.9 (Joe and Ann With Random Assignment — continued) In Example
1.9, we specified the set

Q = {Uoe, no,-), Joe,no,+),..., (Ann,yes, +)},

which is also presented in the first column of Table 4.1. In this table we also
specify the probability measure P on of = 22(Q) by the probabilities of the
eight elementary events {w} € Q. Except for the empty set, which has probabil-
ity P(@) = 0, all 28 = 256 elements of <« are either one of the eight elementary
events {(Joe, no,—)}, {(Joe, no, +)},..., {(Ann, yes, +)} or a union of some of these el-
ementary events. Note that elementary events are always pairwise disjoint, i.e.,
{wi}n{w;} = O, if w; # ;. Therefore, the probabilities of their unions can eas-
ily be computed using finite additivity of the probability measure [see Rule (ii) of
Box 4.1]. In order to illustrate this point, consider the event that joe is drawn,

A = {(Joe, no,-), (Joe, no,+), Joe, yes, —), (Joe, yes, +) },
and the event that the drawn person is successful,
C = {(Joe, no,+), Joe, yes, +)}, (Ann, no,+), (Ann, yes, +)}.

The event A has the probability

P(A) = P[{Uoe, no,—)}] + P[{Uoe, no,+)}1 + P[{UJoe, yes,—)}] + P[{(Joe, yes, +)}]

.09 + .21 + .04 + .16 = .50.



4.1 Probability Measure and Probability Space 131

Table 4.1. Joe and Ann With Random Assignment: Probability Measures

Elements of Q Probability measures
g =

E g = 3 3 2

5 B & Y Q, A A
(Joe, no, —) .09 0 18 0
(Joe, no, +) 21 0 42 0
(Joe, yes, —) .04 .10 .08 0
(Joe, yes, +) .16 .40 .32 0
(Ann, no, —) 24 0 0 .48
(Ann, no, +) .06 0 0 12
(Ann, yes, —) 12 .30 0 .24
(Ann, yes, +) .08 .20 0 .16

Note. P, PB, P4, and P“* are probability measures on (Q, /).

Similarly, the event C has the probability
P(C)

P[{Uoe, no, +)}] + P[{Uoe, yes, +)}] + P[{(Ann, no,+)}] + P[{(Ann, yes,+)}]
.21 + .16 + .06 + .08 = .51,

and the event Joe is drawn and is successful, An C = {(Joe, no,+), Joe, yes, +) }, has
the probability

P(ANnC) = P[{Uoe, no,+)}] + P[{(Joe, yes,+)}] = .21 + .16 = .37.

The probability measures specified in the last three columns of Table 4.1 will be
treated in Examples 4.34 and 4.35. <

Remark 4.10 (Other Examples) In section 8.1 probability measures on the mea-
surable space (]NO, 9’(]1\]0)) are considered, e.g., the binomial distribution (see
Def. 8.7), the Poisson distribution (see Def. 8.14), and the geometric distribution
(see Def. 8.20). In all these examples, a probability measure on (N, Z(INy)) is
uniquely defined, if the probabilities of the elementary events {x} are determined
for all x € N, [see Box 4.1 (x) for Qy = Np].

The example of the Poisson distribution shows that, even for the countably
infinite set Ny, there are probability measures P, on (]NO, 9’(]1\]0)) with Py ({x}) >
0, for all x € Ny, and

PAlNo) = Y Palix) = Y Palin) = 1.
xeNp x=0

For another example see Exercise 4-2. <
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Example 4.11 (Finite Mixture of Probability Measures) In Example 1.62 we al-
ready noted that the weighted sum of measures on a measurable space (Q, /)
is again a measure on (Q, /). With an additional assumption this also applies
to probability measures. More precisely, if P,,..., P, are probability measures
on (Q,&), a; 20, i=1,...,n, and we additionally assume ¥, a; = 1, then
Y., a; P; is again a probability measure on (Q, /). It is called a finite mixture
of Py,...,P,. Such a finite mixture of probability measures will be illustrated by
Example 4.35 using conditional-probability measures. <

4.2 Conditional Probability

Conditional probabilities can be used to describe dependencies between two
events A, B € o with respect to a probability measure P on «. In section 4.2.7
we will also use this concept in order to introduce the concept of a conditional-
probability measure.

4.2.1 Definition

Definition 4.12 (Conditional Probability)
Let (Q, o/, P) be a probability space, let A, B € of, and let P(B) > 0. Then
P(ANB)

is called the conditional probability of A given B with respect to P.

Remark 4.13 (A Priori Perspective) The conditional probability P(A|B) is the
probability of the event A if it is known that the event B occurred. It order to
compute P(A|B) according to Equation (4.2), we need the (unconditional) prob-
ability P(B). Using P(B) we do as if B did not yet happen (see Rem. 4.5). The fact
that B occurred is reflected by P(B|B) = 1. <

Remark 4.14 (Continuous Uniform Distribution - continued) In Example 4.8
we defined the continuous uniform distribution on (Q, «/) by Equation (4.1). Us-
ing the area of the ellipses presented in Figure 1.1 (p. 4), the conditional probabil-
ity P(A|B) corresponds to the area of the intersection An B divided by the area
of B. <

Example 4.15 (Flipping a Coin two Times) Consider the random experiment of
flipping a coin two times, the measurable space (2, <) of which is the same as
in subsection 2.2.2 and the probability measure has been specified by Equation
2.43. The conditional probability P(B | A) that we flip heads in the second flip (B)
given that we flip heads in the first flip (A) is 1/2, which is equal to the uncon-
ditional probability P(B) of flipping heads in the second flip. In such a case the
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two events A and B are independent (see section 4.3). Note that the conditional
probability P(A|B) that we flip heads in the first flip (A) given that we flip heads
in the second flip (B) is also equal to the unconditional probability P(A) of flip-
ping heads in the first flip. This example shows that we may condition on events
that occur later in time and that a conditional probability does not necessarily
describe a causal dependence. Note, however, that conditional probabilities can
be used to describe causal dependencies, provided that additional assumptions
hold (see Examples 4.16 and 4.36).

As another example consider the event flipping at least one heads (A) and the
event no heads are flipped in the first flip (B). In this case

1 3
P(A|B) = 2 # P(A) = 1

and the two events are not independent (see section 4.3). <

Example 4.16 (Joe and Ann With Random Assignment — continued) Consider
again Table 4.1 (p. 131), define Qy = {Joe, Ann} and Qx = {yes, no}, and let

C = QuxQx x {+} = {(Joe, no,+), Joe, yes, +), (Ann, no,+), (Ann, yes, +) }
be the event that the drawn person is successful. Furthermore, let
B = Qu x {yes} x Qy = {(Joe, yes, —), (Joe, yes, +), (Ann, yes,—), (Ann, yes, +) }

denote the event that the drawn person is treated. Then Equation (4.2) yields:

pc|p) = DC0B _ PQy xiyesix{H) .16+.08

= = .60.
P(B) P(Qy x {yes} x Qy) .04+.16+.12+.08

Conditioning on the event B¢ that the drawn person is not treated yields

pc|Be) = DCNBY _ P@Qyxinolx{+) _ 21+.06
© P(BY  PQux{no}xQy  .09+.21+.24+.06

In this example, the difference P(C|B) — P(C|B€) = .60 — .45 can be used to
evaluate the average effect of the treatment. This will be substantiated in more
detail in Example 4.36. <

4.2.2 Filtration and Time Order Between Events and Sets of Events

As mentioned in Remark 4.4, the definition of an event in probability theory does
not presume that there is a time order between events and set of events. How-
ever, in many applications of probability theory such a time order is important.
In Example 4.16, for instance, it is crucial that the event C is posterior to the event
B. Such a time order is formalized in the theory of stochastic processes (see, e. g.,
Bauer, 1996; Klenke, 2013) and in the theory of causal effects (see, e.g., Steyer,
Mayer, & Fiege, 2014; Mayer, Thoemmes, Rose, Steyer, & West, 2014).
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Figure 4.1. A filtration with T = {1,2,3}

Definition 4.17 (Filtration)

Let (Q, <) be a measurable space and T cR. A family (%;,t €T) of sub-o-
algebras F; of « is called a filtration in o, if < %, forall s,t € T with
S<TI.

Referring to such a filtration, time order between events can be introduced as
follows.

Remark 4.18 (Event A is Prior, Simultaneous, Posterior to Event B)
Let (Q, < P) be a probability space, (%, t € T) afiltration in «/, and A,B€ «f.

(i) The event A is called prior to B (and B posterior to A) in (%, t € T), if there
isanseT suchthat Ae &%, B¢ %, andate T, t >s, such that Be %,.

(i) The event A is called simultaneous to B in (%;, t€T), if thereisateT
suchthat A,Be &%;andno seT, s< t,such that A€ &%, or Be %,.

<
Example 4.19 (Joe and Ann With Random Assignment — continued) In the ran-

dom experiment described by Table 4.1, the event A that Joe is drawn (see Exam-
ple 4.9) is prior to the event

B = {(oe,yes, +), UJoe, yes,—), (Ann, yes, +), (Ann, yes,—) }

that the drawn person is treated, which itself is prior to the event C that the drawn
person is successful. This time order in the real-world can formally be repre-
sented by the following filtration:

F1:=0({A}), F:=0({AB}), F:=0(4B,CH =P2QQ),

using the concept of a o-algebra generated by a set system (see Def. 1.13). With
respect to the filtration (%, t € T), T = {1,2,3}, the event A is prior to B, because
Ae &, B¢, but Be %, (see Fig. 4.1, Rem. 4.18, and Exercise 4-3). <
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Remark 4.20 (Formal and Substantive Meaning of Time Order) Asnoted insec-
tion 4.1.2, we distinguish between the mathematical or formal meaning of a prob-
abilistic term on one side and the meaning of these terms if used in an applica-
tion of probability theory to a concrete real-world phenomenon on the other side.
This also applies to the terms prior, simultaneous, and posterior with respect to
a filtration. In applications in which the elements of the set T represents time
points, these terms do not only have a formal meaning that is specified by their
mathematical definition, but also a substantive meaning: In the real world, an
event A that is prior to B with respect to (%, t € T), occurs before the event B. In
other applications, the term prior may not express the actual substantive mean-
ing. Of course, this applies to the terms simultaneous and posterioraswell. <

4.2.3 Multiplication Rule

Now we treat some theorems involving conditional probabilities. The first one
shows how the probability P(A; n...Nn A,) can be factorized into a product of an
unconditional probability and conditional probabilities.

Remark 4.21 (Multiplication Rule for Two and for Three Events) For two events
A; and Ay, the multiplication rule is

P(A1NA;) = P(A1) - P(Az| Ay), (4.3)

provided that P(A;) > 0. This equation directly follows from the definition of the
conditional probability P(A;|A;) [see Eq. (4.2)]. For three events A;, Ay, and As,
the multiplication rule is

P(AinA;NA3) = P(A1) - P(A2| A1) - P(As[ A1 N Ay), (4.4)

provided that P(A; N Ay) > 0. This equation follows from the definition of the con-
ditional probability

P(As| A Ay = LN A20A) (4.5)

3141 2) = P(A N Ay) ) .
inserting Equation (4.3) for P(A; N A), and solving the resulting equation for
P(A; N AN As). <

For n events A,,..., A,, the multiplication rule is formulated in the following
theorem.

Theorem 4.22 (Multiplication Rule)
Let (Q, <, P) be a probability space and A;, ..., Ay, € of, where 2 < n € N. If
PN A;) >0, then

j-1

) Al

i=1

(4.6)

n
P(ﬂ A,
i=1

n
= P(A) - ]‘[P(Aj
j=2

(Proof p. 148)



136 4 Probability Measure
4.2.4 Examples

Example 4.23 (Joe and Ann With Random Assignment - continued) Consider again
the Example presented in Table 4.1 (p. 131) and let

A = {(Joe, no,-), Joe, no, +), Joe, yes, —), Joe, yes, +) }
denote the event that Joe is drawn,
B = {(Joe, yes,—), (Joe, yes, +), (Ann, yes,—), (Ann, yes, +) }
the event that the drawn person is treated, and
C = {(Joe, no, +), (Joe, yes, +), (Ann, no, +), (Ann, yes, +) }

the event that there is success, irrespective of the drawn person and treatment
received. Then

AnBNC = {(Joe,yes, +)}

is the event that Joe is drawn, receives the treatment, and is successful. According
to Equation (4.4), the probability of this event can be computed by

P(AnBNQC)

P(A)-P(B|A)-P(C|ANB)
.04+.16 .16
.09+.21+.04+.16 .04+.16

(.09+.21+.04 +.16) -

.50-.40-.80 = .16

(see Exercise 4-4). Of course, Equation (4.4) can also be applied to the other
seven sets ANBNC® to A°NB°n C¢ in Figure 4.2. In this example, P(ANBNC) =
P({(]oe, yes, +)}) = .16 is the probability of an elementary event (see Table 4.1). <

Example 4.24 (Drawing Three Balls) Consider drawing three balls without re-
placement from an urn containing two white balls and four black balls. Further-
more, let us consider the three events A; to draw a black ball at time i, where
i =1,2,3. According to Theorem 4.22, the probability of drawing three black balls
is

P(AiNnA;NA3) = P(A)) - P(A21A)) - P(A3] A1 N Ap),
where P(A;) =4/6, P(A,|A;) =3/5, and P(As| A; N Ay) =2/4. Hence,

4 3 2 24 1
P(A]ﬁAzﬁAg)z _____ = —-.
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s a

Figure 4.2. Probability tree illustrating the multiplication rule

4.2.5 Theorem of Total Probability
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In our next theorem, called the theorem of total probability, we show how the
probability of an event B < A, U...U A, can additively be decomposed into the
products P(B|A;)-P(A;) of conditional and unconditional probabilities. In this

theorem we assume that the events A,,..., A, are pairwise disjoint, i.e.,

sume A;NA; =0, foralli,j=1,...,n, withi # j.

Theorem 4.25 (Theorem of Total Probability)
Let (Q, </, P) be a probability space and B € <.

@ If
(@) A,..., Ay €< are pairwise disjoint,
() B c UL, A,
then

n
P(B) =) P(BNnA)).
i=1

(ii) If (@) and (b) of (i) hold as well as
(c) P(A) >0, Vi=l1,...,n,
then

P(B) =) P(B|A;)-P(A).
i=1

we as-

(4.7)

(4.8)
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B

Figure 4.3. Venn diagram illustrating a partition of a set

Q

(i) If
(@ Ay, Ay,...€ o are pairwise disjoint,
() B < U2, Ai,
then
P(B) = oi P(BNA;). (4.9)
i=1
(iv) If (@) and (b) of (iii) hold as well as
(c) P(A;) >0, Vi=1,2,...,
then
P(B) = oi P(B|A;)-P(A)). (4.10)

i=1
(Proof p. 148)

Equation (4.7) can be illustrated by Figure 4.3. If we assume that (Q, <, P) is the
probability space specified in Example 4.8, then the figure visualizes that P(B) =
P(Bn Ay)+ P(Bn A,) + P(Bn A3). The crucial points are:

(a) Iftheevents Ay,..., A, are pairwise disjoint, then BnA,,..., BN A, are pair-
wise disjoint as well.
(b) The probability measure P is additive.

4.2.6 Bayes’ Theorem

Our next theorem, called Bayes’ theorem, reveals how the conditional probabili-

ties P(B|A;) are related to the conditional probabilities P(A; | B). Using the defi-

nitions of the conditional probabilities P(A; | B) and P(B|A;) yields
P(B|A;)-P(A)

Inserting Equation (4.8) for P(B) then proves the following theorem.
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Theorem 4.26 (Bayes’ Theorem)
Let (Q, </, P) be a probability space, B € &/, and P(B) > 0. Under the assump-
tions (a) to (c) of Theorem 4.25 (i) and (ii),

P(B|A;j)-P(A)

P(A;|B) = , Vi=1,...,n. (4.12)
n
jZIP(BIAj)-P(Aj)

Analogously, under the assumptions (a) to (c) of Theorem 4.25 (iii) and (iv),

P(B|A))-P(A)
Y2, P(BIA)-P(A)’

P(A;|B) = VieN. (4.13)

Example 4.27 (Joe and Ann With Random Assignment - continued) Let
A = {(oe, no,-), (Joe, no,+), (Joe, yes,—), Joe, yes, +) }
denote the event that Joe is drawn,
A°¢ = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes, +)}
the event that Ann is drawn, and
B = {(Joe, yes,—), (Joe, yes, +), (Ann, yes,—), (Ann, yes, +) }

the event that the drawn person is treated. Then

P(B|A)-P(A)
P(B|A)-P(A) + P(B|A®)-P(A®)

P(A|IB) =

.40-.50

— = .50
.40-.50 + .40-.50

is the conditional probability that Joe is drawn given that the drawn person is
treated (see Table 4.1, p. 131). The corresponding probability that Ann is drawn
given that the drawn person is treated is identical in this example, i.e., P(A°|B) =
.50. Hence, given treatment, each person has the same probability to be drawn.
This is the sampling perspective of a randomized experiment supplementing the
assignment perspective, according to which the treatment probability is the same
for each person, i.e., P(B|A) = P(B| A°) = .40 (see again Table 4.1). <

4.2.7 Conditional-Probability Measure

Justlike probabilities, conditional probabilities of events A € of given B are values
of a probability measure.
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Theorem 4.28 (Conditional-Probability Measure)
Let (Q, <, P) be a probability space. If B €</ and P(B) > 0, then the function
PB: of —[0,1] defined by

P5(A) = P(A|B), VAed, (4.14)

is a probability measure on (Q, &f).
(Proof p. 148)

According to this theorem, for each B € «f with P(B) > 0, the triple (Q, o, PB)
is a probability space.

Definition 4.29 (Conditional-Probability Measure)

Let (Q, <, P) be a probability space, let B € </, and let P(B) > 0. Then the func-
tion PB defined by (4.14) is called the B-conditional-probability mea-
sure on (Q, ).

In the following lemma we consider the relationship between conditional
probabilities with respect to the measures P and P.

Lemma 4.30 (Conditional Probabilities With Respect to P5)
Let (Q, o, P) be a probability space. If A,B,C € &/ and P(BN C) >0, then

PB(A|C) = P(A|BN Q). (4.15)
(Proof p. 149)

Remark 4.31 (Total Conditional Probability) Suppose A,B,C € «Z, P(BNC) >0,
and P(BNC°®) > 0. This implies P(B) >0 and P5(C) = P(C|B) = P(CnB)/P(B) > 0.
Applying Equation (4.8) to the measure P® then yields

PBA) = PBA|1C)-PB(C) + PB(A|CY-PB(CY), (4.16)
and Equations (4.14) and (4.15) imply
P(A|B) = P(A|BNC)-P(C|B) + P(A|BNC®-P(C°|B). (4.17)

<

According to the following lemma, P? is absolutely continuous with respect to
P,ie.
VAed/: P(A)=0 = PPA)=0. (4.18)

This is denoted by P* < P [see Def. 3.70 ()]. In contrast, P < P® does not always
hold.
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Lemma 4.32 (Absolute Continuity of the Conditional-Probability Measure)
Let (Q, o, P) be a probability space, B € <, and P(B) > 0. Then

. B
@i P X P, and

1

.o B _ .
(ii) P° = (_P(B)

13) ©P.
(Proof p. 149)

Remark 4.33 (P? is a Measure With Density) Proposition (ii) of Lemma 4.32 im-
plies that P2 is a measure with density 13/ P(B) with respect to P. The following
equations show how P5(A) can be written as an integral in various ways:

VAed: PBA) = fdPB [(3.8)]
A
1
= f 1Ad(—-1B®P) ((3.30), Lem. 4.32 (ii)]
P (f) (4.19)
- f Li+1a 5 4P ((3.72)]

1
5 -flm ap. [(1.33), (3.32)]

Note that, according to Theorem 3.72 (i), the density 15/ P(B) can be written as a
Radon-Nikodym derivate of PBwith respectto P, i.e.,

Ll _d_PB (4.20)
P(B) ° " dp’ :

<

Example 4.34 (Joe and Ann With Random Assignment - continued) Consider
the example presented in Table 4.1 (p. 131). We specify the B-conditional-proba-
bility measure PB: of — [0,1] for the event that the drawn person is treated, i.e.,
for

B = {(oe, yes,-), (Joe,yes,+), (Ann,yes,—), (Ann,yes,+) }.

For the first two elementary events, P2 ({(Joe, no, +)}) = P2({(Joe, no,-)}) = 0, be-
cause the intersections {(Joe, no,—)} N B and {(Joe, no,+)} N B are empty. For the
next two elementary events, the B-conditional probabilities are

P({Uoe,yes,—)}nB) .04

P5({UJoe, yes,-)}) = PE) =5 =10

and

P({Uoe,yes, +)} N B) 16
P(B) 40

For the next two elementary events, P5({(Ann, no,-)}) = P%({(Ann, no,+)}) = 0,

because the intersections {(Ann, no,—)}N B and {(Ann, no, +)} N B are again empty.

Finally, for the last two elementary events, the B-conditional probabilities are

PP({Uoe, yes, +)}) = 40.
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P({(Ann,yes,-)}nB) .12

=2 =30
P(B) 40

PP({(Ann,yes,—)}) =

and
({(Ann,yes, +)}nB) .08

= — =.20.
P(B) 40

P
P5({(Ann,yes, +)}) =

These probability are summarized in the third column of Table 4.1. Except for @,
all other events are unions of these elementary events. Because the elementary
events are disjoint, the probabilities of their unions can easily be computed using
finite additivity of the probability measure [see Rule (ii) of Box 4.1 and Exercise 4-
5]. <

Example 4.35 (Joe and Ann With Random Assignment - continued) Two other
conditional-probability measures on (Q, &) are P4 and PAC, where A is the event

A = {(Joe, no,-), (Joe, no, +), Joe, yes, —), Joe, yes, +) }
that Joe is sampled and A€ the event
A°¢ = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes, +) }

that Ann is sampled. The values of these conditional-probability measures are
presented in the last two columns of Table 4.1. These measures can also be used
to illustrate a mixture of two probability measures. As is easily seen

P = 50-PA + 50- P

i.e., the measure P is a mixture of the two conditional-probability measures P4
and PAe(see Examples 4.11 and 1.62). <

Example 4.36 (Joe and Ann With Random Assignment- continued) In Example
4.16 we computed the two conditional probabilities P(C|B) = .60 and P(C|B€) =
.45 of success given treatment and no treatment, respectively. These are condi-
tional probabilities with respect to the measure P. Let us now consider the indi-
vidual treatment effects of Joe and of Ann. These individual effects can be com-
puted using the P4- and P**-conditional probability measures, respectively. For
Joe the individual treatment effect is

PAQy x {yes} x {+})  PA(Qu x {no} x {+})
PAQy x {yes} xQy)  PA(Qu x {no} x Qy)

32+0 32+0
.08+.32+0+0 .18+.42+0+0

PA(C|B) - PA(C|B°) =

.80 — .70 = .10,

and for Ann it is
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PA(Qy x fyest x (+)  PA(Qy x {no} x {+})
PA(Qy x {yes} xQy)  PA(Qu x {no} x Qy)

16+0 12+0
24+.16+0+0  .48+.12+0+0

P¥(C|B) - PX(C|B) =

40 - .20 = .20.

Hence, the treatment effect P(C|B) — P(C|B€) = .15 (see Example 4.16), is just the
weighted average .50-.10 + .50 -.20 = .15 of the two individual treatment effects,
where the weights are .50 for Joe and for Ann (see Example 4.35). Note that this
property does not always hold [see Table 11.2 (p. 341) and Example 11.28]. <

4.3 Independence

4.3.1 Independence of Events

Independence of two events A and B means that the conditional and uncondi-
tional probabilities are the same, i.e., P(A|B) = P(A) and P(B|A) = P(B). This
definition presupposes that P(A), P(B) > 0, because otherwise the two condi-
tional probabilities are not defined. The following definition does not rest on this
requirement and extends the concept of independence to more than two events.

Definition 4.37 (Independence of Events)
Let (Q, o, P) be a probability space.

(i) Two events A, B € &/ are called P-independent, denotedAJ}.)LB, if

P(AnB) = P(A)-P(B). (4.21)

(ii) LetI be a nonempty setand let A; € o, i € I. Then (A;,i € I) is called a
family of P-independent events, denoted AL (Apiel), if

P(() A) =[] PA), V finitelyc 1. (4.22)

i€l i€l
Remark 4.38 (Pairwise and Triple-Wise Independence) For n events Aj,..., A,,
P-independence will also be denoted by
JpL Aq,..., A
For three events, for instance, it means that
P(AinAj) = P(A)-P(Ap, i#j, i,j=123, (4.23)

(pairwise P-independence) and
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P(AinA;NA3) = P(A1)-P(Ap) - P(As) (4.29)

(triple-wise P-independence) hold.

Note that pairwise P-independence of more than two events does not imply
P-independence of these events. Furthermore, triple-wise P-independence, for
instance, does not imply pairwise P-independence. For more propositions on in-
dependence of events see Box 4.2 (p. 147). <

Remark 4.39 (Independence of any event A with Q and @) For any probability
space (Q, </, P),
VAe: AJA_Q and AJ}.)L@. (4.25)

(see Exercise 4-7). <

4.3.2 Independence of Set Systems

Now we extend the concept of P-independence to set systems, i.e., to sets of
events, and illustrate independence by an example.

Definition 4.40 (Family of Independent Set Systems)

Let (Q, <4, P) be a probability space and &; c o, i €I # @. Then (&;,i € I)
is called a family of P-independent set systems, denoted AL(&iel), if
JA_(Al-,i € I) holds for all families (A;,i € I) with A; € &;,i € I. IfI ={1,2} we
also use the notation &, JﬁLé"z instead of JA_ (8,1 €1).

Remark 4.41 (Independence of an Event and a Set System) Let (Q, </ P) bea
probability space. An event A € o and a set system & c «f are called P-independ-

ent, denoted A J}.!_ &, if {A} Ji,L 8. <

Remark 4.42 (Independence of o-Algebras) Note that o-algebras are special set
systems referred to in the definition above. Hence, a family (<;,i € I) of sub-o-
algebras of & can be P-independent as well. This fact will be used introducing
the concept of P-independence of random variables (see section 5.4). <

Example 4.43 (Joe and Ann With Random Assignment — continued) Suppose A
= {Joe} x Qx x Qy denotes the event that Joe is sampled and B = Qy x {yes} x Qy
the event that the person sampled is treated. Then A and B are independent, be-
cause
P(ANB) = P({Joe} x {yes} x Qy) = .04+.16 = .20

and

P(A)-P(B) = P({Joe} x Qx xQy) - P(Qu x {yes} x Qy)
(.09+.21+.04+.16) - (.04+.16+.12+.08)
.50 - .40 = .20.

Hence, P(ANB) = P(A) - P(B). This implies that the o-algebras {A, A, Q, @} and
{B, B¢, Q, @} are independent as well [see Box 4.2 (iii)]. In fact, this is a special
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case of the following theorem, because the set systems &) := {A} and &, := {B} are
N-stable (see Def. 1.36) and 0(&;) = {A, A%, Q, @} and 0(&) = {B, B¢, Q, @} are the
o-algebras generated by &) and &5, respectively (see Def. 1.13 and Example 1.17).
<

According to the following theorem, it is sufficient to check P-independence
of a family of n-stable generating system in order to check P-independence
of a family of o-algebras. In this theorem, (0(&;),i € 1) denotes the family of
o-algebras generated by the set systems &;, i € I.

Theorem 4.44 (n-Stable Set Systems and Independence)
If (Q, <, P) is a probability space and &; c <, i € I, are N-stable, then

L& ieh = 1L (o@&)iecl). (4.26)

For a proof see Georgii (2008, Theorem 3.19, p. 65).

4.4 Conditional Independence Given an Event

Now we extend the concept of independence of events and of sets of events in-
troducing conditional independence of events and of sets of events given an event.

4.4.1 Conditional Independence of Events Given an Event

Definition 4.45 (Conditional Independence of Two Events)
Let (Q, o, P) be a probability space, A, B, C € <f, and P(B) > 0. Then the events
A and C are called B-conditionally P-independent, denoted A JﬁL C|B, if

P(AnC|B) = P(A|B)-P(C|B). (4.27)

Remark 4.46 (A Condition Equivalent to Conditional Independence) Suppose
P(BnC)>0.Then Equation (4.27) is equivalent to

P(AIBNnC) = P(A|B) (4.28)

[see Box 4.2 (xii)]. Exchanging A and C immediately yields: If P(AnB) > 0 then
Equation (4.27) is equivalent to

P(C|AnB) = P(C|B). (4.29)

<
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Remark 4.47 (Independence of Events With Respect to P?) Using the condition-
al-probability measure P8 defined by (4.14) we can rewrite Equation (4.27):

PBANC) = PBA)- PEO). (4.30)

This equation shows that B-conditional P-independence of A and C is equivalent
to PB-independence of A and C, which will also be denoted by A{.S'Is C. <

Remark 4.48 (Independence and Conditional Independence) Assume that B €
& with P(B) > 0. Then P-independence of A and C neither implies nor is implied
by B-conditional P-independence of A and C (see Exercise 4-8). However, P-in-
dependence of A, B, and C does imply B-conditional P-independence of A and
C [see Box 4.2 (x)]. For more propositions on conditional independence of events
see Box 4.2 (p. 147), which is proved in Exercise 4-9. <

4.4.2 Conditional Independence of Set Systems Given an Event

Now we extend the concept of conditional P-independence to set systems. In Re-
mark 4.47 we already noted that B-conditional P-independence of two events
Aand C is equivalent to P2-independence of A and C. Correspondingly, B-con-
ditional P-independence of a family (&;,i € I) of events is defined as PE-inde-
pendence of (&;,i € I).

Definition 4.49 (Family of Conditionally Independent Set Systems)

Let (Q, &4, P) be a probability space, B e &/ with P(B) >0, and &; c of, i €.
Then (&;,i € I) is called a family of B-conditionally P-independent
set systems, denoted lPL(é"l-,i el)|B, if%lg(é"i,i el).

Remark 4.50 (Conditional Independence of o-Algebras) Again, o-algebras can
be such set systems referred to in the definition above. Hence, a family (<7;,i € I)
of sub-o-algebras of &/ can be B-conditionally P-independent as well. <

Remark 4.51 (Independence of Set Systems With Respect to P?) According to
Theorem 4.44, under the assumptions of Definition 4.49, N-stability of the set
systems &;, i € I, implies
L& ie) = U (o&,iel). 4.31)
pB pB

<

Together with Definition 4.49, this remark immediately implies the following
corollary.
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Box 4.2 Independence and Conditional Independence of Events

Let (Q, <, P) be a probability space and A, B, C € «f. Then:
AJI.)LB :< P(AnB) = P(A)-P(B)
ALB o A°lLB
P P
AJA_B < o({AD iPL a({B}).

J}.)LA,B,C ¢ P(AnB) = P(A)-P(B),
P(AnC) = P(A)-P(O),
P(BNC) = P(B)-P(O),
P(AnBNC) = P(A)-P(B)-P(C).

1 ABC = ALB ALC, B1C.
P P P P

If P(B) >0, then
AJA_B < P(A|B)=P(4)
AJ}_)LCIB e P(AnC|B) = P(A|B)-P(C|B)
AJ}_)LCIB < A%IFZC
AJ}_)LCIB < AJI_)LCCIB
JI.)LA,B,C = AJI_)LCIB.

If P(B), P(B€) >0, then
AJ}_)LB < P(A|B) = P(A|BY).

IfP(BNnC) >0, then
AJ}.)LClB < P(A|BnC) = P(A|B).

If P(Bn C¢) >0, then
AJ}.)LClB < P(A|BNnC = P(A|B).

If P(BNC), P(BNC®) >0, then
AJ}.)LCIB < P(A|BNnC) = P(A|BNC°)

BJI.)LC = P(A|B) = P(AIBNnC)-P(C) + P(A|BNC°-P(C%

AJA_CIB = P(A|B) = P(A|IBNnC)-P(C) + P(A|BNC®)-P(C").

®
(i)
(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

x)

(xi)

(xii)

(xiii)

(xiv)
(xv)

(xvi)
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Corollary 4.52 (n-Stable Set Systems and Conditional Independence)
If (Q, <4, P) is a probability space, B € «f with P(B) > 0, and (§;,i € I) is a fam-
ily of N-stable set systems &; c <, then

L&,ieDIB = U(o@&)iecl)lB. (4.32)

4.5 Proofs

Proof of Theorem 4.22

In Remark 4.21 we have already shown that Equation (4.6) holds for n = 2 [see Box 4.1 v].
Hence, for an induction over 7 it suffices to show that (4.6) holds for Ay, ..., Ay if it holds
for Aj,..., Ap—1. Note that P(r'];‘:_l1 A;) >0 implies P(ﬂ;;ll A;)>0for2 < j < n. Hence,

n n-1
P( A,-) = P( N AiﬂAn)
i=1 i=1
n—-1 n—1
- p( N Ai) : P(An A,-) [4.6)]
i=1 i=1
n-1 Jj-1 n—1
=PA)-|]] P(Aj' A,-) . P(An N A,-) [(4.6), ass. of induction]
j=2 i=1 i=1
n Jj-1
= PA) - [] P(Aj' A,)
j=2 i=1
Proof of Theorem 4.25

(i) This equation immediately follows from (1.29).
(i) If P(A;) > 0,then P(BNA;) = P(B|A;)-P(A;) [see Eq. (4.2)]. Hence, (4.7) immediately
implies

P(B) = ) P(B|Ai)-P(A)).

n
i=1

(iii) This proposition immediately follows from (1.30).
(iv) This proposition immediately follows from (iii) inserting P(BnA;) = P(B|A;)-P(4;)
[see Eq. (4.2)].

Proof of Theorem 4.28

4.1 (a)
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P(BNQ)

PBQ) = ) [4.2)]
P(B)
= ﬁ [B< Q]

=1

4.1 (b) We assume P(B) > 0. Therefore, P(ANB) = 0, for all A € of, implies that PBA) =
P(ANB)/P(B)=0,forall Ae.«f.

4.1 (c) If Ay, Ay, ... are pairwise disjoint, then A} N B, A, N B,... are pairwise disjoint.
Therefore,

Plluz, Ao

B (e )
(191 ,) B [(4.2)]
PlUR, 4inB)
P(B)
Y, P(AinB)
== [Def. 4.1 (0)]
P(B)
(e
=Y PBay. [(4.2)]
i=1
Proof of Lemma 4.30
P(ANBNC)
P(AIBNC) = ———— [(4.2)]
P(BNC)
P(ANC|B)-P(B)
= ——— [4.2)]
P(C|B)-P(B)
= R0 .
= PRa|C). ((4.2)]
Proof of Lemma 4.32
(i) Forall Ae«,
P(A) =0 = P(ANB) =0 [Box 4.1 (v)]
P(ANB)
= [P(B) > 0]
P(B)
= P(A|B) =0 [(4.2)]
= PB4 =0 [(4.14)]

Hence, P8 < P [see Def. 3.70].
(i) Forall Ae«f,
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P(ANB)

pBa) = B [(4.14), (4.2)]
- ﬁfl/m dap ((3.9)]
- ﬁflA.lB dap [(1.33)]
- fA ﬁ. 15 dP [(3.30), (3.32)]
According to Theorem 3.65, this means pB = (ﬁ : 13) oP.

4.6 Exercises

> Exercise 4-1 Consider flipping a coin n times and the event A, = flipping heads at the
first flip. Specity the set Q of possible outcomes of this random experiment and the set A;
as a subset of Q. How many elements has Q? How many elements has the event A;?

> Exercise 4-2 Draw theinterval [0, 1], cutitin two halves, cut the right-hand piece in two
halves, cut the remaining part in two halves, etc. In this way you can visualize the sequence
1/2,1/4,1/8,... by lengths of intervals. This sequence can also be written: 1/2i, i € N. Note
that all terms 1/2¢ of this sequence are positive, i.e., 1/ 21 >0 forall i € N. Determine

. n
= Jim, X

i Mg

1 1

2 21
> Exercise 4-3 Consider Example 4.19 and list all elements of the o-algebras %, and %,
referring explicitly to the elements of Q.

> Exercise 4-4 Compute the probabilities P(A) and P(C|AnB) of the events defined in
Example 4.23 .

> Exercise 4-5 Compute the B-conditional probability of the event { (Ann, yes, —), (Ann, yes, +)},
i.e., the event that Ann is sampled and treated. Use the results already obtained in Example
4.34.

> Exercise 4-6 In Example 4.16 we computed the conditional probabilities P(C|B) =
and P(C|B€) = .45, where C is the event that the drawn person is successful and B is the
event that the drawn person is treated. What is the conclusion the effect of the treatment if
we compare these two conditional probabilities to each other?

> Exercise 4-7 Prove the proposition of Remark 4.39.

> Exercise 4-8 Show by examples that, for B € « with P(B) > 0, P-independence of A and
C neither implies nor is implied by B-conditional P-independence of A and C.

> Exercise 4-9 Prove the propositions of Box 4.2.
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Solutions

> Solution 4-1 The set of possible outcomes is Q = {h, t}" = {h,t} x ..., x{h, t} (n-times).
The event flipping heads at time 11is A, = {h} x {h,t}"""!. The set Q has 2" elements and
Ap has 2™/2 =271 elements.

> Solution 4-2 The picture of this interval is

1/2 1/4 1/8 ...

and this illustrates that

> Solution 4-3
F1 =o({A}) = {4, A5 Q, 0}
= {{er, no,-), Joe, no, +), (Joe,yes,—), (Joe, yes, +) },

{(Ann, no,-), (Ann, no,+), (Ann,yes,-), (Ann, yes,+)}, Q, (Z)}.

F2 = 0({A,B})
={A,A%B,B, (ANB)U(A°NBY, (ANB)U(A°NB),
ANB, A°nB, AnB¢, A°nB¢,
AUB, A°UB, AUB¢, A°UB¢, Q, 0}

where

A = {(oe, yes,—), Joe, yes, +), Joe, no,-), Joe, no, +) },

A° = {(Ann, yes,—), (Ann, yes, +), (Ann, no,-), (Ann, no,+) },

B = {(oe, yes,—), Joe, yes, +), (Ann, yes,—), (Ann, yes, +)},

B = {(oe, no,-), Joe, no, +), (Ann, no,-), (Ann, no, +)},
(ANB)U(A°N B = {(oe,yes,-), Joe, yes, +), (Ann, no,-), (Ann, no, +)},
(ANB)U(A°NB) = {(oe, no,-), Joe, no, +), (Ann, yes,—), (Ann, yes, +)},

ANB = {(oe, yes,—), Joe,yes,+) },
A°nB = {(Ann,yes,-), (Ann,yes,+)},
AN B¢ = {(Joe no,-), Joe, no,+)},
A°nB¢ = {(Ann,no,-), (Ann,no,+)},

AUB = {er,yes,—), (Joe, yes, +), (Joe, no, —), (Joe, no, +), (Ann, yes, -), (Ann, yes, +) },

A°UB = {(Ann,yes,-), (Ann, yes, +), (Ann, no,-), (Ann, no, +), Joe, yes, —), (Joe, yes, +) },
AUB® = {(Joe, yes,-), Joe, yes, +), Joe, no, -), Joe, no, +), (Ann, no,-), (Ann, no, +) },
A°UB® = {(Ann,yes,—), (Ann, yes, +), (Ann, no,-), (Ann, no, +), Joe, no,—), Joe, no, +) }.
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> Solution 4-4 Because the four events {(Joe, no,-)}, ..., {(Joe, yes, +)} are pairwise disjoint,
we can simply add their probabilities. Hence, P(A) = .09 + .21 +.04 + .16 = .5 (see the
second column of Table 4.1, p. 131). In order to compute P(C|ANB) note that ANB =
{UJoe, yes,—), Joe, yes, +)} is the event that Joe is drawn and treated. Again, because the
two elementary events involved are disjoint, P(ANB) = .04 + .16 = 0.2. Furthermore,
ANBNC = {(Joe, yes, +)} is the event that Joe is drawn, treated, and successful. Its proba-
bility is P(ANBNC) = P({Uoe, yes, +)}) = .16. Hence,
P(ANnBNC) .16

P(C|ANB) = = =.8.
P(ANB) .04+.16

> Solution 4-5 In Example 4.34 we already computed the two B-conditional probabilities
PB({(Ann, yes,—)}) =.30 and PB({(Ann, yes,+)}) = .20. Because these elementary events are
disjoint, the probabilities of their union can easily be computed using the additivity prop-
erty of the probability measure P5. Hence, P5({(Ann, yes, ), (Ann, yes, +)}) = .30+.20 = .50.

> Solution 4-6 Although this question and the concepts needed for an answer are beyond
the scope of this book, the difference P(C|B) - P(C|B°) = .60 —.45 = .15 is the average
total treatment effect (see Steyer et al., 2014). It is the average of the two individual total
treatment effects of Joe and of Ann. For Joe this individual treatment effect is .80—.70 = .10,
(probability of success given Joe and treatment — probability of success given Joe and no
treatment) whereas it is .40 — .20 = 0 for Ann.

> Solution 4-7 Let (Q, < P) be a probability space. Then forall Ae.«/:
PQNA)=P(A)=1-P(A)=P(Q)-P(A) and P@NA)=P@)=0=0-P(A) =P(@)-P(A).

> Solution 4-8 Consider Example 2.2.2, let A = {(h, t),(h, h)} denote the event to flip
heads with the first coin, B = {(t, t), (h, h)} the event to flip tails or to flip heads with both
coins, and C = {(t, h), (h, h)} the event to flip heads with the second coin. All three events
have the same probability P(A) = P(B) = P(C) =.5. Now,

P(ANnC) = P({(h,h)}) = .25 = .5-5 = P(A)-P(C)
and
PBNC) = P({(h,h)}) = .25 =.5-.5 = P(B)-P(C).

Hence, A and C as well as B and C are P-independent, which implies P(A|B) = .5 and
P(C|B) =.5. However,

PANCNB) _ 25 _
P(B) 5
# .25 =.5-5= P(A|B)-P(C|B),

P(ANnC|B) =

which shows that A and C are not B-conditionally P-independent.

Now we present an example in which A and C are B-conditionally P-independent but
not (unconditionally) P-independent. Consider flipping three coins. This random experi-
ment is represented by the probability space (Q, « P), where Q = {h, 8, of = P(Q), and
P: of — [0,1], satisfying P({w}) = .125 for all w € Q. Furthermore, let A = {(¢,¢,t),(¢,t, h)}
denote the event to flip tails with the first two coins, B = {(t, ¢, t), (¢, t, h), (¢, h, t), (¢, h, h)}
the event to flip tails with the first coin, and C = {(t,t, h), (¢, h, h)} the event to flip tails
with the first coin and heads with the third coin. The two events A and C have the same
probability P(A) = P(C) =.25 and P(B) =.5. Because

P(ANnC) = P({(t,t,h)}) = .125 # .25-.25 = P(A)-P(C),
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A and C are not P-independent. Further, P(ANB) = P({(t,t,1),(t, t,h)}) =.25, P(CNB) =

P{(z,5,h),(t, h, h)}) = .25, and
P(AnBNC) _ .125

P(ANC|B) = ———— = =.25
P(B) 5
P(AnB) P(BNnC)
=.5-5=———-——— = P(A|B)-P(C|B).
P(B) P(B)

This shows that A and C are B-conditionally P-independent.

> Solution 4-9 (i) This is the definition of A JﬁL B.

(if) P(A°nB) = P(B\ A)
= P(B)—P(ANB) [Box 4.1 (vi)]
= P(B)-P(A)-P(B) (AL B]
= [1-P(A)]-P(B)
= P(A%)-P(B) [Box 4.1 (iv)],
which is ACJI.)L B.

(iii) We have to show that A Jz'vl' B implies

P(A;nBj) = P(A;)-P(Bj), YA;€{A A€, Q, @} and VB; €{B, B¢ Q, @}.

Whenever A; or Bj is Q or @ this equation holds [see (4.25)]. Furthermore, P(ANB) = P(A)-
P(B) is equivalent to our premise A JPL B, and P(A°NB) = P(A)- P(B) is proposition (ii).
The corresponding argument holds for P(AN B€) = P(A) - P(B€) and P(A°NB¢) = P(A®) -

P(B€), exchanging the roles of A and B.
(iv) This is the definition of Ji)L A B,C.
(v) This proposition immediately follows from (iv) and (i).
(vi) We assume P(B) > 0. Then

AL B & P(ANB)=P(A)-P(B) )]
P(ANnB)
— - PA)
P(B)
< P(A|B)=P(A). [(4.2)]

(vii) This is the definition of A J1'>L C|B.
(viii) We assume P(B) > 0. Therefore,

AJPLCIB < P(ANnCI|B) = P(A|B)-P(C|B) [(vii)]

o PBanc) = PB)-PEC) [(4.14)]
o AlC ()]
PB

(ix) We assume P(B) > 0. Therefore,

AJPLC|B o AlC [(viii)]
PB

o Al CC. (D]
PB

(x) We assume P(B) >0. Then
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P(AnBNQC)

_ PA-P(B)-P(C) [l A B,C, (iv)]
P(B) P
= P(A|B)-P(C|B). [(v), (vD)]

(xi) We assume P(B),P(B¢)>0. Then

P(AnB) P(AnB")

P(A|B)=P(A|BY) & =
P(B) 1-P(B)

[(4.2), Box 4.1 (iv)]

< P(ANB)-[1-P(B)] =P(AnB°)-P(B)
< P(ANB)=[P(ANB)+P(ANB®)]-P(B)
< P(ANB)=P(A)-P(B) [4.7)]
© ALB. (@]

(xii) We assume P(BN C) > 0. This implies P(B) >0 and

ALCIB & P(ANC|B) = P(A|B)-P(C|B) [(vii)]
P(ANBNC) _ P(ANB) P(BNC) @)
P(B) P(B) P(B)
P(AnBnC) _ P(AnB)
P(BNC) ~  P(B)
< P(A|BNC) = P(A|B). [(4.2)]

(xiii) We assume P(B N C¢) > 0. This implies P(B) > 0 and

AiPL C|B & A%lEC [(viii)]
o AlCC [(ii)]

pB
o PB|CcY =PBA) ((vD)]

& P(A|BNC) =P(A|B) [(4.15), (4.14)]
(xiv) We assume P(BNC), P(BNC¢) > 0.
P(A|BNC) = P(A|IBNC%) o P5A|C) = PBAICY) [(4.15)]

& ALC [(xi)]
pE
& AJI.)L C|B. [(viii)]

(xv) We assume P(BNC), P(BNC¢) >0.
BlLC = P(C|B) =P(C), P(C°|B)=P(C") [(vi), (iD)]
= P(A|B) = P(A|BNC)-P(C) + P(A|BNC")-P(C"). [(4.17)]

(xvi) We assume P(BNC), P(BNC¢) >0and AJ‘.DL C|B.

P(A|B) = P(A|BNC) [ALL C|B, (xii)]
P(A|BNC)-[P(C)+P(C)] [Box 4.1 (iv)]
P(A|BNC)-P(C)+P(A|BNC)-P(C)

P(A|BNC)-P(C)+P(A|BNCE)-P(C). [(xiv)]



Chapter 5

Random Variable, Distribution, Density, and
Distribution Function

In chapter 4 we translated the concepts measure and measure space to probabil-
ity theory introducing the notions probability measure and probability space. In
this chapter we define a random variable as a measurable mapping and its dis-
tribution as the image measure of a measurable mapping with respect to a prob-
ability measure (see ch. 2). The distribution of a random variable contains the
comprehensive information about its properties. It informs us about the proba-
bility of each event that can be represented by this random variable. Expectation,
variance and other moments of a random variable are determined by its distri-
bution (see ch. 6). For a multivariate random variable, the (joint) distribution
also contains the information about the dependencies between its components.
It also determines the conditional expectations (see ch. 10). In this chapter, we
apply the concept of independence of families of events in order to introduce
independence of random variables and families of random variables. Finally, the
last sections of this chapter are devoted to the concept of a probability function,
and, for a real-valued random variable, the notions of a distribution function and
a probability density, which are very useful for describing a distribution, for cal-
culations (see, e. g., ch. 6), and for providing instructive illustrations of the under-
lying distributions (see ch. 8).

5.1 Random Variable and its Distribution

In section 2.6 we introduced the notation
[ Qe p)— Q) ),

which expresses that f: Q — Q' is an («f, «/')-measurable mapping and that y is
a measure on the measurable space (Q,«). If u is a probability measure, then a
measurable mapping is also called a random variable and its image measure s
is also called its distribution. This change of terms goes along with a change in
notation. Instead of f, g, and h, we preferably use letters such as X, Y, and Z.

Definition 5.1 (Random Variable)
If (Q,s4, P) is a probability space and X: (Q, ) — (Q%,<fx) a measurable
mapping, i. e., if X: Q — Q satisfies
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XA eod, VAeo, (5.1)

then X is called a random variable on (Q, <, P) with values in (Q;’(,,Qﬁ‘ié).
If (Q%, %) = (R, %B), then X is called real-valued, and if (Qk,<#%) = (R, %),
then X is called numerical.

Remark 5.2 (Measurability of Inverse Images) Equation (5.1) implies thatall in-
verse images
XA :={oeQ: X(weA}, Aed,

are elements of the g-algebra </ on Q. Because the measure P : «f — [0, 1] assigns
a probability to all elements of </, the probabilities P[X ~1(A’)] of these inverse
images are determined by P (see Exercises 5-1 and 5-2). <

Definition 5.3 (Distribution of a Random Variable)
Suppose that X : (Q, 4, P) — (Q, %) is a random variable. Then the function
Px: oy — [0,1] defined by

Px(A") = PIX7'(A)], VA'esth, (5.2)

is called the distribution of X (with respect to P).

Remark 5.4 (Notation P(Xe€A') and P(X=x)) If A’€ o, we use the notation
P(XeA) = P[X (AN (5.3)

for the probability of the event {Xe€ A} = X"1(A",i.e., the event that X takes on a
value in the subset A’ of Q%. If {x} € <7y,

P(X=x) := P[X ' ({x})] (5.4)

for the probability of the event {X=x} = X ! ({x}) = {w € Q: X(w) = x}. If we write
P(X=x), then we always assume {x} € o¥, even if not mentioned explicitly. <

Remark 5.5 (A New Probability Space) Definition 5.1 implies that every random
variable X on a probability space (Q, <, P) has a distribution Px. Furthermore,
Px: ofx — [0,1] is also a measure, the image measure of P under X (see Th. 2.79
and Def. 2.80). Because Px(Q%) = P(Q) = 1, we can conclude that Py is a proba-
bility measure, and (QY, 7%, Px) is also a probability space. Therefore, we use the
notation

X: (Q, 54, P) — (Qk, x, Px)

expressing that

(@) X:Q — Qyis arandom variable on the probability space (Q, < P),
(b) oy is a g-algebra on Q%, and
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(c) Py is the distribution of X.

Definition 5.6 (Identically Distributed Random Variables)

Let X: QW oW POy — Q) ") and Y: (QP, P PP) — (Q" /") be ran-
dom variables. If Px = Py, then we say that X and Y are identically dis-
tributed.

Note that, oftentimes, (QW), o/® PA) = QP 7@ p@) Now we consider the
distribution of a composition g(X) of a random variable X: (Q, <, P) — (Qx, <fy)
and a measurable function g: (Q%, «7x) — (Q', «/'). According to Remark 5.5, the
mapping g is a random variable on the probability space (Qk, <y, Px). Further-
more, according to the following lemma, g(X) is a random variable on (Q, <, P)
and the distribution of g(X) is the image measure of Px under g. The notation of
this image measure is (Px).

Lemma 5.7 (Distribution of a Composition)
Let X: (Q, o4, P) — (Q%, o/x) be a random variable and g: (Qx, fx) — (Q, <)
a measurable function. Then the composition g(X): (Q,<4,P) — (Q /") isa
random variable and

(PX)g = Pg[X) . (5.5)

(Proof p. 188)

Example 5.8 (Indicator (Variable) of an Event) If (Q, o, P) is a probability space
and A€o, then the mapping 14: (Q, <4 P) — ({0,1},22({0,1})) is a random vari-
able. It is called the indicator (variable) of A. The distribution of 1, is

P1,({0) = P(A%), P1,({1)=P(A), P,(10,1)=P(Q)=1, P1,(@)=P(@)=0.

If we consider the same event A and the measurable space (R, %), then we
can also write 14: (Q, o P) — (R,98) in order to express that 1,4 is also (7, %8)-
measurable. Note, however, that now the distribution of 1, is a probability mea-
sure on (R, %), and for all B € 23,

Py,(B) = P[1;'(B)] = Pl{w€Q: 1,(w) € B}] [(5.2), (2.2)]
P@) =0, if0¢B,1¢B,
P(4), if0o¢g B,1€B,

P(A9), if0eB,1¢ B,
P =1, if{0,1}cB.
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Example 5.9 (Indicator of an Inverse Image) If (Q, <, P) is a probability space,
X: (Q, o, P)— (Qk, ofx) arandom variable, and A'€ oy, then 1y-141: (Q, o/, P) —
({0,1},22({0,1})) is a random variable on (Q, &/, P) and

1X€A/ = 1X_](A/) = 1A/(X) = 1A' oX (56)
(see Exercise 5-3). The distribution of 1 4 is

P, (0D =P(XgA), Pi_,({1)=P(XeA),
P, (0,1)=P@=1, Pi_, @) =P@®) =0.

<

Example 5.10 (Dichotomous Random Variable) Let X: (Q, </, P) — (Q%, «/¢) bea
random variable on (2, <7, P). Then X is called dichotomous with values x; and x,
if {x1}, {xo} € Ay, P(X € {x1,x,}) =1 and 0 < P(X=x;) < 1. If X is dichotomous with
values 0 and 1, then X = 1x-. <

Example 5.11 (Flipping two Coins - continued) In Examples 2.2.2 and 2.83, we
considered flipping two coins and defined X: (Q, o/, P) — ( Qk%, 9’(9&)], arandom
variable representing with its values the number of flipping heads. Its possible
values are 0, 1, or 2. Hence, we can choose Q% := {0,1,2} and

1
P(X=0) = Px({0}) = PIX"'({0})] = Pli(z,0}] = 7
1
P(X=1) = Px({1}) = PIX"'({1D] = PU(h,0),(t,)}] = >’
1
P(X=2) = Px({2}) = PIX"'({2D] = Pl(h,h)}] = 1

are the probabilities assigned to the singletons {0}, {1}, and {2}, whereas

3
P(X€{0,1}) = Px({0,1}) = P[X~'({0,1}))] = PI{(t,1),(h, 1), (£, }] = 7
2
P(X€1{0,2}) = Px({0,2}) = P[X~'({0,2})] = PI{(t,1),(h,W}] = 7
3
P(X€{1,2}) = Px({1,2}) = PIX"'({1,2)] = Pl{(h,1),(t,h)(h,W}] = 1

are the probabilities assigned to the sets {0,1}, {0,2}, and {1,2}, which consist
of two elements of Q% Finally, Px(Q%) = P[X 1(Q%)] = P(Q) = 1 and Px(Q) =
PIX1(®)] =P®@) =0. <

Example 5.12 (Tom, Jim, and Kate) Now we consider an example that is sim-
ilar to the experiment with Joe and Ann. However, the set of persons is now
Qu := {Tom, Jim, Kate}, and we consider three treatments, the elements of the set
Qy := {Con, BTh, PTh}, where Con could be no treatment. The random experi-
ment consists of: drawing a unit u from the set Qy, assigning it to one of the three
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Table 5.1. Tom, Jim, and Kate

Elements of Q Random variables
<

&~
2 5 2 2
w 3 ) 8 =
2 B 5 | =
- | % =8
E ., |28 |8 E g
EN- 2 8= g g 15
=2 0 S 2 g8 3 7] w g
£ 2 3 e | 8 e =]
o F & - s = o
(Tom, Con, —) 10/99 Tom O 0
(Tom, Con, +) 10/99 Tom O 1
(Tom, BTh, -) 2/99 Tom 1 0
(Tom, BTh, +) 6/99 Tom 1 1
(Tom, PTh, —) 1/99 Tom 2 0
(Tom, PTh, +) 4/99 Tom 2 1
(Jim, Con, —) 5/99 Jim 0 0
(Jim, Con, +) 15/99 | Jim 0 1
(Jim, BTh, —) 3/99 Jim 1 0
(Jim, BTh, +) 5/99 Jim 1 1
(Jim, PTh, —) 2/99 Jim 2 0
(Jim, PTh, +) 3/99 Jim 2 1
(Kate, Con, —) 12/99 Kate 0 0
(Kate, Con, +) 8/99 Kate 0 1
(Kate, BTh, —) 5/99 Kate 1 0
(Kate, BTh, +) 3/99 Kate 1 1
(Kate, PTh, —) 4/99 Kate 2 0
(Kate, PTh, +) 1/99 Kate 2 1

treatment conditions Con, BTh, or PTh and observing whether (+) or not (=) a
success criterion is reached. Hence, the set of possible outcomes of this random
experiment is

Q = QuxQxxQy = {(Tom, Con,—), (Tom,Con,+),..., (Kate, PTh,+) }.

It consists of the 3-3-2 = 18 triples (u, wx, wy) listed in the first column of Table 5.1.
As the set of possible events < we consider the power set 22(Q). This set has 218 =
262144 elements, where 18 is the number of elements of Q. The probabilities of
the 18 elementary events {w}, w € Q, are displayed in the second column of the
table. With these specifications, the probabilities P(A) of all 218 elements A € of
are determined [see Rule (x) of Box 4.1]. Hence, the probability space (Q, o, P) is
completely specified.

Table 5.1 also displays the values of the three random variables U: (Q, «, P) —
Qu, 2 Qp)], X: (Q, 4 P) — [Q%, P(Q%)], and Y: (Q,«, P) — [Qy, 2 (Qy)], where
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Qk :={0,1,2} and Qy := {0, 1}. For the singletons {x}, x € Qk, the values Px ({x}) =
PIX~'({x})] of the distribution of X are

Px({0}) = 60/99, Px({1}) = 24/99, Px({2}) = 15/99,
for the sets that consist of two elements of Q, they are
Px({0,1}) = 84/99, Px({0,2}) = 75/99, Px({1,2}) = 39/99,

and for Q% and @, they are Px (Q%) =1 and Px (@) =0.
For the singletons {u}, u € Qy, the values Py ({u}) = P[U '({u})] of the distri-
bution of U are

Py ({Tom}) = Py ({Jim}) = Py ({Kate}) = 1/3,
for the sets that consist of two elements of Q they are
Py ({ Tom,Jim}) = Py ({ Tom,Kate}) = Py ({Jim,Kate}) = 2/3,

and for Qy and @, they are Py (Qy) =1 and Py (0) =0. <

Time Order Between Random Variables

In Example 5.12 and also in the examples with Joe and Ann, there is a time order
between the random variables involved. Obviously, the person variable U repre-
sents events that are prior to the events represented by the treatment variable X
and to the events represented by the outcome variable Y. In the following defini-
tion we extend the definitions introduced in section 4.2.2 to random variables.

Definition 5.13 (X is Prior, Simultaneous, Posterior to Y)
Let X: (Q, o, P) — (Qk, %), Y: (Q, 4, P) — (Q}, oy) be random variables and
(%, t €T) afiltrationin . Then:

(i) X iscalled prior to Y (andY posterior to X) in (%, teT), if
thereisan seT such thato(X) c F;,0(Y) ¢ F,andate T, t >s, such
thato(Y) € %;.

(ii)) X iscalled simultaneous to Y in (#,t€T),ifthereisateT such
thato(X),0(Y)c %, andnoseT, s< t, such thato(X) c % or o(Y) c
Z.

Remark 5.14 (Filtration Generated by a Family of Random Variables) Definition
5.13 does not presume that all pairs of random variables can be ordered and com-
pared to each other with respect to a filtration (%, t € T). However, given a family
(X;,i € I) of random variables where I < R, we can define a filtration (&%;,i € I)
by &;:=0(Xj, j=<1i)foralli € I. This filtration is called the filtration generated by
(X;,i € I) (see Klenke, 2013, p. 191). In this filtration X; is prior to X; if and only if
i<j,wherei,jel. <
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Example 5.15 (Flipping a Coin Twice) If we consider the random experiment of
flipping the same coin twice, the probability space (Q, <7, P) is identical to the one
specified in section 2.2.2 and Example 2.83, where we considered the random
experiment of flipping two coins. Hence, the set of possible outcomes is

Q = {(hh), (h1), (1, h), (1,0}

The possible outcome (t, 7) now represents to obtain tails in the first flip and
heads in the second flip. Now, for i = 1,2, define the random variables X;: Q —
{0,1} by

l, if a; = h,
Xillay, ap)] := ) Y(a, ay) € Q. (5.7)
0, ifa;=t,

Hence, the value 1 of X; indicates that the outcome of the ith flip is heads. If we
define the filtration (%, %) by &, := a(X;) and %, := 6(X), X3), then X, is prior
to X in the filtration (&, %,). Hence, this filtration serves to introduce time order
between the first and the second flip of the coin. It can be shown, e. g., that X is
also prior to Xj - X, in (%1, %,) (see Exercise 5-4). <

Example 5.16 (Joe and Ann With Random Assignment - continued) In Example
5.37, the random variable U is prior to X in the filtration (%, t € {1, 2, 3}) specified
in Example 4.19, because o (U) c &, 0(X) ¢ %, and o(X) c &,. Analogously it
can be shown that, in this example, X is priorto Y. <

5.2 Equivalence of Two Random Variables With Respect to a
Probability Measure

5.2.1 Identical and P-Equivalent Random Variables

Let X,Y: (Q, < P) — (Q" «/") be two random variables. Then X and Y are called
identical if
Vwe: X(w) = Y(w). (5.8)

Remark 5.17 (P-Equivalent Random Variables) Let X,Y: (Q, o/, P) — (Q), o/') be
two random variables. Then X and Y are almost surely identical with respect to
P or P-equivalent, denoted X =Y, if

JAeod: (VoeQ\A: X(w)=Y(w) and P(A)=0) (5.9)

(see Def. 2.68). Another notation for X =Y is X (w)P_ja Y (w), which is a shortcut
for o
X(w)=Y(w), forP-aa. weq, (5.10)

meaning that the values of X and Y are identical for P-almost all w € Q (see
Rem. 2.70). <
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Remark 5.18 (Singleton With a Positive Probability) If X 5 Y or, equivalently, if
X(w)P_ju Y (w), and {w*} € of, with P({®w*}) > 0, then X (w*) = Y (w™*) [see Rem. 2.71].
- <

Example 5.19 (Indicator of a Null Set) Let (Q, </ P) be a probability space and
A€ If P(A) =0, then

14 % 0 and lpge = 1-14 % 1 (5.11)
(see Example 5.8). <

Remark 5.20 (Q-Equivalence) Note that the definition of equivalence of two
random variables X and Y with respect to a probability measure only presumes
that Xand Y are measurable with respect to a o-algebra on Q and that the mea-
sure considered is a probability measure on this o-algebra. Hence, we can con-
sider the equivalence of X and Y with respect to different probability measures,
say P and Q and study their relationship. <

In the following lemma we consider the relationship between P-equivalence
and Q-equivalence, presuming Q <P (absolute continuity), i. e., presuming

VCe€: P(C)=0= Q(C)=0

(see Def. 3.70).

Lemma 5.21 (P-Equivalence and Q-Equivalence)
Let X,Y: (Q, o, P) — (Q) «/") be random variables. If Q is a probability mea-
sure on (Q,<f) such that Q < P, then X = Y implies X o Y.

(Proofp. 188)

According to Lemma 4.32 (i), pB < P, provided that B € &/ is an event for
which P(B) > 0. Hence, Lemma 5.21 immediately implies the following corollary:

Corollary 5.22 (P-Equivalence Implies P2-Equivalence)
Let X,Y: (Q, < P) — (Q) o) be two random variables and let B € «f with
P(B) >0. Then X = Y impliesXP:B Y.

Example 5.23 (P3-Equivalence Does not Imply P-Equivalence) Consider the set
Q = {wy, wy, w3, w,} with the o-algebra of = 2(Q), and the set Q' = {a, b, ¢, d}, with
the o-algebra o' = 2(Q’'). Furthermore, let P: o« — [0,1] satisfy P({w;}) = .25,
P({w,}) = .25, P(fws}) = 0, and P({w4}) = .50. Finally, define X,Y: (Q,«,P) —
Q) ") by
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Figure 5.1. Two random variables that are P2 equivalent if P({ws}) =0

a, ifo=w, a, ifow=w;

b, ifw=w, b, ifw=w,
X(w) = ] Y(w) = ]

¢, ifo=w; , ifo=w;

d, ifo=w, ¢, fwo=w,

(see Fig. 5.1). If B = {®w;, w2, w3}, then X = Y, but neither X=Y nor X = Y (see Ex-
ercise 5-5). Therefore, equivalence with respect to P? does not imply equivalence
with respect to P. <

Theorem 2.85 on the equivalence of image measures immediately implies the
following corollary on the equivalence of the distributions of two P-equivalent
random variables:

Corollary 5.24 (P-Equivalence Implies Equal Distributions)
Let X,Y: (Q, <, P) — (Q) o) be random variables with distributions Px and
Py, respectively. If X =Y, then Px = Py.

In other words, if X and Y are P-equivalent, then they are identically dis-
tributed. Note, however, that identical distributions of X and Y do not imply that
X and Y are P-equivalent.

In chapter 6 we shall see that Corollary 5.24 implies that also the expectations,
variances, and other moments of X and Y are identical if X, Y: (Q, </, P) — (R, %)
are P-equivalent numerical random variables, provided that the expectations,
variances, and other moments of X and Y exist.

The following corollary is an immediate implication of Theorem 2.86.

Corollary 5.25 (P-Equivalence of Compositions)
LetX: (Q,<f,P) — (Q)’(,_a{;é) be a random variable with distribution Px and let
8,8 (Qk oY) — (R, B) be measurable functions. Then:
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) gX) 5 gX) & g zg"
(i) gX) 5 &M < ggg"
(i) gX) 5 g°X) o g =g

(Proof p. 188)

Remark 5.26 (Alternative Notations) Note that

85 gt o g =g'x), forPx-aa xeQj, (5.12)
g5 g" © g <g'), forPx-aa xeQy, (5.13)
§ 5 g° o g =< g*x), forPx-aa xeQf. (5.14)

<

5.2.2 P-Equivalence, P®-Equivalence, and Absolute Continuity

Now we consider the relationship between equivalence of two random variables
X,Y: (Q,o,P) — (Q) /') with respect to P and P38, and absolute continuity of
Px with respect to P¢, the distribution of X with respect to the conditional-
probability measure PZ. Remember, for B €/ and P(B) > 0, we defined the B-
conditional probability measure P® (see Def. 4.29). Referring to such a measure,
X = Y means

JAcot: (VmeQ\A: X(w)=Y(®) and PB(A):O), (5.15)

[see (5.9)]. If B denotes the event {X=x} := {w € Q: X(w)=x}, then we define
PX=%.= pB and call it the (X=x)-conditional probability measure on (Q, «/).

Lemma 5.27 (An Implication of Absolute Continuity)
Let X,Y: (Q, <, P) — (Q" /") be random variables that are measurable with
respect to the o-algebra € c <, and assume {X # Y} € €. Furthermore, let

Bed withP(B)>0. If X = Y andP < P®, thenX =Y.
P € ? (Proof p. 189)

Example 5.28 (No Treatment For Joe) Consider Table 5.2. In this example we de-
fine the set Qy = {Joe, Jim, Ann} and

Ay = PQy) = {Uoe}, Jim},{Ann}, Joe, Jim}, Joe, Ann}, {Jim, Ann}, Qy, @}.

Using these sets, not only U: (Q, &, P) — (Qy, «/y) is a random variable, but also
U*: (Q, s, P) — (Qu,<fy) defined in Table 5.2. Now the distribution of U is speci-
fied by Py ({Joe}) = .5, Py({Jim}) = 0, and Py ({Ann}) = .5. The probabilities of the
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other five elements of </, are obtained using Rule (x) of Box 4.1. Furthermore,
PU* = PU.
Considering the measure PO we find U = OU * because
pX=

P={U £ U™ = P*°({(Joe, yes, +), (Joe, yes, -)}) = 0.

Furthermore, there are only two sets A € o(U) with P*=°(A) = 0. These are the
sets U ({Jim}) = {(Joe, yes, +), (Joe, yes, —)} and @, and for these sets we find
P(U~'(Jim})) = P(@) = 0. Hence, PU<(5)PX:°, and according to Lemma 5.27 this
implies U = U*. In fact, we find

P{U # U™} = P({(Joe, yes, +), (Joe, yes, -)}) = 0.

<
Lemma 5.29 (Absolute Continuity)
Let X: (Q, 4, P) — (Qk, %) be a random variable and B € «f with P(B) > 0.
Then
P<P? & Px< P (5.16)
a(X) Ay

(Proofp. 189)

Example 5.30 (No Treatment For Joe — continued) In Example 5.28, we already
found

P« Pp*0,
a(U)

There are only two sets A’ € o/ with P}=°(A’) = 0, the sets {Jim} and @, and for
these sets we find Py ({Jim}) = Py (@) = 0. Hence, in this example,

Py« P[);:O
Ay

holds as well. <

Lemmas 5.29 and 4.32 immediately imply the following corollary.

Corollary 5.31 (Null-Set Equivalence)

Let X: (Q, 4, P) — (Qk, %) be a random variable and B € «f with P(B) > 0.
Then P and P® are null-set equivalent on (Q,0(X)) ifand only if Px an P are
null-set equivalent on (Qk, <fy).

According to Lemma 4.32, absolute continuity of P2 with respect to Py always
holds. In other words, P)? <« Py, which is equivalent to
o

VA ey Px(Ah=0 = PEA)=0, (5.17)

always holds. In contrast, Px < P,? is not necessarily true.
ay
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Table 5.2. No Treatment for Joe

Outcomes w Observables
L o8 3|2
§ 8§ £ §|¢&
5 £ & | A g & & 8| & A,
(Joe, no, —) 152 | Joe Joe O 0 245 0
(Joe, no, +) 348 | Joe Joe 0 1 561 0
(Joe, yes, =) | O Joe Jim 1 0 [0 0
(Joe, yes, +) 0 Joe Jim 1 1 0 0
(Ann, no, —) | .096 | Ann Ann 0 0 | .155 O
(Ann, no, +) | .024 | Ann Ann 0 1 .039 0
(Ann, yes, —) 228 | Ann Ann 1 0 0 .60
(Ann, yes,+) | 152 | Ann Ann 1 1 | 0 .40

Example 5.32 (No Treatment For Joe — continued) Table 5.2 displays an exam-
ple illustrating absolute continuity of Py with respect to PZ for a discrete ran-
dom variable U. Consider the event B = {X=1} = {0w € Q: X(w) = 1}. Using this
notation, Py is not absolutely continuous with respect to PX‘ ,i.e., Py << PX‘
does not hold. In contrast, Py << PX‘0 does hold.

In this example, the eight elernents of Q are listed in the first column of the ta-
ble. Furthermore, we choose & = 22(Q2) and the probability measure on (Q, ) is
specified by the probabilities of the singletons {w} specified in the second column
of the table [see Box 4.1 (x)]. The random variables U: (Q, <, P) — (Qy, </y), with
Qu = {Joe,Ann}, ofy=P(Qy), and X,Y: (Q,, P) — (Q, 2(Q")) with Q' ={0,1},
are specified in columns 3, 5, and 6 of Table 5.2. (The random variable U* has
been used in Example 5.28.) Note that the distribution of U is:

Py({Joe}) = P({(Joe, no, -), (Joe, no, +), (Joe, yes, +), (Joe, yes, -)}) = .5,
Py({Ann}) = P({(Ann, no, -), (Ann, no, +), (Ann, yes, +), (Ann, yes, -)}).5,
Py(Qy) =1, Py@) =0.

Now, we compute the (X=1)-conditional probabilities of the elementary events:

P({(Joe, no, -)}n{X=1})
P(X=1)

P ({oi}) = P ({(Joe, no, -)}) =

0/(.228+.152) = 0,

and the same result is obtained for w, to wg. In contrast,
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P({(Ann, yes, -)} N {X=1})

x=1
P ({w7h) PIX=1)

PX({(Ann, yes, -)}) =

.228/(.228 +.152) = .60,

and

P({(Ann, yes, 1)} n{X=1})
P(X=1)

P ({wg)) = PX'({(Ann, yes, +)}) =

= .152/(.228 +.152) = .40.

These results are displayed in the last column of Table 5.2 and the last but one
column shows the probabilities PX=° ({w}) of the singletons with respect to P*=°,

Now consider the element {Joe} € /. Inspecting the last and the second
columns of Table 5.2 shows that

Pj~'({Joe}) =0 and Py({joe}) = 5.

According to Definition 3.70 (i), this implies that Py < P7! does not hold. In
contrast, none of the four elements A’ € ofy; satisfies

P°(A") =0 and Py(A) # 0.

Therefore, in this example, Py < PJ=° does hold. <
[

5.3 Multivariate Random Variable

Univariate random variables take on their values in sets such as Q' c R, Q' =
{male, female}, or Q' = {low, medium, high}, whereas bivariate random variables
take on their values in sets such as Q' < R? or

Q' =1 male, female} x {low, medium, high}.

The values of bivariate random variables are pairs such as (5,8) or (male, low).
The values of n-variate random variables are n-tuples. If X takes on values such
as male or (male, low), then we call X qualitative. If X takes on values in a subset
of R”, n €N, we call it n-variate real-valued. If X takes on values in a subset of
R” ne N, we call it n-variate numerical.

Remark 5.33 (Joint and Marginal Distributions) Definition 5.1 also applies to
an n-variate random variable X, i. e., to a random variable

X = (X, X0): (@8, P) — ( X OF, @ o | (5.18)

that consists of zn univariate random variables X;: (Q, s, P) — (Q}, «7/). Hence,
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X(w) = [Xj(w),...,.X,(w)], VweQ. (5.19)

The distribution Py = Py, .. x,, of X is also called the joint distribution of the ran-
dom variables X;,i=1,...,n.
Because 7;(X;,...,X,) = X;,
Py.

1

= Pﬂi(Xl ..... Xn)» i= 1,...,”, (520)

[see Eq. (2.20) defining the projection x;]. In this context, Py, is called the (one-
dimensional) marginal distribution of X;. Equation (5.20) shows that the joint
distribution uniquely determines all marginal distributions, but not vice versa!
More specifically, fori = 1,..., n,

Px;(A) = Px,, x, (Q)x...xQi_ 1 x Aj xQl 1 x...xQ}), VAied!. (521

.....

Analogously, we may also describe the marginal distribution of (X;,...,X;,),
where {i\,...,i,,} c{1,...,n} <

Remark 5.34 (Joint Distribution vs. Other Quantities) The joint distribution of
a multivariate random variable contains the essential information about the ran-
dom variables Xj,..., X},. All other quantities such as expectations E(X;), vari-
ances Var (X;), covariances Cov (X;, X;), or conditional expectations such as E(X; |
Xa,...,X,), which are introduced in succeeding chapters, are determined by the
joint distribution, and usually they contain less information. Nevertheless, these
other quantities often reveal certain properties of a multivariate random variable
more clearly than the joint distribution. <

Example 5.35 (Flipping two Coins - continued) In Examples 2.2.2 and 2.83, we
considered the random experiment of flipping two coins and defined a random
variable X representing with its values the number of flipping heads. Additional
to X we may also define the random variables X, X: (Q, </, P) — ({0,1},22({0,1}))
by

1, ifwe{(h1), (h h)}
Xi(w) =4 " (5:22)
0, ifwe{(t,h), (£, 1)}

and
1,if w € {(t, h), (h, h)}

X = 5.23
2(0) {aﬁweumnwum. o2

They indicate with their value 1 if heads are flipped at the first and second flip,
respectively. Obviously, X = X; + X. Furthermore,

(X1,X5): (Q, 4, P) — ({0,1} x {0,1},22({0,1}) ® 2 ({0,1}))

is a two-dimensional random variable with values (0, 0), (0, 1), (1,0), and (1, 1). The
joint distribution Py, x, is uniquely defined by

. 1 ..
PXI,Xz({(l)])}) = Z; Vl,] :0,1.
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The marginal distribution of X is

. . _ 1 1 1 ,
Px, ({i}) = Px,,x,({(,00}) + Px,, x, ({G, 1}) = Z+Z = 1=0,1,

Px,({0,1}) = 1, and Py, (@) = 0. Obviously, Py, is completely determined by the
joint distribution Py, x,, and the same applies to the marginal distribution Py, .
<

Example 5.36 (Tom, Jim, and Kate — continued) The second column of Table 5.1
also displays the probabilities Py, x,y ({(u, X, y)}) = P({w}) of the three-dimensional
random variable (U, X, Y) that maps the elements w € Q onto the set

Q' := {Tom, Jim, Kate} x {0,1,2} x {0,1}
on which we consider the o-algebra
o' = 2PQ") = P({Tom, Jim, Kate}) ® 2({0,1,2}) ® 2({0,1}).

The probabilities Py, x,y ({(u, x, »)}), (u,x,y) € Q’, uniquely determine the joint
distribution Py, x,y as well as the one-dimensional marginal distributions Py, Py,
Py, and the two-dimensional marginal distributions Py, x, Py,y, and Pxy. <

For another example of a joint distribution, which refers to Example 2.34
(p. 53) see Exercise 5-6.

5.4 Independence of Random Variables

The concepts of independence of events and of set systems, i. e., of sets of events,
which have been introduced in Definition 4.40, can be used to define stochastic
independence of random variables. Remember that

oX) ;= X Nt = (XA Aled}

is a o-algebra on Q, called the o-algebra generated by X (see Def. 2.26). Hence,
we can define the random variables X;: (0, o, P) — (Q}, ) and X»: (Q, &, P) —
(Q), <)) to be P-independent if X '(s#]) and X, '(<) are P-independent. In
other words, X; and X, are defined to be P-independent, if and only if

P(ANB) = P(A)-P(B), Y (AB)eX, () x X, " (). (5.24)
Using the notation introduced in Remark 5.4 and
P(X €A, X,eB") := P({X,€ A'}n{X,eB'}), (5.25)
this equation is equivalent to
P(X;e A, X,eB") = P(X,€ A")-P(X,eB'), V(A,B)eol| xofs. (5.26)

Independence of the random variables X; and X, with respect to P is denoted by
X; Jz'vL Xo.
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Example 5.37 (Joe and Ann With Random Assignment - continued) InTable 2.2
we presented the random experiment of drawing a person from a set of per-
sons, Qp = {Joe,Ann}, performing a randomized assignment of the drawn per-
son to one of two treatment conditions represented by the elements of the set
Qx = {yes, no}, and observing success or failure, represented by the elements of
the set Qy = {—, +}. Hence, the set of possible outcomes of this random experi-
ment is

Q= QUXQXny,

which consists of the eight triples listed in the first column of Table 2.2. In that
table we defined the three random variables

U: (Q,2@Q)—(Q,2Qy) and X,Y:(Q2Q)— Q) «",

where Q' = {0,1} and /' = {{0},{1},Q/,@}. In order to check if Equation (5.26)
actually holds, we choose the two sets {Joe} € (Qy) and {0} € ¢ ' and compare
the probability

P(X=0,U=Joe) = P({(Joe, no,—),Joe, no, +)}) = .3
(see the first two rows of Table 2.2) to the product of the two probabilities

P(X=0) = P({(UJoe, no,—), Joe, no, +), (Ann, no,—), (Ann, no,+)} = .6
and

P(U=Joe) = P({(oe, no,—), Joe, no, +), Joe, no, —), Joe, no,+)} = .5.

Obviously, Equation (5.26) holds for the pair ({0}, {Joe}) € of ' x 22(Qy). Repeating
the corresponding comparisons for all pairs of o' x 2(Qy) shows that Equation
(5.26) actually holds in this example (see also Exercise 5-7). <

Remark 5.38 (A Methodological Note on Random Assignment) In random ex-
periments such as the one presented in Example 5.37, with a randomized assign-
ment of the drawn person to one of several treatment conditions, we create in-
dependence of X and the person variable U. According to Equation 5.26, this
implies that we create independence of X and all U-measurable mappings f(U),
because o[f(U)] < o(U) (see Cor. 2.53). More generally, randomized assignment
of an observational unit (such as a person) creates independence of X and all
pretreatment variables. <

Using definition 4.40, the following definition extends the concept of indepen-
dence of two random variables to a family of random variables. This includes a
finite sequence of random variables X;, i € I :={1,..., n}, an infinite sequence of
random variables X;, i € I :={1,2,...}, and a family (X;,7 € I) of random variables
in which the index set I may be any set, including, e.g., I cR.
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Definition 5.39 (Family of Independent Random Variables)

A family (X;,i € I) of random variables X;: (Q, 4, P) — (Qf, &) is called a
family of P-independent random variables, denoted AL (X;,iel), if
(X' (#i), i €1) is a family of P-independent o-algebras.

Remark 5.40 (Independence of Three Random Variables) Hence, three random
variables X;, X,, X3 are independent, denoted JﬁL X3, X2, X3, if and only if

P(X,e A, X,€B’, X3€C’) = P(X;€ A')-P(X,€B")-P(X3€C"),

(5.27)

V(A B',C") e ot x oty x o3
(see Rem. 4.38). Note that pairwise independence of Xj, X,, X3 follows from choos-
ing A'=Qq, B'=Q), or C' = Q}, respectively. <

Remark 5.41 (Independence of » Random Variables) Correspondingly, the ran-
dom variables Xj, ..., X, are independent, denoted J}.!.Xl,...,Xn, if and only if

P(X e Al,...,X,€A}) = P(X1€A):-...- P(X,EA}),

(5.28)
V(AL,...,A)ed] x...x o).

<

Remark 5.42 (Sample) Oftentimes, we assume that Xj,..., X,, is a sequence of
independent and identically distributed (abbreviated i.i.d.) random variables
(see, e.g., chs. 6 and 8). In statistics, a sequence Xj,..., X, ofi.i.d. random vari-
ables is called a random sample.

An important example of i.i.d. random variables is treated in the section on
Bernoulli trials (see section 8.1.2). <

Remark 5.43 (Independence With Respect to a Probability Measure) If there is
no ambiguity we also use the term independence of events, sets of events, ran-
dom variables, and sets of random variables. Note that, if Q is another probabi-
lity measure on (Q, /), then events, sets of events, and random variables can be
P-independent although they are not Q-independent. <

Remark 5.44 (A Random Variable and a Set System) Independence of a set sys-
tem and a random variable is defined in the same way. A set system & c o/ and a
random variable X: (Q, «/, P) — (Qk, «fy) are called independent, denoted & J}.!_ X,
if & and o(X) are independent. Of course, & can also be a sub-o-algebra of «. <

Remark 5.45 (A Random Variable and a Family of Random Variables) Indepen-
dence of a random variable X and a family (Y;,7 € I) of random variables, de-
noted XJ}.j_(Y,-,i € I), is defined by XJFI)_G(Yi,i € I) [see Eq. (2.18)]. Note that
XJ}.j_(Y,-,iEI) impliesXJ}.)Lo(Y,-),foralliEI. <
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Remark 5.46 (Equivalent Propositions) Let (Q, o/, P) be a probability space, B € «/,
and ¥ c «f. Then the following propositions are equivalent to each other:

1 lL€, o(B)Ie, {B}I1¥, BIE

(see Rem. 4.41 and Exercise 5-8). <

In Corollary 5.24 we noted that P-equivalent random variables have identi-
cal distributions. According to the following lemma this also has implications for
independence of random variables.

Lemma 5.47 (P-Equivalence and Independence)
Let X;: (Q,,P) — (Q, "), i = 1,2, and Y: (Q, <, P) — (Qf, o)) be random
variables. Then

(zX%AXilY) = XUV, (5.29)

(Proof p. 189)

Now we consider the probability measure P and the B-conditional-probability
measure P2 on (Q, /) (see Def. 4.29). In Lemma 4.32 we have shown that P is
absolutely continuous (see Def. 3.70) with respect to P on (Q, «). In the following
lemma we show that P is absolutely continuous with respect to P58 on (Q,%6),
6 c o, provided that B and € are independent.

Lemma 5.48 (Independence and Absolute Continuity)
Let (Q, o4, P) be a probability space, let € < be a o-algebra, and B € of with
P(B) > 0. Then 1 \L€ implies P < PB,

(Proof p. 189)

In the following lemma, Px,®...® Px, denotes the product measure of the
marginal distributions (see Def. 1.67 and Rem. 5.33).

Lemma 5.49 (Independence and Product Measure)
Let X = (Xy,...,X,) be an n-variate random variable as specified in (5.18).
Then

L X,...X, & Px,.x,=Px;®...8Px,. (5.30)

(Proof p. 190)

Example 5.50 (Tom, Jim, and Kate — continued) In example 5.12 we considered
the random variables X and U, which have been constructed such that they are
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independent. All 8-8 = 64 pairs (A, B) of elements A € X "' («{) and B € U ™! (o)
satisfy P(ANB) = P(A) - P(B). Let us consider, e.g., A; := X~1¢o}) and B; :=
U~'({Tom)}, B, := U~ ({Jim)}, and Bs := U "' ({Kate)}. Then

20 ,
P(A;nBj) = 39’ j=123

and

60 1 20 .
— .- ==, j=1,23.
99 3 99

Similarly, considering the events A, := X ~'({1}) and B;,

P(Ay)-P(B)) =

8 .
P(AgﬁB]) = %, ]:1»2’3

and
P(A)-P(B~)—%~l—3 i=1,2,3
2P T 993 T g9t T
Finally, considering the events Az := X ~1(42}) and B i, yields

5 .
P(A3ﬂB]) = %, ]:1»2’3

and
P(A3)-P(Bj) = 1—5 . 1 = i, j=123.
9 3 99
Because @ and all sets A € o are independent, this implies that independence
holds for all pairs (A, B) € {A, A,, A3, @} x {B1, B,, B3, @}. Furthermore, because

(@) &1 :=1{A;, Ay, A;3,0} and &, := {By, B,, B3, D} are N-stable set systems on 7,
(b) 0(&) =Xy and 6(&2) = U~ (Ay),

we can conclude that P(AnB) = P(A) - P(B) holds for all elements A € X ™' (o#$)
and B € U~ («/y) (see Th. 4.44). Therefore, according to Equation (5.24), X and
U are independent. <

Lemma 5.51 (Independence of a Constant and a Set of Events)
Let X: (Q, o4, P) — (Q%, /%) be a random variable and € < . If X = o and
{a} € oAy, then X and € are independent.

(Proof p. 190)

Now we consider mappings of independent random variables. If two random
variables X; and X, are independent and f;: (Q}, o)) — (Q/, &¢/"), i = 1,2, are
measurable mappings, then the two random variables f;(X;) and f,(X,) are in-
dependent as well. More generally, if f;: (Q), /) — (Q, &), i=1,...,n, is a se-
quence of measurable mappings, then

JI-’L f](Xl)y---;fn(Xn)!
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i.e, then fi(Xy),..., f,(X,) is a sequence of independent random variables on
(Q, o, P), provided that Xj,..., X,, are independent. In the following theorem we
generalize this proposition.

Theorem 5.52 (Mappings of Families of Independent Random Variables)
Let X;: (Q, 94 P) — (Q}, o)), i =1,..., n, be random variables and, for m € N,
letly ={1,...,01}, L ={i1+1,...,i},..., I, ={i;n_1+1,..., n}. Furthermore, let

fi( X 0L Qi) — @) ), j=1,....m,

iel; ielj
be measurable mappings. If X, ..., X,, are independent, then
fl(le---;Xil); fZ(Xi1+lv---;Xi2);---; fm(Xim71+lv---’Xn)

are independent.

For a generalization and a proof see Bauer (1996, Theorem 9.6, p. 63).

Example 5.53 (Sums of Independent Random Variables) Let X;,...,X;,, n € N,
be independent real-valued random variables, then the n random variables

Xl +X2, X3 +X4, ceey in—l +X2n
are independent as well (see Th. 2.57). <

Example 5.54 (Tom, Jim, and Kate — continued) In Example 5.50 we showed that
the random variables X and U are independent. Now we consider the mappings
f:{0,1,2} — {0,1} and g: Qy — {male, female} defined by

fl) = {0, ifx=0

1, ifx=1lorx=2

and
male, if u = Tom or u=Jim
gu) =

female, if u= Kate,

respectively. According to Theorem 5.52 the mappings f(X) (control vs. any of
the two treatments) and g(U) (sex) are independent as well (see Exercise 5-9). <

Remark 5.55 (Conditional Independence of Random Variables Given an Event)
In chapter 4 we also considered conditional independence of events and families
of events given an event B. If, for random variables Xj,..., X, (or, more gener-
ally, families of random variables) we consider the set systems g (X3),...,0(X},),
then we can use Definition 4.49 in order to define conditional independence of
Xj,..., X, given an event B, presuming P(B) > 0. According to Definitions 4.49
and 5.39, conditional independence given B is equivalent to independence with
respect to the probability measure P2, In chapter 16 we generalize this concept
and study it in more detail. <
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5.5 Probability Function of a Discrete Random Variable

The distribution of a discrete random variable can be described by its probability
function that is now introduced. Remember, if X: (Q, o, P) — (Qk, «/x) is a ran-
dom variable, then the distribution Py of X is a probability measure on (Q¥, </x).

Definition 5.56 (Discrete Random Variable and its Probability Function)
Let X: (Q, o, P) — (Q%, oY) be a random variable and assume that Q}c Q%
is finite or countable with Px(Qg) = 1 and {x} € <f% for all x € Qj. Then X
and its distribution Px are called discrete, and the function px : Qx — [0,1]
defined by

Px({x}), ifxeQy,

- 5.31
2] {0, ifxeQl\Q), oL

is called the probability function of X.

Remark 5.57 (Notation) Note that P(X=x) = px(x), using the notation intro-
duced in Remark 5.4. <

Remark 5.58 (Probability Function vs. Distribution) The distribution Py is de-
fined for every random variable, whereas the probability function px only ap-
plies to discrete random variables. While Py assigns probabilities to subsets of
the codomain QY% of X, the probability function py assigns a probability to each
element x in Q%. Note that py is a real-valued random variable on the probability
space (Q%, #x, Px). <

Remark 5.59 (The Probability Function Uniquely Determines the Distribution)
Note that g-additivity of the probability measure Py implies that Py is uniquely
determined by the probability function px [see Rule (x) in Box 4.1]. Vice versa,
according to Definition 5.56, Py defines px. Hence, if X, Y: (Q, s/ P) — (Q} o)
are discrete random variables, then

pPx = py < Px=Py. (5.32)
q

Remark 5.60 (Probability Function of a Discrete Distribution) Note that (5.32)
allows us to use the term probability function of a discrete distribution instead of
probability function of a discrete random variable. <

Lemma 5.61 (Characterizations of a Discrete Random Variable)
Let X: (Q, <, P) — (Qk, <) be a random variable.

(i) Then X is discrete if and only if there is a finite or countable Q< Q%
such that {x} € o for all x € Qj, Px(Qp) =1, and
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Iiexy = 1= ), Ixx, VYxo€Qq. (5.33)

P
xeQq\ {xo}

(ii) Now assume that X: (Q, <, P) — (R, %) is real-valued. Then X is dis-
crete if and only if there is a finite or countable Q' c R such that

X =3 xlgs (5.34)
xeQ/’
(Proof p. 191)

Remark 5.62 (A Caveat) Note that Equation (5.33) is equivalent to P(Qg) = 1. In
proposition (ii), we can choose Q’ such that 0 ¢ Q' even if P(X=0) > 0. In this
case, the set Q| referred to in (i) can be chosen such that Q} := Q'u {0}. <

Corollary 5.63 (Discrete Real-Valued Random Variable)
Assume that X: (Q, <, P) — (R, ) is a real-valued random variable. Then X
is discrete if and only if the following two conditions hold:

@ QL := {xeR:P(X=x) >0} is finite or countable.
B X =Y %l

xeQl
(Proof p. 191)

Condition (b) may equivalently be written

X= Y xlx (5.35)
X€ER
P(X=x)>0
Example 5.64 (Flipping two Coins - continued) Consider again Example 5.35
and let X: (Q, o, P) — (Qk,<fx) denote the number of flipping heads. If we as-
sume that P({w}) = i for all w € Q, then

1 1 1
px(0) = Px({0}) = 1 px() = Px({1}) = 5 px(@) = Px({2}) = 1

2
are the values of the probability function px of X. They are the probabilities of
the events that X takes on the value 0, 1, and 2, respectively. For simplicity, we
also denote these probabilities by P(X=0), P(X=1), and P(X=2). In this example,
we may choose different measurable spaces (Qk,<fx). If we choose (QY,sx) =
({0,1,2}, 22({0,1,2})), then Qg = Qk (see Def. 5.56). If we choose (Q, o) = (R, %),
then Q§ = {0,1,2} and dﬂ% = Blqy = P(Qq) (see Remark 1.29). According to
Equation (5.34),

X = 0'1X:0 + 1'1X:1 + 2'1X:2-

This example is a special case of a random variable with a binomial distribu-
tion. The general case is treated in Definition 8.7. Other examples of a discrete



5.5 Probability Function of a Discrete Random Variable 177

random variable and their probability function are random variables that have a
Poisson distribution or a geometric distribution. In both cases, the random vari-
able considered takes on an infinite and countable number of values, each of
which has a probability greater than 0. These examples are treated in chapter 8
(see Defs. 8.14 and 8.20). <

Example 5.65 (Flipping two Coins - continued) In Example 5.35 we introduced
the random variables X; and X;, which indicate if we flip heads in the first and
second trial, respectively. The probability function of the bivariate random vari-
able X = (X3, X)) is

1
le,Xz(xl!XZ) = Z) V(xl,xz) € {0’1}2

Lemma 5.66 (Probability Function of a Marginal Distribution)
Consider a multivariate random variable X = (X, ..., X,,) as specifiedin (5.18)
and assume that there is a finite or countable set Q) C)(;‘:1 Q) with P(Qh) =1
and {x} € @1, < for all x € Q. Furthermore, for all x; € Q}, define

Q/

/
0,x; = {(xlv---vxi—lvxi+1v---;xn):(xh---’xi—lixi’xi+1v---’xn) EQO}-

Then, for all x; € Q},

pX,-(xi) = Z pX(xlr---rxi—lrxi)xi+1)"'rxn)r (536)

!
(X1 ooy X1, X 1pees X)) €Qy
[t ]

where pyx, denotes the probability function of X;, i=1,...,n, which is also
called the marginal probability function of X;.
(Proof p. 192)

Now we turn to a condition that is equivalent to independence of discrete ran-
dom variables.

Remark 5.67 (Support Sets of Discrete Random Variables) Under the assump-
tions of Lemma 5.66 we define the support sets of the distributions Py, i.e., the
sets

Q) = {6 €Q px(x) >0}, i=1,...,n. (5.37)

Obviously, Qé,i is finite or countable foralli = 1,..., n. Hence, Q/Sn = ;‘:1 Q(,J,i is
finite or countable as well. Furthermore, P(X € Q;n) =1, because, for (x3,...,x,) €
Qp\Q!,, there is at least one i such that X; ¢ Q(’J,i and therefore py, = P(X;=x;) =

0, which implies P(X;=x1,..., X;=X;,..., Xp=X,) = 0. <
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Lemma 5.68 (A Condition Equivalent to Independence)

Let X be a multivariate random variable as specified in (5.18) and assume that
there is a finite or countable set O < X1, Qf with P(Qg) = 1 and {x} € <, for
all x € Q. Furthermore, let px, px,,---, Px, denote the probability functions
of X, X1,..., Xy, respectively, and let Q ,,...,Q , be the sets defined in (5.37).
Then X, ..., X, are independent if and only if

n
px (X1, X0) = pxy(X1) - px,(Xn),  V(x1,...,X5) € X Qf), (5.38)
i=1

(Proofp. 192)

Note that, in Lemmas 5.66 and 5.68, the set Q is not necessarily a Cartesian
product. We only require that it is a subset of a Cartesian product.

In the following section we shall see that a probability function is a special
probability density (see Th. 5.77).

5.6 Probability Density With Respect to a Measure

Some probability measures can also be described by a density with respect to
the Lebesgue measure on (R, 48) or the counting measure on (Q,22(Q)), where
Q is a finite or countable set (see Th. 3.65). Such a density is useful for explicit
numerical calculations and comparing distributions to each other. We start by
translating some concepts and results of chapter 3 to probability measures.

5.6.1 General Concepts and Properties

According to Theorem 3.65 and Definition 3.66, a nonnegative measurable func-
tion f: (Q, o, u) — (R, 2) is called a density of v with respect to , if

v(A) :ffdp, VAed. (5.39)
A

The function v: o — R defined by (5.39) is a measure, which is also denoted by
fou. Hence, fou(A) = [,f du, VAes. Theorem 3.65 implies the following
corollary.

Corollary 5.69 (Probability Measure With Density)

Let (Q, <4, 1) be a measure space. If f: (Q, <4, u) — (R, 9B) is a nonnegative -
integrable function with [ fdu =1, then P := f © u is a probability measure
on (Q, 7).

Corollary 5.69 justifies the following definition.
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Definition 5.70 (Probability Density)
Let (Q, <, P) be a probability space and pu a measure on (Q,</). IfP = fou,
then f is called a probability density of P with respect to L.

Remark 5.71 (Probability Density of a Random Variable) Consider the random
variable X: (Q, o4, P) — (Q%, </x) and let u be a measure on (Q%, o). If Py = fx O ,
then fx is also referred to as a probability density of X with respect to . <

Applying Equation (5.39) yields the following corollary.

Corollary 5.72 (Characterizing the Probability Measure by a Density)

Let f: (Q, < ) — (R,9B) be p-integrable and nonnegative and P a probabi-
lity measure on (), <f). Then f is a (probability) density of P with respect to |
if and only if it satisfies

P(A) = ffdy, VAecol. (5.40)
A

Theorem 3.68 (a) and (c) imply the following corollary.

Corollary 5.73 (Probability Densities are p-Equivalent)

Let u and P be measures on the measurable space (O, /), where P is a proba-
bility measure. If f, f*: (Q, <4, u) — (R, %) are probability densities of P with
respectto i, then f = f !

Now we translate the Radon-Nikodym Theorem (see Th. 3.72), which yields
the following corollary.

Corollary 5.74 (An Implication of the Radon-Nikodym Theorem)

Let (Q, o, 1) be a measure space. If i is o -finite, P is a probability measure on
(Q, <), and P L, then there is a probability density f of P with respect to
(also called a Radon-Nikodym derivative), i. e.,

_ar

f= o (5.41)

Example 5.75 (Conditional-Probability Measure) InLemma 4.32 (ii) we showed
that 13/ P(B) is a density of P? with respect to P, and according to Remark 5.71 it
is a probability density of P5. <



180 5 Random Variable, Distribution, Density, and Distribution Function
5.6.2 Density of a Discrete Random Variable

As a special case, we consider a discrete random variable (see section 5.5).

Remark 5.76 (A Sum of Dirac Measures) Let the assumptions of Definition 5.56
hold, i.e., let X: (Q, s, P) — (Qk, «/x) be a random variable and suppose Qyc Qk
is finite or countable with Px(Qf) = 1 and {x} € < for all x € Q}. Furthermore,
define

pi= Y. 6x (5.42)

!
xt—:QO

the sum of Dirac measures at x, x € Q. According to Example 1.57, 1 is a measure
on (Qk, <74, which is o-finite. <

The following theorem asserts that the probability function py is a density of
Px with respect to p.

Theorem 5.77 (The Probability Function is a Density)
Let the assumptions of Definition 5.56 be satisfied and let | be defined by
Equation (5.42). Then:

(i) Px < K
(ii) The probability function px is a density of Px with respect to (4, i. e.,

_ dPy

= 5.43
Px au (5.43)
and, for all A' € o,

Px(A) = fA pxdp (5.44)
=Y 1y(®)-px(x) (5.45)

x(—:(26
=) px(x). (5.46)

xeA’

(Proofp. 193)

Hence, each probability Px(A’), A’ € oy, can be computed from the probabil-
ity function pyx.

5.6.3 Density of a Bivariate Random Variable

Now we consider bivariate random variables. However, extending the following
notation and propositions to general multivariate random variables is straight-
forward.
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Lemma 5.78 (Absolute Continuity of Marginal Distributions)
Let (X,Y): (Q, 4, P) — (Qk x Qy, oy ® oAy) be a random variable and suppose
that (Qk, sfy, ) and (Qy, sy, v) are o -finite measure spaces. Then

P < u®v => Px< u and Py < v.
X,Yd),(gdé H X = H Y 5
(Proof p. 193)

Let
dPxy _ dPx _ dPy

oy = dusv’ fx= du’ fri= dv

denote Radon-Nikodym derivatives (see Th. 3.72). In the following lemma, we use
the notation ‘u-ia "introduced in Remark 2.70.

Lemma 5.79 (Marginal Densities)

Let (X,Y): (Q, o, P) — (Qk x Qy, o/ ® ofy) be a random variable, (QY, %, 1t),

(Qy, oy, v) be measure spaces, |,v be o-finite, and assume PX'YM’<<Q¢ UV,
Ix® Ay

Then

fx () paa f fxy oy vidy), (5.47)

and

= ffx,y(x,y) p(dx). (5.48)

The functions fx and fy are also called marginal densities of X and Y,
respectively.
(Proofp. 194)

Remark 5.80 (Marginal and Joint Density) Suppose that X and Yare real-valued.
Then for the Lebesgue measure = v = 1 and a Riemann integrable density fx v,
Equations (5.47) and (5.48) yield

fx(x) = f fxy(x,y)dy (5.49)
and -

fry) = f fxy(x,y) dx, (5.50)
respectively (see Th. 3.62). <

Note that, for a discrete random variable X = (X3, ..., X;,), the probability func-
tion pyx is a density of Px with respect to the measure u specified in Equa-
tion (5.42), and the marginal probability functions px;, i = 1,...,n, are marginal
densities. In section 5.7.4 we consider multivariate densities with respect to the
Lebesgue measure p=v = A.
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5.7 Uni- or Multivariate Real-Valued Random Variable

The remaining sections of this chapter show how to describe distributions of real-
valued uni- and multivariate random variables.

5.7.1 Distribution Function of a Univariate Real-Valued Random
Variable

If we consider a univariate real-valued random variable X, then the distribution
function Fx assigns to each x €R the probability P(X < x) of the event {X <x} =
{w e Q: X(w) <x} that X takes on a value smaller or equal than x. As we shall see,
the distribution function uniquely determines the distribution Py.

Definition 5.81 (Distribution Function)
Let X: (Q, o, P) — (R, 9B, Px) denote a real-valued random variable. Then the
(cumulative) distribution function Fx:R —[0,1] of X is defined by:

Fx(x) := Px(]—o0,x]) = P(X=x), VxeR. (5.51)

Remark 5.82 (Probabilities of Intervals) This definition implies that we can com-
pute the probability P(a< X <b) of X taking a value in the interval ]a, b] by

P(a<X<b) = Fx(b)—Fx(a), ifa<b, (5.52)
because
P(a<X<b) = Px(]-00,b] \ | -00,a]) = Px(]-o0,b]) — Px(]—o0,al)
[see Rule (vi), Box 4.1]. <

Remark 5.83 (The Distribution Function Determines the Distribution) Every
random variable X has a distribution Py. Therefore, the distribution function Fy
exists for all real-valued random variables. The distribution function uniquely
determines the distribution Py of a real-valued random variable, because a fi-
nite measure on (2, &) is already uniquely specified by its values on a n-stable
generating system of « (see Th. 1.72) and the set system {] —oo,x]: x € R}isan-
stable generating system of 8, the Borel o-algebra on R [see Eq. (1.19)]. Hence,
Px uniquely determines Fx, which implies the following theorem. <

Theorem 5.84 (Uniqueness)
Let Py, Py denote the distributions and Fx, Fy the distribution functions of
two real-valued random variables X, Y : (Q, «/, P) — (R, 98). Then

FX = Fy < PX = Py. (553)
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This theorem facilitates describing distributions and calculations involving
distributions considerably, because the distribution function is defined on the
set R of real numbers, whereas Py is defined on a much more complex domain,
the Borel o-algebra 2.

Example 5.85 (Flipping two Coins — continued) In Example 5.11, we considered
flipping two coins and specified the distribution Py of X: (Q, 7, P) — (Qk, 22(Q))),
representing with its values x the number of flipping heads. The distribution Py
assigns a probability to all 23 = 8 subsets of Qk := {0,1,2}. Because {0,1,2} c R,
the random variable X is also a random variable X: (Q, </, P) — (R, 98) with values
in R. In this case, Fy is a step function defined by

0, ifx<0
1/4, if0o<sx<1
3/4, iflsx<2
1, ifx=2.

Fx(x) = Px(]-00,x]) = P(X<x) =

According to Theorem 5.84 the distribution Py is uniquely defined by these four
values. In other words, if we know these four values, then we know the probabili-
ties Px(A') for all elements A’ of the Borel o-algebra % (see Exercise 5-10). <

Now we turn to the quantile function, which, in some cases, is the inverse
of the distribution function. Sometimes this function is also called the pseudo-
inverse of Fx. It assigns to each p € [0,1] the smallest real number x for which
P(X =x)=Fx(x)=p.

Definition 5.86 (Quantile Function)
Let X: (Q, <, P) — (R, AB) be a real-valued random variable with distribution
function Fx. Then the quantile function Qx:[0,1] — R of X is defined by:

Qx(p) = inf{xeR: Fx(x)=p}, Vpelo1],

0x(0) = inf{xeR: Fx(x) >0}, if dxeR with Fx(x)=0

T —eo, ifFx(x)>0, VX€R, (5.54)
Ox(D) = inf{xeR: Fx(x)=1}, if 3xeR withFx(x)=1

T oo, ifFx(x) <1, Vx€eR.

AvalueQx(p), pe (0,11, is called the quantile of p with respect to F.

Remark 5.87 (Inverse Function of Fx) If Fx is continuous and strictly mono-
tone, i. e., if x; < x, implies Fx (x;) < Fx(xy), then

Qx(p) = FY'(p), VYpelol]. (5.55)

where Fy ! denotes the inverse function of Fy. <
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Example 5.88 (Flipping two Coins - continued) In Example 5.85, we specified
the distribution function of X := number of flipping heads for the random exper-
iment of flipping two coins. The corresponding quantile function takes on the
three values

(=}

, ifosp=<1/4
Qx(p) =11, ifl/a<p=<3/4
2, if3/4<p<1l.

5.7.2 Distribution Function of a Multivariate Real-Valued Random
Variable

Now we extend the concept of a distribution function to the multivariate case. In
the following definition we use the notation introduced in Equation (5.25).

Definition 5.89 (Joint Distribution Function)
Let (X3,...,X,): (Q, o, P) — (R" 9B,) be a random variable. Its distribution
function Fx,,. x,:R"— [0,1] is defined by

Fx, . x,(X1,...,%,) := P(Xy < x1,..., X, < Xp), Y(x1,...,%,) ER”.  (5.56)

Itis also called the joint distribution function of X,...,X,.

Example 5.90 (Flipping two Coins - continued) In example 5.35, we considered
flipping two coins and defined the random variables X; and X, indicating whether
or not we flip head:s at first and second flip, respectively. In this example, the bi-
variate distribution function Fx,, x, takes on the values

0ifx;<0or x,<0,
1/4if0<x<1,0<x, <1,

Fx, x,(x1,x) = {2/4ifx;21,0=sx,<1,
2/4if0<x,<1,x=1,
lifx; =1, x=>1.

<
Justlike in Theorem 5.84 we can prove uniqueness, using a N-stable generating

system for 98, now referring to Equation (1.21).

Theorem 5.91 (Uniqueness)
Let Py, Py denote the distributions and Fx, Fy the distribution functions of
two n-variate real-valued random variables X, Y : (Q, <7, P) — (R" %8,,). Then
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Fx=Fy < Pyx=Py. (5.57)

As an implication of Equation (5.21) with A} =]-o00,X;] and Q} =R, i # j,
we obtain the next corollary. In the special case of a bivariate real-valued random
variable (X, X), this corollary asserts that the value of the marginal distribution
function of X, for the argument x, i. e., limy, oo Fx,, x, (X1,X2) = Fx, (x1). In this
corollary,

)CliirgoFxl,.,.,Xn(xl,...,xn), (5.58)
denotes the limit of the distribution function of (X;, ..., X,,) for x; — oo, forall j =
1,...,i—1,i+1,...,n. This limit is the value of the marginal distribution function
of X; for the argument x;, and the corollary asserts that this limit is identical to
the value Fy, (x;) of the distribution function of X; for the argument X;.

Corollary 5.92 (Joint and Marginal Distribution Function)
Let (X3,...,X,): (Q,, P) — (R", 98, be a random variable. Then

Fx,(x;) = lim Fx,  x,(Xi,...,%,), Vx;€R. (5.59)
xj—'oo

J#i
(Proof p. 194)

The next corollary shows how independence of the random variables Xi,..., X},
can be formulated in terms of their distribution functions.

Corollary 5.93 (Independence and Joint Distribution Function)
Let(Xy,...,X,): (Q, o P) — (R", 8B,) be arandom variable. Then the following
two propositions are equivalent to each other:

(@ Xi,...,X, areindependent
(b) FX],.,.,Xn(xl:---:xn) = FX1 (xl) Teee 'FXn(xn); V(xl:---:xn) eR".

(Proof p. 194)

5.7.3 Density of a Continuous Univariate Real-Valued Random
Variable

As a special case, we consider a random variable X: (Q, o/, P) — (R, 28) for which
there is a nonnegative measurable function fx : (R, 9, Px) — (R, %) such that

Px(B) = ffX dA, VBe3%, (5.60)
B
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where A denotes the Lebesgue measure on (R, 28). According to Theorem 3.68
(ii), this equation is equivalent to Px = fx®A.
The following definition is a special case of Definition 5.70.

Definition 5.94 (Continuous Random Variable and its Density)

Let X: (Q, <, P) — (R, B) be a real-valued random variable with distribution
Px. Wecall X continuous, if there is a nonnegative function fx : R — R that
is integrable with respect to the Lebesgue measure A and

Px = fxol. (5.61)

A function fx satisfying (5.61) is called a (probability) density of X.

Note that Equation (5.61) is equivalent to
Fx(x) = f fxdA, VYxeR, (5.62)
|—00,x]
because
Fx(x) = Px(1—o00,x]) = fl]_oo,x] d Py =f fxdA, YxeR, (5.63)
|—o00,x]

(see Th. 3.67). Furthermore, Theorem 3.62 immediately implies the following
corollary:

Corollary 5.95 (Riemann Integral of the Density)
If fx is a density of the random variable X : (Q, </, P) — (R, 98) and fx is Rie-
mann integrable, then

X
Fx(x) =f fx (@) dt, VxeR. (5.64)

Remark 5.96 (Interpretation of Densities) Note that the term fx (¢) in Equation
(5.64) is not a probability, instead it is a value of the density for ¢ € R. However,
the probability P(a < X < b) that X takes on a value in the interval ] a,b] can be
computed using Equation (5.52) and the density fx, provided that it exists and
that it is Riemann integrable:

b
P(a<X<b) = Fx(b)-Fx(a) = f fxx)dx, ifa<bhb. (5.65)

This probability can be represented as the area between the density and the x-
axis above the interval [ a, b] (see Fig. 3.6). <
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Remark 5.97 (Continuity of X Implies P(X = x) =0) Consider a continuous ran-
dom variable X: (Q, < P) — (R, ). Definition 5.94 and Remark 3.71 imply that
Py 5‘5 A. Because A({x}) = 0 [see Eq. (1.53)] we can conclude P(X=x) =0, for all
x € R. Hence, additivity of P yields, forall a,be R, a< b,

Pla<X<b) =PlasX=sb)=PlasX<b)=Pla<X<b), (5.66)
provided that X is continuous. <

Example 5.98 (Continuous Random Variables and Their Densities) In section
8.2 we present some examples of continuous random variables and their densi-
ties, such as the densities of normal distributions, central Xz_ distributions, central
t-distributions, and central F-distributions. <

5.7.4 Density of a Continuous Multivariate Real-Valued Random
Variable

Remark 5.99 (Multivariate Case) Let X: (Q,«, P) — (R",%,) be a multivariate
random variable with distribution Py. If fy: R" — R is nonnegative and inte-
grable with respect to the Lebesgue measure A, on (R",48,), and Px = fx ©1,,
then X is continuous with probability density fx, and

FX(xl,...,xn) :f fX dﬂ,n, V(xl,...,x,,)EIR", (5.67)
B

where B := )(?:1 ] — o0, x;]. If fx is Riemann integrable, then
Xn X1
FX(xl,...,x,,)Zf f fX(tl’---’tn) dtl...dtn, V(xl,...,x,,)EIR". (5.68)
—00 —00
More generally, for any B € %,,,
Px(B) = P(XeB) = le-fX di,. (5.69)

The probability Px(B) can be represented as the (n + 1)-dimensional volume be-
tween the joint density and the (x,..., x,)-hyperplane above B (see Fig. 8.8). <

In analogy to Corollary 5.93, independence of continuous real-valued ran-
dom variables can also be formulated in terms of probability densities, using the
marginal densities fx,,..., fx, (see Lemma 5.79).

Corollary 5.100 (Independence and Probability Densities)

Let(Xy,...,X): (Q,4,P) — (R", 8,), n > 1, bearandom variable and suppose
that all random variables X;, i = 1,..., n, have a density fx, with respect to the
Lebesgue measure A on (R, 98). Then Xy, ..., X, are independent if and only if

xvXn (X1 X0) 2= g (X)) - fx, (), V(xg,...,x) €RY, 0 (5.70)

is a joint density of (X, ..., X,,) with respectto A,,.
(Proofp. 195)
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Remark 5.101 (Independence, Densities, and Riemann Integrals) Ifall densities
fx;» i=1,...,n, are Riemann integrable, then fx, . x, in (5.70) is Riemann inte-
grable as well (see, e. g., Ellis & Gulick, 2006). <

Remark 5.102 (Other Random Variables) In this section we considered univari-
ate and multivariate real-valued random variables X. All these random variables
have a distribution Py and also a (cumulative) distribution function Fy. If X is
discrete, then its distribution can be described by the probability function, and
the distribution function Fy is a step function (see Example 5.90 and Fig. 8.1). If
X is continuous, then its distribution can be specified by a density with respect
to the Lebesgue measure. The distribution functions of continuous random vari-
ables do not have discontinuities or jumps (see Rem. 5.97 and Fig. 8.7 for an ex-
ample). Note, however, that there are random variables that are neither discrete
nor continuous. Their distribution functions have jumps but are not step func-
tions. <

5.8 Proofs

Proof of Lemma 5.7

According to Theorem 2.49, the composition g(X) of X and g is (o, "Y-measurable.
Therefore, it is a random variable on (Q, o7, P). For all A€ <,

Pgix)(A) = P([g0]1 7 (A) [(5.2)]
= P({lwe Q: glX(w)] € A}) [Def. 2.1]
= PlweQ: X(w)eg '(A)})  [Def.2.1]
= P(X g7 ) [Def. 2.1]
= Px[g ™' (A)] [(5.2)]
= (Px)g(A). [(5.2)]
Proof of Lemma 5.21
X=Y = 3JAed: (VoeQ\A: X() =Y () and P(A) =0) ((5.9)]
=> JAeol: (VoeQ\A: X(0) = Y(w)and Q(A) =0) [Q<§ p]
= XzV. [(5.9)]
Proof of Corollary 5.25

Proposition (i) is a special case of Theorem 2.86. Analogously to the proof of Theorem 2.86,
we can prove Propositions (ii) and (iii) using Remark 2.67.
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Proof of Lemma 5.27

Let A:={weQ: X(w) # Y(w)} € €. Hence, if X 5 ¥, then the conjunction of PBAy=0
and P < PBimplies P(A) = 0.

Proof of Lemma 5.29
PU<(<X]PB = Py 52 P)?: If P U<(§OPB, then, for all C'e ofy:
Pich=0 = PEx~'(Ch1=0 [(5.2)]
> pPIx~Hch=0 [PU<(<X]PB]
= Px(C)=0. (5.2)]

Px < P8 =P« PB IfPx < P8 and C e 0(X), then there is a C’€ /¢ such that
<y ) Ay

o(X
c=x"1ch.
Hence,
PEBCy=0 > PEIxX1(c=0
= Pf(C"=0 ((5.2)]
= Px(Ch=0 [Px < P&
ty
= PIx"HChH1=0 [(5.2)]
= P(C)=0.
Proof of Lemma 5.47
If X3 5 Xo, then
XLy
P
=> V(A B e x oy:
PIX A nY TH(BN] = PIXTHAN] - PIY TH(BY)] [(5.24)]

= V(A B et xot):
PIX; (A nY (BN = PIX; 1 (AN]-PIY T'(B')]  [X1 5 Xp, Def. 5.3, Cor. 5.24]

= X, Jz'vL Y. [(56.24)]

Proof of Lemma 5.48

According to Remark 5.46, 1 Jz'vl' ¢ < B Jl.jL % . Hence, forall C €%,
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PBC)=0 = P(BNC)=0
= P(B)-P(C)=0 (BLLC]
= P(C)=0. [P(B) > 0]

Proof of Lemma 5.49
= If Xy,..., X, are independent, then, forall A e ¢/, i =1,...,n,

PIXTHAD M. n X A
PIXHAD] - ... - PIX, N A

= Px,(A)-...-Px,(A})

= (Px, ®...® Px,)(A] x...x A}).

Px,,..x, (Al x...x A)

Hence, according to the definition of the product measure (see Def. 1.67),
PX1:~~~vXn = PX] ® ... ®Pxn.
< If the right-hand side of (5.30) holds, then, for all A; € ,Q{l.’, i=1,...,n,

PIXT AD Meon X N A = Py, x, (A % x AL)

Px,(A)-...-Px, (A})
PIXHAD)- ... - PIX, LA

According to Equation (5.28), this implies independence of Xj,..., X,,.

Proof of Lemma 5.51

Assume that X: (Q, <, P) — (Qk,<#}) is a random variable and that there is an a € Q% and
{o} € oy such that X = a. If A:= {w €Q: X(w) # of, then A =Q\ X ) e, P(A) =0
and P(A°) = 1. This implies, for all A’ € <y,

PIx AN = PIX 1A nAY [Box 4.1 (viii)]
= PlloeQ: X(w) € A, X(w) =al]
~ {P(@), ifagA’

P(AS), ifaeA’

o, ifagA’
T 1, ifaeA. 6.71)

This implies, for all A’€ o/} and all C €%,

PIX'AHnC) =

{ 0, ifagA,
[Box 4.1 (v), (viii)]

PC), ifaecA,
PIX~1(AN]-P(C). [(5.71)]
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Proof of Lemma 5.61

(i) (=) If X is discrete, then there is a finite or countable Q{ c Qf with {x} € <7y for all
x €Qf and Px(Q{) = 1. This implies

P(l# h lXx) = P(X¢Qp) =0,

xeQg
and therefore

1= Y Axs.
xeQ

(<) IfEquation (5.33) holds and Qf = QY is finite or countable with {x} € o} for all x € Q}),
thenl=3,cq ! 1x-x and therefore

1= P(l: Yy 1Xx) = P(XeQ() = Px(Q)).

!
xeQy

(i) If X is real-valued, then X is discrete if and only if there is a finite or countable
Q' <R such that

X =X-1

X- ) Ix=x (@]
xeQ’

Z X 1x=x

xeQ’

> X1y [1x=x (@) = 0 if X(w) # x, (5.6)]

xeQ’

~ll

Proof of Corollary 5.63

=. If X is discrete and Q) = Q% (see Def. 5.56), i.e., if Q is finite or countable and
Px(Qg) = 1, then QL < Q(, because Px(Qx\Q() = 0. Hence, Q. is finite or countable
as well, which proves (a). Furthermore, for finite or countable sets Q{,, Q’>:

Px(p\QL) = Y PX=x)=0. [Def. of Q1]
xeQ\ QYL

Hence,
Px(Qx\QL) = Px(Qx\ Qp) + Px(@5\QL) =0
and, according to (5.11),
Ixe@yal) 3 O- (5.72)
Therefore,

X = lyeqr X + Ixcapnat) X (1=1xcqr +1xeciral)]
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= X- Z Ix—y [(5.72),Q'>isﬁniteorcountable]
xeQl
= Z X-1x=x
xeQl
= Z X 1x=x. [X-Ix=x = x-1x=«]
xeQl

<. This is an immediate implication of Lemma 5.61 (ii).

Proof of Lemma 5.66

If x; € Q] and Qg vy = 9 then px,(x;) = P(X;=x;) = 0. If ngl, # ©, then it is finite or
countable, because Q is finite or countable. Then, using Px (Q§) =1,

px;(xi)

P(Xi=x;)

PX eQ),.., Xim1€Qf1, Xi=x1, Xi1€ Qf41,..., Xn €Q}) [Box 4.1 (viii)]
P((X1,.., Xn) € (Q) %o x Q< {x} x QL .. x Q)

P[(Xl,...,Xn) €((Q) x...x Q) x{x;}x QL x... xQ’n)mQé)) [Box 4.1 (viii)]

Z P(Xi=x1,...,Xi-1=Xi-1, Xi =%, Xi +1=Xi+1, ..., Xp=Xp) [Box 4.1 (x)]
(x1,...,xl‘fl,xm,.-.,xn)ng‘xi

Y X (X1, Xic1, Xi Xit 1, e Xn)- ((5.31)]
(X1 000y X =15 X 415000 X0) €Q6,xi

Proof of Lemma 5.68

IfX=(Xy,...,Xp) and Xj,..., X;, are independent, then, for all (x1,...,x,) € X?Il Q(,],i’

px(X1,...,%p) = P((X1,..., Xn) = (X1,..., %)) [(5.31)]
= P(X1=X1,..., Xn=Xy)
= P(X1=x1)...- P(Xp=Xp) [(5.28)]
= px(x1) ... px,(Xn). [(6.31)]

Forall Al e ot/,..., A} € A,),

(A1 % xAp) N Qg % ... x Q) = (A1NQg ) x ... x (A NQ ). (5.73)
n
Now assume that Equation (5.38) holds and define Q,, := X Q ;. Then,
i=1
PX €A, XneA))

= P[(X1,...,Xp) € (A} x...x A})]
= Pl(X1,...,Xp) € (A x...x Ap)n QL 1 [Px(Q%,) =1, Box 4.1, (viii)]
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Pl(Xy,..., Xp) = (x1,...,x,)]

(X1,000X0) € (A] X x AL N QY

pX(xlynwxn)

(X1, Xn) € (A’1 x..xA)NQY,

px,(x1) ... px,(xn)

(X1,00,X0) € (A] X, x AL N QY

(xleA’lmQEM

=PX;eA)-...-P(X, € A}),

le(xl)) ( Y pxn(xn))

! !
Xn€ARN QO,n

which implies independence of X, ..., X}, [see (5.28)].

Proof of Theorem 5.77
For A’ € oy,
Px(A = Y Px(ix} [Px(Qg) =1, Box 4.1 (viii), (x)]
xeA'nQy
= )Y px&) [(5.31)]
xeA'nQy
=Y pxx) -1y
xeQy
=) | px-Ly déx [(3.23)]
x€Qf
:flA/-pX d( Yy 5x) [(3.53)]
xeQyg
:f Px d( Y 6x) [(3.30)]
Al xeQg
=| pxdp. [(5.42)]
A/

193

[Box 4.1 x)]

((5.36)]

[(5.38)]

[(5.73)]

[Py, (Q{],i) =1, Box 4.1 (viii), (X)]

Hence, according to Definition 5.70, the probability function pyx is a density of Px with
respect to the measure p on the measurable space (Q%, <) and px = 3—5 (see Th. 3.72).

Proof of Lemma 5.78

Let A€ oy with u(A") = 0. Then

pev(A' xQl) = wA)-vQ)) = 0-vQ)) =0,

and this holds even if v(Q}) = co. Together with PX'YQ{’ <f2¢ , ®v this implies
Ay ® oy

Px(A) = P(XeA\ Y eQ}) = Pxy(A'xQ}) = 0.

Therefore, Px < p. The prooffor Py is analogous.
e
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Proof of Lemma 5.79

Forall A€ o/,

flA/(x) (ffx,y(x,y) v(dy) | pldx)

= f 1 (0 fxy (x,y) pevid(x,y)] [Th. 3.76]
:flA’(x) Px,yld(x,y)] [Th. 3.67]
= Pxy(A'xQy) [(3.30), (3.8)]
= Px(A". [(5.21)]

Theorem 3.65 then implies the lemma. The proof for fy is analogous.

Proof of Corollary 5.92
Note that
(e 0]
R" ' = |Jl-oo,m" . (5.74)
m=1
Forall X; eR,
Fx;(xi)) = P(X; = x;)
=Py, x,Rx...xRx]-00,x] xR x...xR) [(5.21)]
= P(X;€R,...,X;—1€R, X;€] —00,xi], Xi+1€R, ..., X, €R) [(5.2)]
= P00, Ximt, Xi1,o0 X0) € R" X € ] 00, 311
(o0}
= P(Xje U l-comjl,jell,...,i-Li+1,...,n}X; e]—oo,x,-]) [(5.74)]
m]-:I

- lim P[Xj€]—oo,mj],je{1,...,i—1,i+1,...,n},X,-E]—oo,xi])
mj—oo, j#i

[Th. 1.68 ()]

= lim Fx, .. x,(m,...,mi—1, X, Mjt1,..., My) [(5.56)]
mj—oo, j#i

= lim' 'Fxly.,.,xn(xl,...,x,,).
x]-—»oo,]#t

The limits exist, because Fx;,... x,, is monotone in all coordinates.

Proof of Corollary 5.93
(a) = (b) Forall (x1,...,x,) e R",

Fx,, Xp (X1,..,%0) = Px;, . x, (1= 00,11 x... x] =00, xp]) ((5.56)]
= Py, ®...8Px, (] —00,x1] x...x] —00,Xx,]) [Lemma 5.49 and (a)]
= Py, (1-o0,x1])-... Px, (1 —00,x4]) ((1.50)]

]

Fx, (1) ... Fx,, (Xn). [Def. 5.81
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(b) = (a) Forall (x1,...,x,) e R",

Px,,..xp(1—00,x1] X ... x] =00, Xp])

=Fxq,...Xp (X120, Xpn) [(5.56)]
= Fx,(x1)-...- Fx, (xp) [(b)]
= Py, (1-00,x11) ... Px, (1 — 00, %)) [Def. 5.81]
= Px, ®...8 Px, (1—00,x1] x...x] =00, x,]).  [(L50)]

Because {] —00,x1] x... x] —00, X,]: (x1,..., X,) € R} is a N-stable generating system of %,
(see (1.21)), Theorem 1.72 yields Py, .. x, = Px; ®...® Px,. Applying Lemma 5.49 then
completes the proof.

Proof of Corollary 5.100

@) (Xi,...,X,)areindependent = fx, .. x, in (5.70) is a joint density.

Because fx;,... x,, defined in (5.70) is nonnegative and integrable with respect to 1,,, we
can conclude that fx; ... x, @A, defines a finite measure on (R”, 28,,) (see Th. 3.65). Fur-
thermore, if Xj,..., X, are independent and fy; is a density of X; forall i = 1,...,n, then,
forall (xi,...,x,) € R” and B :X?ZI] -0, x;],

foXl,...,Xn(tlnnytn) /ln[d(tlnnytn)]

=fo1(t1)-...-fxn(tn) Anld(81, ..., )] [(5.70)]

n
=11 f fx; (t) Adty) [Th. 3.76]
i=1 J1-00,x;]
n
= [ Ex; (x) ((5.62)]
i=1
=Fxy, X (X100, X0) [Cor. 5.93]
= Px,...x,(B).

This shows that fx, .. x, @ A,(B) = Px, ... x, (B), and this implies that fx,, . x, defined in
(5.70) is a density of (Xj,..., X,;) with respect to A, (see Def. 5.70).

() fxy,.. x, in (6.70) is a density of (Xi,..., X)) = Xi,..., X}, are independent.
If Equation (5.70) holds and B = X?:l ] — 00, x;], then for all (x1,...,x;) e R"

Fxq,x, (X150, X0)

=foX1,...,X,,(f1y~-~ytn) Anld(fy,..., t0)] ((5.67)]

=f f @) fx, (ty) Mdn)...Adt,)  [Th.3.76]
]—00,xnl ]—00,x1]

n
=] f Fx; () Ad 1)
]—00,x;]

i=1

n
= [ Fx, (xa). [(5.62)]
i=1

Now, Corollary 5.93 implies that Xj, ..., X, are independent.
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5.9 Exercises

> Exercise 5-1 Consider the random variable X defined in Example 2.34. Which are the
elements w in the inverse image X ~!({1}) and which are the probabilities of the events
{w}?

> Exercise 5-2 Consider again the random variable X defined in Example 2.34. What are
the values of the distribution of X and the distribution of U?

> Exercise 5-3 Consider Example 5.9. Show that 1y ,s is a random variable on (Q, «, P)
andthat1ly ., =14 (X) =14 0X.

> Exercise 5-4 Consider Example 5.15 and show that X is prior to Xj - X» in (%1, %2).

> Exercise 5-5 Show that X P:B Y for B = {01, w2, w3} and that X > Y does not hold in Ex-
ample 5.23.

> Exercise 5-6 Consider the random variable (U, X): Q — Qp x {0,1} defined in Example
2.34 (p. 53). Which are the elements w in the inverse image (U, X) “1({(Joe,1)}) and which
are the probabilities to the events {®w}?

> Exercise 5-7 Show that the random variables U and X presented in Table 2.2 (p. 53) are
independent.

> Exercise 5-8 Let (Q2, < P) be a probability space, B € 98, and € c «f a o-algebra. Prove
that the following propositions are equivalent to each other: 13 JPL €,0({B}) Ji)L €, {B} Ji)L €,
B JﬁL 6.

> Exercise 5-9 In Example 5.50 we showed that X and U are independent and in Example
5.54 we defined the mappings f:{0,1,2} — {0,1} and g: Qy — {male, female}. Use Equa-
tion (5.24) to show that the mappings f(X) (control vs. any of the two treatments) and
g(U) (sex) are independent as well.

> Exercise 5-10 In Example 5.85 we specified the values of the distribution function Fx
for the random variable number of flipping heads. Use these values to compute all eight
values of the distribution Py.

Solutions

> Solution 5-1 The inverse image of the set {1} under X is
X711} = {Uoe,yes,-), Joe, yes, +), (Ann, yes, ) (Ann, yes, +)}.

The events {w}, w € X "1({1}) have the probabilities P[{(Joe, yes, —)}] = .04, P[{(Joe, yes, +)}] =
.16, P[{(Ann, yes,—)}] = .12, and P[{(Ann, yes, +)}] = .08.

> Solution 5-2 The random variable X (the treatment variable) has the following distri-
bution:

Px({1}) = PIX'({1}] = 40,  Px({0}) = P[X1({o})] = .60,
Px(Q) = PIXT1@Q)N] =1, Px@® = PIX"1@)] =0,
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whereas the distribution of the random variable U (the observational-unit variable), is:
Py ({Joe}) = PIU ' (Joe})] = .50 Py ({Ann}) = P[U'({Ann})] = .50
PyQu) = PIUT'Qul =1 Py(@) = PIUT'@)] = 0.

> Solution 5-3 Let A’ € o/¢ and consider the indicator function 1y . 4/: (Q, %, P) — (R, %B).
Measurability: For all B € 28,

(Lxea’) B = (Lx10a) " (B) [(5.6)]
={weQ: 11, (w)eB} [(2.2)]
0, if0¢ B,1¢B,
) x7han, if0¢B,1€B
T levxl), ifoeB1¢B
Q, if{0,1} < B,

and all these sets are elements of </, because X is assumed to be a random variable.
Furthermore, forallm € Q,

Lyear®) = 1y-1 4 (w) [(5.6)]

1, ifoex 1)
0, ifogX 1A

1, ifX(w)eA

= : , [(2.2)]
0, ifX(w)gA

= 1y [X(w)]

= 1,10 X(w). [(2.25)]

> Solution 5-4
The filtration (%, %>) is defined by & := 0(X;) and %, := 0(X], X2). Hence,

o(X1) € &1 = {Q,0,{(hh),(h, 0}, (L, h), (1,0}
In contrast,
0(X1-X2) = {Q, 0, {(h, W)}, {(h, 0, (1, h), (1,0} ¢F.
However, o (X - Xo) € %>, because &, = 22(Q). Hence, according to Definition 5.13 (i), Xj
is prior to X - X» in the filtration (%1, %).

> Solution 5-5 In order to prove X = Y for B = {w;,wy, w3}, it is sufficient to show
PB(A) = 0, where A:= {w € Q: X(0) £ Y(0)} € o = 2(Q). In this example, A = {03,04).
Now P({w3}) =0, which implies

P(Bn{ws})  Plws}) 0

PB  _ pB) P

PB{ws)) =

Furthermore,
PBniwg) PO _ 0

P(B)  P(B) PB)
Additivity of the measure PBthen implies PBA)=o.

In order to prove that X = Y does not hold, it suffices to show P(A) # 0. Now P({ws}) =0
and P({w4}) =.50. Therefore, P(A) = P({w4}) =.50 > 0.

PB{wy) =
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> Solution 5-6 The inverse image of the set {1} under X is

X711} = {Uoe,yes,—), Uoe, yes, +), (Ann, yes,—) (Ann, yes, +)}.
The events {w}, w € X “1({1}) have the probabilities P[{(Joe, yes, —)}] = .04, P[{(Joe, yes, +)}] =
.16, P[{(Ann, yes,—)}] = .12, and P[{(Ann, yes, +)}] = .08.

> Solution 5-7 In Example 4.43, we already showed that the events A := {Joe} x Qx x
Qy (that Joe is sampled) and B := Qg x {yes} x Qy (that the person sampled is treated)
are independent. According to Box 4.2 (iii), this implies that the o-algebras { A, A, Q, @}
and {B, B¢, Q, @} are independent as well. If X: (Q,«,P) — (Q) «/') and U: (Q,«,P) —
(Qy, «y) are the random variables defined Table 2.2 (p. 53), then X "1 («#/) = { A, A, Q, @}
and U~ («fy) = {B, B¢, Q, @} are the o- algebras generated by U and X, respectively. Hence,
in this example, X and U are independent.

> Solution 5-8 First of all,
{B} Jz'vL € o BJI.)L ¢ [Rem. 4.41].

Furthermore, o(1g) = {Q,0, B, B¢} (see Example 2.31) and o({B}) = {Q,0, B, B°}. Hence,
o(1p) = o({B}), and this implies

1z JﬁL € < o({B}) JI.)L % [Rem. 5.44].
Finally,
o({B}) JPL € < {B} Ji)" % [Box4.2 (ii)].
> Solution 5-9 Consider the two events A := f(X) ~1({0}) and B := g(l) “1({male}).
40
P(ANB) = —
99

and
60 2 40

99 '3 99’
Because f(X) 1(2({0,1)) = {A, A%,Q,0} and g(U) ' (P ({male, female)}) = {B,B,Q,0},
this proves that f(X) and g(U) are independent (see Exercise 5-8).

P(A)-P(B) =

> Solution 5-10 We consider all elements B € 28 of the Borel o-algebra on R and assign
the following values:

Fx(-1)=0, if 0,1,2¢ B
Fx(0) = 1, if0eB, 1,2¢ B
Fx() =%, if0,1€B, 2¢ B
Py = | FX@=1 ) %fO,l,ZeB
Fx(1)-Fx(0) =%, if1eB, 0,2¢ B
Fx(2)-Fx(0) =3, if1,2¢B, 0¢ B
Fx(2) - Fx(1) = , if2€B, 0,1¢ B
Fx(2)-Fx(1)+Fx(0) =3, if0,2€B, 1¢B.



Chapter 6
Expectation, Variance, and Other Moments

In chapter 4 we introduced a probability measure as a special finite measure and
in chapter 5 we defined a random variable as a measurable mapping on a prob-
ability space. In this chapter we will translate integration theory (see ch. 3) to
probability theory introducing expectations of numerical random variables and
other important concepts that are special expectations: central and noncentral
moments, and variances. Even covariances and correlations are special expecta-
tions (see ch. 7). All these quantities describe important properties of random
variables, although, in general, they do not determine the complete distribution.

6.1 Expectation

6.1.1 Definition

Reading the following definition remember that a random variable Y is called
quasi-integrable with respect to P if {Y*dP or [Y~dP are finite, where Y *
and Y ~ denote the positive and negative parts of Y, respectively (see Rem. 2.62
and Def. 3.28).

Definition 6.1 (Expectation)
Let Y: (Q, 4, P) — (R, %AB) be a numerical random variable that is quasi-inte-
grable with respect to P. Then we define

E(Y) :=deP, (6.1)

call it the expectation of Y (w.r.t. P), and say that it exists. Instead of ex-
pectation w.r.t. P we also use the term P-expectation.

Remark 6.2 (Existence of the Expectation) Note that E(Y) can be infinite. Fur-
thermore, if E(Y) exists we also say that Y is a random variable with expecta-
tion E(Y). If Y is not quasi-integrable with respect to P and therefore also not
P-integrable, then we say that the expectation of Y with respect to P does not
exist. <
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Remark 6.3 (Notation and Synonymous Terms) A synonym for expectation is
expectation value. The reference to the measure P is usually omitted if the con-
text is unambiguous. If we consider the expectation with respect to another
probability measure on (Q, <), e. g., the conditional-probability measure P (see
Def. 4.29), then we adapt the notation correspondingly:

EBy) = f Y dPB. (6.2)

Expectation with respect to P® is used synonymously to PB-expectation. <

Remark 6.4 (Random Variables With Finite Expectations) Without substantialloss
of generality, we will often assume that a random variable Y is real-valued if its ex-
pectation is finite. According to Remark 3.42, if the random variable Y: (Q, «, P) —
(R, %) has a finite expectation, then there is random variable Y*: (Q, <, P) —
(R, %) such that Y = Y™ <

6.1.2 Expectation of a Discrete Random Variable

In this section we use the notation P(Y=y;) := P[Y ~'({y;})] introduced in Remark
5.4.

Remark 6.5 (Random Variable With a Finite Number of Real Values) Suppose
Y1,---Yn €R, n €N, denote all (negative, 0, or positive) values of a real-valued
random variable Y: (Q, <, P) — (R, %), let Py denote the distribution, and py the
probability function of Y. Then the expectation E(Y) exists, and

E(Y) =Y yi-P(Y=y) =Y yi-PyUy}) =X yi-pr(y) (6.3)
io1 in1 izl

[see Cor. 3.59, (3.45), Eq. (5.34), and Def. 5.56]. Hence, if Y has only a finite num-
ber n of values, then its expectation is simply the sum of its values, each one
weighted by its probability P(Y=y;) = Py({y;}) = py (). <

Example 6.6 (Expectation of an Indicator) If (Q, < P) is a probability space and
1, is the indicator of A €. o/, then

E(14) = 0-P(14=0)+1-P(14=1) = P(14=1) = P(A) (6.4)

is the expectation of 14 (see also Example 3.14). Considering the event {Y=y} and
using the notation 1ly-, := 1iy-,y, this yields

E(1y-,) = P(Y=y). (6.5)
<

Example 6.7 (Joe and Ann With Random Assignment — continued) In Example
1.9 we defined the set
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B = {(oe,yes,—), Joe,yes,+), (Ann,yes, ), (Ann,yes, +)} = Q x {yes} x Qy,
the event that the drawn person is treated, and the set
C = {(Joe, no,+), (Joe, yes, +), (Ann, no,+), (Ann, yes,+)} = Qux Qyx {+},

the event that {+} (success) occurs, irrespective of which person is drawn and
whether or not the person is treated. In Table 2.2 (p. 53) we assigned probabilities
to each elementary event {0}, w € Q and defined X := 13, the treatment variable,
as well as Y := 1 the outcome variable. Applying Equation (6.4) to the indicator
1 yields:

E(X)

E(1z) = P(B)
P[{(oe, yes,—)}] + P[{Uoe, yes, +)}] + P[{(Ann, yes,—)}] + P[{(Ann, yes, +)}]
.04 +.16 + .12 + .08 = .40.

Similarly, for the indicator 1., we obtain
E(Y) = E(1¢) = P(CO)

P[{Uoe, no, +)}] + P[{(Joe, yes, +)}] + P[{(Ann, no,+)}] + P[{(Ann, yes, +)}]
.21 +.16 + .06 + .08 = .51.

<

Example 6.8 (Tossing a Dice - continued) In Example 3.6 we considered the ran-
dom variable X = number of dots. In this example we specified the probability
space (Q, <, P) by Q:={wy,...,w}, & :=22(Q), and P({w1}) =... = P({we}) = 1/6.
Because P(X=x;) = Px({i}) = P({w;}), i = 1,...,6, Equation (6.3) yields

1 1

6
EX)=) i-P(X=i)=1-—+2-= + ...+ 6-= = 35.
i=1 6 6

(o>l o

<

Remark 6.9 (Random Variable With a Countable Number of Real Values) Let
¥1,¥2 ... € R denote the values of a real-valued random variable Y: (Q, < P) —
(R, 428) and suppose that the expectation of Y exists. Then

E(Y) =) yi-P(Y=y;) = lim } y;-P(Y=y) (6.6)
i=1 i=1

[see (3.45), Eq. (5.34), and Th. 3.60]. Examples in which the expectation of a ran-
dom variable is the ‘infinite sum’ of its values weighted by their probabilities are
random variables with a Poisson distribution and with a geometric distribution
(see Theorems 8.16 and 8.22). <

Example 6.10 (A Discrete Random Variable Without Expectation) Suppose that
Q =N, =1{0,1,2,...} and consider the random variable Y: (Q,2(Q),P) — (R, %B)
defined by
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Y(i) =y = (-1)'ile, VieN,, (6.7)
with
P(Y:yl) = el VielNg. (6.8)

1
l

Q|+~

Note that e = ¥ *° L. Hence, dividing both sides by e yields ¥, *° - = 1. There-

i=07l" i=07le
fore, Equation (6.8) specifies a probability distribution. Now consider

1, ifniseven

i P(Y=y) = 3 (=)' = 6.9
igby (=) l;)( ) {0, if nis odd. 6:9)

Obviously, in this example, the limit
n
Jlim ;)yi -P(Y=y)

occurring in Equation (6.6) does not exist. Therefore, according to Definitions 6.1
and 3.28 E(Y) is not defined. <

6.1.3 Computing the Expectation Using a Density

According to the following theorem, the expectation of a continuous real-valued
random variable can also be computed using its density fy with respect to the
Lebesgue measure (see Def. 5.94) and the Riemann integral.

Theorem 6.11 (Expectation of a Continuous Random Variable)
Let Y: (Q, <, P) — (R, %) be a continuous random variable with expectation
E(Y) and a density fy that is Riemann integrable. Then

E(Y) =f Yy frydy. (6.10)

(Proofp. 212)

Examples of continuous random variables and their expectations are treated
in chapter 8, section 8.2.

Example 6.12 (A Continuous Random Variable Without Expectation) Consider
the continuous random variable Y: (Q, o/, P) — (R, 28) with density

1 1
=—-——, VyeR, 6.11
frn=— 52 (6.11)
and distribution function
1 1
Fy(y) = E+—-arctany, VyeR. (6.12)
b4

A distribution Py with density (6.11) is called a standard Cauchy distribution or
central t-distribution with 1 degree of freedom.
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The integral of the positive part of y- fy(y) is

[swltay = [Tysmdy = a7 -
_Ooyyy y_oyﬂl+y2 Y=o Yy =9

and the integral of the negative part is

[ sl a fo L dy = I+ y?)

. = -y —- = —— = o0
_OOJ’ yly y _OOJ’HI_'_sz’ o Yol .

[for the notation cf. Eq. (3.69)]. Hence, y - fy(y) is not quasi- P-integrable on R
(see Def. 3.28) and E(Y) does not exist. <

6.1.4 Transformation Theorem

Let YV: (Q, o, P) — (Q}, o)) and g:(Q}, ), Py) — (R, %) be random variables.
Then we denote the expectation of g with respect to the distribution Py by Ey (g).
The following corollary immediately follows from Theorem 3.57, translating the
measure theory terms to probability theory. This corollary is relevant whenever
we consider the expectation of a composition goY = g(Y) of a numerical function
g [see Eq. (2.25)] and a mapping Y or the expectation of g with respect to the
distribution Py [see Eq. (5.2)].

Theorem 6.13 (Transformation Theorem)
Let Y: (Q, <, P) — (Q}, ) be a random variable and g: (Q, «}) — (R, %)
be measurable.

(i) If g is nonnegative or has a finite expectation Ey (g), then

Ey(g) =fgdPy =fg(y)Py(dy) =fg(Y) dP = E[g(Y)]. (6.13)

(ii) Ey(g) is finite if and only if E[g(Y)] is finite.
The virtue of Equation (6.13) is that we do not have to know the distribution of
g(Y). Instead, the distribution of Y suffices.
Remark 6.14 (A Special Case) If we consider the special case in which g is the

identity function id: R — R, defined by id(y) = y, for all y € R, then id(Y) =Y
and Equations (6.13) yield

E(Y) = deP = fyPy(dy). (6.14)

<
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Remark 6.15 (Finite Number of Values) If Y takes on only a finite number of dif-
ferent values y,..., yn € R, then Equation (6.13) simplifies to

n
E[g(Y)] = Ey(g) =fgdPy = Zg(,Vi)'P(YzJ/i)y (6.15)

i=1
where P(Y=y;) = Py({y;}) = py(y:), i = 1,...,n, and py denotes the probability
function of Y (see Def. 5.56). <

Remark 6.16 (Countable Number of Values) If Y takes on a countable number
oo

of different values y;,y,,... € R and ¥5°, g*(y;)- P(Y=y;) <oco or X g ()"
P(Y=y;) <oo, then

E[g(Y)] = Ey(8) =fgdPy =) gy)-P(Y=y,). (6.16)
i=1

Note that (6.16) also applies if g is nonnegative, because in this case g~ =0 holds
for the negative part of g, which implies .72, g7 (y;) =0 < oo. <

Equation (6.13) immediately implies the following corollary according to which
the expectations of two random variables X and Y are identical if they have iden-
tical distributions, provided that the expectations exist (see also Remark 6.27).

Corollary 6.17 (Identical Distributions Imply Identical Expectations)
Let X,Y: (Q, o, P) — (Q /') be random variables and g: (Q), «¢') — (R, %)
a measurable function that is nonnegative or with expectation Ex(g). If Px =
Py, then E[g(X)] = E[g(Y)].

This property allows us to use the term expectation of a distribution instead of
expectation of a random variable.

In the following lemma we consider a bivariate random variable (X,Y) and
a numerical function g(X), i.e., a function that only depends on X. According
to this lemma, the expectation of g with respect to the joint distribution Py y is
identical to the expectation of g with respect to the marginal distribution Py.

Lemma 6.18 (Expectation w.r.t. Joint and Marginal Distributions)

Let (X,Y): (Q,o,P) — (QkxQf, or® <)) be a bivariate random variable
with joint distribution Pxy and let g: (Q%,<#4) — (R, %) be a measurable
function that is nonnegative or with expectation Ex(g). Then

Exy(g) = Ex(g), (6.17)

which is equivalent to

fg(x) Pxy ld(x, y)] =fg(X) Px (dx). (6.18)

(Proofp. 212)
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Example 6.19 (Flipping two Coins - continued) Consider again the random vari-
able X = number of flipping heads and the indicator 15: Q — R of the event that
at least one heads is tossed. In Example 2.47 we showed that 15 = go X, where
g:R — R is defined by

1 ifxe{1,2},
glx) = nx {_ I forall xe R.
0, otherwise

According to (6.15),

E(ly) = E[g(X)] = Ex(g) = 0-P{X=0}) + 1-P(X€{l,2}) = P(Xe{l,2}) =

| w

<

Example 6.20 (Expectation of Y?) LetY: (Q,<fP) — (R, %) be areal-valued ran-
dom variable, let g: (R,9%8) — (R, %) be measurable and let g(Y) := Y?2. Then,
according to Equation (6.13),

E(Y? = E[g(Y)] = Ey(g) :fgdPY =fy2Py(dJ/).

[Note that Y 2 is nonnegative and E(Y ?) can be infinite.] This equation shows that
the expectation of Y 2 solely depends on the distribution Py of ¥, which illustrates
Corollary 6.17. Using the integral [ g d Py is often the most convenient way of
computing the expectation E(Y?2). If Y takes on only a finite number of values
Y1,---»Yn €R, then this equation simplifies to

E(Y?) =) yi-Py(yd) =) y?-P(Y=y)). (6.19)

i=1 i=1
These equations only involve the probabilities P(Y=y;) = Py({y;}), not the prob-
abilities P(Y?=y?). <

Example 6.21 (Multiplication With Indicators) Let Y: (Q, <, P) — (R, %) be a
numerical random variable with expectation E(Y). If A € o/ and P(A) = 0, then
(1, Y) = 0 and Rule (i) of Box 6.1 implies

E1,4Y) = 0. (6.20)

If C=AUB,AnB=0, and A,Bes/,then1.,Y =1,Y + 13 Y and Rule (vi) of Box
6.1 implies
E(1cY) = E(1,Y) + EQAgY). (6.21)

<

The following corollary shows how to compute the expectation of the compo-
sition g(Y) using the density of Y. As mentioned before, the virtue of Equation
(6.22) is that we do not have to know the density of g(Y), the density of Y suffices.
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Corollary 6.22 (Transformation Theorem, Continuous Random Variable)
Let Y: (Q, <, P) — (R,%) be a continuous random variable with a Riemann
integrable density fy. If g: (R, 28B) — (R, 2B) is a measurable function that is
nonnegative or numerical with finite expectation Ey(g) = [ g dPy, then

E(g(Y)] = Ey(g) = f g fr(y) dy. (6.22)

(Proof p. 212)

6.1.5 Rules of Computation

Some rules of computation for expectations are gathered in Box 6.1 (for proofs
see Exercise 6-1).

Example 6.23 (Expectation of a Sample Mean) Let Y),...,Y, be a random sam-
ple. This means that the random variables Y,...,Y,, are i.i.d. (see Rem. 5.42).
Furthermore, if the Y7, ...,Y,, are real-valued, define

- 1 &2
Y==3Y, (6.23)

noi=1
the arithmetic mean, which in statistics is also called the sample mean. If Y is
nonnegative or with finite expectation and

My = E(1)) (6.24)
denotes the identical expectations of the variables Yj,...,Y,, then

EY) = puy (6.25)
(see Exercise 6-4). <

Now we turn to a generalization of Rule (x) of Box 6.1.

Theorem 6.24 (Expectation of the Product of Random Variables)
Let Y;: (Q,,P) —> (R,9B), i =1,...,n, be real-valued random variables that
are nonnegative or with finite expectations and assume that the Y,...,Y,, are
independent. Then
n n
E( Y,~) = [[Ew. (6.26)
j= i=1

i=1

If the expectations E(Y;), i = 1,..., n, are finite, then E ([11, Y;) is finite, too.

i=1"1

For a proof see, e. g., Bauer (1996, Theorem 8.1, p. 49). Later we will weaken the
independence assumption [see Rem. 7.10 and Box 7.1 (i)]. However, if the vari-
ables Y; are not independent, then Equation (6.26) does not necessarily hold (see
Remark 7.10).
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Box 6.1 Rules of Computation for Expectations

Let Y: (Q, </ P) — (R, %) be a random variable with expectation E(Y) and
letae R. Then:

Yg(x > EY)=q. @)
E(+Y) = a + E(Y). (ii)
E(@-Y) = a-E(Y). (iii)

Let A,B € «/. Then

E(,-15) = P(ANB). (iv)
E(1,-Y) =0, ifP(A)=0. )

If Y7, Y, are nonnegative or real-valued with finite expectation, then
EM+Y;) = E(Y1) + E(Ys). (vi)

Fori=1,...,n, letY;: (Q, < P) — (R, %) be random variables with
finite expectations E(Y;) and a; € R. Then

n n
E() ;i) =) o;-E(Y)). (vii)
i=1

i=1

Let X, Y: (Q, </ P) — (R, %) be random variables that are nonnegative
or with finite expectations. Then:

XY = EX)=E{Y). (viii)
X=Y o VAed/: E1xX) = E(L4Y). (ix)
XJI.)LY = EX-Y) = EX)-E). x)

6.2 Moments, Variance, and Standard Deviation

The expectation E(Y) of a numerical random variable Y is also called the first mo-
ment of Y, provided that this expectation exists, whereas the expectation E (Y?is
called the second moment of Y (see Example 6.20). For second (and higher) mo-
ments we distinguish between moments and central moments.

Remark 6.25 (Higher Moments of Y) Analogously to Example 6.20, we may con-
sider g(Y) =|Y"| or g(Y) = Y" with n = 1. Note that
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(i) E(Y"])=E(Y|") always exists, because |Y"|is nonnegative (see Def. 6.1).

(i) If, for n € N, the expectation E(|Y"|) is finite, then E(Y") exists and is
finite (see Cor. 3.38).

(iii) If, for n € N, the expectation E(|Y"|) is finite, then E(Y™) exists and is
finite as well for all m with 1 < m < n (see Exercise 6-2).

(iv) If niseven, then the random variable Y is nonnegative and E(Y") exists.
In contrast, if n is odd, then the expectation E(Y") does not necessarily
exist.

<

Definition 6.26 (MomEnts)
Let Y: (Q, <, P)— (R, B) be a numerical random variable and let n € N.

(i) The expectation E(|Y|") is called the nth absolute moment of Y.

(ii) If Y is nonnegative or such that E(Y") is finite, then E(Y") is called
the nth moment of Y.

(iii) If E(Y™) is finite or if Y is nonnegative and the expectation E(Y) is
finite, then we call E([Y — E(Y)]") the nth central moment of Y.

Remark 6.27 (Moments Under P-Equivalence) Ifthe expectations of Y” and there-
fore also of [Y — E(Y)]" are finite, then they can be represented as expectations
of functions g(Y) of Y, where g: (R, %) — (R, %) is a measurable function with
finite expectation Ey(g) [see Proposition (ii) of Th. 6.13]. Therefore, according to
Corollary 6.17, all moments (central or noncentral) of a numerical random vari-
able Y solely depend on its distribution Py. Hence, if two random variables Y;
and Y, have the same distribution Py, = Py,, then they have the same moments.
For instance, if Y} = Y, and the expectations E (Y;®) and E(Y»?) are finite, then
E(Y1) = E(Y») and E(Y;?) = E(Y»?). This allows us to use the terms (central) mo-
ments of a distribution instead of (central) moments of a random variable. <

Variance and standard deviation are the most important parameters describ-
ing the variability of a random variable. They are defined as follows:

Definition 6.28 (Varian_ce and Standard Deviation)
Let Y: (Q, < P) — (R, %) be a numerical random variable and assume that
E(Y?) < co. Then the variance of Y is defined by

Var(Y) = E(lY - E(Y)]?), (6.27)

and thestandard deviation of Y by the positive square root of the variance,

ie.,
SD(Y) := /Var(Y). (6.28)
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Box 6.2 Rules of Computation for Variances

Let X,Y: (Q,P) — (R,%) be random variables with finite second mo-
ments and let « € R. Then:

Var(Y) = E(Y?) — E(Y)2 o)
Var(a+Y) = Var(Y). (ii)
Var(a-Y) = o?- Var(Y). (iif)
ElcxeleYfa < Var(Y)=0. (iv)
X = Y = Var(X)=Var(Y). W)

For i =1,...,n, let the random variables Y;: (Q,/, P) — (R, %) be indepen-
dent with finite second moments and «; € R. Then

Var(iai.n) =Y & Var(y). (vi)
i=1 i=1
Var(14)
0.3
0.2
0.1
0 ‘ ‘ ‘ ‘ ‘
0 0.2 0.4 0.6 0.8 1.0 P(4)

Figure 6.1. Variance of an indicator of an event as a function of its probability

According to this definition, Var(Y) is the expectation of the squared mean
centeredrandom variable Y — E(Y). Hence, the variance of Y is the second central
moment of Y. Note that variances and standard deviations are nonnegative. The
variance of Y is also denoted by o4 and the standard deviation by oy. Box 6.2
summarizes some important properties of variances (see Exercise 6-3).

Example 6.29 (Location vs. Variability) Consider two real-valued random vari-
ables X,Y: (Q,¢ P) — (R,%) with P(X=-1) = P(X=1) = 0.5 and P(Y=-10) =
P(Y=10) = 0.5. Then E(X) = E(Y) = 0 but Var(X) =1 # Var(Y) = 100. In con-
trast, if P(X=-1) = P(X=1) =0.5and P(Y=9) = P(Y=11) = 0.5, then E(X) =0 #
E(Y) =10but Var(X) = Var(Y) = 1. This illustrates that the expectation describes
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the ‘location’ of a random variable [see Rule (ii) of Box 6.1], while the variance
is invariant with respect to translations [see Rule (ii) of Box 6.2]. In contrast, the
variance describes the ‘variability’ of a random variable, whereas, in general, the
expectation does not. <

Example 6.30 (Variance of an Indicator) Let (Q, o7, P) be a probability space and
let 14 denote the indicator of A € «/. Then

Var(1y) = E,®) - [E(1)]*  [Box6.2, (i)]
= E(12) - [EQ)]? [14°=14] (6.29)
= E(14)-[1-E(1y)]
= P(A)-[1-P(A)]. [(6.4)]

According to Equation (6.4), the expectation of the indicator 1, is P(A), and Equa-
tion (6.29) shows that its variance is P(A) - [1 — P(A)]. Obviously, the variance of
an indicator variable does not contain any information additional to the expec-
tation E(1,) = P(A). In fact, in this case, E(1,) contains the full information about
the distribution of 1,. This is not surprising because the distribution of 1, is com-
pletely determined by the single parameter P(A). Unlike the expectation, the vari-
ance of 1, does not comprise the full information about the distribution of 14. For
example, Var(1,) =.1-.9=.09 if P(A) =.1 or P(A) =.9. The variance of 14 has its
maximum for P(A) = 1/2 and goes to 0 if P(A) approaches 0 or 1 (see Fig. 6.1). <

Example 6.31 (Joe and Ann With Random Assignment- continued) Inthe exam-
ple presented in Table 2.2 (p. 53), X is an indicator variable. Hence, its variance is
most easily computed as follows:

Var(X) = P(X=1)-[1-P(X=1)] = .40-.60 = .24.
Similarly, the variance of Y is obtained by
Var(Y) = P(Y=1)-[1-P(Y=1)] = .51-(1-.51) = 0.2499.
<

Example 6.32 (Variance and Standard E_rror of the Sample Mean) Let Y,...,Y,
be a sample (see Example 6.23), and Y the sample mean [see Eq. (6.23)]. If
E(Y;%) <00, and

0% = Var(Yy) (6.30)
denotes the identical variances of the Y3,...,Y,, then
— ()'2
0 := Var(Y) = — (6.31)
n
(see Exercise 6-4). Hence,
/2 a Oy
Oy i=4/0; = SDY) = ﬁ (6.32)

In statistics SD(Y) is also denoted SE(Y) and called the standard error of the sam-
ple mean. <
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Remark 6.33 (Z-Transformation) Everyreal-valued random variable Y: (Q, o/, P) —
(R, %) with finite and positive variance Var(Y) can be transformed by
Y -E(Y)
Zy i= ————. (6.33)
SD(Y)

Note that E(Zy) = 0 and Var(Zy) = 1 (see Exercise 6-5). This transformation is
called the Z-transformation.

As a special case consider the mean Y of a sample Yj,..., Y, with expectation
My := E(Y7) and finite standard deviation oy := SD(Y;) > 0 (see Example 6.32).
Then the Z-transformation of Y is

Y —
Z = yn-—2 (6.34)

(see Exercise 6-6). The random variable Z; will be used in the Central Limit The-
orem (see Th. 8.34). <

Remark 6.34 (The Expectation Minimizes the Mean Squared Error) If E(Y?) <
oo, then a € R minimizes MSE(a) := E[(Y — a)?] if and only if a = E(Y). This
means that the expectation E(Y') that the expectation minimizes the mean squared
error (see Exercise 6-7). <

Definition 6.35 (Coefficient of Variation)
Let Y: (Q, <, P) — (R,%) be a nonnegative numerical random variable. If
E(Y?) is finite and E(Y) # 0, then

(6.35)

is called the coefficient of variation of Y.

Remark 6.36 (Properties of the Coefficient of Variation) This coefficientisanon-
negative dimensionless quantity that expresses the variability of Y in units of
its expectation. Note that sometimes the coefficient of variation is defined as
SD(Y)/E(Y).Ifa #0, then CV(aY) = CV(Y) [see Box 6.2 (iii), (6.28), and 6.1 (iii)],
i.e., CV(Y)isinvariant under multiplication with (nonzero) constant. In contrast,
if p #—E(Y), then CV(Y +f) = SD(Y)/|E(Y) +pI [see Box 6.2 (ii), (6.28), and 6.1
()], i.e., CV(Y) is not invariant under translations. <

The following parameter quantifies, in a sense, the deviation of a distribution
from symmetry to its expectation.

Definition 6.37 (Skewn_ess)
Let Y: (Q, < P) — (R, %) be a numerical random variable. IfE(Y?3) is finite
and Var(Y) > 0, then
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Y -E(Y)]?
| —s— (6.36)
SD(Y)3
is called the skewness of Y.
6.3 Proofs
Proof of Theorem 6.11
E(Y) :dep [6.1)]
= f yPy(dy) [(3.62)]
=fyfy(y)/1(dy) [(3.72), (5.61)]
= f * Y fyr(y) dy. [Riemann integrability of fy, (3.68)]
—00
Proof of Lemma 6.18
Forall A’ € o/ and g = 1/,
flA/(x) Px(dx) = Px(A)) (3.9)]
= Pxy(A'xQ}) [(5.21)]
= flA/(x)'lgg/(y) Pxyld(x, )] [3.9), (1.38)]
- [ Pxyid . 1oy ()= 1)

Now the proposition follows applying the standard methods of proofs described in Remark
3.30.

Proof of Corollary 6.22
E(g(Y)] = Ev(g) =fg(y)Py(dy) [(6.13)]
= f g fr(Mdy) [3.72), (5.61)]

o0
= f v fydy. [Riemann integrability of y- fy(y), (3.68)]
—00
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6.4 Exercises

> Exercise 6-1 Prove the rules of computation of Box 6.1.

> Exercise 6-2 Show: If, for n € IN, the expectation E(Y") exists and is finite, then E(Y"™)
exists and is finite as well forall 1 <= m < n.

> Exercise 6-3 Prove the rules of Box 6.2.
> Exercise 6-4 Prove Equations (6.25) and (6.31).

> Exercise 6-5 Let Y: (Q,,P) — (R , %) be a numerical random variable with finite sec-
ond moment E(Y?) and Var(Y) > 0. Show that the expectation of Z := [Y — E(Y)]/SD(Y)
is 0 and its variance s 1.

> Exercise 6-6 Let Y;: (Q, 4 P) — (R,9), i = 1,2,...,n, be a sample with expectations
E(Y;) = p and finite and positive variances Var(Y;) = 0% i=1,...,n. Furthermore,letY :=
S/n be the arithmetic mean, where S:= Y ?:1 Y;, and

7.. YW n
[0}

Show that E(Z) =0 and Var(Z) = 1.

> Exercise 6-7 Assume E(Y 2) < oo and show that a € R minimizes MSE (a) := E[(Y — a)?]
ifand only if a = E(Y).

Solutions

> Solution 6-1 Because the expectation of a numerical random variable is defined as an
integral, we simply can refer to the corresponding propositions of chapter 3.

(i) Thisis Equation (3.8) with A=Q and u(A4) = P(Q) = 1.

(ii) This is a special case of Equation (3.34).

(iii) Thisis a special case of Equation (3.32).

(iv) Note that1,-1p = 14~ p. Hence, this rule follows from Equation (3.8), with = 1.

(v) This is a special case of Lemma 3.45.

(vi) If 7, Y, are nonnegative, then this equation is a special case of Equation (3.65). If
Y; or Y, has a finite expectation, then this equation is a special case of Equation (3.33).

(vii) This rule follows from Equation (3.34) and complete induction.

(viii) This is a special case of Lemma 3.47.

(ix) This is a special case of Theorem 3.48.

(x) This is a special case of Theorem 6.24.

> Solution 6-2 Assume that, for n € IN, the expectation E(Y") exists and is finite. Further-
more, let A:={weQ:|Y(w)|>1}. Now, forall mwithl1<m<n,

[Y(@)™ < |Y()", YVweA and [Y(@)™ <1, VweA°.

Therefore, applying Corollary 3.38, for 1 = m < n:
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E(Y™) :f|Y’"|dP [(6.1)]
:f Y™ dp +f Y™ dpP [(3.36)]
A AC
sf Y™ dP +f 1dP [Lemma 3.26]
A AC
Sf Y™ dP + 1 [(3.30), 14c <1, Lemma 3.26]
A
< oo.

> Solution 6-3 Rules (i), (ii), and (iii) are special cases of rules (i), (ii), and (iii) of Box 7.1,
which are proved in Exercise 7-3.
(iv) =: This proposition follows from (vii) of Box 7.1.

<:

Var(Y) =0 = [Y—-EY)? =0 [(6.27), Th. 3.43]
= Y-EY)50 ([Y-EY)?=0eY -E(Y)=0]
= Y= EY) e R. [E(Y)? <00 = E(Y) € R, Rem. 6.25 (iii)]

W X=Y = X2 Y? [see (2.34)]. Hence, X =Y implies E(X) = E(Y) and E(X?) =
E(Y?) (see Cor 6.17). Therefore rule (i) of Box 6.2 ylelds Var(X) = Var(Y).
(vi) This proposition follows from rules (ix) and (vi) of Box 7.1.

> Solution 6-4
Equation (6.25) can be derived as follows:

_ 1 2
E(Y) = E|—- Z [(6.23)]
1 & i
= —-Y E) [Box 6.1 (vii)]
noix1
1
= > ‘n-gy = Hy. [Y1,...,Y, are identically distributed, (6.24)]

Equation (6.31) can be derived as follows:

_ n

Var(y) = ; Z ) [(6.23)]

1 n
= Y var(Yy) (AL Y1,..., Yn, Box 6.2 (vi)]

i=1

1 o?
2 Y . . -

= ﬁ%-cy = - [Y1,...,Y, are identically distributed, (6.30)]

> Solution 6-5 Let p:= E(Y) and 0 := SD(Y). Then
Y - 1

E(—H) - E(_.(Y_p)) -
o o

1 1
5 [EM-E@] = —-(u-p

E(Z)

CE(Y —p) [Box 6.1 (iii)]

0 [Box 6.1 (vi), (i)].



6.4 Exercises 215

(58] = varlg-r-w)
Var(Z) = Var =Var|{—- (Y-
o o
1 1 2 cen e
= g-Var(Y) = ?-0 =1 [Box 6.2 (iii), (ii)].

> Solution 6-6 Using Equations (6.25), (6.32), E(Zy) = 0, and Var(Zy) =1 (see Exercise
6-5) yields

X—p
olyn

> Solution 6-7 For all a € R, using Box 6.1 (iii), (ii),

X-u
olvn

E(Z) = E

) =0 and Var(Z) = Var

E[(Y -®? = E(IY - E(Y) + E(Y) —a]?)
E(lY —E(W)?) + [E(Y) —a)* +2-E([Y - E(Y)]- [E(Y) — o)
E(lY = E(1?) + [E(Y) - o

E(lY -E()1?),

\%

and ‘=" holds if and only if E(Y) = a.






Chapter 7

Linear Quasi-Regression, Covariance, and
Correlation

Expectation and variance are parameters that describe important properties of a
univariate numerical random variable and its distribution. Now we consider two
numerical random variables, say X and Y, and their joint distribution. In other
words, we consider the distribution of the bivariate real-valued random vari-
able (X,Y): (Q, <, P) — (R? %,). We also introduce a new random variable that
can be used to describe a specific kind of dependence of Y on X. It is the kind
of dependence of Y on X that is represented by the best fitting linear function
op + o1 X, ‘best fitting’ in terms of the minimal mean squared error. This func-
tion is the composition of X and the linear quasi-regression or the linear least-
squares regression. Covariance and correlation are important parameters quan-
tifying the strength of the kind of dependence that can be described by a linear
quasi-regression.

7.1 Linear Quasi-Regression

Remark 7.1 (Implications of Finite Second Moments) Reading the following
definition note that E(X?), E(Y?) < oo implies that E(X), E(Y), and E(X-Y) are
finite (see Klenke, 2013, Remark 5.2, p. 102). Hence, according to Remark 3.42,
there is no substantial loss of generality if we additionally assume that X and Y
are real-valued. <

Definition 7.2 (Linear Quasi-Regression)
Let X,Y: (Q,<,P) — (R,98) be two real-valued random variables, assume
E(X?), E(Y?) < oo, and Var(X) > 0. Then the function f: R — R defined by

fx) = qp+oyx, VxeR, (7.1)
where the pair (g, ;) minimizes the function MSE: R? — R with
MSE (ay,a1) = E([Y — (a0 + a1 X)), Vao,a €R, (7.2)

is called the linear quasi-regression of Y on X. The composition of X
and f is denoted by Q;,»(Y1X), i.e.,
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Y
2 1 (] f(x)
1 [ ] (]
T T T
1 2 3 x
Figure 7.1. Linear quasi-regression
Qiin(Y1X) = f(X) = ag+ 0 X. (7.3)

Remark 7.3 (Distinguishing Between f and f (X)) To emphasize, the function f: R —
R is called a linear quasi-regression. In this context the random variable X is
called the regressor and Y the regressand. Note that f is a function assigning a
real number to all real numbers. This applies even if X only takes on two differ-
ent real values. In contrast, the number of different values of the composition
Qun(Y1X) = f(X): Q — R is smaller or equal to the number of values of X, pro-
vided that X takes on a finite number of values only. <

Remark 7.4 (Coefficient of Determination) Under the assumptions of Defini-
tion 7.2 and Var(Y) > 0, we define

2 . VarlQun(Y1X)]
QYIX = Var(—Y) (7.4)

and it call the coefficient of determination of the linear quasi-regression Q;;, (Y| X).
In Remark 7.29, this definition is extended to the case is which X is an n-dimensional
real-valued random variable. <

Example 7.5 (Discrete Regressor With Three Different Values) Let X and Y be
real-valued random variables on (Q, < P) with values 1,2,3 and 1,2, respectively.
Furthermore, assume that their distribution is specified by

P(X=1,Y=1)=.25, P(X=2,Y=2)=.5 P(X=3,Y=1)=.25.
Then the linear quasi-regression f: R — R is specified by

f) =g+ x=15+0-x=1.5 VxeR,
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Q R
Qun(Y1X) = f(X)

Figure 7.2. The regressor X, the linear quasi-regression f and their composition
Qiin(Y1X) = f(X)

and the composition of X and f is
Qun(Y1X) = 0p+0;-X=15+40-X=1.5

(see Exercise 7-1). The black points in Figure 7.1 represent the three pairs of val-
ues of X and Y. All values of the the linear quasi-regression are on the horizontal
line, which, in this example, is parallel to x-axis because its slope is 0. The circles
on this line represent the values f(x) for x = 1,2,3, i. e., for those values of X with
a nonzero probability Px({x}) > 0. In contrast, in this example, Px({x}) = 0, for all
x € R\{1,2,3}. Nevertheless, as mentioned before, a linear quasi-regression f is a
function assigning a real number to all real numbers. <

Remark 7.6 (Linear Quasi-Regression vs. Regression) As the term ‘linear quasi-
regression’ suggests, there is also a ‘genuine’ regression of Y on X (see Def. 10.25)
and the two terms are not necessarily identical. As will be explained in more de-
tail in Remark 10.27, the ‘genuine’ regression is a function g: R — R such that
the composition g(X) is X-measurable and minimizes the mean squared error
E([Y - g(X)]Z). In contrast to the conditional expectation E(Y|X) [see Eq. (10.1)],
the composition Qy;,(Y|X) = f(X) minimizes the function MSE specified in
Equation (7.2). Hence, f has to be a linear function even in those cases in which
there are no ay, a; € R, such that E(Y|X) =do+ a; X (see Example 7.5). <

Remark 7.7 (Intercept and Slope) Note that the composition Qy;,(Y|X) = f(X)
= o + a; X is a random variable on (Q, <, P) (see Fig. 7.2). The coefficient «y
is called the intercept and a; the slope of (the linear quasi-regression) f (see
Fig. 7.3). Obviously,

f) = ap+0a;:0 = 0p. (7.5)

Furthermore, if x1, x, € R and x, > x;, then

1
Xo— X1

[f ) = flx)] (7.6)

o =

(see Exercise 7-2). Equation (7.6) yields
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fx)

} o

Figure 7.3. Intercept and slope of a linear function f: R — R

0 = f(xz) - f(xl), if Xo— X1 = 1. (7.7)

These equations justify calling ay the intercept and a; the slope of the linear
quasi-regression f (see Fig. 7.3). Note that these equations also apply if P(X=0) =
P(X=x;) = P(X=x;) = 0. They even apply if 0, x;, x, ¢ X(Q), because, by defini-
tion, f is a function on R.

Figure 7.3 illustrates the intercept and the slope of a linear function such as
the linear quasi-regression f. In this figure, ap = .5 and o; = .85. If X is discrete,
then Qy;,(Y1X) = f(X) is discrete as well. More precisely, the number of different
values of Qy;,(Y'| X) is always smaller than or equal to the number of different val-
ues of X. In contrast, the linear quasi-regression f: R — R takes on uncountably
many values unless its slope is 0. In this case its sole value is . <

7.2 Covariance

While the variance quantifies the variability of a numerical random variable, the
covariance quantifies the degree of co-variation of two numerical random vari-
ables, i.e., the degree to which the two variables vary together in the following
sense: If one variable takes on a large value (i. e., large positive deviation from its
expectation), then the other one tends to take on a large value as well. Further-
more, if one variable takes on a small value (i. e., large negative deviation from
its expectation), then the other one tends to take on a small value, too. In this
case the covariance will be positive. However, the covariance may also be a neg-
ative real number. In this case, the two random variables co-vary in the following
sense: If one variable takes on a large value, then the other one tends to take on
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a small value. Furthermore, if one variable takes on a small value, then the other
one tends to take on a large value.

Definition 7.8 (Covarianc_e)
Let X,Y: (Q, o P) — (R, %) be two numerical random variables with E(X?),
E(Y?) < oo. Then the covariance of X and Y is defined by

Cov(X,Y) := E([X-EX)]-[Y —-E(Y)]). (7.8)

Comparing Equations (7.8) and (6.27) to each other shows that the variance is the
covariance of a numerical random variable with itself.

Remark 7.9 (Correlated Numerical Random Variables) According to this defi-
nition, the covariance of X and Y is the expectation of the product of the cen-
tered variables X — E(X) and Y — E(Y). Hence, a covariance can be negative, zero,
or positive. If the covariance is different from zero, then we say that X and Y are
correlated; otherwise, we say that they are uncorrelated. <

Remark 7.10 (Rules of Computation) The most important rules of computation
for covariances are summarized in Box 7.1. Proofs are provided in Exercise 7-3.
Rule (i) immediately implies

E(X-Y) = EX)-E(Y) + Cov(X,Y). (7.9)

Hence, X and Y are uncorrelated if and only if E(X -Y) = E(X) - E(Y) [see Rule
(vi)]. Furthermore, this equation and Theorem 6.24 imply that X and Y are un-
correlated if X and Y are independent.

Symmetry of the covariance [see Box 7.1 (v)] yields an alternative way to write
Rule (viii) of Box 7.1:

n n n-1 n
Var(Y i ¥;) = Y ofvar(v) +2- Y Y oqa;Con(¥;, Y)). (7.10)
i=1 im1 im1 j=it1
This equation simplifies to
n n
Var( Y oY) = Y af Var(), (7.11)

i=1 i=1

if Y1,...,Y, is a sequence of pairwise uncorrelated random variables. Note that
independence of Y3,..., Y, implies Cov (Y;,Y;) =0, i # j [see Rule (vi)].
For n =2, Rule (viii) simplifies to

Var(o; Y1 +a, Ys)

) ) (7.12)
= oy Var(Yh) + o5 Var(Y2) + 20 az - Cov (Y7, Yz ).

Similarly, for n = m = 2, Rule (ix) simplifies to
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Box 7.1 Rules of Computation for Covariances

Let X, Y be numerical random variables on the probability space (Q, </, P)
with E(X?), E(Y?) < co. Furthermore, let o, p € R. Then:

Cov(X,Y) = E(X-Y)-EX)-E(Y). (i)
Cov(a+X,pPp+Y) = Cov(X,Y). (ii)
Cov(aX,pPY) = ap Cov(X,Y). (iii)
Cov (X, X) = Var(X). (iv)

Cov (X,Y) = Cov (Y, X). ()

X1y = Cov(XY)=0. (vi)
EI(xE]R:Xg(x = Cov(X,Y)=0. (vii)

If Y; are real-valued random variables on the probability space (2, </, P)
with E(Y?) <oo and a; €R, i=1,...,n, then

n n n n
Var(Y aiYi) = Y ofVar(v) + Y. Y aiagCov(Y;, Y. (vild
i=1 i=1 i=1 j=1,i#j

If X;, Y; are real-valued random variables on the probability space
(Q, <, P) with E(X}), E(sz) <oo,and o;,f; €R, foralli=1,...,n
and j=1,...,m, then

Cov(ZaiXi,Zﬁj Y]) =) Y «;p;Cov(X;, Y. (ix)
i=1 j=1 i=1j=1

If X, = X; and E(Y?), E(X]), E(X]) <oo, then

Cov (Y, X;) = Cov(Y,X>). x)

Cov (o X1 + 02X, P1 Y1 +P2Y2)
= (xlﬁl Cov (Xl, Yl) + (xlﬁgCov (Xl, Yg) (713)
+ (XzﬁICOU(Xz,Yl) + (XzﬁzCOU(Xg,Yz).
<

Remark 7.11 (Covariance of Indicators) For A,B € </, Rule (i) of Box 7.1 and
Equations (1.33) and (6.4) yield

Cov (14,15) = E(14-15) — E(14) - E(1p) (7.14)
P(AnB)-P(A)-P(B). (7.15)

<
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The following theorem helps to understand the relationship between the co-
variance and the variances of two numerical random variables X and Y.

Theorem 7.12 (Cauchy-Schwarz Inequality)
If X,Y:(Q,o,P) — (R,%) are random variables with E(X?), E(Y?) < oo,
then

Cov(X,Y)? < Var(X)- Var(Y). (7.16)

Furthermore, if Cov (X,Y) # 0, then

Cov(X,Y)?>=Var(X)-Var(Y) < 3Fa,beR:Y =a+ b-X. (7.17)
(Proof p. 233)

Remark 7.13 (Squared Weighted Sum of Random Variables) If X,Y: (Q, <, P) —
(R, 9B) are random variables with E(X?), E(Y?) < oo and a,p € R, then E[(aX +
BY)?] < oo (see Exercise 7-4). <

In the following theorem we revisit the linear quasi-regression, studying three
equivalent propositions. The first of these propositions deals with the residual
variable € := Y — f(X), where f is the linear quasi-regression of Y on X. Note that
this residual is not necessarily identical to the residual with respect to a condi-
tional expectation that will be treated in chapters 9 to 11.

Theorem 7.14 (Three Characterizations of the Linear Quasi-Regression)
LetX,Y: (Q, < P) — (R, %) be two real-valued random variables with E(X?),
E(Y?) < oo, and Var(X) > 0. Furthermore, let oy, o; € R, f(X) = ap + o1 X
be the composition of X and f:R — R, and define € := Y — f(X). Then the
following three propositions are equivalent to each other:

(i) E() = Cov(X,e) = 0.

(i) o9 = E(Y)—oy E(X) and oy = M
0 ! YT Var(X)
(i) f(X) = Qun(Y1X), i.e., ag, 1 minimize the function MSE (ay, a,) de-

fined by Equation (7.2).
(Proofp. 234)

Remark 7.15 (Uniqueness) Suppose that the assumptions of Theorem 7.14 hold
and f(X) = Qy;,(Y|X). Then proposition (ii) of this theorem implies that the coef-
ficients o and a; are uniquely defined. Because Qy;;, (Y| X) = ap + a1 X, the linear
quasi-regression f: R — R is uniquely defined as well. <

Remark 7.16 (Relationship Between Slope and Covariance) According to pro-
position (ii), a zero covariance between X and Y implies that the slopes of the
linear quasi-regressions of Y on X and of X on Y are zero, provided that Var(Y) >
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0. A negative covariance implies that the slopes of the linear quasi-regressions of
Y on X and of X on Y are negative, and a positive covariance implies that the
slopes of the linear quasi-regressions of Y on X and of X on Y are positive. <

Example 7.17 (Discrete Regressor With Three Different Values - continued) In
Example 7.5 we specified the distribution of (X,Y). Now we use the equations in
Theorem 7.14 (ii) in order to compute the coefficients oy and «;. For this pur-
pose we have to compute the expectations of X and Y, the variance of X, and
the covariance of X and Y. Hence, with n =3, m =2, x; = 1,x, = 2,x3 = 3, and
n=1y=2,

B0 = Y x-PX=x) = 1.2+ 2.2 3.1 _ g
= 4 2 4
E(Y) = Zy, P(Y=y;) :1-1+2.1=§,
= 2 2 2

Y x7-P(X=x;) — E(X)* [Box6.2 (i), (6.19)]
i=1

Var(X) = E(X?) — E(X)?

1 1 1 1
=122 42224 +3%.2 - 22 =
4 2 4 2
Cov(X,Y) = E(X-Y) — E(X)-E(Y) [Box 7.1 ()]
n m
=) > %y P((X,V)=(x;,y) - E(X)-E(Y) [(6.3)]
i=1j=1
1 1 1 3
=11->422.-+31.= — 2.2
4 2 4 2
1 8 3 12
=-+-+- - —=0.

Using the equations in Theorem 7.14 (ii) yields o; = Cov (X,Y) / Var(X) = m =0
and o = E(Y) — o E(X) = 5 —0-2 = 1.5, the same result as obtained in Exercise
7-1, in which we minimize the function MSE (ay, a;). <

7.3 Correlation

As mentioned before, the covariance between two numerical random variables
quantifies the strength of the dependence that can be described by a linear quasi-
regression. However, the covariance is not invariant under multiplication with
constants [scale transformations; see Box 7.1 (iii)] of the random variables in-
volved. In contrast, the correlation, which quantifies the strength of the same
kind of dependence is invariant under scale transformations (see Rem. 7.22).

Definition 7.18 (CorrelatE)n)
Let X,Y: (Q, < P) — (R, A) be two numerical random variables with E(X?),
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E(Y?) <oo. Then the correlation of X and Y is defined by

Cov (X,Y) i
— " ifSD(X),SD(Y) > 0,
Corr (X,Y) := { SD(X)-SD(Y) (7.18)

0, otherwise.

Remark 7.19 (Correlation of a Random Variable With Itself) Assume Var(X) >
0. Because Cov(X,X) = Var(X) = SD(X) - SD(X), Equation (7.18) implies that
Corr (X,X) = 1. Similarly, because Cov(X,-X) = —Var(X) = -SD(X) - SD(X),
Equation (7.18) implies that Corr (X,-X) = —1. <

Remark 7.20 (Range of the Correlation) An implication of (7.16) is
-1<Corr(X,Y) <1, (7.19)

provided that Corr (X,Y) exists, i.e., provided that the assumptions hold under
which the correlation is defined (see Exercise 7-5. <

Remark 7.21 (Correlation and Z-Transformed Variables) If the standard devi-
ations of X and Y are positive, then the correlation is also the expectation of the
product of the Z-transformed variables [see Eq. (6.33)], i.e.,

X-EX) Y-E)

Corr(X,Y) = E
SD(X) SD(Y)

(7.20)

(see Exercise 7-6). <

Remark 7.22 (An Invariance Property of the Correlation) The correlation of lin-
ear transformations of X and Y is

Corr (X,Y), ifa;-b;>0
Corr(ag+ a1 X, by+b,Y) =  —Corr (X,Y), ifa;-b; <0, (7.21)
0, if a - bl =0

where ay, a;, by, by € R (see Exercise 7-7). This equation implies that the corre-
lation is invariant (up to change of signs) under linear transformations, which
include translations (a, = 1 and b, = 1) and scale transformations (ay = by = 0
and a;, by #0). <

Theorem 7.12 implies the following corollary about the cases Corr (X,Y) =1
or Corr (X,Y) = —1, i. e., the ‘perfect’ correlation.
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Corollary 7.23 (Perfect Correlation of Two Random Variables)

Let the assumptions of Definition 7.8 be satisfied and suppose that
Var(X), Var(Y) > 0. Then |Corr (X,Y)| =1 if and only if there are ay, a, € R,
a; Z0, such thatY =do+ a1 X. In this case

1, ifa;>0
Corr(X,Y) = : (7.22)
-1, ifa <.

Remark 7.24 (Covariance and Standard Deviations) Let Y =do+ iy X, ap,a; €
R.If g =0, then Cov (X,Y) =SD(X)-SD(Y).If a; <0 then Cov (X,Y) = -SD(X) -
SD(Y) (see Exercise 7-8). <

Remark 7.25 (Slope of a Linear Quasi-Regression and Correlation) If «; is the
slope of Qy;, (Y| X) (see Def. 7.2), then
_ Cov(X,)Y) _ SD(Y)

a = = Corr(X,Y)-
Var(X) SD(X)

(7.23)

[see proposition (ii) of Th. 7.14]. This equation shows that the slope «; of the lin-
ear quasi-regression has the same sign as the covariance and the correlation. The
size of the absolute value of o; depends on the ratio SD(Y)/SD(X) of the stan-
dard deviations. The smaller the standard deviation of X compared to the stan-
dard deviation of Y, the larger the absolute value of ;. Furthermore, given a fixed
variance Var(X), this equation also shows that «; is proportional to Cov (X,Y)
and Corr (X,Y). In this sense, all three parameters «;, Cov (X,Y), and Corr (X,Y)
quantify the strength of the dependence of Y on X described by a linear quasi-
regression. Note, however, that a; and Cov (X,Y) are not invariant under scale
transformations of X and Y. This can be seen in the following equation for the
slope a; of the linear quasi-regression of bY on aX, a,beR, a,b #0:

SD(bY) b

X, bY
o = LovlaX.by) bY) _ Corr(aX,bY)- =2 (7.24)
Var(aX) SD(aX) a

*

Hence, the slope of the linear quasi-regression of bY on aX is identical to the
slope of the linear quasi-regression of ¥ on X multiplied by %. In contrast, the
slope of the linear quasi-regression is invariant under translations ¢+ X, d + Y,
c¢,d €R (see Exercise 7-9). <

Remark 7.26 (Correlation and Coefficient of Determination) Under the assump-
tions of Definition 7.18 and Var (X), Var(Y) >0,

Var[Qpin(Y1X)]  Varlag+oq Var(X)] _ ofVar(X)
Var(Y) B Var(Y) T Var(Y) (7.25)
Corr (X,Y)2.

2 —
QYIX -
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Example 7.27 (Joe and Ann With Random Assignment - continued) Consider
the example presented in Table 2.2 (p. 53). In this example, the covariance of X
and Y is most easily computed using

Cov(X,Y) = EX-Y)-EX)-E(Y) [Box 7.1 (i)]
= Z (x-y) - P(X=x,Y=y) — P(X=1)-P(Y=1) [(6.15)]
(x,y)

P(X=1,Y=1) - P(X=1)-P(Y=1)
= (.16+.08) — .40-.51 = .036,

where P(X=1) = E(X) = .40 and P(Y=1) = E(Y) = .51 have been computed in
Example 6.7. Note that Z(x,y) is the sum over all pairs (x, y) of values of X and Y.
In this example, there are four such pairs, only one of which, namely (1, 1), yields
aproduct x- y # 0. Using the results of Example 6.31 on the variances of X and Y
yields the correlation

Cov(X,Y) 036 - 147
SD(X)-SD(Y)  24-y/2499

Hence, treatment and outcome variables have a positive correlation. This is in
accordance with comparing the conditional probability of success given treat-
ment, P(C|B) = .60, to the conditional probability of success given no treatment,
P(C|B€) = .45 (see Example 4.16).

In this example,

Corr (X,Y) =

le(Y|X) = Oy + X - X
Cov(X,Y) Cov (X,Y) .
= (E(Y) - ~E(X)) + — X [Th. 7.14 (ii)]
Var(X) Var(X)

( .036 ) .036

= |51 ——-.40| + =
.24 24

= .45 + .15-X,

and the linear quasi-regression f: R — R of Yon X is specified by

f(x) = .45+ .15-x, VxeR.

7.4 Expectation Vector and Covariance Matrix

7.4.1 Random Vector and Random Matrix

Let X = (Xj,...,X,) be an n-variate numerical random variable on a probability
space (Q,«, P). In order to utilize matrix algebra, we consider the column ran-
dom vector
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X
Xn

i.e., the column vector of the random variables Xj,..., X,,. Correspondingly, we

consider the row random vector x’:= [X,, ..., X,], the transpose of x.
In this section, we also consider a random matrix, i. e., a matrix

Xll Xlz e le
X21 X22 cee sz

X = | o ] (7.26)
X Xz oo Xom

of type n x m of numerical random variables X;; on a probability space (Q, </, P),
i=1,...,n,j=1,...,m. Such a random matrix is an n x m-array of an (n- m)-
variate random variable (see section 5.3).

7.4.2 Expectation of a Random Vector and a Random Matrix

The expectation of a (row or column) random vector is defined as the (row or col-
umn) vector of the expectations of its components, i. e.,

E(x") = [E(X),...,E(X,)] (7.27)
and E(x) := [E(X1),...,E(X,)]’, provided that the expectations exist. Hence,
Ex") = (E&))". (7.28)

Analogously to Equation (7.27), the expectation of an n x m-random matrix is
defined as the n x m-matrix of the expectations of its components, i. e.,

Xn Xiz2 ... Xim E(Xy1) EMXy) ... EXm)
Xo1 Xoo ... Xom E(X»n) EX») ... E(Xom)

Ef{ . . .| = . . . . ) (7.29)
an an Xnm E(an) E(an) [XR E(Xnm)

provided that the expectations exist. Obviously, if X’ denotes the transpose of the
matrix X, then

EX') = (EX)". (7.30)

In Box 7.2 we present some rules of computation for the expectations of ran-
dom vectors and random matrices (for proofs see Exercise 7-10). In this box we
use

n
a'x:=) a-X;, (7.31)
i=1
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Box 7.2 Rules of Computation for Expectations of Random Matrices

Let X = (X,...,X,) be an n-variate and and Y = (13,...,Y,,) an m-variate
real-valued random variable on a probability space (Q, « P) such that the
expectations of X; and Y; are finite, for all i =1,...,n, j =1,..., m. Further-
more, let x = [X3,...,X,]" and y = [Y3,...,Y,,]’ denote column vectors, a =
[ay,...,a,]" a column vector of real numbers, and let A and B be matrices
of types k x n and k x m, respectively, each of their components being a real
number. Furthermore, let C and D be matrices of real numbers of types I x n
and r x m, respectively. Then

x=a = E(x) =a. (i)
E@a+x) = a+E(x). (ii)
E@'x) = a’E(x) = E(x)'a = E(x'a). (iii)
E(Ax) = AE(x). (iv)
E(Ax+By) = AE(x) +BE(y). W)

Let X be an (n x k)-matrix and Y an (m x k)-matrix of real-valued random
variables on (Q, <, P), all with finite second moments. Then

X=A" = EX) =A' (vi)
EA'+X) = A+ EX). (vii)
E(CX) = CE(X). (viii)
E(CXY'D’) = CEXY")D'. (ix)

the inner product of an n-vector a= [ay,...,a,]’ of real numbers and the random
vector x. Correspondingly,

ajx
Ax:=| @ |, (7.32)

!
a.x
where al’ ,1=1,..., k, denotes the /th row of the (k x n)-matrix A of real numbers.

7.4.3 Covariance Matrix of two Multivariate Random Variables

Now we consider two multivariate numerical random variables X = (Xj,..., X},)
and Y = (V3,...,Y,,) on a probability space (Q, «, P). In particular, we assume that
the second moments of all these random variables are finite and focus on their
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covariance matrix, again utilizing the representation of X and Y as row or column
vectors that has been introduced at the beginning of section 7.4.1.
Note that [x — E(x)] [y — E(p)]’ is an n x m-matrix of the random variables
(X;—EX)]-[Y;-E(Y)], i=1,...,n j=1,.,m.
Therefore, using (7.29), the covariance matrix Zy is defined by

3 = E(Ix—E®][y—-EW)]'). (7.33)

In other words, the covariance matrix of x and y is the matrix of covariances, i. e.,

Ox,v; Ox,Y, OXx Y,
Oxov1 OXpYy  +o+ OXoV

ny = . . . . y (7.34)
O_Xn Y1 O_Xn Yo R O_Xn Ym

where ox,y; := Cov (X;,Y)) = E(IX;=E(X)I-[Y;~E(YD]),i=1,...,n, j=1,...,m.1f
we assume that the second moments of the random variables X; and Y; are finite,
then all covariances Cov (X;, Y;) are finite as well, and we say that X, exists.

If we consider a univariate random variable Y, then y = [Y'] is also a vector
consisting of a single component, the random variable Y. In this special case,
2.y is a matrix of type n x 1, the column vector

Ox,v
Zay = f

Ox,y

Another special case is x =y. The covariance matrix X, of x and x is called
the variance-covariance matrix of x (or of X). Hence,

= E(lx- Ex)] [x- Ex)]') (7.35)
and
0')2(1 Ox, X, e Oxx,
OXx,X, 0')2(2 o OXxox,
Zxx = . . . . . (7.36)
Ox,X, OXyX; - Oy,

The diagonal components of the matrix Z,, are the variances of the variables
Xi,...,X,, because o, x; := Cov (X;, X;) = Var(X;) = 0)2(1,, i=1,...,n.

In Box 7.3 we present some rules of computation for covariance matrices. They
are proved in Exercise 7-11.
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Box 7.3 Rules of Computation for Covariance Matrices

Let X = (X,...,X,) be an n-variate and and Y = (13,...,Y,,) an m-variate
real-valued random variable on a probability space (Q, « P) such that the
second moments of X; and Y; are finite, forall i =1,...,n, j =1,...,m. Fur-
thermore, let x = [X),...,X,]’ and y = [Y3,..., Y,y]" denote column vectors,
a=l[ay,...,a,]"andb = [by,...,b,,]’ column vectors of real numbers, and let
A and B be matrices of types k x n and k x m, respectively, each of their com-
ponents being a real number. Finally, let O denote the (7 x m)-null matrix.
Then:

2« = Exy") — E(x) E(y"). @)
Zarxbty = Zxy- (i)
SaxBy = AZy B’ (iii)
oy = Zyxe (iv)
X1y = 2, =0. W)
x=a = Z;,=0. (vi)

Additionally, let w = [W,...,W;]" and z = [Z3,..., Zs]’ be real-valued random
column vectors on (Q, s, P) such that all their components have finite sec-
ond moments. Furthermore, let C and D be matrices of real numbers of type
I xrand [ xs. Then:

Sax+By,cwpz = AZywC +AZ,;D'+BZ,,C'+BZ,,D'. (vii

nzsandxgz = Xy =gy (viii)

7.5 Multiple Linear Quasi-Regression

In the following definition we generalize the concept of a linear quasi-regression
considering a multivariate regressor X = (Xj,...,X,). We use the notation x =
[X1,...,X,]’ to denote the column vector of X, p’ = [By,...,B,] for the row vec-
tor of the real numbers p,...,p,, and b’ = [by,..., b,] for the row vector of the real
numbers by,..., b,.

Definition 7.28 (Multiple Linear Quasi-Regression)
Let X;: (Q,,P)—>(R,9B), i=1,...,n, and Y: (Q,=,P) — (R,%B) be real-
valued random variables, define X := (Xi, ..., X,), assume E(X?), E(Y?) < oo,
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i=1,...,n, and that the inverse X} exists. Define the function f: R" — R by
n

fx) =Po+ ) Pixi, Vx=(x,...,X,) ER", (7.37)
i=1

where Bo, p = [B1,...,Pn]" minimize the function MSE: R™*! — R with
MSE (b, by, ..., by) = E(IY —(by+b'x)1%), VY(bo,by,...,b,) eR"™. (7.38)

Then f is called the linear quasi-regression of Y on Xi,...,X,. The com-
position of X and f is denoted by Q;n(Y|X) or Qiin(Y1Xy,...,X,), i.e.,

Qin(YX) := f(X) = ﬁo‘f‘ﬁ’x = 50+ZﬁiXi- (7.39)
i=1

Remark 7.29 (Coefficient of Determination) Let the assumptions of Definition
7.28 hold and assume Var(Y) > 0. Then

2 VarlQun(Y1X)]
Qyx = BT (7.40)

is called the coefficient of determination of the linear quasi-regression Qy;, (Y| X).
<

In the following theorem, we generalize Theorem 7.14 considering a multivari-
ate real-valued regressor X = (Xj,..., X;,). In this theorem X, denotes the covari-
ance vector of x and €, which is defined by

€:= Y-QunYIXi,..., Xp) (7.41)

and called the residual of Y with respect to its linear quasi-regression on X.

Theorem 7.30 (Charactizations of the Multiple Linear Quasi-Regression)
Let Xi,...,X,,Y: (Q,2,P) — (R,%B) be real-valued random variables, as-
sume E(X?), E(Y?) < oo forall i =1,...,n, and that the inverse Z_/ exists.
Furthermore, let f: R" — R, let

fXy,....,X,) == Bo+p'x, PoeR,PpeR”, (7.42)

be the composition of (Xi,...,X,) and f, and define € :=Y — f(Xj,..., X,).
Then the following three propositions are equivalent to each other:

(i E@€) =0 and X, =0.
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(i) Po = EY)-P'E(x) and P =3; 3.

(i) f(Xq,...,Xn) = Qun(Y1Xy,..., Xy).
(Proof p. 235)

Remark 7.31 (Uniqueness) Suppose that the assumptions of Theorem 7.30 hold
and f(Xj,...,X,) = Qin(YX). Then proposition (ii) of this theorem implies that
the coefficients o, B1,. .., B, are uniquely defined. Because f (X1, ..., X,) =Bo+p'x
= Qyin(Y|X), the linear quasi-regression f and Qy;,(Y| X) are uniquely defined as
well. <

Corollary 7.32 (No Correlation Between Linear Quasi-Regression and its Residual)
Under the assumptions of Definition 7.28,
Cov [Qyin(Y[X), €] = 0. (7.43)
and
Var [Qin(Y1X)] = Cov [Y, Qiin(Y[X)]. (7.44)

(Proof p. 237)

Remark 7.33 (Correlation Between Linear Quasi-Regression and its Regressand)
Under the assumptions of Definition 7.28 and Var(Y) > 0,

Q7 x = Corr[Y,Qun(Y1X))? (7.45)
(see Exercise 7-12). <
7.6 Proofs
Proof of Theorem 7.12

Suppose Var(Y) =0. Then rules (iv) of Box 6.2 and (vii) of Box 7.1 imply that Cov (X,Y) = 0.
This shows that the Inequality (7.16) holds if Var(Y) = 0. Now suppose Var(Y) > 0. Then

( Cov(X,)Y)
0O<Var(X—-—— Y |-Var(Y)
Var(Y)
- (V 0-2. SVEN) )y VXD (Y)) var(y)  [(7.12)]
= ar Var(Y) ov (A, Var(Y)Z ar ar .

Var(X) - Var(Y) — Cov(X,Y)?,

which is equivalent to (7.16). According to the first part of the proof,

Cov(X,Y)? = Var(X)- Var(Y) < Var(Y)=0 or Var (X—w' )

Y|=0.
Var(Y)
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Rule (iv) of Box 6.2 implies that this is equivalent to

Cov (X,Y
ov ( )-Y

JaeR:Y=a or 3ceR:X- -
p Var(Y) P

C.

If Cov (X,Y) #0, this is equivalent to

-Var(Y Var(Y
JaeR:Y=a+0-X or EIce]R;Y%( c-Var( )) ( ar(Y) )

T CovX,v))  \Cov(X,Y)

Obviously, in both cases, there is a linear function of X that is P-equivalent to Y. Further-
more, if there are a,be R with Y S a+ bX — implying Var(Y) = b2Var(X) [see Box 6.2 (ii),
(iii)] — then

Cov(X,Y)? = Cov(X,a+bX)? [Box 7.1 ()]
= b?Cov (X, X)? [Box 7.1 (ii), (iii)]
= b*Var(X)? [Box 7.1 (iv)]
= Var(X) - Var(Y). [Box 6.2 (i), (iii)]
Proof of Theorem 7.14

The proof is organized as follows: (iii) = (ii) = (i) = (iii), which will prove that (i), (ii), and
(iii) are equivalent.
(iii) = (ii). The first partial derivatives of
MSE (ag, a1)
= E(IY - (ap + a1 X)?)
=E(YY) +El(ag+ a1 X)2] -2E[Y - (agp + a1 X)) [Box 6.1 (vi)]
= E(Y®) +a2+a?E(X?) +2apa E(X) —2agE(Y) -2a1 E(X-Y)  [Box 6.1 (iii), (vi)]

with respect to ap and a, are

aMSE((l(),a])

= 2ap+2a:E(X)-2E(Y)
aag

and
0MSE(a0,a1)

Om
If f(X) =ap+01 X = Qp;(Y|X), then

= 2a1E(X?) +2apE(X) - 2E(X - Y).

200 +200 E(X)-2E(Y) = 0

and
20(1E(X2) +200E(X)-2E(X-Y) = 0.

Solving the first equation for « yields
Qo = E(Y) - O(IE(X).

Inserting this result into the second equation yields
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M EX)+EY)-EX) -0 E(X)?-E(X-Y) = 0.

Using Cov (X,Y)=E(X-Y)-E(X)-E(Y) [see Box 7.1 ()] and Var(X) = E(X?%) - E(X)? [see
Box 6.2 (i)] we receive

Cov (X,Y)
T Vareo
(ii) = (@).
E(e) = EIY - f(X)]
= E[Y — (ap + 0y X)] [def. of f(X)]
= E(Y-[E(Y)-aq E(X) + 01 X]) (D]
= EY)-EY)+a E(X)—a; - E(X) [Box 6.1 (vii)]
= 0.
Cov(X,€) = Cov(X,[Y - (xo + 01 X)]) [def. of €]
= Cov(X,Y) —ay Var(X) [Box 7.1 (ii), (iii)]
= Cov(X,Y)—M-Var(X) (D]
Var (X)
= 0.

() = (ii). Let f(X) := ap + 1 X, ap, 1 € R, be a linear function of X with E(e) = 0
and Cov(X,e) =0, where € :=Y — f(X). Then, for any linear function h(X) := ap + a1 X,
ap,a; €R,

E((Y - fFOOf(X) —h(X)]) = E(e-[f(X) - h(X)]) [def. of €]
= E(e-[(ao + 01 X) — (ap + a1 X)]) [defs. of f(X),h(X)]
E(e- [(ag — a) + (o) — a1) X1)

= (0o —ap) - E(€) + (1 —ap)E(e- X) [Box 6.1 (vii)]
= 0. [@), Box 7.1 (i)]

Using this result and considering

E(lY-h(X)1?) = E

[
E(IY - fF(XO1?) + E([f (X0 = h(X))?) +2- E([Y = FXOILf(X) = h(X)])
E(IY - f(X)1%) +E(If (X) - h(X)1?)

E(1Y - F01°).

(IY = FOO1+ [F(X) - h(X)1)?]
[
[

\%

In this inequality ‘=" holds if and only if f(X) = h(X).Because f(X) =ap+a; X and h(X) =
ap + a1 X, the property f(X) = h(X) is equivalent to f(X) = h(X).

Proof of Theorem 7.30

The proof is organized as follows: (iii) = (ii) = (i) = (iii), which will prove that (i), (ii), and
(iii) are equivalent.
(iii) = (ii). The first partial derivative of
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MSE (b, b1,...,by)

= E([Y - (by +b'x)1?) [(7.38)]
= E(Y?) +E((bp +b'x)?) —2E(Y - (by +b'x)) [Box 6.1 (vi), (iii)]
= E(Y?) +b§ +E(b'x)?) +2bg - E('x) —2bg E(Y) -2 E(b'x-Y)  [Box6.1 (vi), (i), (ii)]
= E(Y?) +b§ +E(b'x)?) +2bo -b'E(x) —2by E(Y) —2b'E(x- V) [Box 7.2 (iii)]

with respect to by is

OMSE (bo, bs,...,by)

=2 2b'E(x) —2E(Y).
aby bo +2b"E(x) (Y)

If f(X1,...,Xn) =Po +PB'x = Qj(Y1Xy,..., Xp), then
2B +2p’E(x) —2E(Y) = 0.
Dividing both sides by 2, and solving for f yields
o = E(Y)-p'E(x).

Gathering the first partial derivatives of MSE (b, by, ..., b,) with respect to by, ..., b, in
avector yields

OMSE (b, b1,...,by) OMSE (by, by,...,by) ]’

= 2E(xx’ 2byE(x)-2E(x-Y).
b, ab, (xx")b+2boE(x) (x-Y)

If f(X1,.0, Xn) = Bo+P'x = Qip(Y1X1,..., Xp), then 2E(xx")p +2Po E(x) —2E(x-Y) =0,
and dividing both sides by 2 yields

E(xx)p+PoE(x)—E(x-Y) = 0.

Inserting our result fo = E(Y)—p'E(x), using 2y, = E(x-Y)—E(x)-E(Y) and Ty, = E(xx") -
E(x) E(x') [see Box 7.3 (i)] yields
E(xx')p+(E(Y)-p'Ex))E(x)—E(x-Y)
= E(xx)p+E(Y)-E(x)-Ex)E(x")p-E(x-Y)
= (Exx') - E(x)E(x"))p - (E(x-Y) - E(x)-E(Y))
= Zxxﬁ_zxy =0,
which is a necessary condition for a minimum. (Note, in this proof we do not have to check

a sufficient condition.) Adding 2, on both sides yields Z,xf = Z,y, and multiplying both
sides from the left by 2! we receive

P=2. %
(i) = ().

E(e) = E(Y - f(X)) [def. of €]
= E(Y ~(Bo +p'x)) [def. of £(X)]
= E(Y-(E(Y)-p'Ex) +px)) ()]
= E(Y)-E(Y)+p'Ex) -p'E(x) [Box 6.1 (vi), (i), Box 7.2 (iii)]

0.
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Zxe = Zypy_(Bo+p'x) [def. of €]
= Zyy—ZuxP [Box 7.3 (ii), (vii)]
= Zyy e Zpy Zay ()]
=0.

(i) = (ii). Let f(X) :=Po +ﬁ’x, Bo € R, p € R” such that E(¢) =0 and Z,. =0, where

€:= Y — f(X). Then, for any linear function h(X) := by +b’x, bp e R,be R",
E((Y - FXOIf(X) - h(X)])

= E(e-[f 0 - h(X)]) [def. of €]

=E(e-[(Bo +B'x) — (bo +b'x)]) [defs. of f(X),h(X)]
=E(e-[(Bo—bo) + (B —b)'x])

= Bo—bo)-E(e)+ (B —b) E-x) [Box 6.1 (vi), Box 7.2 (iii)]

=(B-b) Zye (@), Box 7.3 (i)]

=0. (D]

Using this result and considering

E(lY - h(X)1?) = E[(IY - fOO1+ [f(X) - h(X)])?]

E(IY - FOO1%) + E(Lf (X) - h(X)1?) +2- E(1Y — fF(XOI[f(X) — h(X)])
E(IY - FOO1%) + E(Lf (X) - h(X)]?)

E([Y - F01°).

Hence, f(X) = Qn(Y1X).

\%

Proof of Corollary 7.32
Cov [Qin(Y1X), €] = Cov(Bo+p'x, €) [(7.39)]
= p'Cov(x,¢€) [Box 7.3 (ii), (iii)]
= 0. [Cov(x,€) =Zy =0, Th. 7.30]
Furthermore,
Var [Qun(Y1X)] = Cov [Qin(Y1X),Qpin(Y1X)] [Box 7.1 (iv)]
= Cov [Qun(Y1X), €] + Cov [Qpin(Y1X),Qpin(Y1X)] [(7.43)]
= Cov [Qin(Y1X) +€,Quin(Y1X)] [Box 7.1 (ix)]
= Cov [Y,Qun(Y1X)]. [(7.41)]

7.7 Exercises

> Exercise 7-1 Use Definition 7.2 in order to determine the coefficients oy and «; of the
linear quasi-regression in Example 7.5.



238 7 Linear Quasi-Regression, Covariance, and Correlation

> Exercise 7-2 Consider the linear quasi-regression f with f(x) = ap + a; x, x € R. Prove:
: _ __1
If x;, x, € R with x; # x», then ap = f(0) and a; = ﬁ[f(Xg) - fxDl.

> Exercise 7-3 Prove the propositions of Box 7.1.

> Exercise 7-4 Prove the proposition of Remark 7.13.

> Exercise 7-5 Prove the proposition of Remark 7.20.

> Exercise 7-6 Prove the proposition of Remark 7.21.

> Exercise 7-7 Show that Corr (ag+ a1 X, by + b1 Y) = Corr (X,Y), where ag, a1, by, b1 € R.
> Exercise 7-8 Show

SD(X)-SD(Y), ifa; >0
Cov(X,)Y) = . (7.46)
-SD(X)-SD(Y), ifa; <0,

provided that there are agp, a; € R with Y’ = ao+ am X, a1 #0.

> Exercise 7-9 Prove Equation (7.24) and that the slope is invariant under translations
c+X,d+Y, c,deR.

> Exercise 7-10 Prove the rules of computation of Box 7.2.
> Exercise 7-11 Prove the rules of computation of Box 7.3.

> Exercise 7-12
Under the assumptions of Definition 7.28 and Var(Y) > 0, prove Equation 7.45

Solutions

> Solution 7-1
MSE (ag,a1) = E(IY - (ao + a1 X)) [(7.2)]

1 2 1 2, 1 2
=—-(Q-a—a)"+--C-ao-2a1)"+—--(1-ap—3a) [(6.3)]
4 2 4
_1 2, 2 _
= 4~(1+d0+d1 2ap —2a1 +2apay)
Y i 2iad?—ag -
+ 2 (4+ay+4a7 —4ap—8ay +4apay)

1
+Z-(1+a§+9a§—2a0—6a1 +6apay)
5 2 9 2

= E+a0+§~al —3ap—6a; +4apa;.

The partial derivatives are

OMSE (ay,a OMSE (ay,a
OMSE (@, a1) = 2ap—-3+4m and OMSE (@0, a1) = 9a; —6+4ag.
dagy oay

Fixing the partial derivatives to 0 and denoting the solutions by ap and «; yields
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2090 —3+4a; = 0 and 9a; —6+4ag = 0.

The first equation implies ap = —20; + % Inserting this result into the second equation
yields 9a; —6—8a; +6 = 0, which implies a; =0 and op = % The values o; =0 and ag = %
satisfy a necessary condition for a minimum; now we check if they also satisfy a sufficient
condition. The second partial derivatives are

0°MSE (ag, 1) _ )

2 7( 1) =9 > 0, and 7( 1) =14
6a0

> 0,
da? Oay0a,

)

i.e., in this case they are constant for all ap,a; € R. Because 2-9 — 42 > 0, we can conclude
that MSE (ay, a;) has its minimum for ag = oy = % and a; = oy = 0 (see Ellis & Gulick, 2006,
Th. 13.21, p. 877).

> Solution 7-2 The equation f(x) = ap + a1 x, x € R, yields f(0) = oy,
fx1) = ag+ayx, and f(x2) = ap+ayxs.
Hence,
fx2)—f(x1) = ap+agxe— (g +1x1) = ay(x2 —x1).
Multiplying both sides by x2 — x; yields o = ﬁ [f(x2) — f(x1)], provided that x; # x,.
> Solution 7-3 (i)

Cov(X,Y) = E(IX-E(X)] - [Y —E(Y)]) [(7.8)]
E[X-Y - X-E(Y)-E(X)-Y + E(X)- E(Y)]

E(X-Y) - E[X-E(Y)] — E[E(X)-Y] + E(X)-E(Y)  [Box6.1 (vi), (i)]
E(X-Y) - 2E(X)-E(Y) + E(X)-E(Y) [Box 6.1 (iii)

E(X-Y) - E(X)-E(Y).

(i)

Cov(a+X,p+Y)

E(la+X-E(@+X)] - [B+Y-E@+Y)]) [(7.8)]
E(la+X-a—EX)] - B+Y-PB-E(Y)])  [Box6.1 (iD)]
E(IX-EX)] - [Y -E(Y)])

Cov (X,Y). ((7.8)]

(iii)

Cov(aX,pY) = E@X-pY)-E@X)-EPY) [Box 7.1 (i)]
aBEX-Y)—-aPfEX)-EY) [Box 6.1 (iii)]
aBIEX-Y) - E(X)-E(Y)]
af Cov(X,Y). [Box 7.1 ()]

(iv) This rule immediately follows from Equations (6.27) and (7.8).

(v) This rule immediately follows from Equation (7.8).

(vi) Independence of X and Y implies E(X-Y) = E(X)-E(Y) (see Th. 6.24) and Cov (X,Y) =
0 [see Rule (i)].

(vii) According to Lemma 5.51, X and Y are independent if X Z This implies that
Cov (X,Y) =0 [see Rule (vi) of Box 7.1].

(viii)
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Corollary 5. 24 these two product varlables have the same distribution and according to
Corollary 6.17 the same expectation. However, the expectations of these product variables
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O(iYi)

2
) [(6.27)]

n
Zo‘iYi)
i=1

n
( Y a;Yi-E

[Box 6.1 (vii)]

n n 2
Z Yi— Y a E(Y))
=1 i=1

n

2

2
o; [Yi— E(Y)])

1

i=
n n n

Y EYi-EM))*+Y Y oo (Y- E(Y))(Y; - E(Y))
i=1 i=1j=1,j#i

—
<
Y

=1
n n
CEYi-EX)?+ Y Y aioE[(Yi-E(Y))(Y;-E(Y))] [Box6.1 (vii)]
1 i=1j=1,j#i

n n
ofvVar(Yp) + Y, Y. ajajCov(Y;,Y)). [6.27), (7.8)]
=1 i=1 j=1,j#i
n m
COU( O(iXirZﬁij)
i=1 j=1
n n m m
=E (ZaiX,-—E[Z(x X,~))(Zﬁjyj—E(Zﬁij)) ((7.8)]
i=1 i=1 j=1 =1
n
=E (Z —E(X))] (Zﬁ, - E(Y))] [Box 6.1 (vii)]
i=
n m
=E|}. ) «if;[Xi—EQXD] [Y; - E(Y))]
i=1j=1
n m
=Y Y aifjCov(X;, Yj). [Box 6.1 (vii), (7.8)]
i=1j=1
If X1 = Xp, then [Y — E(Y)] - [X1 — E(X1)] = [Y = E(Y)] - [Xz — E(X2)]. According to

are the covariances. Hence, Cov (Y, X;) = Cov (Y, X5).

> Solution 7-4 If X,Y: (Q, < P) — (R, %) are random variables, then

is also a random variable on (Q, < P) (see Def. 5.1, Example 2.61, and Th. 2.57), and this

@X+pY)? = a®? X2+ P2Y 2 +20pX-Y

implies

E(@2X%+p2Y2+20pX-Y)
a2E(XH) + P2E(Y ) +20PE(X-Y). [Box 6.1 (vii)]

El(aX +pY)?]
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The terms E(X %) and E(Y 2) are finite by assumption and, according to Remark 7.1, E(X-Y)
is finite as well. This implies E[(aX +pY) 2] < 0.

> Solution 7-5 Inequality (7.16) implies

—v Var(X)-Var(Y) < Cov(X,Y) < v/ Var(X)-Var(Y).

If /Var(X) - Var(Y) = SD(X)-SD(Y) > 0, then these inequalities yield -1 < Corr (X,Y) < 1.
If VVar(X) - Var (Y) = SD(X) - SD(Y) =0, then, by Definition 7.18, Corr (X,Y) = 0.

> Solution 7-6 If SD(X),SD(Y) >0, then

Corr (X,Y) = M [(7.18)]
SD(X)-SD(Y)

B E(IX-EX)]-[Y-EY)])

- SD(X)-SD(Y)
[(X-E(X)]-[Y-E(Y)]
( SD(X)-SD(Y) )
_ E(X—E(X) ) Y—E(Y))
SD(X) SD(Y)

> Solution 7-7 According to Rules (ii) and (iii) of Box 7.1, Cov(ap + a1 X, by + b1Y) =
ay by Cov(X,Y). Similarly, according to Rules (ii) and (iii) of Box 6.2, Var(ap + a1 X) =
af Var(X), which implies

[(7.8)]

[Box 6.1 (iii)]

a1 SD(X), ifa; >0
SD(ag+ a1 X) =X —a;SD(X), ifa; <0
0, if a) = 0.

Hence, for a;,b; >0,

COU(LZO+611X, b0+b1Y)
SD(a0+a1X)-SD(b0+b1 Y)
. oa by Cov (X,Y)
" a1 SD(X)- by SD(Y)
_ Cov(X)Y)
~ SD(X)-SD(Y)

Corr(ag+a X, bg+b1Y)

= Corr (X,Y).

The proofs for the cases of a;, b; # 0 are analogous. Note that we defined Corr (X,Y) =0 if
SD(X) =00r SD(Y)=0.

> Solution 7-8 According to Box 7.1 (x), Cov(X,Y) = Cov(X,ap +a; X) if Y = X +o0q X.
Box 6.2 (v), (ii), (iii) imply Var(Y) = a? Var(X). Therefore,

Corr (X.Y) = Cov (X, 0 + a1 X) _ oy Var(X) oy

SD(X) -/ af Var (X) SD(X)-loq|-SD(X) oyl
Hence, Corr (X,Y) =1if oy >0 and Corr (X,Y) = -1 if oy <0. Therefore,

Cov (X,Y)
SD(X)-SD(Y)

Corr (X,Y) :=

yields (7.46).
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> Solution 7-9
" Cov (aX,bY)

o = CovlaX.by) [Th. 7.14 (if)]
Var(aX)
_ b CovXY) g 21 (i), Box 6.2 (iii)]
T @ Var(X) e '
b [Th. 7.14 (ii)]
a

According to Theorem 7.14 (ii), the slope of the linear quasi-regression of c+Y on d+ X,
is
C +X,d+Y Cov(X,Y . .
ov(c ) = ov( ) [Box 7.1 (ii), Box 6.2 (ii)]
Var(c+ X) Var (X)
= q. [Th. 7.14 (ii)]

> Solution 7-10 (i) Equation (7.27) and Rule (i) of Box 6.1 imply
E(x) = [EX1),..., EXp)] = [a1,...,an]" = a
(i) Equation (7.27) and Rule (ii) of Box 6.1 imply
E(a + X1) a + E(Xy)
E@+x) = . = . = a+E(x).
E(an;an) an +E(Xn)
(iii) Equation (7.31) and Rule (vii) of Box 6.1 imply
E@'x) = E(i aiX;) = S a;-B(X) = a' ).
i=1 i=1

The other equations summarized in (iii) follow from the fact that a’x is a one-dimensional
random variable (see Example 2.61) and a'x=x'a.

(v) Letaj andbj, [ =1,..., k, denote the row vectors of A and B, respectively. Applying
Equation (7.27), Rule (vi) of Box 6.1, and Rule (iii) to the terms al’x and bl'y, 1=1,2...,k,
respectively, yields

ajx+by E@jx+bly) E@jx)+EMD'y)
E(Ax+By) = E : = : = :
ax+by E(a,’cx.+b]’cy) E(a,/cx);E(b;Cy)
al E(x)+b E(y)
= : = AE(x)+BE(y).
a,’cE(x)+.b]’CE(y)

(iv) This rule is a special case of Rule (v) with B =0.
(vi) Leta; and x;, I = 1,..., k, denote the column vectors of A’ and X, respectively. Then
Equations (7.27), (7.29), and Rule (i) imply

EX) = [E(x),...,Exp)] = [E@), ..., E@p)] = [a1,...,ar] = A"

(vii) Leta; and x;, [ = 1,...,k, denote the column vectors of A’ and X, respectively.
Then Equations (7.27), (7.29) and Rule (ii) imply
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(viii) Let c;, i=1,...,

imply

(ix). Rule (viii), Equation (7.30), and the rules for the transpose of a matrix yield

> Solution 7-11

(i)

(iii)

(iv)

EA +X)

E(CX)

ciX E(c1X) clEX)
El =1 + |7 :
¢ X E(c;X) ¢/ E(X)

ECXY'D’) = CEXY'D’)

Zyy

2a+x,b+y

Z:A)c,By

00

=C(EmYX")'
= C(DE(YXx")’
= CExYx")'n’
= CEXY")D'.

E(x-E®]ly-EW)]’)

E(xy -xE@y)' - Ex)y'+ E®) E(»)')
E(xy") - Ex)E(y) - E®) E(y") + E(x) E(y)'
E(xy") - E(x) E(y").

E(la+x—E@+x)][b+y-Eb+y)]’)
E(la+x-a—-Ex)][b+y-b-E)]’)
E(x-Ew]ly-E]’)

b

E(|Ax - E(Ax)] By - E(By)])
E([Ax—AE(x)] By -BE()]")
E[Alx-E)] (Bly-E)1)’]
E(Alx-E®)] [y- E(y)]’B)

= AE(lx-Ew)] [y-E(y)!")B’

=AZ, B

E(lx-E®)][y-EW1’)
(B(x- By - EQ))’

E([lx-E®1y-EpI']")’
E(ly-EWplix-Emx)1’)’

—~

E(a1+x1,...,ak+xk) = [E(a1+x1),...,

= [a; +E(x1), ..., ap + E(xp)] = A+ E(X).

E(ay +xk)]

= CEX).

[(viii)]
((7.30)]
[(viiD)]
[(7.30)]
[(7.30)]

[(7.33)]

[Box 7.2 (iii)]

((7.33)]
[Box 7.2 (ii)]

[(7.33)]

[(7.33)]
[Box 7.2 (iv)]

[Box 7.2 (ix)]
[(7.33)]

[(7.33)]

(A" =A]
[(7.30)]
[(ab")’ =ba']

243

1, denote the row vectors of C. Then Equations (7.27) and (7.29)
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= Z;,x. [(7.33)]

(v) Independence of the multivariate random variables X and Y implies X; 1L Y}, for
alli=1,...,nand j =1,..., m. Therefore, Rule (vi) of Box 7.1 implies Cov (X;, Y;) =0, for all
i=1,...,nand j=1,...,m. Equation (7.34) then implies Z,, = 0.
(vi) If x=a, then Rule (vii) of Box (7.1) yields Cov(X;,Y;) = 0, foral i=1,...,n,
Jj=1,...,m. Equation (7.34) then implies Xy = 0.
(vii)
Z:Ax-+-By,Cw-+-Dz
E([Ax+By—-EAx+By)] [Cw+Dz-E(Cw+Dz)]’) [(7.33)]
E([Ax—E(Ax)+By—E(By)] [Cw—-E(C w)+Dz—E(Dz)]/)
E([Ax-AE®)] [Cw-CEw)]' +[Ax-AE(x)] [Dz-DE(2)]

+By-BE()][Cw-CEw)]'+[By-BE())][Dz-DE(2)]') [Box7.2 (iv)]
E(Alx—E@®)] [w-Ew)]'C’')+E(Alx - E(x)] [z— E(z)]'D’)

+EBly-E@)] lw-Ew))'C’)+E(Bly—E(y)] [z—E()]'D’)
= AE([x— E@)] [w- Ew))')C" +AE([x - Ew)] [z— E(=)]")D’

+BE(ly—-EW) (w-Ew)")C'+BE(ly—E(») [2—E(2)]")D’  [Box7.2 (ix)]

=A%, C'+AZ,;D'+BZ,,C'+BZ,.D’. [(7.33)]

(viii) If x =z, then Rule (x) of Box 7.1 implies that Cov(X;,Y;) = Cov(Z;,Y)), for all
i=1,...,n, j=1,...,m. Equation (7.34) then implies Zyy=Zzy.

> Solution 7-12

Var [Qin(Y1X)]

2 _
XX = T v [(7.40)]
_ Cov[¥, Qun(¥1X)] 4
Var(Y) ’

Cov [Y,Qin(YIX)] - Var [Qpin(Y1X)]
- Var [Qun(Y1X)] - Var (Y)
Cov [Y,Qin(Y1X)] - Cov [ Y, Qpin(Y1X)]
- Var [Quin(Y1X)] - Var(Y)
Cov [V, Quin(Y X))
SD [Quin(Y1X)]*- SD(Y?
Corr [Y, Qiin(Y1X)]?.

((7.49)]

Note that Corr [Y, Qi (Y1X)] = 0if Var[Qy;,(Y|X)] =0 [see Eq. (7.18)].



Chapter 8
Some Distributions

In chapter 5 we defined random variables as particular measurable mappings
and their distributions as their image measures. There we also extended the con-
cept ofindependence of events and families of events to independence of random
variables and independence of families of random variables. Furthermore, we in-
troduced the concepts of a probability function and a density of real-valued ran-
dom variables, which are useful for describing distributions. In chapters 6 and 7
we treated the expectation of a numerical random variable and related concepts
such as variance, covariance, and correlation. In this chapter we provide some
examples illustrating how probability functions and densities describe the distri-
bution of a random variable and how they can be used to compute expectations
and variances of real-valued random variables.

8.1 Some Distributions of Discrete Random Variables

In this section we treat some examples of distributions that are specified by prob-
ability functions of discrete random variables: the discrete uniform, binomial,
Poisson, and geometric distributions.

8.1.1 Discrete Uniform Distribution

Reading the following definition, remember that px denotes the probability func-
tion assigning to each value x; of a discrete random variable X its probability
px (x) = P(X=x;) = Px({x;}) (see Def. 5.56 and Rem. 5.57). Furthermore, accord-
ing to Remark 5.59, px uniquely determines the distribution Py of X, which fol-
lows from o-additivity of the measure Py.

Definition 8.1 (Discrete Uniform Distribution on a Finite Set)
ForneN, let X: (Q, ¢, P) — (Qk 2 QX)) be a random variable, where Q =
{x1,...,%,}. Then X has a (discrete) uniform distribution on Qx, if

1
px(x;) = P(X=x;) = ;, Vi=1,...,n. (8.1)
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Let Q% = {x,...,x,} and let # A’ denote the number elements of the set A’.
According to Equation (5.46),

/

#A
VA cQk: Px(A) = & Py is the uniform distribution on Q%. (8.2)
Hence, if X has a discrete uniform distribution, then the probability of an event
{X € A’} only depends on # A’, the number of elements of A’, and not on the par-
ticular choice of these elements from Q%. The uniform distribution on Q% is the
only distribution that has this property. A special case will be treated in Example
8.6.

8.1.2 Bernoulli Distribution

Now we consider 7 trials in which we observe whether or not an event A; oc-
curs at trial i, where i = 1,..., n. These events A; will be indicated by independent
identically distributed (i.i.d.) random variables Xj, ..., X, with values X;(w) = 1 if
w € A;, and X;(w) = 0 otherwise. Hence, X; =14;,i=1,...,nand P(X;=1) = p for
alli=1,...,n.

Definition 8.2 (Finite Sequence of Bernoulli Variables)
Let Xi,..., Xy: (Q o, P) — ({0,1},22({0,1})) be . i.d. random variables with

P(X;=1) =1-P(X;=0) =p, Vi=1,...,n, (8.3)

where 0<p<1. Then X;,..., X, is called a sequence of n Bernoulli va-
riables with parameter p, and X = (Xy,...,X,) is called an n-variate Ber-
noulli variable with parameter p.

Remark 8.3 (Bernoulli Distribution) Remember that a! =aand a' ' =a’ =1
for ae R. Hence, foralli=1,...,n,

px0) = p*A-p)'™F, Vxe(o,1. (8.4)

The distribution of such a random variable X; is called the Bernoulli distribution.
<

As we will show in Remark 8.5, a multivariate Bernoulli variable has a multi-
variate Bernoulli distribution that will now be defined.

Definition 8.4 (Multivariate Bernoulli Distribution)
Let X = (X,..., Xp): (Q, 4 P) — ({0,1}",22({0,1}")) be an n-variate random
variable and let 0 < p < 1. If the probability function of X is

n
V(1. x0) €0, 1" px(xy,...xy) = [[pHA-p)'™, (8.5)
i=1
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then Py is called the multivariate Bernoulli distribution with param-
etersn and p.

Because x; € {0,1} for all i = 1,..., n, the probability px(x,,...,x,) in (8.5) can
also be written

Px(X1,e.ny Xp) = pizii o (1 p)"~Lia®i, (8.6)

where Y., x; is the number of ones in the sequence x;,..., x, (see Exercise 8-1).

Remark 8.5 (Probability Function of a Multivariate Bernoulli Variable) Let
X = (Xj,...,X;) be an n-variate Bernoulli variable with parameter p. Then its
probability function py is defined by (8.5) and its distribution, Py, is the multi-
variate Bernoulli distribution with parameters n and p, which follows from (8.4),
independence of Xj,..., X,,, and Lemma 5.68. <

Example 8.6 (A Special Case) For p = .5, Equation (8.6) implies px (x1,...,X,) =
.57, for all (xi,...,x,) € {0,1}". Hence, the multivariate Bernoulli distribution is
the discrete uniform distribution on {0, 1} ”, i. e., in this case an n-variate Bernoulli
variable X = (X;,..., X},) with parameter p = .5 is uniformly distributed on {0, 1}".

<
8.1.3 Binomial Distribution
In the following definition we use the binomial coefficient
n n!
= —— , nelNy, x=0,1,...,n, (8.7)
X x!'-(n—x)!
Furthermore, a! :=a-(a—1)-...-1 denotes the factorial of a € Ny, where by con-

vention 0! :=1.

Definition 8.7 (Binomial Distribution)
Let X: (Q, 44, P) — (INg, 22(INy)) be a discrete random variable. If

() p* A=p)"*, ifx=0,1,...,n,

. (8.8)
0, ifx >n,

Vx€Ny: px(x) = byp(x) = {

wheren € N and 0 < p < 1, then we use the notation X ~ B, , and say that X
hasa binomial distribution with parameters n and p.

Remark 8.8 (Distribution Function) If b, , is the probability function of X, i.e.,
if X ~ By, p, then its distribution function is
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Figure 8.1. Probability function and distribution function of a binomial distri-
bution

0, ifa<o,

k
VYaeR: Fx(a) =1 ) b,,(x), ifk<sa<k+1 and k=0,1,...,n-1, (8.9)

x=0
1, ifa=n.

Figure 8.1 shows the probability function and the distribution function of the bi-
nomial distribution for parameters n = 10 and p = .5. Figure 8.3 also shows the
probability function for parameters n = 10, p = .2 and n = 20, p = .1. Note that
probabilities close to zero may not be visible in this figure. <

According to the following theorem the sum of a sequence of n Bernoulli vari-
ables with parameter p has a binomial distribution with parameters n and p.

Theorem 8.9 (Sum of Bernoulli Variables)
Let X;,..., X, be a sequence of n Bernoulli variables with parameter p. Then

n
X =) Xi ~ Byp. (8.10)
i=1
' (Proof p. 267)

Remark 8.10 (A Reformulation Using Events) Explicitly referring to events and
their indicators, the theorem may also be formulated as follows: If (Q, <, P) is a
probability space and, for all i =1,...,n, A; € o are independent with P(4;) =
p=0,then X:=%1" 14 ~ By . <
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0
1
number
of trials 2
n
3
4

X = number of successes x

Figure 8.2. Probability function of the sum ofi.i.d. Bernoulli variables

Figure 8.2 illustrates the probability function px of X = X; +... + Xy, where X;
indicates ‘success’ in trial i) occurring with probability p = P(X;=1) (g:=1- p).
We consider n = 0,1,...,4 trials presented in the five “rows” of the figure. The
numbers in the circles and ellipses are the probabilities px (x) of the number x
of successes, which are computed by Equation (8.8) (see the “columns” of the
figure).

Example 8.11 (Flipping a Coin n Times) A simple example is flipping a coin n
times. The event A; is flipping heads at trial i, i = 1,...,n.If p = 1/2, then we say
that the coin is fair. If X is the number of flipping heads, i.e., X = 2?21 14,, then,
for n= 2, the values of the binomial distribution are b,;,(0) = P(X=0) = 1/4,
by12(1) = P(X=1) = 1/2, and b;,/2(2) = P(X=2) = 1/4, which have already been
computed in Example 5.64. For the case n = 4 see Exercise 8-2. <

Example 8.12 (Tossing n Dices) Another example is tossing n dices. The events
A; could be tossing a six with dice i. If the probabilities are identical for all six
possible outcomes of a single trial, then we say that the dice is fair. In this case the
parameter is p = 1/6. If X is the number of tossing a six, then, for n =2, the values
of the binomial distribution are b, 1/5(0) = P(X=0) = 25/36, by1/5(1) = P(X=1) =
10/36, and by,1/6(2) = P(X=2) =1/36. <



250 8 Some Distributions

The following corollary shows how expectation and variance of a random vari-
able X with a binomial distribution depend on the parameters »n and p.

Corollary 8.13 (Expectation and Variance)
If X ~ By, p, then E(X) = np and Var(X) = np (1 - p).
(Proof p. 268)

8.1.4 Poisson Distribution

Another discrete distribution is the Poisson distribution. As we will see in Theo-
rem 8.17, it is “close” to the binomial distribution if 7 is large and p small.

Definition 8.14 (Poisson Distribution)
Let X: (Q, 44, P) — (No, 2(INo)) be a discrete random variable. If

X

AT
px(x):;'e , Vx€No, (8.11)

where A > 0, then we use the notation X ~ P, and say that X has a Poisson
distribution with parameter A.

Figure 8.3 displays this probability function for the parameter A = 2.

Remark 8.15 (Distribution Function) If X ~ P,, then its distribution function is
obtained by sums of the probabilities px(x) specified in Equation (8.11). More
precisely,

0, ifa<o0,

VaeR: Fx(a) = (8.12)

n AX
e_)‘~z—', ifn<a<n+1 and neNy.
x=0 X:
<

If X has a Poisson distribution, then, according to the following theorem, its
expectation and variance are identical, and they are equal to the parameter A.

Theorem 8.16 (Expectation and Variance)

If X ~ Py, then E(X) = Var(X) = A.
(Proof p. 268)

We can use the Poisson distribution for approximating the binomial distribu-
tion for large n and small p. The following theorem is the theoretical foundation.
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P(X=x) left: binomial probability function with p = .2, n =10
0.4 - middle: binomial probability function with p = .1, n =20
right: Poisson probability functionwithA=2=np
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t T T
6 7 8 x

Figure 8.3. Probability functions of binomial and Poisson distributions

Theorem 8.17 (Poisson Limit Theorem)
Let pn, n €N, be a sequence of real numbers with 0 < p,, <1 forall ne€ N. If
lim, .o n-pp,=Aand 0 <A <oo, then

)\x
lim by p,(x) = — e, VxeN, (8.13)
n—oo x!
where by, denotes the probability function of a binomial distribution with
parameters n and p,,.

For a proof see Bauer (1996, p. 220).

Remark 8.18 (Poisson Distribution as an Approximation) Note that assuming
lim,_ 1 p, = A >0 implies that the sequence p;, p»,... converges to 0. Hence,
pn will be small for a large n. Therefore, Equation (8.13) can be applied to a bino-
mially distributed random variable X for large n and small p. In this case, p takes
the role of p,, and A = n- p takes the role of lim ;.o 1 p,, in Theorem 8.17. Then

X

Pox=x = || pra—pmr = Ao wx=o.1
=X) = — = —-e 7, xX=ul1l,...,n,
X p P x!

i. e, the Poisson probability function approximates the Binomial probability func-
tion (see Fig. 8.3). Obviously, the approximation is better for the parameter n =
20,p = .1 than for n =10, p = .2, i.e., it is better for larger n and smaller p.

<
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8.1.5 Geometric Distribution

Now we turn to an infinite sequence of Bernoulli trials, which is useful if the num-
ber of trials cannot be fixed in advance. An example is the random experiment of
flipping a coin until the first heads occurs (see Example 8.24). In contrast to the
last section in which we considered a finite sequence of Bernoulli trials, now we
will assume p #0and p # 1.

Definition 8.19 (Infinite Sequence of Bernoulli Variables)
Let X1, Xs,...: (Q, &4, P) — ({0,1},2({0,1})) be i. i.d. random variables with

P(X;=1) = 1-P(X;=0) = p, Vi=1,2,..., (8.14)

where 0<p<1. Then X;,X,,... is called an infinite sequence of Ber-
noulli variables with parameter p.

The set Q occurring in this definition can be specified as the set of all infinite
sequences of elements of {0,1}. Note that it is not obvious that there is an infi-
nite sequence of independent random variables X; satisfying (8.14). Klenke (2013,
Th. 2.19 and Example 2.18, pp. 55, 56) shows that such an infinite sequence actu-
ally exists.

In Theorem 8.23 and Example 8.24 we will see that such an infinite sequence of
Bernoulli variables is closely related to the geometric distribution that is defined
as follows.

Definition 8.20 (Geometric Distribution)
Let X: (Q, 44, P) — (N,2(N)) be a discrete random variable. If
px(x) = A-p)*L.p, VxeN, (8.15)

where 0 < p <1, then we use the notation X ~ G, and say that X has a geo-
metric distribution with parameter p.

Note that, for0< p <1,

o) 1 1
1- x—1:—:_y
ng P) 1-(0-p p

which implies 22, px(x) = 1.
Remark 8.21 (An Alternative Definition) Sometimes the geometric distribution

is alternatively defined for a random variable Y with values y € INy. In this case,
the probability function is py(y) = (1-p)’ - p. <
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Theorem 8.22 (Expectation and Variance)
If X ~ Gp, then E(X) = 1/p and Var(X) = 1/p? —1/p.
(Proof p. 269)

In the following theorem we consider the probability function of the random
variable X, the number of the trial in which the first one occurs in an infinite
sequence of Bernoulli trials.

Theorem 8.23 (A Class of Random Variables With Geometric Distributions)
Let X1, Xs,...: (Q,94,P) — (10,1}, 22({0,1})) be an infinite sequence of Bernoulli

variables with parameter p. If the random variable X : (Q, </, P) — (IN,Q”(]N))

is defined by

X(w)=min{neN: X, (w) =1}, VwEeQ, (8.16)

then X has a geometric distribution with parameter p.
(Proof p. 270)

Example 8.24 (Flipping a Coin Until Heads Occurs) Consider repeatedly flipping
a coin and define the sequence of random variables Xj, X,,... with X;(w) = 1 if
heads occurs at the ith flip and X;(w) = 0, otherwise. This specifies an infinite
sequence of Bernoulli variables with parameter p = .5. Now, define the random
variable X by Equation (8.16). Hence, X is the index of the first of the variables X;
taking on the value 1, i.e.,

Xw)=n, ifXjw=...=X;1w)=0and X,(w)=1, VweQ, nelN.

Then X has a geometric distribution with parameter p = .5. <

Remark 8.25 (Distribution Function) If X ~ G, then

0, ifx<1
VxeR: Fx(x) = P(X<x) = S . . (8.17)
1-1-p)f, fisx<i+l,ieN,
is the distribution function of X (see Exercise 8-3). <

Another discrete distribution based on an infinite sequence X, X,, ... of Ber-
noulli variables is the negative Binomial (or Pascal) distribution (see, e. g., Johnson,
Kemp, & Kotz, 2005).
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Figure 8.4. Probability functions of three geometric distributions

8.2 Some Distributions of Continuous Random Variables

8.2.1 Continuous Uniform Distribution

We begin with some examples using the densities of various random variables
with continuous uniform distributions.

Example 8.26 (Uniform Distribution on an Interval) Let X: (Q, <, P) — (R, %)
be a real-valued random variable. Then X has a uniform distribution on the in-
terval [a,bl, a< b, a,beR, if

1
fx(x) = o Ligp (X). (8.18)

<

Example 8.27 (Uniform Distribution on a Rectangle) The random variable X =
(X1,X5): (Q, o, P) — (R%%,) has a uniform distribution on the rectangle [a, b] x
lc,d],a<b,c<d, a,b,c,deR,if

1

b d_o Hant) lea ) (8.19)

fX(xler) =

(see Fig. 8.5). Note that X has a uniform distribution on the rectangle [a, b] x [c, d ]
if and only if the following three conditions hold:

(a) X; and X, are independent,
(b) X; has a uniform distribution on [a, b], and
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Jx (1, x2)

X1

Figure 8.5. Density of a bivariate uniform distribution on a rectangle

(c) X, has a uniform distribution on [c, d]
(see Cor. 5.100). <
Example 8.28 (Uniform Distribution on a Circle) Let X = (X3, X,): (Q, <, P) —

(R? 9,) be a random variable. Then X has a uniform distribution on the circle
By ={(x1,%) ER*: X} +x5 <71}, 0<reR,if

1
fx(x1, %) = ﬁ 1, (X1, X2). (8.20)

In this case, X; and X, are not independent. <

Definition 8.29 (Continuous Uniform Distribution on a Bounded Set)

Let X: (Q, o, P) — (R", B,) be a random variable and let B € 98,, such that
0 < A,(B) <oo. Then X has a (continuous) uniform distribution on the
set B, denoted X ~ Ug, if X has a density satisfying

1
fx(x) = mlg(x), VxeR". (8.21)

Equation (5.40) an Theorem 3.68 imply: For B € 98,, with 0 < 1,,(B) < oo,

An (A
VA €®B,: P(XecA) = ﬁ o X ~Us. (8.22)
n
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Hence, the probability of an event {X € A'}, A’ € %4,|, only depends on the value
An(A) of the Lebesgue measure A,. This is an invariance property that charac-
terizes a continuous uniform distribution, i. e., there is no other distribution on a
bounded set B € %, that shares this property with the uniform distribution.

In the special case n = 2, the probability P(X € A’) only depends on the area of
A’ € %,; it does not depend on the location or the shape (triangle, ellipse, ...) of
the set A" Figure 8.5 shows the density of a bivariate uniform distribution on a
rectangle.

8.2.2 Normal Distribution

Definition 8.30 (Normal Distribution)

A continuous random variable X : (QQ, </, P) — (R,98) has a normal distribu-
tion with parameters u € R and 6? > 0, denoted X ~ w02 ifit has a density
satisfying

2
X(_(x W

fxx) = 752

) , VxeR. (8.23)
202

Figure 8.6 displays the densities of the normal distributions for three different
parameter pairs of pu and o2. Comparing the three densities to each other illus-
trates that i is a location parameter and o2 a scale parameter. These parameters
also have a stochastic meaning.

Theorem 8.31 (Expectation and Variance)
IfX ~/\/'p,02, then E(X) = u and Var(X) = o2.

For a proof see Georgii (2008, Example 4.28, p. 108).
The normal distribution with expectation p = 0 and variance 2 =1 is called
the standard normal distribution. In this case, Equation (8.23) simplifies to

1 x?
fx(x) = \/T_n-exp(—g), VxeR (8.24)

(see Fig. 8.7 and Exercise 8-4).

Remark 8.32 (Distribution Function) If X ~ N wo?s then its distribution func-
tionis

X _ 2
Fy(x) = \/27117[ exp(—(go‘? )dt, VxeR (8.25)

(see Cor. 5.95). If u = 0 and o®= 1, then this distribution function is often denoted
by @ and in this case Equation (8.25) simplifies to
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fx(x)
0.5

0.4

0.3

0.2

2
d(x) = exp (— t—) dt, VxeR. (8.26)

1 X
Van j;oo
Figure 8.7 displays the graphs of the density and the distribution function of the
standard normal distribution. The shaded area is the Riemann integral of the

density from —oo to .60. Its value is ®(.60) = 0.7257, the value of the distribution
function. <

Remark 8.33 (Linear Functions of X) If X ~ N, ;2, then a+pX ~ N,

+pp, p2o?
(see Klenke, 2013, Exercise 1.5.3, p. 45). <

According to the central limit theorem, the limit (for 7 — co) of the sum of
n independent identically distributed random variables Xj,..., X,, with positive
and finite variances has a normal distribution.

Theorem 8.34 (Central Limit Theorem)

Let X;: (Q,o,P) — (R,9), i = 1,2,..., be a sequence of real-valued i.i.d.
random variables with finite expectations E(X;) = W and finite variances
Var(X;) = 62> 0. Furthermore, let X, := S,/n, whereS, ;=Y. ;‘:1 X;, and

_ Sumnp _ Xu-p)-vn

Ly 3
" o-vn o

(8.27)

Then
Jim P(Z,<z) = ®(z), VzeR, (8.28)
—00
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fx Fx
1.0

0.754

Figure 8.7. Density and distribution function of the standard normal distribu-
tion

where ®(z) denotes the distribution function of the standard normal distri-
bution.

For a proof see Georgii (2008, section 5.3). The second equation of (8.271 re-

veals that Z, is the Z-transformation (see Rem. 6.33) of the sample mean X, :=

%Z?ﬂ X;, because o / v/n is the square root of the variance of X, (see Exercise
-6)

Remark 8.35 (Application of the Central Limit Theorem) The central limit the-
orem can be applied for the approximation of the distributions of sums of inde-
pendent identically distributed (i.i.d.) random variables. For large n and x € R,

& X—np )
p Xi<x| = ®|———]. 8.29
(; i ( = (8.29)
Note, if the X; are discrete and integer-valued, then for all integers k,
n n
P X;i<k| = P( X,~<k+1), (8.30)
i=1 i=1

and therefore one may use the ‘correction’
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k+%—nu
o-vn |

Whether or not n is large enough for a good approximation, can be dealt with
by the Berry-Esséen bound [see Georgii, 2008, Remark 5.30 (c), p. 138]. A rough
summary is: The more symmetric the distribution of the X; is, the faster the con-
vergence of the limit in (8.28), i. e., small n already yield good approximations. For
example, for n = 12, good approximations of the distribution function of Z, are
already obtained, for the symmetric distributions of X; ~ U} 1) and X; ~ B,,1/2. In
contrast, the approximation is still bad for the skewed (asymmetric) distribution
of X; ~ Bp,1/20 even if n = 50. In the latter case, the approximation of a binomial
distribution by a Poisson distribution (see Remark 8.18) is better than by a normal
distribution. <

~ @ (8.31)

n
P(ZXisk
i=1

8.2.3 Multivariate Normal Distribution

Now we present a generalization of the univariate normal distribution consider-
ing an n-dimensional real-valued random variable X = (Xj,..., X,,). Reading the
following definition remember that an n x n-matrix A is called symmetric if it is
identical to its transpose, i.e., if A = A, and that it is positive definite, if x’Ax > 0
for all column vectorsxe R"” x# 0.

Definition 8.36 (Multivariate Normal Distribution)

Let p be an n-dimensional vector of real numbers and X a symmetric
and positive definite n x n-matrix of real numbers. Furthermore, let X =
(X3,...,Xn): (Q, &, P) — (R", %B,) be an n-dimensional random variable. If
the function fx: R" — R defined by

fx® = exp —%(x—p.)'z_l(x—p) , VxeR”" (8.32)

1
vV2rm)"detX
is a density of X, then we say that X has an n-variate (or n-dimensional) nor-
mal distribution with parameters p and X, and we denote it by X ~ Ny 5.

In section 7.4.2 we introduced the expectation of an n-dimensional random
vector and in section 7.4.3 the variance-covariance matrix of an n-variate ran-
dom variable X = (Xj,..., X,,). These concepts are used in the following theorem
showing that the parameters p and X have a stochastic interpretation.

Theorem 8.37 (Expectation Vector and Covariance Matrix)

Let E(x) denote the expectation of the random vector x = [X,..., X,]" and
2.x the variance-covariance matrix of the n-variate random variable X =
(X1, X0). If X ~ Ny 5, then E(x) = p and Zxy = X.
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Figure 8.8. Density of a bivariate normal distribution

For a proof see Georgii (2008, Th. 9.2, p. 242).

Remark 8.38 (Univariate Normal Distribution) The univariate normal distribu-
tion (see Def. 8.30) is in fact a special case of Definition 8.36. This can be seen as
follows: If n =1 and X ~ Np,cz’ then p = [p] = [E(X)], Z = [0?], det £ = ¢? and
>l= [ﬁ].Hence, the density (8.32) simplifies to (8.23). <

Remark 8.39 (Bivariate Normal Distribution) If n =2 and X = (X, X5) ~ Ny 5,
then

po= [pnL el = E(X, Xl = [E(X), E(X2))' (8.33)
and
2 o? 0,0
S R L e et B (8.34)
021 g, pP:-0102 g,

where p = Corr (X3, X»), and the density (8.32) can also be written

1 z2-2pz 29+ 2?2
Felix) = —z.exp(_w
-P

2M0,02¢/1 2(1-p?)

where z; := (x; — 1;)/0; and o; = \/(Tf, for i = 1,2 (see Fisz, 1963, section 5.11,
p- 158). Figure 8.8 displays the density function of a bivariate normal distribution.
The volume above the rectangle in the (x3, x,)-plane and the graph of the density
is the probability that the bivariate random variable X = (Xj, X;) takes on a value
in that rectangle. <

, (8.35)

Remark 8.40 (Correlation and Independence) If (X;, X,) has a bivariate normal
distribution and p = 0, then Equation (8.35) simplifies to
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fx(x,x) =

1 2 2
— .exp|-=(z*+z
2710,0, p[ 2(1 2)

1

\/2ma?
le (x1) 'sz(xz)-

Hence, this density is the product of the univariate normal densities of X; and X5,
respectively [see Eq. (8.23)]. As shown in Exercise 8-5, this implies that X; and X,
are independent if and only if p = 0. Hence, under bivariate normality, X; and X,
are independent if and only if they are uncorrelated. <

1

\/2mao?

3 i 8.36
exp | =~ exp |- — (8.36)

Theorem 8.41 (Linear Combinations)
Let X = (Xy,...,X,,): (Q, 94, P) — (R" %B,) be an n-variate real-valued random
variableand x = [X,...,X,]'. Then X ~ Np,z ifand only if

Va=lay,...,a,) €ER": a'x ~ Ngyaza (8.37)

For a proof and other characterizations of the multivariate normal distribution
see Tong (1990, ch. 3).

Remark 8.42 (Special Cases) If X, ..., X}, areindependent random variables with
X; ~ Npi,o-z’ H; € R and 0? >0,i=1,...,n,thenX =X, [see Eq. (7.36)] is diagonal

and proposition (8.37) witha=[1,...,1]’ yields

n
Zl Xi ~ Ny, o2
i=

with ps = X% | y; and o = ¥, 7. In particular, if Xi,..., X, is a sample, i.e.,

if X3,..., X, is a sequence of i.i.d. random variables with X; ~ /\/’p'oz, i=1,...,n,
ueR,and o2 >0, then
X, —W) -1
M ~ No1, (8.38)
o
where X,, is the sample mean [see Egs. (6.23) and (6.32)]. <

Theorem 8.43 (Linear Transformations)

Let X = (X,...,X,) ~ Np,z andx =[Xy,...,X,]’. Furthermore, for m < n, letA
be an m x n-matrix of real numbers of rank m and let ¢ be a column m-vector
of real numbers. Then

y i=Ax+c ~ NAp+c,AZA’- (8.39)
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For a proof see Georgii (2008, Th. 9.5, pp. 243).

Example 8.44 (Univariate Marginal Distribution) Form =1, A=[1,0,...,0],and
¢ = [0], Theorem 8.43 implies
X, ~N, =2 (8.40)

H1,07’

where 1, is the first coordinate of p and o? the first diagonal element of =. <

Example 8.45 (Bivariate Marginal Distribution) For m =2,

1,0,0,...,0
A= [0,1,0,...,0]’
and ¢ = [0,0]’, Theorem 8.43 implies
Ax = [X,X] ~ Ny, 20 (8.41)
where
My = (M, 2]’ = E(X, Xal') = [E(X), E(X))

and

o2 o o? 00,0

22 = ZAxAx = ! 122 = ! ; ’ ,
021 g, p:-0102 g,

which is the variance-covariance matrix of (Xj, X5). [cf. Egs. (8.33) and (8.34)]. <

Examples 8.44 and 8.45 show that the appropriate choices of m, A, and ¢ im-
mediately yield the following corollary:

Corollary 8.46 (Marginal Distributions)

IfX =(Xy,...,X,) ~ Ny =, then all marginal distributions are normal. In par-
ticular, X; ~ Npi,oz.’ i=1,...,n, where; is the i th coordinate of p and o* the
ith diagonal element of Z.

8.2.4 Central x*-Distribution
In the following definition I': R — R denotes the gamma function defined by
o0
I'(a) :=f t“'e”'dt, VacR, a>0. (8.42)
0

Note that,
I'la) = (a-1)-T(a-1), fora>1. (8.43)

Furthermore,

I'(@) = (a-1)! foraeN, and r(%) = V1. (8.44)
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Figure 8.9. Densities of three central y2-distributions

Definition 8.47 (Central y>-Distribution)
Let n € N. A continuous nonnegative random variable X : (Q, </, P) — (R, %)

has a central y*-distribution with n degrees of freedom, abbreviated
X ~ x2,if X has a density satisfying

xn/2—1 'e—x/2
—— ifx=0,

fx(x) = { 27/2.T(n/2) f VxeR. (8.45)
0, ifx<0,

Normal and y2-distributions are related to each other as follows:

Theorem 8.48 (Relationship Between Normal and y*-Distributions)

If Xy,...,X, arei.i.d. random variables with standard normal distribution,
then

n
X =) X} (8.46)
i=1

has a central y*-distribution with n degrees of freedom.

For a proof see Fisz (1963, section 9.4, pp. 339).
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Theorem 8.49 (Expectation and Variance)
If X ~ x2, then E(X) = n and Var(X) = 2n.
(Proofp. 270)

Remark 8.50 ( y*-Distribution in Statistics) Suppose that Xj,..., X,, is a sample
of independent and normally distributed random variables with expectation
E(X;) = p and variance Var(X;) =¢? for i =1,...,n. Then

1 n
X = = Z(X,-—p)z ~ ¥, (8.47)
i=1
and
1 < W 2 2
Y = = Y (Xi-20%~xi, (8.48)

i=1

(see Georgii, 2008, Th. 9.17, p. 249), where X:= % ?:1 X; is the sample mean. <

8.2.5 Central t-Distribution

In the following definition we again use the gamma function I' defined by Equa-
tion (8.42).

Definition 8.51 (Central ¢-Distribution)

Let n € N. A continuous random variable X : (Q, <, P) — (R,9%) has a cen-
tral t-distribution with n degrees of freedom, denoted X ~ t,, if X has
a density satisfying

I((n+1)/2) (1 x2 )_(”“)/2

Fx0 = vnmn-I'(n/2) n

, VxeR. (8.49)
n

Figure 8.10 displays densities of three ¢-distributions with 1, 5, and 10 degrees
of freedom, respectively.

Theorem 8.52 (Expectation and Variance)
If X ~t, and n> 1, then E(X) =0, and if n > 2, then Var(X) = n/(n-2).

For a proof see Johnson, Kotz, and Balakrishnan (1995, pp. 365, 366).

Remark 8.53 (Cauchy Density) If X: (Q,/, P) — (R, 28) has a t-distribution with
n = 1 degree of freedom, then the density fx of X is also called the (standard)
Cauchy density. In this case, the expectation of X does not exist (see Example
6.12). <
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fx(x) At x = 0 in this order:

0.4 Standard normal
twith n =10

0.3 - twithn=>5
twithn=1

0.2

0.1

0 -

Figure 8.10. Densities of the standard normal and three #-distributions

Theorem 8.54 (Relationship Between ¢-, Normal and Xz-Distributions)
IfZ ~ My, Y~ x%, and Z and Y are independent, then

VA
X o= — (8.50)
Y

n

has a t-distribution with n degrees of freedom.

For a proof see Fisz (1963, section 9.6, pp. 348) or Johnson et al. (1995, chapter 28,
pp. 362).

Remark 8.55 (Convergence of Densities) The sequence fx,, n =1,2,..., of den-
sities of the ¢-distributions with n degrees of freedom converges to the density
of a standard normal distribution for n — oco. That is, if fx,, n = 1,2,..., satisfy
Equation (8.49), then

1 —x?
lim X)) = —-¢e —1, VxeR 8.51
Jim_fi, (0 = —=-exp| .51
(see Fig. 8.10 and Exercise 8-6). <

Remark 8.56 ( t-Distribution in Statistics) Suppose that Xj, ..., X,, are indepen-
dent and normally distributed random variables with expectation E(X;) = p and
variance Var(X;) =02 for i=1,...,n. Then

X- X-
x:= k- \/ET” ~ foy, (8.52)
N
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fx(x)
1.0 —m=10, n=00
0.8 - m =10, n=>50
m=10, n=10
0.6
m=10, n=4
0.4
0.2
0 T T 1 I
0 1 2 3 4 X
Figure 8.11. Densities of four central F-distributions
where
= 1 ) 1 & =9
X:==YY X, $:= 12}&—&, and S:=V/S2 (8.53)
niz1 h=1iz1

For the proof of independence of X and S? see Georgii (2008, Th. 9.17, p. 249).
Applying Theorem 8.54, (8.48), and (8.38) then yield the result. <

8.2.6 Central F-Distribution

In the following definition we again use the gamma function I' defined by Equa-
tion (8.42).

Definition 8.57 (Central F-Distribution)

Let m,n € N and let X: (Q, <, P) — (R, 98) be a continuous nonnegative ran-
dom variable. Then X has a central F-distribution with m and n de-
grees of freedom, abbreviated X ~ F,, ,, if it has a density satisfying

l‘*((m + n)/z) . mm/Z‘ nn/Z‘ xm/Z—l

fx(x) = { T(m/2)-T (n/2)- (n+ mx) m+miz
0, ifx<0,

} >
o X200 R (854

Figure 8.11 displays the densities of four F-distributions.
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Theorem 8.58 (Expectation and Variance)
IfX ~ Fy, n, then, for n = 3, the expectation of X is E(X) = n/(n—2). Forn <2,
the expectation does not exist. If n = 5 the variance of X is

2n%-(m+n-2)

Var(X) = . 8.55
) m-(n—2)%2-(n—4) ( )
For n < 4, the variance of X does not exist.
For a proof see Johnson et al. (1995, chapter 27, pp. 322).
Theorem 8.59 (Relationship Between F- and )(2 -Distributions)
IfZ ~ x% and Y ~ x? are independent, then
. Zlm (8.56)
T Yin S ’

For a proof see Fisz (1963, section 9.7, pp. 354).

Remark 8.60 ( F-Distribution in Statistics) Let7,,...,Z, ,1,,...,Y,, beindepen-
dent normally distributed random variables with expectations E(Z;) = uz, E(Y;) =
Hy, and variances Var(Z;) = 0%, Var(Y;) = 0%, i =1,...,m, j =1,...,n,, respec-

tively. If 02 = 0%, then

n

Zi—7)*
R ;( i—2)
X = S_2 = 1 T2 ~ n1—1l,n2—1» (857)
Y 72
Y,-Y
1 l;( i )
where
- 1 & - 1R
Z:=— > Z and Y := — >y, (8.58)
1 =1 2 j=1
are the sample means [see (8.48) and Th. 8.59]. <
8.3 Proofs
Proof of Theorem 8.9

Letx€{0,1,...,n}. Then for any subset I of {1,..., n} that has x elements the assumptions
of independence and identical distributions of the Xj, ..., X;, imply

P(Vielc:X;=1, Yie{l,...,n\I,:X;=0) = [] PX;=1)- J] 1-PX;i=1)]

iely iefl,..., n}\ I

px (1- p)n—x.
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As there are (g) subsets I of {1,..., n} with x elements, additivity of P implies

Proof of Corollary 8.13

P(X=x) = (Z)px(l_p) n—x.

According to Rule (x) of Box 4.1, the distribution Px of X, which is a probability measure on
(Q’, o), is uniquely defined by the probability function px (see Def. 5.56). Furthermore,
considering g(X) := X or g(X) := [X — E(X)]?, Corollary 6.17 shows that the expectation
and the variance of X solely depend on its distribution Px. Therefore, it suffices to derive
the expectation and the variance of the random variable X := Z?Zl X; on (Q, <7, P) defined
in Theorem 8.9 with independent and identically distributed Xj, ..., X,,. Hence, the expec-

tation of X is

Similarly, the variance of X is

n
Var(X) = Var( ). X;)
i=1
n
= Var (X;)
i=1
n
= p(d-p) =npd-p).
i=1
Proof of Theorem 8.16

I
=
=
23

I
—

I
It
&
2

I
M=
o
24
1

Il
—

I
M=
AN
I
S
S

[def. of X]
[Box 6.1 (vi)]
((6.4), (6.5)]

[P(X;=1) = p]

[def. of X]
[Box 6.2 (vi), iPL Xil

[Example 6.30, P(X;=1) = p]

If X has a Poisson distribution with parameter A, then
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[eo.0] (e o]
EX) = ) x-px(x) =) x-px®)
x=0 x=1

(e8] )\x
= Z X _.e_)\
x=1 x!
[eS) A x-1
_ Z .. A-A
yo1 X (x-1!
0 x—1
=e M\ Z A
yop e=D!
(e8] X
=e M\ —
x=0 x!
=e et
= A

269
[(6.6)]
[(8.11)]
o0 )\x
A
e’ = —
xgo !
[e—)\_e)\ _ e)\—)\]

Because E(X2) =E[X-(X-1)+X] =E[X-(X-1)]+E(X) and Var(X) = E(X2) - E(X)? [see

Box 6.2 (i)], we consider

o0

EX-(X-1)] = Z x(x—=1)-px (x) [(6.16)]
x=0
(e o] Ax Y
=) x(x-1) P [(8.11)]
x=0 .
e} 2 y\x—2
— e_)\ Z x(x=1)- L
y=2 x-(x=1(x-2)!
(e8] x—2
= e_)\ AZ. Z )\—
rmo (x=2)!
= e_A Az. 3 A_x
x=0 x!
= oM p2 A e}\_fﬁ
- - 1
x=0 "
= A2, [e—)\_e)\ — e)\—)\]

Because E(X) = A, we receive Var(X) = E(X?) —E(X)? =A%+ A-A2=A.

Proof of Theorem 8.22

If X has a geometric distribution with parameter p and we define g :=1 - p, then
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0
EX) = ) x px(x) [(6.6)]
x=1
o]
=Y xqg* ' p ((8.15)]
x=1
o]
:P'Zqu_l
x=1
- d X [d X x—1
=p- — —q =X
d &
=P - q
dqxgl
gl | Eem
= — =1 = — —
Praq\1=q x;q 1-¢g
1
BLATEE
1 1
ZP'F:;. [PZI—CI]

In the fifth equation we used the fact that power series can be differentiated term-by-term
within their radius of convergence.

The second moment E(X?) = ¥.2°, x* px(x) can be calculated analogously to E(X?),
except for using the second derivative with respect to g. The variance is then obtained by
Var(X) = E(X%) - E(X)%.

Proof of Theorem 8.23

Let X;, X5, ... be an infinite sequence of Bernoulli variables and X be defined by Equation
(8.16). Then, for all x €N,

px(x) = P(X=x)

P(X1=0,X5=0,...,Xy=1)

x—1

= P(X;=0)|-P(Xx=1) [JPL Xi, (5.28)]
i=0

=1-p*lp [(8.14)]

According to Definition 8.20, this is the probability function of the geometric distribution.

Proof of Theorem 8.49

Let X,...,X, be i.i.d. and X; ~ Ny, i=1,...,n, then E(X;) = 0, Var(Xy) = E(Xlz) —
E(X1)? = E(X?) = 1. We start calculating
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o0
E(XY) = f © fx, () dx ((6.13)]
o0
1 f 4 —x2/2
- dx ((8.24)]
\/_

( 3—x/2 +3f_°°2—x2/2d [integration b ts]
= — x e X mtegration arts
\/_ 5 g Y p
=—_.[(o+3- -E(X?) 6.22

\/ﬁ | V2r-E(x) [(6.22)]
1
- E~[3.-\/2n) - 3.

Using this result we obtain
Var(X?) = E(XH-E(X?)? =3-1 = 2.

IfX~ )(fl, then this equation, Px = Pzn x2 [see (8.46)], Corollary 6.17, Ji)L Xi,...,X,, Box
X
6.1 (vii), and Box 6.2 (vi) yield ' '

n
E(X) = E(Z XZ) =n-EX) =n

and

n
Var(X) = Var ZXZ.Z) = n-Var(Xp) = 2n.

8.4 Exercises

> Exercise 8-1 Consider Definition 8.4 and show that (8.6) holds.

> Exercise 8-2 Consider the random variable X defined in Example 8.11 for n = 4 trials.
Determine the elements of Q = {h, 1}4 that yield the value X = 3. Determine the probabil-
ities for each {w}, w € {X = 3}. Identify the four paths in Figure 8.2 (p. 249) that lead from
knot 1 to knot 4pq. Also use this figure in order determine P(X=3).

> Exercise 8-3 Show that Equation (8.17) is the distribution function of X if X ~ G,,.

> Exercise 8-4 Show that the expectation of a random variable Z that has a standard nor-
mal distribution is 0.

> Exercise 8-5 Use Corollary 5.100 to show that X; and X» are independent if and only if
p =0, provided that (X;, X») has a bivariate normal distribution with density (8.35).

> Exercise 8-6 Prove the proposition of Remark 8.55.

Solutions
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> Solution 8-1

n
px(x,...,xp) = [[ pfia-p)'™

i=1

le'-’:m -(1- p)ZL(l—x,-)

p27=1xi -1- p)”_27=1xi,

> Solution 8-2 If we consider n = 4 trials, then the value 3 of X is obtained by the
(3) = 4 outcomes: w1 = (1,1, 1, 1), > = (b, h,t,h), w3 = (h,t,h,h), and wg = (¢, h, h, h).
The corresponding probabilities are P({w1}) = p3q, P({w2}) = p2gp, P(lw3}) = pqp?, and
P(iwg}) = gp3. Summing these four probabilities yields P(X=3) = 4- p3g. The four paths
from knot 1 to knot 4p3g are: 1 — p — p? — p3 — 4p3q, 1—-p — p? — 3qp? —
4p3q, 1— p—2qp — 3qp% — 4p3q, and1 — g — 2qp — 3qp? — 4p>q. Using Figure
8.2 yields P(X=3) = 4p3q = (3) p>q*~>. Because, in this example p = g = .5, this yields
P(X=3)=4p3qg=4-5%.5=.25.

> Solution 8-3 For x €N,

1-Fx(x) = P(X>x) [(5.51)]
= P(min{neIN: X,,(w) =1} > x) [Th. 8.23]
=PX;=...=X;=0)
= P(X;=0)-...- P(X;=0) [(5.28)]
=1-p*. [Def. 8.19]

Because X is a discrete random variable with values in IN, its distribution function is a
right-continuous step function with jumps at x € IN, which yields Equation (8.17).

> Solution 8-4 According to Theorem 6.11 and Equation (8.26) we have to show that the
function )
2
h(z) = z2- —-e % 2, (8.59)
V2n

is integrable and that its integral is 0. For these purposes we consider the positive and the
negative parts of this function. The positive part is

0, ifz<0
)
O PR e 22 ifz =0,
V2n
and its integral is
© 1 o 2
h*(z)dz = —f z-e??) dz
f—oo \/ﬁ 0 [ )
- ;.(_e—zz/z)oo)
v2n 0
- [0-(-D] = L
Van Ven
The negative part is
1 -z%12
—z-——-e , ifz=<0
h™(2) := V2n
0 ifz>0,
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and its integral is

(o]
f h™ (z)dz
—00

Hence, according to Definition
and (3.68) imply

R 1

ez

zZ-
—00

273

1 0 2
= E-[_m(—z-e z /2) dz
- L.(e—zzlz’ 0 )
N2 —o0
S S N
V2n V2n

3.28,

_,2 1 1
_eZ/ZdZ

the function h(z) is integrable, and Equations (3.27)

> Solution 8-5 If p =0, then Equation (8.36) and Corollary 5.100 imply that X; are X; are
independent. If p # 0, then Cov (X, X>) # 0 [see (7.18)] and, by contraposition, Rule (vi) of
Box 7.1 implies that X; and X; are not independent.

> Solution 8-6

_ntl
2

lim
n—oo

(see Harris & Stocker, 1998, pp.
Using the Stirling formula

for all even n € IN,

. 1:3:5-...-(n-DV7
lim
n=oo \/m\/n (% -1)! 21/2

n
2

n
2

-n!
A, Vi (B)2n72 202 (B

nv2nn n"e”

2
lim
n—oo

%2

1+ —
n

. x?
lim (1+—
n—oo n

2\—1/2
(ex ) .12

2

)
:ex/Z

123, 124, 234).

n!

lim —— =1
n—=00\2an n" e~ "

n

x2
1+ —

lim

lim

n=00 9\ fm 2n J/An (g)(n/Z) e~/2) /mp (g)(n/Z) e—(n/2)

ny2nn nte "

im
n—o02.\/n 2N gn pht 2= Ne~ N

V2r 1
= llm — = ——.
n—oo 271 V2

1
2

n

1+—
n—oo n

[(8.43), (8.44)]

n!

1.3.5~...-(n—1)=2n/27(%)!

[Stirling for n!, (n/2)!]

The proof for all odd n € N is analogous. Combining the two limits yields the proposition.
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Chapter 9

Conditional Expectation Value and Discrete
Conditional Expectation

In chapter 6 we introduced the concepts covariance and correlation, which quan-
tify the strength of the kind of dependence that can be described by a linear quasi-
regression. In the next five chapters we introduce the concept of a conditional
expectation and a ‘genuine’ regression. These concepts can be used to describe
how the (X=x)-conditional expectation values of a numerical random variable
Y depend on the values of a (numerical, non-numerical, multivariate) random
variable X. In this chapter we start with the concepts (X=x)-conditional expec-
tation value and discrete conditional expectation, presuming that X is a discrete
random variable. In this case, the conditional expectation E(Y|X) is easily de-
fined as that random variable whose values are the conditional expectation val-
ues E(Y|X=x). In chapter 10 we introduce the general concept of a conditional
expectation, dropping the assumption that X is discrete. Chapters 12 and 13 deal
with parametrizations of a conditional expectation, and Chapter 11 is devoted to
the concepts residual with respect to a conditional expectation, conditional vari-
ance, conditional covariance, and partial correlation.

9.1 Conditional Expectation Value

Remember, the expectation of a numerical random variable Y : (Q, «Z, P) — (R, %)
is defined by E(Y) = [ Y dP, using the probability measure P. Now we choose
an event B €.«f with P(B) > 0 and, instead of P, we consider the B-conditional-
probability measure P2: of — [0,1] defined by

PP(A) := P(A|B), VAed, 9.1)
(see Def. 4.29). Referring to this measure,

E%(Y) ::dePB, 9.2)
defines the PB-expectation of Y, i. e., the expectation of Y with respect to the mea-
sure P2 Reading the following definition, also remember that

X=x} = X'({Ix}) = {weQ: X(w) = x}

denotes the event that a random variable X: (Q, <, P) — (Q%, «/%) takes on the
value x and that we defined P(X=x) := P({X=x}) (see Rem. 5.4). Assuming P(X=x) >
0 and A € o/, we denote
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P(A|X=x) := P(A{X=x}), 9.3)

Furthermore, we denote P*X=* := PX=% Hence, according to Equation (9.1),
P*=%(A) := P(A|X=x), VAed. 9.4)

Remark 9.1 (P*=*-Equivalence of f(X) and f(x)) Let X: (Q,«, P) — (Q%, </%) be
arandom variable, x € Q%, {x} € oy, and P(X=x) > 0. Furthermore, let f: (Qk, ofx) —

(Q' o¢") be a measurable mapping, then f (X)Pxfx f(x) (see Exercise 9-1). <

The probability measures P? and P*=* are now used to define the conditional
expectation value.

Definition 9.2 (Conditional Expectation Value)
LetY: (Q, o P) — (R, %) be arandom variable.

(i) If B € o with P(B) > 0 and Y is quasi-integrable with respect to P5,
then we define

E(Y|B) = E3(v) :dePB, (9.5)

call it the conditional expectation value of Y given the event
B (or the B-conditional expectation value of Y), and say that
it exists.

(i) If X: (Q, 4, P) — (Q%, lx) is a random variable, x € Q% with {x} € oy
and P(X=x) > 0, and Y is quasi-integrable with respect to PX=*, then
we define

E(Y|X=x) := E(Y|{X=x}) (9.6)

and call it the conditional expectation value of Y given X=x
(or the (X=x)-conditional expectation value of Y), and say that
it exists.

Note that E(Y|B) can be infinite. The only restriction is B € of with P(B) >0
and that Y is quasi-integrable with respect to P2 Otherwise the integral [ Y dP?
is not defined.

Remark 9.3 (Multivariate Numerical or Qualitative X) Also note that the ran-
dom variable X in Definition 9.2 (ii) can be numerical, i.e., Q% ¢ R, multivari-
ate (see section 5.3), or nonnumerical. If X = (X},...,X,,) is a multivariate ran-
dom variable, then we also use the notation E(Y|X,=x,,...,X,=x,) instead of
E(Y|X=x) for the conditional expectation value of Y given (X;,..., X;,) = (x1,...,X,)
and call it the (X1=x;,..., X,,=x,) -conditional expectation value of Y or the condi-
tional expectation value of Y given X,=x,..., Xp=X,. <

The following theorem addresses the relationship between the B-conditional
expectation value of Y and the expectation of 15 - Y with respect to P.
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Theorem 9.4 (B-Conditional Expectation Value and the P-Expectation)
Let the assumptions of Definition 9.2 (i) hold. Then:

(i) E(Y) exists = E(Y|B) exists.
(i) E(Y) is finite = E(Y|B) is finite.
(iii) Furthermore, if E(Y?) is finite, then

1
ﬁ -E(1-Y) 9.7)

E(Y|B) = —P(IB) .le-de

;'COU(Y, 1z) + E(Y). (9.8)

P(B)
(Proofp. 291)
Recall the following notation:
1X:x = 1{X:x}; P(XZX) = P({sz}), (99)
and
EX=¥(Y) == EX=(Y). (9.10)

Using this notation, Equations (9.5), (9.6), and (9.7) yield the following corollary.

Corollary 9.5 ((X=x)-Conditional Expectation Value and P-Expectation)
If the assumptions of Definition 9.2 (ii) hold, then

E(Y|X=x) = EX*(Y) =dePX:"
1 1 9.11)
= m]lX:deP = mE(lX:xY)
Remark 9.6 (B-Conditional Probability) If A€o/ and P(B) >0, then
1
E(141B) = ﬁ'E(lB'lA) [(9.7)]
1
= _— . i 9.12)
PB) P(ANB) [Box 6.1 (iv)]
= P(A|B) = P’(A). [(4.2), (9.1)]

Because P? is a probability measure, these equations imply 0 < E(1,|B) <1. <
Remark 9.7 ((X=x)-Conditional Probability) For B = {X=x}, using the notation
(9.3) and (9.4), Equation (9.12) implies
1
P(X=x)

E(14|1 X=x) “E(lx=x-14)

. = (9.13)
PX=x) P(An{X=x})

P(A|X=x) = PX¥(A),
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provided that A€« and P(X=x) > 0. Equations (9.13) show that E(1,4 | X=x) is
identical to the conditional probability P(A|{X=x}) of A given the event {X=x}
(see Def. 4.12). The term P(A| X=x) is also called the conditional probability of A
given X=x or the (X=x)-conditional probability of A. <

Remark 9.8 ((X=x)-Conditional Probability of {Y=y}) If YV: (Q,s, P) — (QY, ofy)
is arandom variable and the assumptions of Definition 9.2 (ii) hold, then we also
use the notation

P(Y=y|X=x) := P{Y=y}|X=x) = P(ly-y=1|X=x) = E(ly-,| X=x) (9.14)

and call it the (X=x)-conditional probability of {Y=y} [see Egs. (9.9)]. Hence,
Equations (9.3), (9.14), and (4.2) yield

P(Y=y,X=x)

PY=ylX=x) = =559

(9.15)

<

9.2 Transformation Theorem

If P=*: ofy — [0,1] denotes the distribution of Y with respect to the (X=x)-con-
ditional-probability measure P*=*and E;~*(g) the expectation of g with respect
to the distribution P;*=% then the transformation theorem (cf. Th. 6.13) for the
conditional expectation value E(Y|X=x) can be formulated as follows:

Theorem 9.9 (Transformation Theorem for E(Y | X=x))

LetY: (Q, o, P) — (Q, o)), X: (Q,,P)— (Qk, %) be random variables, and
g: (Ql, o)) — (R, PB) be a measurable function. Furthermore, let x € Q) with
{x} € oy and P(X=x) > 0.

(i) If g is nonnegative or with finite expectation E;=*(g), then

Ef'(g = f gar)~" = f g(y) P (dy)
(9.16)
=fg(Y) dP*=* = EX**[g(Y)] = E[g(Y)|X=x].

(i) Ey=*(g) is finite if and only if E*=*[g(Y)] is finite.

There are two important points in Equations (9.16). First, these equations
show the relationship between integrals of the composition g(Y) with respect to
the conditional-probability measure P*=% on (Q, <) on one side, and the distri-
bution P;=* of Y with respect to P*=* on the other side. Second, E[g(Y) | X=x]
is identical to the expectation of g with respect to the distribution PX=*, i.e., the
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distribution of Y with respect to the probability measure PX=* Thus, using the

distribution Pg)g;;‘ of g(Y) with respect to PX=* is not necessary.

Remark 9.10 ((X=x)-Conditional Expectation Value of g(Y) and P-Expectation)
Equations (9.16) and Equations (9.11) imply

1
P(X=x)

Elg(Y)|X=x] = 'f1x=x'g(Y) ap = ‘Ellx=x-g(Y)]. (9.17)

P(X=x)

<

Remark 9.11 (A Special Case of the Transformation Theorem) Let (Qf,.</y) =
(R,2) and g be the identity function id: R — R, defined by id(y) = y for all
y € R, which implies id(Y) =Y. If we assume that x € Q% with {x} € &} and
P(X=x) >0, and that Y is nonnegative or with finite expectation E X=x(Y), then
Equations (9.16) yield

E(Y|X=x) = E*=X(Y) =fydpx=x = fyPYX:X(dy) = fid dpP)=*. (9.18)
<

Using the notation introduced in Equation (9.14), Equations (9.16), Theorem
9.9 (i), Equations (6.3) and (6.6) imply the following corollary.

Corollary9.12 (Y Discrete, g(Y) Real-Valued)
Let the assumptions of Theorem 9.9 (i) hold and let g: (Q, «/y) — (R, %B).

(i) If Y is discrete and we assume that there is a finite set {y, ..., yn} € Qy,
(b {yn} € 7 with Py({yr,..., ya}) = 1, then

n
E[g(Y)|X=x] = ) g(y) -P(Y=y;|X=x). (9.19)
i=1
(ii) If Y is discrete and we assume that there is a countably infinite set
{J’1,J’2’---} CQ{/; {yt} €.52¢1’/, l GIN; WlthPY({J’hJ/z’}) = 1; then

E[g(V)|X=x] =) g(y) -P(Y=y;|X=x). (9.20)
i=1

Note that, in this corollary, Y does not have to be real-valued or numerical.
We only assume that g(Y) is real-valued. In contrast, in the following theorem we
have to assume that Y itself is real-valued. Remember that {y} € 8 if y € R [see
(1.22)].
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Corollary 9.13 (Discrete and Real-Valued Y)
Let the assumptions of Definition 9.2 (ii) hold.

(i) If Y is discrete and there is a finite set {y,..., y,} € R of real numbers
with Py({y1,...,yn}) = 1. Then

n
E(Y|X=x) =) y; -P(Y=y;|X=x). (9.21)

i=1

(ii) If Y is discrete and there is a countably infinite set{y,, y»,...} R of real
numbers with Py({y1, y»,...}) =1, then

E(Y|X=x) = ) yi-P(Y=y;|X=x). 9.22)
i=1

9.3 Other Properties

Because E(Y|B) is defined as the expectation E5(Y) of Y with respect to the
probability measure P2 all properties of the expectation with respect to P can
be translated to E(Y|B), simply replacing P by P? and E(Y) by EZ(Y) = E(Y|B).
Box 9.1 is such a translation of Box 6.1. Note that, according to Theorem 9.4 (i),
the expectation E(Y | B) exists if E(Y) exists, provided that P(B) > 0. Of course, the
rules for E(Y | B) also apply to the (X=x)-conditional expectation value E(Y | X=x)
[see Def. 9.2 (ii)].

However, there are additional properties dealing with the relationship be-
tween the expectation and the conditional expectation value. Some of these have
already been formulated in Theorem 9.4. Other additional properties are sum-
marized in Box 9.2 and proved in Exercise 9-2.

Rule (ii) shows how the (X=x)-conditional expectation values E(Y|X=x) can
be computed from the conditional expectation values E(Y|X=x, Z=z;) and the
conditional probabilities P(Z=z; | X=x). Hence, considering Equation (9.21) and
Rule (ii) in Box 9.2 shows that we have two different equations for computing the
conditional expectation value E(Y| X=x). Finally, note that a special case of Rule
(ii) is

E(Y) = ZE(YlZzzi)-P(Zzz,-) (9.23)
i=1

(see Exercise 9-3). According to this equation, we can also compute the expec-
tation of Y from the conditional expectations E(Y|Z=z;) and the probabilities
P(Z=z;).
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Box 9.1 Rules of Computation for B- Conditional Expectation Values

Let Y: (Q, < P) — (R, %) be a random variable, let A, B, C € of with P(B) >0,
let the conditional expectation value E(Y | B) exist, and let « € R. Then:

Yp:B a = EY|B)=a 0))
E(a+Y|B) = a + E(Y|B). (ii)
E(a-Y|B) = a-E(Y|B). (iii)
E(1,-1¢|B) = P(AnC|B). (iv)

Fori=1,...,n, let Y;: (Q, < P) — (R, %) be random variables with
finite B-conditional expectation values E(Y;|B) and a; € R. Then

(Y o-¥i|B) = .« BB, )
i=1 i=1

Let X,Y: (Q, <, P) — (R, %) be random variables that are nonnegative
or with finite B-conditional expectation values. Then:

XP:B Y = EX|B) = E(Y|B). (vi)
XP:B Y & VAed: E(14X|B) = E(1,Y|B). (vii)
X%'sz = EX-Y|B) = EXI|B)-E(Y|B). (viii)

9.4 Discrete Conditional Expectation

The discrete conditional expectation E(Y|X) of a numerical random variable
Y: (Q, 4 P) — (R,2%)given a random variable X: (Q, <, P) — (Q%, «/{) is now de-
fined as that random variable on (Q, .«#, P) whose values are identical to the con-
ditional expectation values E(Y | X=x). In this definition we have to assume that
X is discrete, i. e., we assume that there is a finite or countable set Q{, < Q% such
that PX(Q()) =1and P(X=x) > 0 for all x € Q (see Def. 5.56). In chapter 10 this
limitation is dropped.

Definition 9.14 (Discrete Conditional Expectation)

LetY: (Q, <4, P)— (R, %) be a numerical random variable that is nonnegative
or has a finite expectation and let the random variable X : (Q, </, P) — (Q%, <)
be discrete.

@) If{x,..., xm} = Qy < Qk such that Px(Qp) =1 and, foralli=1,...,m,
{x;} € A% and P(X=x;) > 0, then the discrete conditional expec-
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Box 9.2 Rules of Computation for (X=x)-Conditional Expectation Values

Let Y: (Q, < P) — (R, %) be a numerical random variable. Furthermore, let
X: (Q, o, P) — (Q%, <) be a random variable, and let x € Q% with {x} € of§
and P(X=x) > 0. If E(Y|X=x) exists and [: (Q%, /%) — (R, %) is a measur-
able function and E(Y?), E[f(X)?] < oo, then

E[f(X)-Y|X=x] = f(x)-E(Y|X=x) = E[f(x)-Y|X=x]. 0

If Z: (Q, <, P)— (Q}, <)) is a random variable and zi,..., 2, € Q% such that
P;(z1,...,zm}) =1and, forall i = 1,...,m, {z;} € &} and P(X=x,Z=2z;) > 0,
then

E(Y|X=x) = ZE(Y|X=x,Z=zi)'P(Z=z,~|X=x). (ii)
i=1

Correspondingly, if z;, 2y, ... € Qf such that Pz({z;, z,...}) = 1 and, for all i =
1,2..., {z;} € 4} and P(X=x, Z=z;) >0, then

E(Y|X=x) = ZE(Y|X=x,Z=z,-)'P(Z=z,~|X=x). (iii)
i=1

tation of Y given X is defined by

m
E(Y|X) :=) E(Y|X=x;)1xy,. (9.24)
i=1

(i) If {x1,%,,...} = Qf < QY such that Px(Q,) =1 and, forall i = 1,2,...,

{x;} € A% and P(X=x;) > 0, then the discrete conditional expec-
tation of Y given X is defined by

E(Y|X) :=) E(Y|X=x;)1xy,. (9.25)
i=1

Hence, in contrast to a conditional expectation value E(Y|X=x), a discrete
conditional expectation E(Y|X) is a discrete random variable (see Def. 5.56) on
(Q, o, P). Note that E(Y| X) is arandom variable taking a numerical value for each
w € Q. This means that we might look at its expectation, variance, covariance and
correlation with other random variables (see, e.g., Box 10.2 and section 11.2).

Remark 9.15 (X- Conditional Probability) If A €./, then we use the notation

P(AIX) := E(41X) (9.26)
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and call it the X-conditional probability of A. If Y is dichotomous with values 0
and 1, we also use the notation P(Y=1|X) for the X-conditional probability of the
event{Y=1}.If Y is dichotomous with values 0 and 1, Equations (9.21) and (9.26)
then yield

P(Y=1|X) = E(Y|X). (9.27)

<

Remark 9.16 (Uniqueness and Values of the Conditional Expectation) An alter-
native way to write Equations (9.24) and (9.25) is

E(Y|X=x), ifoeX'({x}), VxeQ,

) (9.28)
0, otherwise.

EY1X)(w) = {

Hence, the values of the conditional expectation E(Y|X) are uniquely defined by
Equations (9.24) and (9.25) for all w € Q (see Example 9.22). Assigning the value
E(Y1X)() =0if w € Q\ X' (Qy) is arbitrary, but note that P(Q\ X ' (Qg)) = 0.
According to Equation (9.28) and Definition 5.56 this arbitrary assignment does
not occur if P(X=x) > 0 for all x € X(Q), i.e., if Q) = X(€). <

9.5 Discrete Regression

Remark 9.17 (Measurability and Factorization) Definition 9.14 implies that the
discrete conditional expectation E(Y|X) is a random variable on (Q, </, P) that
is mEasurable with respect to X. In more formal terms, E(Y|X): (Q, </, P) —
(R, %) and 6[E(Y| z()] c 0(X). The reason is that there is a measurable function
g: (Q%, %) — (R,2) that is defined by
E(Y|X=x), VxeQj,
gx) = . (9.29)
0, otherwise.

Hence, E(Y|X) = g(X) (see Fig. 9.1) and Lemma 2.52 implies that E(Y| X) is mea-
surable with respect to X. The function g is called the factorization of E(Y|X) or
the discrete regression of Y on X. <

Definition 9.18 (Discrete Regression)
Under the assumptions specified in Definition 9.14, the function g: Qx — R
defined by Equation (9.29) is called the discrete regression of Y on X.

Remark 9.19 (Regressand and Regressor) Considering the conditional expec-
tation E(Y|X), we call Y the regressand and X the regressor. Whereas the re-
gressand Y has to be numerical, the regressor X can be any random variable on
(Q, o, P) as long as it is discrete and satisfies P(X=x) >0 forall x € Q(’J. <
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Q

E(Y]X) = g(X)

Figure 9.1. The conditional expectation E(Y | X) as the composition of X and its
factorization g

Table 9.1. Joe and Ann With Random Assignment: Conditional Expectations

Elements of Q Random variables | Conditional expectations
5 = B
s g 8
+— = - > — =
g S = Q S =)
o 2 2 E 5 (o —
- E 8 = | § £ S 2 X I
E % ¢ 2lz § 2 |z & =
2 H 7 _ ~ = o 5 5] Ry
(Joe, no, —) .09 | Joe 0 0 70 45 40
(Joe, no, +) 21 | Joe 0 1 70 45 40
(Joe, yes, —) .04 | Joe 1 0 80 .60 .40
(Joe, yes, +) .16 | Joe 1 1 80 .60 .40
(Ann, no, —) 24 | Ann O 0 20 45 40
(Ann, no, +) .06 | Ann 0 1 20 45 40
(Ann, yes, —) A2 | Ann 1 0 40 .60 .40
(Ann, yes, +) 08 | Ann 1 1 40 .60 .40

Remark 9.20 (Multivariate Numerical or Qualitative Regressors) Note that the
codomain QY% of X can be any set as long as there is a subset Q| < Q% such that
Qy is finite, or countable with P(X € Q) = 1 and P(X=x) > 0 for all x € Q.
Hence, the regressor X can be uni- or multivariate (see Examples 9.21 and 9.22).
If X =(Xy,...,X,,) is a discrete multivariate random variable, then we also use the
notation E(Y|Xj,..., X,) instead of E(Y|X) for the conditional expectation of Y
given X. <
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9.6 Examples

We treat two examples in some detail. Example 9.21 is straightforward, whereas
Example 9.22 exemplifies that the values of a conditional expectation are uniquely
defined by Equation (9.24) for all w € Q.

Example 9.21 (Joe and Ann With Random Assignment - continued) Table 9.1
contains three conditional expectations we may consider in the example al-
ready used in Example 1.9. All of them are random variables taking a numeri-
cal value for each w € Q. According to Remark 9.16, the values of E(Y|X) are the
conditional expectation values E(Y|X=x) for all x € Q, and they are 0 for all
x€Q\Qq.

We start illustrating the conditional expectation of Y given X. Both random
variables, X and Y, are specified in Table 9.1. We consider the random variable
X: (Q,94,P) — (R,9). In this case, Qx =R and Q[ = {0,1}. Because X takes on a
value in Q{) =1{0,1} for all w € Q, the conditional expectation E(Y | X) either takes
on the value E(Y|X=0) or the value E(Y|X=1). It does not take on the value 0,
because {X=x} =@ forall xe R\{0,1} [see Eq. (9.28)].

Because Y is an indicator, E(Y|X=x) = P(Y=1|X=x) [see Eqgs. (9.14) and
(9.27)]. Hence, if we want to compute the values of E(Y|X) = P(Y=1|X), we have
to compute the conditional probabilities P(Y=1|X=x). For x =0 we receive

P(Y=1,X=0) 21+.06 27
P(Y=1|X=0) = = = — = .45,
P(X=0) .09+ .21+.24+.06 .60
and for x=1,
P(Y=1,X=1) .16+.08 24
P(Y=1|X=1) = = = — = .60.
P(X=1) .04+.16+.12+.08 40

Now we consider the conditional expectation E(Y|X, U). The regressor is the
random variable (X, U): (Q, <, P) — [R x Qy, B0 P (Qy)], where Qy = {Joe, Ann},
and Q( ={0,1} x Qy. Because,

Vinuw € RxQp\ (0,1} xQy): {(X=x,U=w)} =0,

E(Y|X,U) takes on a value in R for all o € Q. Furthermore, because Y is an
indicator, E(Y|X,U) = P(Y=1|X,U), and this conditional expectation has only
four different values: the conditional probabilities P(Y=1|X=x,U=u). For x=0,
u=Joe we receive

P(Y=1,X=0,U=Joe) 21
P(Y=1|X=0,U=Joe) = = = .70,
P(X=0,U=Joe) .09+.21
for x=1, u=Jjoe,
P(Y=1,X=1,U=]Joe) .16
P(Y=1|X=1,U=Joe) = = = .80,
P(X=1,U=]Joe) .04+ .16

for x=0, u=Ann,
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P(Y=1,X=0,U=Ann) .06
P(Y=1|X=0,U=Ann) = = = .20,
P(X=0,U=Ann) .24 +.06
and for x=1, u=Ann,
P(Y=1,X=1,U=Ann) .08
P(Y=1|X=1,U=Ann) = = = .40.
P(X=1,U=Ann) 12+.08

<

Example 9.22 (No Treatment for Joe) Let us use a second example in order to il-
lustrate the concepts introduced above. Again the random experiment consists
of sampling a person, observing the value x of the treatment variable X, i.e.,
whether or not the sampled person receives a treatment (x=1 vs. x=0), and ob-
serving whether or not a success criterion is reached some time after treatment.
In this new example, we fixed new probabilities of the elementary events. For in-
stance, now the probability that Joe receives treatment is zero. This is useful to
illustrate some general properties of conditional expectations. Also note that the
probabilities of the other elementary events have been changed as well. The only
restriction on the probabilities of the elementary events in such a hypothetical
example is that they sum up to one.
Using the probabilities displayed in Table 9.2, Equation (9.21) yields:

P(Y=1,X=1)
E(Y|X=1) = P(Y=1|X=1) = ——7—
P(X=1)
0+.152
= —— = 40

0+0+.228+.152

for the treatment condition x = 1. Applying the corresponding formula to the
control condition x = Oyields E(Y| X=0) = (.348+.024) / (.152+.348+.096+.024) =
.60. Note that the conditional probabilities P(Y=1|X=1) and P(Y=1|X=0) do
notnecessarily add up to 1. In contrast, the sum of P(Y=1|X=1) and P(Y=0|X=1)
and the sum of P(Y=1|X=0) and P(Y=0|X=0) is always equal to 1, provided that
Y is dichotomous with values 0 and 1.

Table 9.2 also displays the conditional probability P(X=1|U), whose values
are the treatment probabilities of Joe and Ann. For Joe, the treatment probability
is P(X=1|U=Joe) =0, and for Ann it is

P(X=1|U=Ann) = (.228+.152)/(.096 +.024 + .228 + .152) = .76.

Finally, we compute the conditional expectations E(Y|X=x,U=u) = P(Y=1|X=x,U=u)
[see Eq. (9.14)]:

P(Y=1,X=0,U=]Joe) .348
P(Y=1|X=0,U=Jjoe) = = = .696,
P(X=0,U=]Joe) .152+.348
P(Y=1,X=0,U=Ann) .024
P(Y=1|X=0,U=Ann) = = = .20,

P(X=0,U=Ann)  .096+.024
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Table 9.2. No Treatment for Joe With Conditional Expectations

Elements of Q Observables Conditional expectations
. i
= £ 3
S s B
- = — > — -
= S, = o |5 =)
[} » > () g ~ — =
E 8 = g E g|x it I
EES |2 |F E Elg & &
2 F & Ry A HE O | R 5] Ry
(Joe, no, —) 152 | Joe 0 0 696 60 O
(Joe, no, +) .348 | Joe 0 1 696 .60 O
(Joe, yes, —) 0 Joe 1 010 40 0
(Joe, yes, +) 0 Joe 1 1 0 40 0
(Ann, no, -) .09% | Ann 0 0 | .20 .60 .76
(Ann, no, +) 024 | Ann 0 1 .20 .60 .76
(Ann, yes, —) 228 | Ann 1 0 40 40 .76
(Ann, yes, +) A52 | Ann 1 1 | 40 40 .76
P(Y=1,X=1,U=Ann) .152
P(Y=1|X=1,U=Ann) = = = .40.
P(X=1,U=Ann) 228+ .152

Note that E(Y | X=1,U=Joe) is not defined, because P(X=1,U=Joe) = 0 (see
Def. 9.2). However, according to Definition 9.14 (i), E(Y|X,U)(w) = 0 for w €
Q\ Q| = {Uoe, yes,—), Joe,yes,+)}. Thus E(Y|X,U) is uniquely defined, i.e., the
values E(Y| X, U)(w) are uniquely defined for all w € Q. <

Example 9.23 (No Treatment for Joe — continued) Using the results obtained in
Example 9.22, Equation (9.24) yields:

1
EY|X) = Z E(Y|X=x)1x-y
x=0

E(Y|X=0)-1x- + E(Y|X=1) 1x

= .60‘1)(:0 + 401X:1
Hence, the values E(Y|X) (w) of the X-conditional expectation of Y are
EY|X)(w) = .60-1y—¢(w) + .40-1x-; (w) = .60, if X(w)=0,

and
EY|X)(w) = .60-1xy-¢(w) + .40-1x— (w) = .40, if X(w)=1.

These are the only two values that E(Y| X) takes on depending on the outcome
w € Q of the random experiment considered (see the first column of Table 9.2).
This example illustrates that E(Y| X) is a random variable on (Q, <, P) just like X,
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Y, and U. Note again that the two values of E(Y|X) = P(Y=1|X) add up to 1 only
by coincidence.

Table 9.2 shows two additional conditional expectations, E(X |U) = P(X=1|U)
aswell as E(Y|X,U) = P(Y=1|X,U). Again using Equation (9.24) and the results
obtained in Example 9.22, the conditional expectation P(X=1|U) is

P(X=1|U) = Y P(X=1|U=1) 1y,
u

P(X=1|U=Joe) -1y=je + P(X=1|U=Ann)-ly=ann

00100 + .76 Ly—ann = .76 Ly—ann.
Hence, the values P(X=1|U)(w) of the U-conditional expectation of X are
P(X=11U)(®w) = .00-1y=je(®) +.76-Ly=ann(w) = .00, if U(w)= Joe
and
P(X=1|U)(®w) = .00-1y=jpe(w) +.76-1y=gpp(w) = .76, if U(w)= Ann.

These are the only two values that P(X=1|U) takes on. Again, Table 9.2 shows
how the values of P(X=1]|U) are assigned to the outcomes w € Q.

Finally, let us turn to the conditional expectation E(Y| X, U). Using the results
obtained in Example 9.22, its values are

E(Y|X,U)(w) = E(Y|X=0,U=Joe) = .696, if X(w)=0 and U(w) = Joe

EY|X,U)(w) = E(Y|X=0,U=Ann) = .20, ifX(w)=0 and U(w)=Ann

and
E(Y|X,U)(w) = E(Y|X=1,U=Ann) = .40, if X(w)=1 and U(w) = Ann,

whereas
EY|X,U)(w) =0, if X(w)=1 and U(w) = Joe.

Note that the value E(Y| X, U)(w) is defined for w € {X=1, U= Joe} although the
conditional expectation value E(Y | X=1,U=Joe) is not defined. Also note that
in this case the value E(Y|X,U)(w) = 0 is arbitrarily fixed and has no substan-
tive meaning. However, because P(X=1, U=Joe) = 0, this has no disadvantageous
consequences. [In chapter 10, we show that the values of a conditional expec-
tation can arbitrarily be fixed for all elements w of a subset A of Q for which
P(A)=0.]
According to Equation (9.24), the conditional expectation E(Y|X,U) is

E(YIX,U) = ) E(Y|X=x,U=t) lx=yy=u
€0 (9.30)
696 1x=0,u=joe + -20+ Lx=0,u=ann + 40 1x=1,u=nn-

The pair (1, Joe) is not an element of the set Q;, (see Def. 9.14), and therefore the
corresponding indicator 1x-; y=j. does not occur in this sum. Hence, if
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w € {X=1,U=Joe} ={(Joe, yes, —), (Joe,yes, +)},

then all three indicators occurring in Equation (9.30) take on the value 0, implying

that E(Y| X, U)(w) = 0 for these two elements of Q. <
9.7 Proofs
Proof of Theorem 9.4
E(Y|B) = EB() :dePB [9.5)]
1 ..
—de(ﬁ-lg)eP [Lem. 4.32 (ii)]
= Lfl -Ydp [(3.72), (3.32)]
“pPB ) B R
1
= ﬁ'E(lB'Y)y [(6.1)]

which yields Equation (9.7). Using Lemma 3.33 (i) yields Theorem 9.4 (i) and Lemma 3.33
(ii) implies Theorem 9.4 (ii).

If E(Y?) is finite, then E(Y) and E(13-Y) are finite as well [see Rem. 6.25 (iii) and Lemma
3.33 (ii)]. Therefore, according to Box 7.1 (i), Cov (15,Y) = E(15- Y) — E(1g) - E(Y) is finite.

Hence,
1

FOIB) = gy Flts 1) [9.7)]
1 .
= 5B) -[Cov(1g,Y) + E(1g)-E(Y)] [Box7.1 (i)]
1
= pg CovUs Y+ E(Y). [(6.4)]

9.8 Exercises

> Exercise 9-1 Prove the proposition of Remark 9.1

> Exercise 9-2 Prove the rules of computation of conditional expectation values dis-
played in Box 9.2.

> Exercise 9-3 Show that Equation (9.23) is a special case of Rule (ii) of Box 9.2.

Solutions

> Solution 9-1 1t is sufficient to prove PX=*({f(X) = f(x)}) = 0, which is equivalent to
PX=X(fXO=f(0h =1

P(f(X)=f(x),X=x)
P(X=x)

P X =f(0)] = [(9.4), 9.15)]
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_ P(X=x) B B
= PX=n HX=x}c{f(X)=f(x)}, (9.9)]
=1.
> Solution 9-2
O ELf00-YIX=2] = == Ellx_y-f(X0)-Y] [(9.11)]
1 =x| = P(X=x) X=x .
1
= —P(X:x) ‘E[lx=x-f(x)-Y] Mx=x - f(X) = 1x=y - f(2)]
1 see
= f(0)- PX=1) “E(lx=x-Y) [Box 6.1 (iii)]
= f(x)-E(Y |X=x) [(9.7)]
= E[f(x)-Y|X=x]. [Box 9.1 (iii)]
y 1 _
@ BIX=x) = g Blx=x-Y) [(9.11)]
1 m
= em “E(Lx=x Z 1z=z;- (1 = i:z:llz:z,-, (5.33), Rem. 6.27]
& 1 .e
= IZI P(X=%) “E(lx=x-1z=z; " Y) [Box 6.1 (vii)]
_ 8 P(X=x,Z=zi)
- 1:21 PX=x)  P(X=x,Z=zp | X=nz=aY)
m

= Z E(Y|X=x,Z=2z;)-P(Z=z; | X=X). [(9.11), (9.15)]
i=1

(e )
(i) Y E(Y|X=x,Z=z;) -P(Z=z;|X=x)
i=1
x 1
=Y P(Z=zi|X=x) ————— E(lx=x,z7=2," Y 9.11
l; (Z=211X=2) G Ellxmn 2= ¥) [(9.11)]
X 1
:Z Poten EQx=nz=z-Y) [(9.15)]
&= P(X=
P(X x) Z 1X=X,Z=z,-'YdP [Def 61]
1
Z Ulz_ i lx=y Y TdP - flz: ,.-1X=X-Y‘dp] [Def. 3.28]
T PX=x0) & “ ‘
=il s
1z=z; 1x=x- Y dP - 1z=z; 1x=x-Y " dP
T PxX=n |5 “ = ‘
[1x=x-Y is quasi-integrable]
1 f . _ x
=——— || 1x=xY*dP - flxzx-Y dP] (3.65),1 = Y 17—, (5.33), (3.44)
P(X=x) [ P
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1
- P(X:x)f]-X:x'YdP [Def. 3.28]
= EY1X=x). [9.11)]

> Solution 9-3 This is easily seen considering the special case X=a, a € Q%, i. e., the case
in which X is a constant. Then {X=a} = Q, and Equation (9.11) yields E(Y|X=a) = E(Y),
and E(Y|X=a,Z=z;) = E(Y | Z=z;). Hence, Rule (ii) of Box 9.2 yields

m

E(Y) = E(Y|Z=z;)-P(Z=2z;).
i=1
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of two random variables, 462
of two set systems, 462
properties, 470
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of two events, 145
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conditional logit effect function, 448
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and conditional independence, 470
and independence, 314
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conditional-probability measure, 140, 503
constant mapping, 48
continuity of a measure from above, 25
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without expectation, 202
continuous uniform distribution, 130, 254
convergence of conditional expectations,

305, 306
convergence of integrals, 103
correlation, 225
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226
invariance under linear transforma-
tions, 225
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countable union, 5
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counting measure, 21
covariance, 221
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covariance matrix, 230
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density, see aso probability density186
and probability function, 180
of the y2-distribution, 263
of the F-distribution, 266
of the ¢-distribution, 264
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260
of the Cauchy distribution, 264
of the multivariate normal distri-
bution, 259
of the standard normal distribution,
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tion, 256
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sure, 106
dichotomous function, 48
dichotomous random variable, 158
Dirac measure, 21
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random variable, 283
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random variable, 284
discrete distribution, 175
discrete random variable, 175
without expectation, 201
discrete regression, 285
discrete uniform distribution, 245
disjoint sets, 4
distribution, 156
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and distribution function, 182, 185
Bernoullj, 246
binomial, 247
12, 262
Cauchy, 264
discrete uniform, 245
F, 266
geometric, 252
multivariate normal, 259
of a composition, 157
of an indicator, 157
Poisson, 250
t, 264
univariate normal, 256
univariate standard normal, 256
distribution function, 182
and distribution, 182, 185
and independence, 185
joint and marginal distribution func-
tion, 185
of a binomial distribution, 247
of the geometric distribution, 253
of the Poisson distribution, 250
of the standard normal distribution,
256
of the univariate normal distribu-
tion, 256
domain of a mapping, 41
dominated convergence of integrals, 104
Dynkin system, 16

effect function, 439
elementary event, 128
elementary function, 83
equivalence w.r.t. a measure, 65
necessary and sufficient conditions,
107
equivalence w.r.t. a probability measure
of random variables, 161
of two factorizations of a conditional
expectation, 308
equivalence class w.r.t. a measure, 66
equivalence of probability densities w.r.t.
a measure, 179
equivalence relation, 65
event, 127
existence
of a conditional distribution, 498
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of a conditional expectation given
a o-algebra, 297

of an expectation, 199

expectation

w.r.t. P, 199

w.r.t. a conditional-probability mea-
sure, 200, 279

of a distribution, 204

of a random matrix, 228

of a random variable, 199

of arandom variable with a count-
able number of real values, 201

of a random variable with a finite
number of real values, 200

of a random variable with density,
202

of a random vector, 228

of a sample mean, 206

of an indicator, 200

of the product of random variables
under independence, 206

of the product of two random vari-
ables, 221

rules of computation, 207

expectation of a random matrix
rules of computation, 229

factorial of an integer, 247
factorization
equivalence of two versions w.r.t. a
probability measure, 308
of a conditional expectation given
arandom variable, 307
uniqueness, 308
factorization of a composition, 59
F-distribution, 266
filtration, 134
final o-algebra, 54
finite additivity of a measure, 17
finite intersection, 6
finite measure, 23
finite union, 5
Fubini’s theorem, 110

I'-function, 262
generating system

of a o-algebra, 9

of a product o-algebra, 16
geometric distribution, 252
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distribution function, 253

identically distributed random variables,
157
identification
linear logit regression, 388
linear regression, 368
identity
of mappings, 46
of random variables, 161
identity mapping, 48
i.i.d., 171
image measure, 68
under a step function, 69
image of a set under a mapping, 41, 43
increasing sequence of nonnegative step
functions, 91
independence
and P-equivalence, 172
and absolute continuity, 172
and conditional mean independence,
314
and distribution function, 185
and probability densities, 187
and product measure, 172
conditional, see conditional inde-
pendence
family of o-algebras, 144
family of events, 143
family of random variables, 171
family of set systems, 144
measurable mappings, 174
of N-stable set systems, 145
of n random variables, 171
of a constant and a set of events,
173
of arandom variable and a set sys-
tem, 171
of an event and a set system, 144
of three events, 144
of two events, 143
of two random variables, 169
independent and identically distributed,
171
indicator, 20
infinite measure, 23
integrable, 94
integral
w.r.t. a Dirac measure, 92
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w.r.t. a finite weighted sum of mea-
sures, 101
w.r.t. a measure with density, 107
w.r.t. aweighted sum of Dirac mea-
sures, 101
w.r.t. a weighted sum of measures,
101
w.r.t. an image measure, 102
w.r.t. the Lebesgue measure, 94
of p-equivalent functions, 99
of a constant, 86
of a function with a finite number
of values, 103
of a measurable function, 94
of a nonnegative measurable func-
tion, 92
of a nonnegative step function, 86
of a positive measurable function,
98
over a null set, 98
over a subset, 86, 96
over the union of two sets, 97
intercept
ofa simple linear quasi-regression,
220
of a simple linear regression, 362
intercept function, 439
intersection
of countably many sets A, A, ..., 6
of finitely many sets A, ..., A, 6
invariance of regression coefficients, 375
inverse image of a set under a mapping,
41

joint distribution, 168
joint distribution function, 184

Lebesgue integral and Riemann integral,
104
Lebesgue measure, 22
linear combination of two functions, 62
linear logistic regression, 388
linear logit parametrization, 384
identification, 388
linear logit regression, 388
linear parametrization
differences between means as co-
efficients, 371
identification, 368
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means as coefficients, 370
linear parametrization of a conditional
expectation, 360
linear quasi-regression, 217
and linear regression, 366
and regression, 308
equivalent characterizations, 223
linear regression, 369
and linear quasi-regression, 366
and normal distribution, 370
identification, 368
linearity
of the integral, 96
link function, 382
log odds, 386
log odds ratio, 386
log-odds, 382
logit effect function, 448
logit intercept function, 448
logit of a conditional probability, 382
logit transformation, 382

marginal density, 181
marginal distribution, 168
marginal distribution function, 515
marginal probability density, 515
marginalization of a conditional expec-
tation, 512
mean centered random variable, 209
mean independence, 313
and conditional distributions, 509
and uncorrelatedness, 318
mean squared error, 217, 232
measurability w.r.t. a mapping, 56
measurable mapping, 46
measurable set, 5
measurable space, 6
measure, 17
measure space, 17
measure with density, 106
mixture of probability measures, 132
moment, 208
moment of a numerical random variable,
208
monotonicity
of a conditional expectation, 305
of a measure, 19
of an integral, 93, 100
MSE, mean squared error function, 217
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p-almost everywhere, 100

multiple correlation, 336

multiple linear logistic regression, 389
multiple linear quasi-regression, 232
multiple linear regression, 369
multiplication rule for probabilities, 135
multivariate Bernoulli distribution, 247
multivariate Bernoulli variable, 246
multivariate mapping, 54

multivariate normal distribution, 259
multivariate random variable, 167

negative part of a function, 62
nonnegative step function, 83
and counting measure, 88
and Dirac measure, 87
normal representation, 84
normal distribution, 256
and linear regression, 370
bivariate, 260
density, 256
multivariate, 259
standard, 256
univariate, 256
normal representation of a nonnegative
step function, 84
null set, 28
integral over a null set, 98
null-set equivalence of two measures, 109

odds ratio, 387
outcome of a random experiment, 128

pairwise independence, 143
P-almost all, 161
partial (X, Z=z)-conditional expectation,
412
partial correlation, 345
partition of a set, 10
P-equivalence, 161
and absolute continuity, 164
and conditional distributions, 502
and distributions, 163
and independence, 172
of compositions, 163
of random variables, 161
PB-expectation, 200
pointwise convergence, 91
Poisson distribution, 250
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approximation of the binomial dis-
tribution, 251
distribution function, 250
positive part of a function, 62
power set, 6
probability density, see aso density179
of a continuous real-valued random
variable, 186
of a probability measure, 179
of arandom variable, 179
probability function, 175
and density, 180
of a marginal distribution, 177
probability measure, 127
with density, 178
probability of an event, 127
probability space, 127
product o-algebra, 14, 56
product measure, 24
and independence, 172
product set, 3
projection mapping, 56
P-uniqueness, 298
of a conditional expectation, 298
of a conditional expectation w.r.t.
conditional-probability mea-
sure, 421
PB-uniqueness, 411

quantile, 183
quantile function, 183
and inverse distribution function,
183
quasi-integrable, 94
quasi-regression
linear, 217

Radon-Nikodym derivative, 109
Radon-Nikodym theorem, 109
and probability density, 179
random sample, 171
random variable, 155
continuous, 186
discrete, 175
discrete real-valued, 176
numerical, 156
real-valued, 156
regressand, 285, 307
regression, 307
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and linear quasi-regression, 308
discrete, 285
regression coefficients, 369
invariance, 375
regressor, 285, 307
residual
w.r.t. a conditional expectation, 330
w.r.t. alinear quasi-regression, 223,
232
residual w.r.t. a conditional expectation
rules of computation, 332
restriction of a measure, 23
Riemann integral and Lebesgue integral,
104
risk ratio, 387
rules of computation
for a residual w.r.t. a conditional
expectation, 332
for conditional covariances, 343
for conditional expectation values
given a value of arandom vari-
able, 284
for conditional expectation values
given an event, 283
for conditional expectations given
a o-algebra, 303
for conditional expectations given
arandom variable, 304
for conditional variances, 344
for covariance matrices, 231
for covariances, 222
for expectations of random matri-
ces, 229
for measures, 19
for probabilities, 129
for the expectation of a random vari-
able, 207
for variances, 209

set system, 4
o-additivity of a measure, 17
o-algebra, 5
Borel, 12
countably generated, 11
final, 54
generated by a composition, 59
generated by a family of mappings,
55
generated by a mapping, 51

SUBJECT INDEX

generated by a multivariate map-
ping, 54
generated by a set system, 9
generated by an indicator, 52
trivial, 28
o-field, see o-algebra
o-finite measure, 23
o-subadditivity, 19
sign function, 64
simple function, 83
simple linear logistic regression, 389
simple linear regression, 362, 369
identification of the intercept, 370
identification of the slope, 370
intercept, 362
slope, 362
singleton, 6
skewness, 212
slope
ofalinear quasi-regression and cor-
relation, 226
of asimple linear quasi-regression,
220
of a simple linear regression, 362
stability of a set system w.r.t. intersec-
tions, N-stability, 15
standard deviation, 208
of the sample mean, 210
standard error
of the sample mean, 210
standard normal distribution, 256
step function, 49
normal representation, 84
strictly diagonally dominant matrix, 372

t-distribution, 264
theorem
B. Levi, 103
Bayes’ theorem for densities, 516
Bayes’ theorem for events, 139
central limit, 257
Fubini, 110
of total probability, 137
Radon-Nikodym, 109
transformation theorem for a con-
ditional expectation value, 280
transformation theorem for an in-
tegral, 102
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transformation theorem of an ex-
pectation, 203
time order
between events, 134
between random variables, 160
trace o-algebra, 8
trace of a set system, 8
transformation theorem
for a conditional expectation value,
280
for an expectation, 203
for an integral, 102
for conditional distributions, 511
triple-wise independence, 144
trivial o-algebra, 28
trivial o-algebra w.r.t. a measure, 28

uncorrelated random variables, 221
uncorrelatedness
mean independence, 318
uncountable union, 6
uniform distribution, 254
union
of countably many sets, 5
of finitely many sets, 5
uniqueness
ofa conditional expectation w.r.t. a
probability measure, 298
of a conditional expectation given
a o-algebra, 297
of a factorization, 308
univariate normal distribution, 256
density, 256
distribution function, 256

variance, 208
of an indicator, 210
of the sample mean, 210
rules of computation, 209

Z-transformation, 211
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Ada there is (synonymously, there exists), IX

Adb forall, IX

Sacaaa element of, IX

SadaaaVmgaaa indicator (function) of the set A, 20
Saeaaa union of sets, IX

Safaaa intersection of sets, IX

Sahaaa set difference, IX
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Sajbaa Cartesian product or product set, IX

Sajbba product o-algebra, 14

Sajbba product measure, 24

Sajbbb composition of two mappings, 58
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spect to another measure, 109
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JPL SajbbbVtvaaa independence with respect to the probability
measure P, 143
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?:1 a; Sdaaaa product of the real numbers a,,...,a,, IX
A ®...09, Sdchaa product o-algebra of the o, ...,7,, 14
?:1 o Seaaaa product o-algebra of the «#,...,o7,, 14
f fdp Siaaaa integral of a measurable function f: (Q,«/, u) — (R ,AB)
with respect to the measure y, 94
f Wfdu Sigaaa integral of a measurable function f(Q, o/, u) — (R, %)
with respect to the measure p over a subset A of Q, 96
J, f fx) dx Simaaa Riemann integral of the function f from a to b, 105
o | Qo Svcaaa trace of the set system «f in the set Qp, 8
‘6} Svgaaa final o-algebra of € under f, 54
(Q, <) Tcaaaa measurable space, 6
(Q, <, 1) Tcfaaa measure space, 17
(Q, <, P) Tcjaaa probability space, 127
ftA—B Uaaaaa mapping fassigning to each a € A one and only one
element b eB, IX
fa Udaaaa image of the set A under f, 41
fhAh Ugaaaa inverse image of the set A’ under f, 41
{feA Uhaaaa := f~1(4"), 41
{f=w'} Ujaaaa:= f 1({n'}), 42
(fi,iel Umaaaa family of mappings, 55
e Umaaaa set of the inverse images of all sets A’ € &'. If &'is a

o-algebra, then f ~1(&") is the o-algebra generated by f, 49
gof, 8(f) Umgaaa composition of f and g, 58
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Umiaaa absolute value function of f, 63
Umkaaa positive part of the function f, 62
Umlaaa negative part of the function f, 62

Umoaaa the sequence fi, f>,... of functions converges point-
wise and monotonically from below to f, 91

Vaaaaa (Q, ), (', &) are measurable spaces and the map-
ping f: Q — Q' is («/, ¢ ")-measurable, 47

Veaaaa (Q, o/, ) is ameasure space and f: Q — Q' is amap-
ping, 64

Vhaaaa f: Q — Q' is an («/, </ ')-measurable mapping and
u is a measure on (Q, <), 64

Vmaaaa the mappings f and g are y-equivalent, 65

Vmhaaa f is smaller than g except for a set A of arguments
with u(A) =0, 67

Vmkaaa f is greater than g except for a set A of arguments
with u(A) =0, 67

Vmmaaaf is smaller than or equal to g except for a set A of
arguments with p(A) =0, 67

Vmoaaa f is greater than or equal to g except for a set A of
arguments with p(A) =0, 67

Vmsaaa f(w) = g(w), for p-almost all w € Q, 65

Vptaaa image measure of 4 under f, 68

Vpuaaa the measure v is absolutely continuous with re-
spect to the measure u, 109

Vpvaaa the measures p and v are null-set equivalent, i.e.,
they are absolutely continuous with respect to each other, 109
Vtvaaa the events A and B are independent with respect to
the probability measure P, 143

Vtvea a family of events A; that are independent with re-
spect to the probability measure P, 143

Vtveda the events A and C are B-conditionally independent
with respect to the probability measure P, 145

Vtvgaa the set systems &; and &» are independent with re-
spect to the probability measure P, 144

Vtvhaa a family of set systems &; that are independent with
respect to the probability measure P, 144

Vtvoaa the event A and the set system &) are independent

with respect to the probability measure P, 144

Vtvtha a family of random variables X; that are indepen-
dent with respect to the probability measure P, 171
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Vtvtla the random variables Xj, ..., X, are independent with
respect to the probability measure P, 171

Vtvtoa the set system & and the random variable X are in-
dependent with respect to the probability measure P, 171
Vtvtua the random variable X and the (o-algebra generated
by the) family of random variables are independent with re-
spect to the probability measure P, 171

Vtvwaa a family of set systems &; that are B-conditionally
independent with respect to the probability measure P, 146

Xtyaaa arithmetic mean (sample mean) of the real-valued
random variables Y3,...,Y},, 206

Zababe set systems, sometimes o-algebras , 4

Zaeabe product o-algebra of the o/, ..., /,, 14

Zahabe trace of the set system < in the set Qg, 8

Zbcaaa Borel o-algebra onR, 12

Zbccaa Borel o-algebra onR”, 13

Zbcfaa Borel o-algebraon R, 13

Zbgaaa Borel o-algebraon R ", 13

Zbvaaa binomial distribution with parameters n and p, 247

Zbvaab probability function of the binomial distribution
with parameters n and p, 247

Zccaaa covariance of the random variables X and Y, 221
Zcgaaa correlation of the random variables X and Y, 225
Zchaaa final o-algebra of € under f, 54

Zcvaaa central y?-distribution with n degrees of freedom, 263

Zdgaaa Radon-Nikodym density (also Radon-Nikodym deriva-

tive) of v with respect to 1, 109

Zdmaaa Dirac measure at (point) w, 21

Zeaaaa expectation of the random variable Y, 199
Zefaaa column vector of expectations, 228

Zehaaa expectation of the random variable Y with respect
to the probability measure P5, 200

Zeiaaa conditional expectation value of Y given the event
B, 278

Zeifaa conditional expectation value of Y given the event
{X=x}, also denoted by E(Y|{X=x}), 278

Zejaaa matrix of expectations, 228

Zejaaa expectation of the random variable g with respect to
the distribution of the random variable Y, 203

Zelaaa expectation of g with respect to the distribution Plf(:x, 280

Zemaaa expectation of Y with respect to the conditional-
probability measure PX=%, 279
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Zemaaa expectation of Y with respect to the conditional-
probability measure PX=%, 279

Zepbaa residual with respect to a (multiple) linear quasi-re-
gression, 232

Zfcaaa distribution function of a real-valued random vari-
able X, 182

Zfcgaa joint distribution function of X, ..., X,,, 184
Zfgaaa F(b) — F(a), 105

Zfgbaa probability density of a continuous real-valued ran-
dom variable X, 186

Zfgjaa absolute value function of f, 63

Zfhaaa positive part of the function f, 62

Zfiaaa negative part of the function f, 62

Zflaaa family of mappings, 55

Zfoaaa measure with density f with respect to y, 106
Zfvaaa F-distribution with mand n degrees of freedom, 266
Zgfaaa composition of f and g, 58

Zggaaa gamma function, 262

Zgvaaa geometric distribution with parameter p, 252
Ziaaaa indicator (function) of the set A, 20
Ziahaaindicator of theevent {X€A'},i.e., Iycar=1x1 ah 158
Zialaa indicator variable of the event {X=x}, 279

Zicaaa set system of all half-open intervalsin R, 12

Zidaaa identity mapping, 48

Zigaaa set system of all half-open cuboids in R”, 13

Zlraaa Lebesgue measure on (R"”, %), where 1 := 1;, 22
Zmaaaa general symbols for measures, 17

Zmaaaa counting measure, 21

Zmfaaa image measure of p under f, 68

Zmgaaa product measure of ..., ll,, 24

Zncabe the measure v is absolutely continuous with respect
to the measure y, 109

Zngabe the measures p and v are null-set equivalent, i. e.,
they are absolutely continuous with respect to each other, 109
Znhabe set of all positive integers without zero, i.e., N =
{,2,...,}, 5

Znhcbe set of all nonnegative integers including zero, i. e.,
No=1{0,1,2,...,}, 4

Znvaaa univariate normal distribution with parameters p
and 02, 256

Znvcaa multivariate normal distribution with parameters p
and X, 259
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(Q, <, P) Zohaaa probability space, 127

2(Q) Zpbhaa power set of Q, 6

p Zpcaaa probability measure, 127

P(A) Zpceaa probability of the event A, 127

P(X=x) Zpcgaa probability of the event {X=x} = X~ 1({x)), 156

P(XeA) Zpcjaa probability of the event {XeAy=x"1AN, 156

P(A|B) Zpcjaa conditional probability of A given B (with respect to
the probability measure P), 132

P(X €A, X,eB) Zpcjca probability of the event {X; € A} n {X, € B'}, 169

P(A|X=x) Zpcnca conditional probability of the event A given the
event {X=x} with P({X=x}) > 0, also denoted by P(Al{X=x}), 279

P(Y=y|{X=x}) Zpcncfa conditional probability of the event {Y=y} given
the event {X=x} with P({X=x}) > 0, also denoted by P(Y=y|X=x), 280

P(A|X) Zpcnia conditional probability of the event A (with respect
to P) given the discrete random variable X, 284

pX=x Zpcpaa the (X=x)-conditional probability measure on (Q, &), 164

Py Zpcpca distribution of the random variable X (with respect
to P), 156

Px,,..x, Zpcphajoint distribution of the random variables Xj, ..., X,
the distribution of the multivariate random variable X =
(X1,...,Xn), 168

(Px)g Zpcqaa image measure of Px under g, 157

D Zpdcaa distribution function of the standard normal distri-
bution, 256

pB Zpcnaa B-conditional-probability measure, 140

P}? Zpfgaa distribution of X with respect to the conditional-
probability measure P2, 164

px Zpiaaa probability function of a discrete random variable
X, 175

Px1, X, Zpifaa probability function of the bivariate random variable
X=(X1,Xp), 177

T Zpkaaa jth projection mapping, 56

Pa Zpvaaa Poisson distribution with parameter A, 250

Qx Zqfaaa quantile function of a real-valued random variable
X, 183

Q Zghaaa set of all rational numbers, 13

Quin(Y1X) Zqlaaa the composition of X and the linear quasi-regression
(or linear least-squares regression of Y on X), 218

Qiin(Y1Xy,...,Xn) Zgmaaa linear quasi-regression of Y on Xj,..., X, 232

R Zrjcbe set of all real numbers, 3

R2 Zrjfaa Cartesian product Rx R, 3

R” Zrjfaaa n-fold Cartesian product Rx... xR, 3

R Zrjjaa extended set of all real numbers, i. e., R = RUfco, —oo}, 13

SD(Y) Zscaaa standard deviation of the random variable Y, 208
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Zscdaa standard error of the sample mean of the random
variables Y7,...,Y,, 210

Zscdha sign function of f, 64

Zsdhaa o-algebra generated by the set system &, 9
Zsdhda o-algebra generated by the mapping f, 51

Zsdhfa o-algebra generated by the mappings fi,..., fu, 54

Zsdhja o-algebra generated by the random variable
X, 169

Zsdmca the o-algebra generated by the union of o(f) and
o, 52

Zsiaaa covariance matrix of x and y, 230

Zsmaaa variance-covariance matrix of x, 230

Ztvaaa t-distribution with n degrees of freedom, 264
Zuvaaa continuous uniform distribution on the set B, 254
Zvaaaa variance of the random variable Y, 208

Zxcaaa column vector of numerical random variables, 227
Zxdaaa matrix of numerical random variables, 228

Zxdhjb o-algebra generated by the random variable X, 169
Zxgaaa the random variable X has the distribution £. Ex-
amples for £ are By, p, Py, No,1, O Fpy 5, 247

Zxhaaa X and Y are P-equivalent, 161

Zxhjaa X and Y are identical for P-almost all w € Q, 161

Zyjaaa arithmetic mean (sample mean) of the random vari-
ables Xj,..., X, or Y1,..., Y, respectively, 206

Zzaaaa Z-transformation of the random variable Y, 211



