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Preface

Why another book on probability?

This book has two titles. The first, ‘Probabilistic Foundations of the Empirical Sci-
ences’ reflects the intensions and the motivation of the first author for writing this
book. He received his academic training in psychology, but considers himself a
methodologist. His scientific interest is in explicating fundamental concepts of
empirical research (such as causal effects and latent variables) in terms of a lan-
guage that is precise and at the same time is compatible with the statistical models
used in the analysis of empirical data. Applying statistical models we aim at esti-
mating and testing hypotheses about parameters such as expectations, variances,
covariances, etc. or of functions of these parameters such as differences between
expectations, ratios of variances, or regression coefficients, etc., all of which are
terms of probability theory. Precision is necessary for securing logical consistency
of theories, whereas compatibility of substantive theories with statistical models
is crucial for probing the empirical validity of theoretical propositions via statis-
tical inference.

Much empirical research uses some kind of regression in order to investigate
how the expectation of one random variable depends on the values of one or
more other random variables. This applies for analysis of variance, regression
analysis, the general linear model, the generalized linear model, factor analysis,
structural equation models, hierarchical linear models, and analysis of qualita-
tive data. Using these methods we aim at learning about specific regressions. A
regression is a synonym for what, in probability theory, is called a factorization
of a conditional expectation, and this explains the second, more concrete title of
this book: ‘Probability and Conditional Expectation’.

What is it about?

Since the seminal book of Kolmogoroff (1933/1977) the fundamental concepts
of probability theory are considered to be special concepts of measure theory.
A probability measure is a special finite measure, random variables are spe-
cial measurable mappings, and expectations of random variables are integrals
of measurable mappings with respect to a probability measure. This motivates
Part I of this book with three chapters on the measure-theoretical foundations of
probability theory. Although at first sight this part seems to be far-off from prac-
tical applications, the contrary is true. This part is indispensable for probability
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theory and for its applications in substantive sciences and empirical research.
This does not only apply to the concepts of a measure and an integral but in
particular to the concept of a measurable mapping, although we concede that
the full relevance of this concept will become apparent only in the chapters on
conditional expectations. The relevance of measurable mappings is also the rea-
son why this chapter is more extended than the corresponding chapters in other
books on measure theory.

The Part II of the book is fairly conventional. The material covered, probability,
random variable, expectation, variance, covariance, and some distributions, is
found in many books on probability and statistics.

Part III is not only the longest, it is also the core of the book that distinguishes
it from other books on probability or on probability and statistics. Only few of
these other books contain detailed chapters on conditional expectations. Excep-
tions are Billingsley (1995), Fristedt and Gray (1997), and Hoffmann-Jorgensen
(1994). Our book does not cover any statistical model. However, we treat in much
detail what we are estimating and about what we test or evaluate hypotheses
using statistical models. How we are estimating is important but what we are
estimating is of most interest from a substantive point of view and this point is
typically neglected in books on statistics and in books on probability theory such
as Bauer (1996) or Klenke (2008). A simple example in case is the meaning of the
coefficient 3, in the equation E(Y| X, Z) = B¢ +P1Z +P.X +P3sZ X. Oftentimes, this
coefficient is misinterpreted as the ‘main effect’ of X. However, sometimes 3, has
no autonomous meaning at all, e. g. if P(Z=0) = 0. In general, this coefficient is
just a component of the function g;(Z) = f, + f3Z that can be used to compute
the conditional effects of X on Y for various values z of Z (see chapter 15 for
more details). The crucial point is that such concepts can be treated most clearly
within probability theory, without referring to a statistical model, sample, esti-
mation or testing. This also includes exemplifying the limitations of conditional
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expectations. Simple examples show that conditional expectations do not neces-
sarily serve the substantive purpose of evaluating the effects of an intervention on
an outcome variable. But even in these situations conditional expectations are in-
dispensable for the definition of the parameters of substantive interest (see, e. g.,
chapter 14).

There is much overlap of Parts Il and III with Steyer (2003). However, that book
is written in German and the mathematics is considerably less rigorous. This ex-
plains the cooperation with the second author writing this book.

In the first chapter of Part III we gently introduce conditional expectation val-
ues and discrete conditional expectations. In the next chapter of this part we
then present the general theory of conditional expectations that has been intro-
duced by Kolmogoroff (1933/1977) and is since that time treated in many books
on probability theory — although much too briefly in order to be intelligible for
researchers in empirical sciences. Our chapter on conditional expectations con-
tains many more details and is supplemented by a number of other chapters on
important special aspects and special cases. Such a special aspect is the concept
of a residual with respect to a conditional expectation. Residuals have many in-
teresting properties and they are used in order to introduce the concepts of con-
ditional variance and covariance, as well as the notion of a partial correlation. We
then turn to specific parametrizations of a conditional expectation, including the
concepts of a linear regression and a linear logistic regression. Note that these
concepts are introduced as probabilistic concepts. As mentioned above, they are
what we aim at estimating in applying the corresponding statistical models. The
next two chapters provide the probabilistic foundations of the analysis of condi-
tional and average effects of treatments, interventions, or expositions to poten-
tially harmful or beneficial environments. To our knowledge this material is not
found in any other text book. Note, however, that although these two chapters
provide important concepts, they do not cover the theory of causal effects, which
is another book project of the first author.

Part IV uses conditional expectations in order to introduce conditional inde-
pendence and conditional distributions. Although these two chapters are more
extensive than comparable chapters or sections in other books, the material is
found in other books on probability theory as well.

For Whom is it?

This book has been written for two kinds of readers. The first are applied statisti-
cians and substantive researchers who want to understand in a proper language,
i.e., in terms of probability theory, what they estimate and test in their empiri-
cal studies. The second kind of readers are mathematicians who want to under-
stand in terms of probability theory what applied statisticians and substantive
researchers estimate and test in their empirical research. Both kinds of readers
are potential contributors to the methodology of empirical sciences.
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Many exercises and their solutions provide extensive material for assignments
in courses, but they also facilitate independent learning. At the same time, these
exercises and their solutions help streamlining the main text.

Note that we do not provide all proofs, in particular in the chapters on mea-
sure, integral, and distributions. In these cases we refer to other textbooks, in-
stead. We decided to include only those proofs that may help to increase under-
standing of the background and to learn important mathematical procedures. Of
course, we provide proofs of all propositions for which we did not find an appro-
priate reference.

Prerequisites

We assume that the reader is familiar with the elementary concepts of logic, sets,
functions, sequences, and matrices as presented, e.g., in chapters 1 and 2 of
Rosen (2012). We try to stick to his notation as close as possible. One of the excep-
tions is the symbol for the implication for which we use = instead of —. Another
exception is the symbol for the equivalence for which we use < instead of —. Box
0.1 summarizes the most important notation to start with. The concepts referred
to by these symbols are defined, e. g., in Rosen (2012) or in Ellis and Gulick (2006).
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Chapter 1
Measure

In this chapter, we introduce the concept of a measure and other closely re-
lated notions. We start with some examples and then introduce the concept of
a o-algebra, which is crucial in measure theory and probability theory. At first
glance this concept seems to be a pure technical construction, which is usually
not dealt with in textbooks on ‘Probability and Statistics’ for empirical sciences.
However, a o-algebra turned out to be the natural domain for a measure, includ-
ing probability measures. Moreover, in probability theory, a o-algebra is not only
the domain of probability measures. The o-algebra generated by a random vari-
able can be interpreted as the set of events that is represented by this random
variable. This is treated in more detail in chapter 2 on measurable mappings,
which provides the general theory of random variables because random variables
are measurable mappings. The virtues of o-algebras will become fully apparent
in chapter 10 on conditional expectations and its subsequent chapters. The pair
(Q, ¢f) consisting of a nonempty set Q and a o-algebra «f on Q is called a mea-
surable space. Such a measurable space is crucial for the definition of a measure.
Next, we treat some important examples of measures, including the counting
measure, the Dirac measure, and the Lebesgue measure. Finally, we turn to con-
tinuity and uniqueness properties of a measure.

1.1 Introductory Examples

Consider Figure 1.1 showing the set Q of all points (x, y) inside the rectangle and
the sets A and B of all points (x,y) inside the two ellipses, respectively. These
three sets are subsets of the plane R? := RxR, where R denotes the set of all real
numbers, and R xR := {(a, b): a,b € R} is the set of all ordered pairs (a, b) with
a,b € R, called the Cartesian product or product set of R with itself. In Figure
1.1, the sets A and B have a nonempty intersection. Now let area (A) and area (B)
denote their areas and area (An B) the area of their intersection. Inspecting this
figure reveals:

area(AUB) = area(A)+ area(B) —area(ANB).

This example illustrates three important points:

(a) A measure such as area is a function on a set system on Q, i.e., on a set of
subsetsof aset Q such as A, B, and AnB.
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Figure 1.1. A Venn diagram of two sets and their intersection

(b) If area is defined for the subsets A, B < Q, then it is also defined for their
intersection An B and for their union AuB.

(c) Measures are additive. In other words, if A and B are disjoint subsets of Q,
i.e., if AnB =0, then area(AUB) = area(A) + area (B).

Note that, in the example presented in Figure 1.1, the sets Aand B are not disjoint,
and this is why area (A N B) has to be subtracted in the equation displayed above.
Points (a) to (c) also apply to other measures such as length and volume as well
as to probability measures. Therefore, we adopt a more general language and talk
about subsets A, B of aset Q) (or measurable sets A, B) and their measure p instead
of lines and their lengths, rectangles and their areas, cubes and their volume, or
events and their probabilities.

For example, if O = {1,...,6} denotes the set of possible outcomes of tossing a
fair dice, A= {1,6} and B = {2,4, 6} denote the events of tossing a 1 or a 6 and toss-
ing an even number, respectively. Furthermore, AN B = {6} and the probability of
tossing a 1 or a 6 or an even number — the event AUB — is

PAB—PAPBPAB—2314
(AuB) = P(A)+P(B) (ﬂ)—6+66 5
In the first example, the measure area assigns a real number to a subset of R,

In the second example, the measure P assigns a real number to a subset of Q =

{1,...,6}. This suggests that a measure should be defined such that it assigns a real

number to all subsets of a set, i. e., to all elements of the power set. Unfortunately,

this may lead to contradictions (see Rem. 1.70 and, e. g., Georgii, 2008, p. 9-10). In

contrast, defining a measure on a o-algebra such contradictions can be avoided.

1.2 o-Algebra and Measurable Space

In the following definition, we consider a set system </ on Q, a sequence A;, A, ...
of subsets of Q, and their countable union. Remember, a set system on a set Q) is a
set of subsets of Q presuming that Q is not empty. A sequence of subsets of a set Q
is a function from the set Ny = {0,1,2,...} or N = {1,2,...} or a subset of these sets
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to 22(Q), the power set of Q. Furthermore, the finite union of the sets A,..., A,
and the countable union of the sets A;, A,,... are defined by

n
A :={acQ:3ie{l,....n}: acA;} (1.1)
i=1

and

(o)
A :={aeQ:3ieN:acA;}, (1.2)
i=1

respectively. Hence, by definition, U_, A; is the set of all elements that are an
element of at least one of the sets A;, i =1,...,n, and Ul?i’ A; is the set of all ele-
ments that are an element of at least one of the sets A;, i € N. Finally, A°:=Q\ A
denotes the complement of A (with respect to Q).

Definition 1.1 (0-Algebra)
A sset o of subsets of a nonempty set Q) is called a o-algebra (or o-field) on
Q, if the following three conditions hold:

(a) Qe
(b) If Ae<f, then A€ € o.
(©) IfAy,Ay,...€ o, then Ul?gl A e

An element of a 6-algebra is called a measurable set.

Remark 1.2 (Closure With Respect to Set Operations) Condition (c) postulates
that o-algebras are closed with respect to countable unions of sets A, Ay, ... € <.
However, in conjunction with (a) and (b) this implies that a o-algebrais also
closed with respect to finite unions of sets Ay,..., A, € of, because every finite
union of sets Ay,..., A, € & can be represented as a countable union of the sets
that are elements of </, e.g.,

n
JA =AU...UA,UQUQU... . (1.3)
i=1

Note that (a) and (b) imply @ € <f, because Q° = Q.

Furthermore, although condition (c) only requires explicitly that o-algebras are
closed with respect to countable unions, Definition 1.1 implies that a o-algebra is
closed also with respect to intersections such as A; N A, and set differences A;\ A,.
In other words, if A; and A, are elements of o, then A; U A,, A; N Ay, and A; \ A,
are elements of o/ as well, provided that </ is a g-algebra. The same is true for
countable intersections A; N A,N... of elements of «/. In more formal terms: If of
is a o-algebra, then

(e e}
AI’AZ’---E'Q{ = ﬂAie.Q{ (1.4)
i=1
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(see Exercise 1-1), where ﬂ;’jl A;=A;NAyn...is defined by

o0
(A ={acQ:VieN:acA;}. (1.5)
i=1
Because "
A =AIN...NnA,NANAQN..., (1.6)
i=1
we can also conclude
n
A, Aped = [lAied, 1.7

i=1

where N l."zl A;, the finite intersection of the sets A;,..., A, is defined by

—y

A = {aeQ:Vie(l,...,n}: acA;}. (1.8)

i=1

<

Remark 1.3 (Countable and Uncountable Unions) Defining a o-algebra we use
the symbol o in order to emphasize that unions of finitely or countably many
sets are considered, but not other unions of sets. For example, the closed interval
[a,b] :={xeR:a<x<DbabeR,} on the real axis is identical to the union of
singletons {x} that contain only one single element x€ R, i.e.,

la,b] = |J {x}. (1.9)

asx<b

This union is neither finite nor countable. Hence, condition (c) of Definition 1.1
does not imply that this union is necessarily an element of a g-algebra </ on R,
even if all singletons {x}, x € R, are elements of /. <

The following notion of a measurable space proves to be convenient in mea-
sure theory.

Definition 1.4 (Measurable Space)
If Q is a nonempty set and < a o-algebra on Q, then the pair (Q, <) is called
a measurable space.

Example 1.5 (The Smallest o-Algebra) The smallest o-algebra on a set Q is of =
{Q, @}. It contains only the elements Q and the empty set @. As is easily seen,
QuO=Q, Q°=0, and O° = are elements of «f. This shows that o/ = {Q, @} is
closed with respect to union and complement. <

Example 1.6 (Power Set) The power set 22(Q)) of Q, i.e., the set of all subsets
of Q, is always a og-algebra on Q. It is the largest o-algebra on a set Q. All other
o-algebras on Q are subsets of 22(Q)). <
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n0<;
]oe<yes<;
no ———
=

Figure 1.2. Example of a tree representation of a Cartesian product

Example 1.7 (A Small o-Algebra) If A is a subset of Q, then o ={Q, 0, A, A®} is
always a o-algebra on Q (see Exercise 1-2). Again, it is easily seen that this set
system is closed with respect to union and complement. <

Remark 1.8 (Motivation for o-Algebras) These examples show that there can be
many different o-algebras on a set Q. Why not simply always use the largest one,
the power set 22(Q)? In fact, this would be possible as long as Q is finite or count-
able. There are at least three reasons for using o-algebras. First, there are impor-
tant sets Q (e.g., Q = R) such that measures of interest (e.g., length — which
is the Lebesgue measure pertaining to Q = R) cannot be defined on 22(Q) (see
Rem. 1.70). These measures can be defined, however, on other g-algebras, such
as the Borel-o-algebra [see Eq. (1.18)]. (For an example in which the power set is
‘too large’ see Georgii, 2008, p. 9-10). Second, in some sense, o-algebras contain
those elements of a larger set system that are relevant for a particular substan-
tive question. In probability theory, together with Q and a probability measure,
each o-algebra on Q represents a random experiment that is in some sense con-
tained in a (often larger) random experiment. For example, if we consider the
random experiment of tossing a dice, then we may focus on whether or not the
number is even. Together with Q and the probability measure, the corresponding
o-algebra represents a ‘new’ random experiment contained in the random ex-
periment of tossing a dice (see Exercise 1-3). Third, using different o-algebras is
indispensable for introducing conditional expectations, conditional indepen-
dence, and conditional distributions (see chs. 9 to 17). <

Example 1.9 (Joe and Ann) Consider the following random experiment: First,
we sample a unit u from the set Qy; := {Joe, Ann}. Second, each unit receives (yes)
or does not receive a treatment (7n20). Third, it is observed whether (+) or not (-) a
success criterion is reached (see Fig. 1.2). Defining Qy := {yes, no} and Qy:= {+, -},
the Cartesian product

Q = QuxQxxQy = { (Joe no,-), Joe,no,+),..., (Ann, yes,+) }

is the set of possible outcomes w of this random experiment. It has eight ele-
ments, namely the triples (Joe, no,—), (Joe, no,+), ..., (Ann, yes,+) (see all eight
leaves of Fig. 1.2 for a complete list of these elements).
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In this example, a first o-algebra </ we may consider is the set of all subsets of
Q, the power set 22(Q). This set has 28 = 256 elements, where 8 is the number of
elements, i. e., the cardinality of Q (see Kheyfits, 2010, Th. 1.1.37, p. 22). Among
these elements is the set

A := {(Joe, no,-), Joe, no, +), (Joe, yes,—), Joe, yes, +)} = {Joe} x Qx x Qy.

In the context of probability theory it is also called the event that joe is drawn.
Other elements of of are the sets

B := {(Joe, yes,—), (Joe,yes, +), (Ann, yes,—), (Ann, yes, +) } = Qu x {yes} x Qy.
that the drawn person is treated, and
C := {Uoe, no,+), Joe, yes, +), (Ann, no,+), (Ann, yes,+)} = Qu x Qx x {+}

that {+} (success) occurs, irrespective of which person is drawn and whether or
not the person is treated.

Aside from the power set of Q we could also consider the o-algebras <) :=
{Q, Q,A, A°}, o = {Q, @,B, B}, and <4 = {Q, @,C, C°}, to name just three.
(For another one see Exercise 1-4). In a sense, <) represents the information
which person is drawn. In contrast, <% contains the information whether or not
the drawn person is treated, and 73 whether or not the drawn person is success-
ful. Of course, all these o-algebras are subsets of 22(Q), the powersetof Q. <

Example 1.10 (Trace of a Set System and Trace o-Algebra) If & is a set system
on Q and Qg < Q, then
<§|QO = {QonA: Ae &}

is a set system on Q. It is called the trace of & in Q. Furthermore, if </ is a
o-algebra on Q and Q c Q, then the set system

g, = {QNnA: Aesl}

is a o-algebraon Q, (see Exercise 1-5). If Q # Q, then the trace ¢z¢|QO is a
o-algebra on Q, but not on Q, because Q ¢ o |Qo' <

Example 1.11 (Joe and Ann - continued) In Example 1.9 we defined the event A
that Joe is drawn, the event B that the drawn person is treated, and the o-algebra
o =1{Q, @,B, B¢}. The trace of &, in A is

o), = (A0, ANB, AN B°}.

Obviously, just like all elements of <, are subsets of €2, all elements of | , are
subsets of A. From a substantive point of view, considering | , means to pre-
sume that Joe is drawn and consider the events that he is treated or not treated,
respectively. <
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1.2.1 o-Algebra Generated by a Set System

The concept of a o-algebra generated by a set system is useful in order to define
important o-algebras. It is also useful for specifying certain measures (see sec-
tion 1.6). The following theorem prepares Definition 1.13. Reading this theorem,
remember that a o-algebra on a set Q is itself a set (of subsets of ), so that we
can consider the intersection of o-algebras.

Theorem 1.12 (Intersection of o-Algebras is a 5-Algebra)
Let I be a nonempty (finite, countable, or uncountable) index set and let all
&, i € I, be a-algebrason Q. Then (\;e; <; is also a o-algebra on Q.

(Proof p. 28)

This theorem allows us to define the o-algebra generated by a set system on Q.

Definition 1.13 (o-Algebra Generated by a Set System)
Let & be a set system on Q and let (4;,i € I) be the family of all a-algebras on
Q that contain & as a subset. Then we define

(&) =« (1.10)
iel
and call it the o-algebra generated by &. The set& is also called a gener-
ating system of o (&).

Remark 1.14 (Smallest o-Algebra Containing & as a Subset) According to The-
orem 1.12, every set system & on Q generates a uniquely defined o-algebra (&)
on Q. Note that the o-algebra o(&) is the smallest o-algebra on Q containing &
as a subset, i. e,

€ isaoc-algebraonQand&c¥€¢ = o(8)c%E. (1.11)

Furthermore,
olo(&)] = a(8). (1.12)
<

The following lemma immediately follows from (1.11). It can be used in proofs
of the identity of two o-algebras.

Lemma 1.15 (Smallest o-Algebra Containing & as a Subset)
Let (Q, o) be a measurable space and & a set system on Q witho(8) = <. If €
is a o-algebra on Q with & c € c of, then € = .

(Proof p. 28)
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Remark 1.16 (c-Algebra Generated by Unions of Set Systems) Let 2,8, % be set
systems on a nonempty set Q. Then

0 QUEUF) = 0[QUC(EUF)] (1.13)
(see Exercise 1-6). <

Example 1.17 (Several Set Systems May Generate the Same o-Algebra) If Aisa
subset of Q, then the set system {A} generates the o-algebra {Q, @, A, A°}. Note
that {Q, @, A, A} is also generated by the set systems { A°} and {A, A}, for in-
stance. Hence,

o({A}) = o({A°}) = o({A4, A°) = 0({Q,0,4, A%} = {Q,0,A A°}.

In contrast, if @ # A # Q, then the o-algebra {Q, 0, A, A} is neither generated by
the set system {Q} nor by {Q, @}. Instead,

o({0}h) = o({Q}) = o({Q2,0}) = {Q,0},
i.e, {Q}, {0}, and {Q, D} generate the o-algebra {Q,?}. <

Example 1.18 (A Generator of the Power Set) Let Q be finite or countable and
let & := {{w}: e Q}. Then o(&) = P(Q) (see Exercise 1-7). <

This example is generalized in Lemma 1.20.

Remark 1.19 (Partition) Reading the following lemma, remember that a set sys-
tem & on Q is called a partition of Q if

(a) VBe&: B#0Q.
(b) VB,Ce&: B#C = BnC=0.
(0 UBE(‘;B:Q'

Lemma 1.20 (An Element of a 0-Algebra Generated by a Partition)
Let &:={B,...,B,} or& :={By, B,,...} be a finite or countable partition of Q,
respectively. Then for all C € o (&) there is an I(C) < N such that

c=U B = U B (1.14)
i€I(C) B;cC

where, by convention, U;cp B; := 0.
(Proof p. 29)

Remark 1.21 (Constructing a 0-Algebra) If & = {A,,..., A} is a finite set of sub-
sets of Q, then there is a finite partition & = {By,..., B,} of Q with ¢(8) = o(%).
Furthermore, if & is a finite set of subsets of Q, then each element of o (&) is ob-
tained by finitely many unions, intersections, or complements of elements of &
(see Exercise 1-8). <
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Example 1.22 (Joe and Ann - continued) In Example 1.11, we already consid-
ered the event A that Joe is drawn and noted that the trace of the g-algebra
oty ={Q, 0,B,B°}in Ais oh|, = {A, O, AnB, AnB°}.In contrast, the g-algebra
on Q generated by the trace | 4 is

0(.Q¢2|A) =1{Q,0,A A5 AnB, AnB, (AnB)U A®, (AnB%) U A°},
where (ANB)U A° = A°UB and (AN B€)uU A° = A°UB¢°. <

Remark 1.23 (Monotonicity of Generated o-Algebras)
Let &;,8, be set systems on Q with & < &,. Then o(&;) c 0(&>) (see Exercise 1-9).
<

An important kind of o-algebras are those for which there is a countable set
system that generates them.

Definition 1.24 (Countably Generated o-Algebra)
Let (), /) be a measurable space. Then < is called countably generated if
there is a finite or countable set & c of such that o(&) = .

Example 1.25 (Some Countably Generated o-Algebras) Examples of countably
generated o-algebras are:

(a) All o-algebras on a finite set Q.
(b) (N), n€NN.

(For a proof see Exercise 1-10). For another example, see Remark 1.28. <

Remark 1.26 (A Caveat) Note that there are countably generated o-algebras for
which not all of their elements can be constructed by countably many unions,
intersections, or complements of elements of the generating system. An example
in case are Borel o-algebras on R or R” (see, e. g., Michel, 1978, sect. 1.4). <

Lemma 1.27 (0-Algebra Generated by the Trace of a Set System)
Let Ac Q) be nonempty, 6§ c 2(Q), and & |, := {CNnA: Ce&}. Then

a(&1,) = 0B |a (1.15)

where 6(& | 4) denotes the o-algebra generated on A, whereas (&) is a c-al-
gebra on Q. Furthermore, if € is a o-algebra on Q and A € & such that

VCeé&: C#A = AnC=0, (1.16)
i.e., A does not intersect with any other element of &, then

(€U |, = €|, 1.17)
(Proof p. 29)
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a +

Figure 1.3. A half-open rectangle in the plane R?

Hence, according to Equation (1.15), the o-algebra generated by the trace of a
set system & is the trace of the o-algebra generated by & and according to Equa-
tion (1.17), the trace of the o-algebra (6 U &) in the set A is identical to the trace
of the g-algebra ¥ in A, if 1.16 holds.

1.2.2 o-Algebra of Borel Sets on R"

For a,b € R with a < b, let us consider a half-open interval 1a,b] in R, which is
defined by
la,b] := {xeR:a<x<b},

and the set system
4 :={la,bl: a,beR and a< b}

of all half-open intervals in R . The o-algebra generated by this set system is called
the Borel o-algebra on R. It is denoted by Z8. The elements of & are called the
Borel sets of R. In formal terms,

B = B, := o(HA). (1.18)

Note that there are several sets systems generating the Borel o-algebra (see, e.g.,
Klenke, 2008, Th. 1.23, p. 10). In particular,

B, = o({]—oo,b]: beR}) (1.19)

(see Georgii, 2008, p. 12). Similarly, we define the Borel 5-algebraon R? =R x R
to be the o-algebra generated by the set system .#, of all half-open rectangles in
R?, whose sides are parallel to the axes (see Fig. 1.3). These rectangles are defined
by

lay, by] x1az, by] = {(xl,xz) e R?: a<x1=b, ay<x < bz}-

The o-algebra o(.%,) is denoted by %,, i.e., %, := d(.%), and its elements are
called the Borel sets of R>.
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This definition is easily generalized: The Borel o-algebra on R" is defined by
B, .= 0 (S,), n€ N, where .#, is the system of all half-open cuboids in R”, whose
sides are parallel to the axes. Such a cuboid is a set

]alybll X---X]an;bn]
(1.20)
={(x1,..., X)) ER": @y <Xy < by,..., Ay < Xn < by},

where a,,...,a,,b1,...,b, € R. Just like 8, the o-algebra 28, has several generat-
ing systems, one of which is

By = o({l-00,b1] x...x1—00,b,1: by,...,b, €R}) (1.21)

(see Exercise 1-11).

Note that not every subset of R” is a Borel set. In other words, 98, is not the
power set of R”. (The reason for using the Borel o-algebra instead of the power
set is illustrated in Remark 1.70.) However, for each x = (x3,...,x,) € R", the sin-
gleton {x} isa Borel set of R", i.e.,

{x}e%B, VxeR"

(see Exercise 1-12).
Furthermore, if R = R U {—o0, +oo} denotes the extended set of real numbers,
then
% := 0(BU{{—oc},{+o0}})

is a o-algebraon R and it is called the Borel o-algebraon R. Similarly, %, is
called the Borel o-algebra on R". It is defined as the product of the o-algebra 2
with itself (n times) (see Def. 1.31)_. Finally, we may sometimes consider ‘@”lﬂo’
the trace of the Borel ¢ -algebra on R" in Qy c R"™

Remark 1.28 (The Borel o-Algebra is Countably Generated) Note that
2 =0o({labl:a,beQ,a<b}),

where Q is the set of rational numbers. Because Q is countable, the set of intervals
{] a,bl: a,beQ,a< b} is countable as well. Therefore, the Borel o-algebra 28 is
countably generated. This also holds for 98, n € N (see Klenke, 2008, Th. 1.23,
p. 10). <

Remark 1.29 (Trace of the Borel o-Algebra in a Countable Subset of R) Let %
denote the Borel o-algebra on R. If Qg < R is finite or countable, then 3|, =
P (Qo), where B, is the trace of the Borel o-algebra on R in Qy <R (see Exer-
cise 1-13). <

1.2.3 o-Algebra on a Cartesian Product

In section 1.2.2 we defined a o-algebraon R"” =R x ... x R (n-times). Now we
consider o-algebras on general Cartesian products. We start with an example.
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Example 1.30 (Joe and Ann - continued) In Example 1.9 we already considered
the Cartesian product
Q= QUX.QXXQy,

which consists of the eight triples (Joe, no,—-), (Joe, no,+),..., (Ann,yes,+) (see
again Fig. 1.2). Now consider the o-algebras o) := 2(Qyp), o = P(Qy), and
o3 =P (Qy), as well as the set

& = {A| x Ay x Ag: Ay € oy, Ay € sy, As € sy},

which is a set system on Q consisting of 4-4-4 = 64 elements. For example, the set
system & contains the elements

A = {Joe} x {no} x{-} = { (Joe,no,-)}
and

B := {Ann} x {yes} x {+} = { (Ann, yes, +)}.
However, & does not contain
AU B = {(Joe, no,-), (Ann, yes, +) }

as an element. The only product set A; x A, x A3 with A; € o), Ay € o, A3 € o3
that contains A U B as a subset is Qy x Qx x Qy= Q. However, A U B # Q. There-
fore, & is not a o-algebra [cf. condition (c) of Rem. 1.2]. In this example, the
o-algebra generated by & is the power set of Q, i.e., (&) = 22(Q). It consists
of 28 = 256 elements. According to the following definition, (&) is denoted by
oy ® of, ® of3 and called the product a-algebra of <y, <f», and sfs. <

Definition 1.31 (Product o-Algebra)
Let (Q4,94),...,(Qn,<f,) be measurable spaces and Q := Q; x ... xQ,. Then

n n
A ®..0d), = QR = 0({ XA Ajeod;,i= 1,...,n}) (1.22)
i=1 i=1
is called the product o-algebra of the -algebras </;,i =1,...,n.

To emphasize, the product o-algebra of; ® ... ® ), is not the Cartesian product
o x ... x of,. Instead, the product o-algebra is generated by the set system of all
Cartesian products of elements of the o-algebras «/,...,<7,. In Lemma 2.42 we
give an equivalent specification of a product o-algebra, using projection map-
pings.

The following lemma provides a relationship between the generating sys-
tems of the o-algebras «f;, i = 1,..., n, and the generating system of the product
o-algebra.
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Lemma 1.32 (Generating System of a Product o-Algebra)
Fori=1,...,n, let (Q;, ;) be measurable spaces and &; c of; with 6(&;) = ;.
Then

Rt = 0({i:)(lA,-:A,-eg,-,izl,...,n}). (1.23)

For a proof see Klenke (2008, Th. 14.12 (i), p. 274).
This lemma implies

n
B = QB =AB®...0 48 (n-times)
i=1

for the Borel o-algebra on R”. This lemma also implies the following corollary.

Corollary 1.33 (Countable Generating System of a Product o-Algebra)
Let (Q;,4;),i=1,...,n, be measurable spaces, where all </; are countably gen-
erated. Then ', <; is countably generated as well.

Example 1.34 (Countable Sets and Product o-Algebra) Let Q,...,Q, be finite
or countable sets and «}, ..., <, be their power sets. Then

n n
R = g“”( X Qi),
i=1 =1

i.e., ®;?:1 & is the power set on Q := Q; x... x Q,, (see Exercise 1-14). <

Remark 1.35 (Complement of a Cartesian Product) Let (Q; x Q,, o/ ® of,) be a
measurable space, A € /|, and B € of,. Then (A x B)€ € of] ® of,, and this set can
be written

(AxB) = (A°xB) U (Q,x BY), (1.24)

which is a union of disjoint sets (see Exercise 1-15). <

1.2.4 n-Stable Set Systems That Generate a o -Algebra

For many proofs, generating set systems are useful, which have the property of
N-stability.

Definition 1.36 (N-Stability)
Let Q denote a nonempty set. A set & of subsets of Q is called n-stable (or
N-closed) ifANBeé& forall AJBE&.

Example 1.37 (Set System With One Single Element) A set system {A} that has
only a single element A c Q is Nn-stable (cf. Example 1.17). <
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Example 1.38 (Partition and N-Stability) If & is a partition of the set Q, then
2 := U {0} is Nn-stable. <

Example 1.39 (A N-Stable Generating System of a Product o-Algebra) Consider
the measurable spaces (Q;, <), i =1,..., n. The set

{Aix...x Ap: Ajedt;, i=1,...,n},
is a N-stable generating system of ®_, «/; (see Exercise 1-16). <

Another type of a set system is a Dynkin system. It can be used in order to show
that a specific set system is a o-algebra.

Definition 1.40 (Dynkin System)
Aset D of subsets of a set Q is called a Dynkin system on Q, ifthe following
three conditions hold:

(@) QeD.

(b) IfA€D, then A°€ 2.
(©) IfAy, Ay, ... €D and they are pairwise disjoint, then Ul.=1 A €ED.

In the definition of a o-algebra «/ we require U2, A; € o/ for all sequences
Ay, Ay, ... € o, whereas for a Dynkin system the corresponding requirement is
only made for all sequences A, A,,... € 2 of pairwise disjoint sets. According to
the following theorem a Dynkin system is also a g-algebra if and only if it is N-
stable.

Theorem 1.41 (Dynkin System and o-Algebra)
Let 2 be a Dynkin system on Q. Then 92 is a o-algebra if and only if it is N-
stable.

For a proof see Bauer (2001, Th. 2.3, p. 6). According to this theorem we can prove
that a set system is a o-algebra by showing that it is a Nn-stable Dynkin system.

1.3 Measure and Measure Space
A measure assigns to all elements of a g-algebra an element of the closed interval

[0,00] := {x€eR:0=<x} U {oco},

i.e., anonnegative real number or the element co.
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Example 1.42 (A First Example) Let Q = R and assume that the closed interval
[3,9] = {x € R:3 < x <9} as well as the union [3,9]U[10,12] are elements of a
o-algebra on Q. If the measure is length, then

length([3,9]) =9-3 =6

and

length ([3,91U[10,12]) = length([3,9]) + length([10,12])

9-3)+(12-10) =6+2 =8,

because the two intervals are disjoint, i. e., their intersection is the empty set 0.
In this case the lengths of the intervals [3,9] and [10,12] add up to the length of
their union [3,9]uU[10,12]. In Definition 1.43 (c) we do not only require additivity
but o-additivity. <

Reading the following definition, remember that .9, a; is defined by

n

a; ;= lim Za,-.
1 n—ee g

18

Definition 1.43 (Measure and Measure Space)
Let (Q, <) be a measurable space. A function p: «f — R is called a measure
and the triple (Q, <, 1) is called a measure space, if

(@) u(@) = 0.

(b) w(A) = 0, VAeof. (nonnegativity)

(© IfAy,Ay,... € A are pairwise disjoint, then u(U‘i":’l Al-) =Y 72, u(A).
(o-additivity)

1.3.1 o-Additivity and Related Properties

Remark 1.44 (o-Additivity Implies Finite Additivity) Note that g-additivity of a
measure implies finite additivity, i. e., it implies

n n
p(UAi) =) uA), ifA,...,A, € o are pairwise disjoint (1.25)
i=1 i=1
[see Rule (ii) of Box 1.1 and its proof in Exercise 1-18]. <

Remark 1.45 (o-Additivity) Using the term o-additivity signalizes that unions
of finitely or countably many sets are considered, but not other unions of sets. If,
instead of o-additivity, we would require additivity for any kind of unions, includ-
ing uncountable unions, then the Lebesgue measure A on (R, 28) — the measure
of length — could not be constructed any more. This is explained in more detail
in Remark 1.70. <
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Remark 1.46 (Representation of a Union as a Union of Pairwise Disjoint Sets)
Let (Q, o/) be a measurable space. If A, A,,... € & is a sequence of subsets of Q,
then there is a sequence Bj, By, ... € of of pairwise disjoint sets with

Ua = (JB. (1.26)

One way to construct By, By, ... is to define B, := A; and

i-1
U 4;

j=1

B; := A;\ , fori>1, 1.27)

(see Exercise 1-17). <

Remark 1.47 (Additivity of Measures for Partitions) Let (Q, </, u) be a measure
space, B € o/, and assume

(@) Aj,..., A, € o are pairwise disjoint,

(b) B < U, A
Then

W(B) =) uBNA). (1.28)
i=1

Analogously, if
(c) Ay, Ay,... € of are pairwise disjoint,
(d) B < U2, A

then

W(B) =) uBNA). (1.29)
i=1

(see Exercise 1-19). <

1.3.2 Other Properties

Other important properties of a measure are displayed in Box 1.1. Some of these
properties can intuitively be understood inspecting the Venn diagram presented
in Figure 1.1. These properties always hold with the conventions +co + oo = +00
and o + oo = +o0o, for a € R. However, note that the term +oco — co cannot mean-
ingfully be defined. Therefore, properties (vi) and (vii) only hold if we assume
1(ANB) < oo. For proofs of all theses properties see Exercise 1-18.

Remark 1.48 (Finite Additivity and o-Additivity Applied to Singletons) IfQ isfi-
nite or countable, then each A c Q is finite or countable as well. Hence, for any
measure p on the measurable space (Q, 2(Q)),

[(A) = u( U {w}) =Y ulo)), YAcQ. (1.30)

weA weA
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Box 1.1 Rules of Computation for Measures

Let (Q, <7, 1) be a measure space.

If Ay, Ay, ... € of are pairwise disjoint, then

p(fj 4) = 5 uA). (0-additivity) (i)

t;l z:1
,u(UlA,-) = L ul4), ¥neN. (finite additivity) (ii)

= =

If A, B € of, then:

1(A) = p(AnB) + u(A\B). (iif)
1) = p(B) + p(BO). (iv)
u(A) < u(B), ifAcB. (monotonicity) (v)
WA\B) = u(A) — u(AnB), if (ANB) < oo. (vi)
((AUB) = u(A) + u(B) — u(AnB), if u(ANB) < oo. (vii)
L(A) = Q) <co = w(ANB) = u(B). (viii)
#(A) =0 = p(AUB) = u(B). (ix)

Let A€o and let Qy < Q and be finite or countable with p(Q\ Q) = 0.
If, for all w € Qy, {w} € o, then

pA) = ) pdob. x)

w€eANQ

If A}, A,,... € o/, then

q

3

(@

A,-) < Y A, (0-subadditivity) (xi)
i=1

1

I
-
I

This means that a measure on (Q,@(Q)) is already uniquely defined if its values
1({w}) are uniquely defined for all w € Q, provided that Q is finite or countable.
Rule (x) of Box 1.1 extends this result to a more general measure space (Q, <, 1).
This rule shows that a measure on (Q, &) is already uniquely defined if its values
1({w}) are uniquely defined for all w € Qg, provided that Q is finite or countable
with p(Q\ Q) =0 and {w} € of for all w € Q. <
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1.4 Specific Measures

Now we consider some examples of measures, all of which are used later on in
order to introduce still other measures. For some of these examples we use the
indicator of a set A.

Definition 1.49 (Indicator)
Let Q be a set and Ac Q. Then the function 1,: Q — R defined by

1,(0) = 1, ifweA, (1.31)
4 a 0, ifodA, ’

is called the indicator of A.

Remark 1.50 (Sums and Products of Indicators) If1,,15: Q — R are the indica-
tors of two sets A, B < Q, then

1A'1B = 1AnB (132)
and
Ia+1g—14np = 1a+1p—1,4-15 = 14uB. (1.33)

Equation (1.32) immediately implies
1a+15 = 1aus, if AnB=0. (1.34)

More generally, if A,,..., A, is a finite sequence of pairwise disjoint subsets of Q,
then

n
21y =1y ap (1.35)

i=1

i.e., then the sum of the indicators of the sets A,..., A, is the indicator of the
union Ul.": 1 Ai Finally, if A, Ay, ... is a sequence of pairwise disjoint subsets of Q,
then

(e
2 La = 1y a4 (1.36)
i=1

<

Remark 1.51 (Indicators of Products Sets) Let Q;,Q, be nonempty sets, A < O
and B c Q,. Then

Ly(w1) - 1g(w2) = laxp(wi,w2), V(wg,wy) €y x Q. (1.37)

This equation follows from the definitions of the product set and the indicator. <
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1.4.1 Dirac Measure and Counting Measure

Example 1.52 (Dirac Measure) Let (2, «/) be a measurable space, let w € Q, and
consider the function d,: «/ — {0,1} defined by

0p(A) = L(w), VAed. (1.38)

Then 6, is a measure on (Q,.<f) (see Exercise 1-20). <

Definition 1.53 (Dirac Measure)
The function 6, defined by Equation (1.38) is called the Dirac measure at
(point) w.

Example 1.54 (Counting Measure) Let (2, </) be a measurable space and define
the function ug: &/ — R by

weQ VAed. (1.39)

Y 1a(w), if Aisfinite,
p#(A) =
00, if A is infinite,

Then py4 is a measure on (Q, «/) (see Exercise 1-21). <

Definition 1.55 (Counting Measure)
The function py defined by Equation (1.39) is called the counting measure
on (Q, 7).

Remark 1.56 (Cardinality of a Set) If Aisfinite, then u4(A) is called the cardinal-
ity of A, i.e., uy(A) simply counts the number of elements w of the set A. Further-
more, for finite or countable Q and Ac Q,

A = Y Law) = Y 8u(A). (1.40)

we we

<

Example 1.57 (Sum of Dirac Measures) Let (2, «/) be a measurable space.If B c
Q is finite or countable and J,, is the Dirac measure on (Q,</) at point w, then
Y weB Ow: & — [0,00] defined by

(X 60)i = X 604, VAes, (1.41)

weB weB

is a measure on (Q, &) (see Exercise 1-22). Hence, if Q itself is finite or countable,
then }_,cq 0 is ameasure on (Q, o), and it is identical to the counting measure
defined in Example 1.54, because, for A € o/,
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(X 60w =¥ s [(1.41)]
weQ weQ
=Y 1a(w [(1.38)] (1.42)
weQ
= py(A). [(1.40)]
<
1.4.2 Lebesgue Measure
Consider the half-open interval 1a,b]. Then
M(la,b]) = b—a (1.43)

is the length of the interval ]a, b]. Next consider a rectangle1a,,b;1 x lay, b;] in
R? with a; < b; and a, < b,. This set can be visualized by the set of all points in-
side the rectangle presented in Figure 1.3 (excluding the lower and left boundary).
Obviously,

Ao(lar, ] x 1az, bz]) = (b1 — a1) - (b, — ap) (1.44)

is the area of this rectangle.

According to the following theorem, there is one and only one measure on
(R, 98) satisfying (1.43) for all such intervals. This measure is called the Lebesgue
measure on (R,%) and is denoted by A or A,. Similarly, there is one and only
one measure on (R? %) satisfying (1.44) for all such rectangles. It is called the
Lebesgue measure on (R? %,) and is denoted by A,. The following theorem deals
with the general case.

Theorem 1.58 (Existence and Uniqueness of the Lebesgue Measure)
For all n € N, there is a uniquely defined measure 1,, on (R", %,,) satisfying

An(]alybll X---X]an;bn]) = H(bi_ai);
i=1

Vdi,biE]R withai<b,~, i=1,...,n.

(1.45)

For a proof see Klenke (2008, Th. 1.55, p. 25 and 26).

Definition 1.59 (Lebesgue Measure)
The measure A, satisfying Equation (1.45) is called the Lebesgue measure
on (R", %;,).

1.4.3 Other Examples of a Measure

Example 1.60 (Restriction of a Measure to a Sub-o-Algebra) Suppose (Q, ., p)
is a measure space and € < «f a o-algebra. Then the function v: € — R defined
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by
v(A) := u(A), VYVAe%E, (1.46)

is a measure on ({2, %) (see Exercise 1-23). <

Example 1.61 (Weighted Sum of Measures) If y;, 1,,... are measures on (Q, /)
and 0 < ay,0y,... € R, then Zlf’jl a; ;s &/ — [0,00] defined by

(Y| ) =Y aspi(n), vaess, (1.47)

i=1 i=1

is again a measure on (Q, &) (see Exercise 1-24). For 0 = 041 = 042 = ... this
implies: If y,,..., u, are measures on ({2, <) and «ay,...,Q, are nonnegative, then
the function Y. | a; y; defined by

n n
(Y oum) ) =Y aipsa), vaes, (1.48)

i=1 i=1

is also a measure on (Q, «). <

1.4.4 Finite and o -Finite Measures

A measure p on a measurable space (Q, <) is called finite if u(Q) < co. Other-
wise it is called infinite. Within the class of infinite measures there is a subclass
with an important property, called o -finiteness. Many fundamental propositions
of measure and integration theory only hold for measures that are o-finite.

Definition 1.62 (o-Finite Measure)

Let p be a measure on a measurable space (Q,<f). Then  is called o-finite
if there is a sequence Ay, A,,... € o with U;.’:l A;=Qand, foralli=1,2,...,
U(A;) < oo.

To emphasize, even if u(Q) = oo, the measure u can be o-finite (see Examples
1.63 and 1.64). Note that any finite measure is also o-finite.

Example 1.63 (o-Finiteness of the Lebesgue-Measure) The Lebesgue measure A
on (R, %) is o-finite, because R = L_Jl.°:°1 [-i, 1] and /1([—1', i]) =2-i < oo, for all
ieNN. <

Example 1.64 (A o-Finite Counting Measure) Consider the measurable space
(R, %) and the measure pu: % — [0,00], where p = foo(‘i,- and §; denotes the
Dirac measure at i on (R, %) with §;(A) = 14(i), A€ %, i € Ny (see Example 1.57).
Then 1 is o-finite because R = U2, [-n, n] and p([-n, nl) = n+1, for all n € N,.
This measure simply counts the number of elements i € N, in a Borel set A. In
other words, for all finite A € 88, u(A) is the cardinality of the set AN Nj. <
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1.4.5 Product Measure

In section 1.4.2 we considered the Lebesgue measure on (R",28,) that is spec-
ified for n-dimensional cuboids by Equation (1.45) using the product of one-
dimensional Lebesgue measures on (IR, 28). Now we introduce the general con-
cept of a product measure. The following lemma shows that o-finiteness of mea-
sures is sufficient for the existence and uniqueness of such a measure. Hence, this
lemma shows that presuming finite measures is sufficient but not necessary for
the definition of the product measure.

Lemma 1.65 (Existence and Uniqueness)
Let (Q;, <;, ;) be measure spaces with o-finite measures [;, i = 1,...,n. Then
there is a uniquely defined measure, denoted (1, ® ... ® i, on the product space

( Z Q;, é&fi),

i=1 i=1
satisfying
V(Ay,...,Ap) €y X ... x Ay
(1.49)
Pi®...®uu(A x...xAy) = (A1) ... un(An).

This measure is o-finite as well.

For a proof see Bauer (2001, Th. 23.9, p. 143). Hence, p:= 11 ®...® 1, is ameasure
on the product space ( Qi L, o/;) with

PA xoox Ay) = i (AD .o pp(An), Y(AL...,Ap) € () x...xafy). (1.50)

Definition 1.66 (Product Measure)
The measure [, ® ...® i, defined by Equation (1.49) is called the product
measure of ly,..., .

1.5 Continuity of a Measure

The term o-additivity refers to countable unions of pairwise disjoint sets and it
implies finite additivity, which involves finite unions of pairwise disjoint sets. Fur-
thermore, o-additivity implies the following continuity properties of a measure,
which is essential for the definition of the integral (see ch. 3).

Theorem 1.67 (Continuity of a Measure)
Let (Q, o, 1) be a measure space and let Ay, A,,...€ of .
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Figure 1.4. Approximation of an open egg-shaped set O from below

(@) IfA cAyc...,then

3

Il
—

lim p(A) = u( Ai). (continuity from below)
1—00

(ii) IfA; 2 Ay>... and thereis an n € N with u(A;) < oo, then

3

lim p(A;) = u( Ai). (continuity from above)
1—00

1

~
I

For a proof see Klenke (2008, Theorem 1.36, p. 16 and 17).

Remark 1.68 (Finite Case) If A;,..., A, € &/ isafinite sequencewith A, c...c A,,
then U, A; = A, and

n
u(U A = pean. (151)
i=1
This is a trivial case of Theorem 1.67 (with A,, = A,41 = Ap42=... ). <

Example 1.69 (Geometric Examples) Figures 1.4 and 1.5 illustrate this theorem
for the Lebesgue measure 1, on (R? 9,), the area of a set O and the sets A;,i € N.
In this example, A, is the open rectangle in the open (i.e., the set without its
boundary) egg-shaped set O displayed in Figure 1.4, A, the union of A; with two
other rectangles in the middle figure, and Az the union of A, with two additional
rectangles in the right figure. Adding more and more rectangles it is plausible
that A; € A, c ... € O and that their union approximates O, i.e., Ul?i’l A; = 0.
Under these premises Theorem 1.67 (i) yields the conclusion lim; .o, A2(A;) =
Ao ® A;) = 1,(0). Figure 1.5 illustrates the same principle. However, now the
area of the egg-shaped set O is approximated from above by subtracting the areas
of appropriate rectangles.

As a second example consider the Lebesgue measure A on (R, 28) and the in-
tervals A; =]x— 1, x], i €N. Obviously, A; > A; >... and A(4;) = 3 < oo, for all
i €N (see also Exercise 1-12). Hence, for all x e R,
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Figure 1.5. Approximation of an open egg-shaped set O from above

Auxh = A( N ]x—%,x]) — lim A(lx- 2, ) = lim © = 0. (1.52)

i=1 i—00 1 i—oo 1
This is an implication of continuity from above, and it implies

Ya,beR: a<b = A(labl) = Ala,b]) = A(la,b[) = A(]a,bl)

1.53
=b-a. ( )

<

Remark 1.70 (A Motivation for o-Additivity) As already mentioned in Remark
1.45, o-additivity refers to unions of finitely or countably many sets. Now con-
sider Uy <y<2{x} = [1,2] € & [see Eq. (1.9)]. According to Equation (1.52), A ({x}) =
0, for all x € [1,2], and hence A ({x € [1,2]: x € Q}) = 0, because the set of rational
numbers is countable. In other words, the Lebesgue measure A of the set of all ra-
tional number in the closed interval [1,2] is zero, and this is not a contradiction
to

AU ) =a02)=2-1=1,
1=x=<2
because U; < <»{x} is an uncountable union. This illustrates that additivity for
uncountable unions can be meaningless. <

1.6 Specifying a Measure via a Generating System

Given a measurable space (Q, /), a measure is a function that is defined on <.
In many situations, e.g., when &« = o(&) can only be described by a generating
set system & (such as the set system .#; generating the Borel o-algebra on R), it is
important to answer the following questions:

(a) Existence: If there is a set function fi: & — R, is there also a measure
1: (&) — R such that u(A) = fi(A), VAe&?

(b) Uniqueness: Is a measure u on (Q,0(8)) already uniquely defined by its
values p(A), Ae&?
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(Sufficient conditions for the existence of such a measure p are formulated in
Theorem 1.53 of Klenke, 2008.)

The following uniqueness theorem for finite measures provides an answer to
these questions, which suffices for our purposes. (A more general formulation for
o-finite measures with additional assumptions and a proof of Theorem 1.71 is
found in Lemma 1.42 of Klenke, 2008.)

Theorem 1.71 (Generating System and Uniqueness of a Measure)

Let (Q, /) be a measurable space and let & c «f, where & is N-stable and
0(&) = <. If wy and p, are finite measures on (Q,<f), i.e., measures with
1 (Q), p(Q) <oo, then

VAeE: m(A)=mwm(Ad) = VAed: u(A=u(A).

Example 1.72 (Countable Q) Let Q be a finite or countable set and let of =
2(Q). Then the set system

& = {01 U {lo}: we}

is n-stable and 0 (&) = «. As already noted in Remark 1.48, a finite measure p on
(Q, ) is uniquely defined by its values u({w}), w € Q. <

Example 1.73 (Measures on (R, %8)) The set system
& = {la,bl: a<b, a,beR} U {D}

is N-stable and o (&,) = 98 [see Eq. (1.18) and section 1.2.4]. Another N-stable set
system &3 with 0(&3) = B is

&; = {]—o0o,b]: beR}

(cf. Klenke, 2008, p. 10). This set system is crucial for the definition of a cumula-
tive distribution function (see section 5.7.1). <

1.7 o-Algebra That is Trivial With Respect to a Measure

All o-algebras treated in section 1.2 have been defined without reference to a
measure. Now we define the concept of a trivial o-algebra, which is defined re-
ferring to a measure. We start with a lemma about the set of all subsets of a set
with p(A) =0 or u(A) = u(Q), i.e., the set of all sets that are trivial with respect
to the measure p. Hence, the set of u-trivial sets includes all null sets, i. e., all sets
Ac Qwith u(A) =0, and all sets A < Q with p(A) = pu((Q).
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Lemma 1.74 (The Set of all Trivial Sets is a 0-Algebra)
Let (Q, o, 1) be a measure space and assume that [ is finite. Then

T:={Ae sl u(A) =0 or p(A) = p(} (1.54)

is a o-algebra.
(Proof p. 30)

This lemma allows for the following definition:

Definition 1.75 (Trivial o-Algebra With Respect to a Measure)

Let (Q, o, 1) be a measure space, assume that p is finite, and let 9, be defined
by (1.54). Then each o-algebra¢ < 9, is called a p-trivial o-algebra and
its elements p-trivial sets.

Obviously, {Q,@} is a trivial o-algebra with respect to all measures on {Q,?}.
Hence, we can call it a trivial o-algebra.

1.8 Proofs
Proof of Theorem 1.12

(a)

Viel: o;isaoc-algebraonQ = Viel: Qed,; [Def. 1.1 (a)]
= Q€ ﬂ.ﬂfl‘.
iel
(b)
Ae( o > Viel: Aed,
i€l L viel: A°cof;  [Def. 1.1 (b)]
= A%e ﬂ .
iel

(c)
Al,Ag,...€ ﬂ.sz{l > Viel: Al,Az,...E.in

iel
[o.0]
>Viel: [JA4jes, [Def. 1.1 (c)]
00 J=1
=> U Aje n ;.
j=1 iel
Proof of Lemma 1.15

If € is a o-algebra with & c € and «f = ¢(&), then (1.11) and the assumption € < &/ imply
o =0(8)c € c o Hence, € = .
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Proof of Lemma 1.20

Define 2 := {C =Uj;ey(c) Bi: 1(C) =N}.

&cP: ForBje& choose I(Bj) ={j}. Then Bj= Ui(—:I(Bj) B;.

9 c &: Because N is countable, any I(C) < N is finite or countable, and this implies
that C = U;¢c Bi is an element of (&) [see Def. 1.1 (c), (1.3)].

Checking the three conditions defining a o-algebra (see Def. 1.1), we show that 2 is a
o-algebra.

(a)

oo JUL B if6=(B1,... By}
U2, Bi, if&=1{B1,By,...},
because & is assumed to be a partition. This shows that Q € 2.

(b) The equation for Q in (a) also implies I(C¢) = I(C)€. Therefore, C° € 9 if Ce 2.
(c) If C1,Cy,... €92, then

o0 o0
Uuc=U U B= U Beg
=1 J=1iel(C)) ieUR 1C))

because U]?’il I(Cj)cNN.
Finally, we prove the second equation in (1.14). If j € I(C) and C = U;¢(c) Bi, then
Bj < C, which implies
U Bi c U Bi.
i€l(C) BicC

Vice versa, if Bj < C, then j € I(C), because for any w € B}, thereisno i # j such that w € B;
[see condition (b) of Rem. 1.19]. Hence,

UBiC U B;,

B;jcC iel(C)

which proves the second equation in (1.14).

Proof of Lemma 1.27

In this proof we use 0 (&) to denote the o-algebra on Q generated by & c 22(Q). Similarly,
0 4(2) denotes the o-algebra on A generated by 2 c 22(A).

(1.15). 0q(é) is a o-algebraon Q and & < 0q(&), by definition of 0q(£). Hence,
é"|A coq(8) |Av and 0q(8) |A is a o-algebra on A (see Exercise 1-5). Therefore, the defi-
nition (1.10) yields

0a(€]4) = 0a@®)]4-
Furthermore, & © 6g(&] 4 U&| 4¢), which implies

00(8) € 0a(8| U & 4c) [Rem. 1.23]

n

GQ[GA(£|A) U oy (£|Ac)) [Rem. 1.23]

{CUD: Ceaa(€],) DeoAc(£|Ac)}. [this set system is a o-algebra]

Therefore,
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0a(8)] 4 < {CUD: Ceva(8],), Deoe(8] )}l 4

= {cuDina: ceoa(&],), Deoac(] )}

{CnA: Ceoa(€]4)} [Dc A°]
oa(&]4)- (Cc Al

Hence, we have shown o4(&] 4) < 00(8)| 4 and 0o (&)|4 < 04(8] 4), which is equivalent
toca(&],4) = 0a@)]| 4

(1.17).
0a(€U)| 4 = 6A(CUE|,) [(1.15)]
=0a(€|4UE],) [see def. of the trace in Example 1.10]
= 04(€|4,U10,A4) [(1.16)]
= 04(%] ) [0, 4} < 6] 4]
= €| - [Exercise 1-5, (1.12)]
Proof of Lemma 1.74

(a) Qe g, by definition of J,.
(b) If A€ 9, then Rules (iv) and (v) of Box 1.1 and finiteness of u yield

u(Q), if u(A) =0,

(A%) = p(@) - p(A) =
H HEH {o, if 11(A) = (),

which implies A€ € J,.
(c) Let Aj, Ay,... € o/. We consider two cases. First, if u(A;) = 0, for all A;,i € N, then
Rule (xi) of Box 1.1 yields (U;?:l A,-) < ):;?01 1A =0,i.e, U;?:l A; € 9. Second, if there is

a j € N such that u(A;j) = u(Q), then Rule (v) of Box 1.1 yields

[ee]

U 4

i=1

Q) = Ay = p = @,

which implies u[ ;?21 A,-) = u(Q). Therefore, U?zl A €T,

1.9 Exercises

> Exercise 1-1 Let </ be a o-algebra of subsets of a nonempty set Q and let A;, Ay,... € &.
Show: (a) AinAzxNn...€e, (b) AiNn A€ o, and (c) A1\ As € .

> Exercise 1-2 Show that the set system «f = {Q, @, A, A°} is stable (closed) with respect
to union of elements of /.

> Exercise 1-3 Consider the set Q = {wy,...,wg} representing the set of all possible out-
comes of tossing a dice and the power set 22(Q2), which, in probability theory, represents
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the set of all possible events (including the ‘impossible’ event @) in this random experi-
ment. Specify the o-algebra on Q that represents all possible events if we only distinguish
between even and uneven number of points.

> Exercise 1-4 Consider the random experiment that has been described in Example 1.9.
Aside from the power set of Q we already considered the o-algebras «/; = {Q, 0, A, A},
o =1{Q, @,B, B}, and o5 = {Q, @, C, C°}. Define another o-algebra not yet mentioned.

> Exercise 1-5 Prove: If o« is a o-algebra on Q and Qg c Q, then dlﬂo ={QynA: Aegf}
is a o-algebra on Q.

> Exercise 1-6 Prove the proposition of Remark 1.16.

> Exercise 1-7 Show that a(8) = 22(Q) if Q is finite or countable and & := {{w}: w € Q }.
> Exercise 1-8 Prove the proposition of Remark 1.21.

> Exercise 1-9 Let &1,8, be set systems on Q with &; < &,. Show that o(&1) c 0(82).

> Exercise 1-10 Prove propositions (a) and (b) of Example 1.25.

> Exercise 1-11 Prove Equation (1.21).

> Exercise 1-12 Show that {x} € %, for all x € R”, where %, is the Borel o-algebra on R".

> Exercise 1-13 Let 98 be the Borel o-algebra on R and let Qy < R be finite or countable.
Show that 2|, = 2 (Qo).

> Exercise 1-14 Prove the proposition of Example 1.34.
> Exercise 1-15 Prove the proposition of Remark 1.35.

> Exercise 1-16 Let (Q;, ), i = 1,...,n, be measurable spaces. Show that the set system
&:={A1 x...x Ap: Ajeof;, i=1,...,n} is n-stable.

> Exercise 1-17 Prove the proposition of Remark 1.46.

> Exercise 1-18 Prove the rules of Box 1.1.

> Exercise 1-19 Prove the propositions of Remark 1.47.

> Exercise 1-20 Show that§,: &/ — {0,1} in Example 1.52 is a measure.

> Exercise 1-21 Prove that the function defined by Equation (1.39) is a measure on (Q, &).
> Exercise 1-22 Show that ) g 6 in Example 1.57 is a measure.

> Exercise 1-23 Show that v: ¢ — R defined in Example 1.60 is a measure on (Q, 6).

> Exercise 1-24 Prove that the function ):;?:1 «; ;i defined in Example 1.61 is a measure
on (Q, ).
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Solutions

> Solution1-1 (a) If A}, Ay,... € o, then AS, AS,... € o/ [see Def. 1.1 (b)]. Hence,

cy1¢ c

= [de Morgan]

o0
-

i=1

o0 o0
() Ai U A7
i=1 i=1

€ . [Def. 1.1 (c), (b)]

(b) Let Aj, Ay € of and choose Ag, Ag,... such that Q = A;, for all i =3, i € IN. Then,
according to Definition 1.1 (a),

o0
AINAy = A1nANQ = ﬂAl’ €.
i=1

() Aj\Ay = AlmAg € «/ [see (b) and Def. 1.1 (b)].
> Solution 1-2 The unions QUA =Q, QU A’ =Q, and QU@ = Q are all elements of o

and the same is trueforOU A=A, QU A¢ = A, and AUA® = Q. Furthermore, BUB = B
for all B € .

> Solution 1-3 The o-algebra on Q that only distinguishes between even and uneven
number of points is &) := {{wl , 03, W5}, {w2, wyg, we}, Q, @}. This is a sub-o-algebra of 22(Q).
Therefore, of; represents the set of all possible events of a random experiment that is, in a
sense, contained in the original random experiment.

> Solution 1-4 Consider the set system that contains as elements A, A, B, B¢, Q, @, all
unions and all intersections of these sets as well as the unions and intersections of the re-
sulting sets such as (A° UB) N (AUB) and (A€ U B€) U(AUB). Altogether these are 16 sets.
This is 0(<# U o), the o-algebra generated by «f) U.afs = {A, AS, B, B, Q,?} (see Def. 1.13
and Rem. 1.21).

> Solution 1-5 (a) Qg NQ = Q. This implies Qg € ‘Qflﬂo'
(b)
A*etsz¢|Qo = JAed: A" =QynA.

With this set A and using B° for the complement of a set B with respect to Q,

Qo) A* = Qp\ (QoN A)
= Qoﬂ(QgﬂA)c
Qo N (Q§UAS)
(QoNQE) U Q) N A)
c
QonA“ed|q,.

(c)
AlAS,.ed|q) = AL A, e Af =Qpn AjieN.
Hence,

ATUASU... = (QNnADUQuNA)U... = Qpn (A UAZU...)Ea{|QO.
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> Solution 1-6 If¥ is a o-algebra on (, then
EUF Cc¥Y o oEUF)cY. [(1.1D)] (1.55)

Furthermore, for three sets A, B, C,

AUuBcC < AcCABCcC. (1.56)
Hence,
QUEVF Y o (DchHNEUFcY) [(1.56)]
& PchHNA(0EUF)cY) [(1.55)]
© QuUo(UF)cY. [(1.56)]

Now Definition 1.13 yields the proposition.

> Solution 1-7 If Q is finite or countable, then each of its subsets A is finite or countable
as well. Therefore,

VAcQ: A= U {w} €a(®). [Def. 1.1 (c), Rem. 1.2]

weA

Because each element A of 22(Q)) is a union J, e 4 {w} of singletons {w}, w € A, this implies
2(Q) co(&). Hence, & c Z(Q) c 6(&). Therefore, Lemma 1.15 implies 6 (&) = 2 (Q).

> Solution 1-8 Suppose that& ={A,..., A;;} and A}. =Aj and let A; denote the comple-
ment of Aj. Then, for all (ky,..., kn) € {1,c}’™ define

Biky,k) = [1 A7
j=1
Then
F = {B[kl y---,km) : (kl’ M km) € {1’ C}m’B[kl ,--nkm) 7£ Q}

is a finite partition of Q. Note that & contains all nonempty intersections of sets A; or their
complements, respectively, where j = 1,..., m. Now Lemma 1.20 implies the proposition.

> Solution 1-9 If &, c &, < 22(Q), then for any o-algebra « on Q with &, c & also &) c
«. Remember, if J < I, then N;¢;B; < N;ey Bi, for any sets B;, i € I. Therefore, 0(&1),
which is the intersection of all o-algebras containing &}, is a subset of the intersection of
all o-algebras containing &», which is 0 (&5).

> Solution 1-10 (a) If Q is finite, then 22(Q) is a finite set system. Therefore, each o-
algebra o/ on Q is a finite set system. Because &/ = o (&), this o-algebra is countably gen-
erated.

(b) Theset Ny is countable and therefore also INj} for 7 € N. Example 1.18 then implies
that 22(IN{}) is countably generated.

> Solution 1-11 Let 7, ={]—oo,b1] x...x1—00,by1: by,..., by € R}.
(i) Forall (by,...,by) eR"andallme Nwithm<b;, i=1,...,n,

By, :=1-m,b1] x...x 1—=m,b,] € %,.

According to Definition 1.1 (c) this implies
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U Bm =1-00,bi] x...x]~00,b,] € 0(Fp).

Hence, /5, < 0(.#,), which, according to (1.11) and (1.12), implies
o(Ay) < o(Fy) =By,.

(ii) Forall ay,...,an, by,...,b, e R,witha; <b;, i=1,...,n,

T

lai, b1] x...x1ap, by] = 1—00,b1] x...x]1—00,b,] \ ( Hj),

1
where Hj := ]—o00,by] x...x ]—oo,bj_l] x ] —o0,a;] x ]—oo,ij] x ]—oo,b;,]. Hence,
according to Remark 1.2, la;, b] x...x lay, b, 1 € 0(H6,) and &, c o(#,), which, accord-
ingto (1.11) and (1.12), implies

]

%n = 0(Fy) < ().

> Solution 1-12 If x € R, then {x} = ﬂiofl]x— 1/i, x]. According to Equation (1.18), the
intervals ]x—1/i, x] are elements of the generating set system of 28, the Borel o-algebra on
R. Therefore, their countable intersection is an element of 4. If x = (xy,..., x;) € R", then

fx) = ﬁ(>"< ]x,-_;,xj]).

i=1\j=1

n 1
According to Equation (1.20), the cuboids X |x; — -, x;] are elements of the set system
i i
S, and o(Fy,) = By. J=1

> Solution 1-13 Because {x} € 2 for all x € R (see Exercise 1-12) we can conclude: {x} €
‘%lﬂo for all x € Q. Hence, if Q is finite or countable, Example 1.18 implies ‘@lﬂo =P (Qy).

> Solution 1-14 Let Qg,...,Q, be finite or countable sets and let «,...,<, be their
power sets. Then w; € Qy,...,w, € Q, implies {w1} € o, ..., {w,} € o,. Therefore,

n
(@1, 0p)} = {01} % ... x {wp) € { X A,-:A,-edi,ie{l,...,n}}.
i=1
Hence,

n
o({@1,..., 0p)}: 01 €Qy,..., 0, €Qp) © Q) .
i=1

With Q; being finite or countable, Q = Q; x... x Q, is finite or countable. Therefore,

o({wr,...,wp)}: w1 €Q,...,w, €Q,) = P(Q)

n
(see Example 1.18). Because ®&¢,~ c 22(Q)), we can conclude
i=1

n n
Rty = P(Qix..xQy) = @[ X Qi)~
i=1 i=1



1.9 Exercises 35

> Solution 1-15

(AxB) = {(w],w2) €Q; xQy: w; ¢ A or wp & B}
= {(w1,w2) € Q1 xQp: (w1 € A, w2 € B) or wy ¢ B}
= (A°xB) U (Q; x BS)

and
(A°xB) N (Q; x BY)

={(w,w2) €Q; xQo: w1 €A, w2€ B, wy ¢ B}

={(w,w2) €Q xQ: w1 €A w2 BNB =0}

=0.
> Solution 1-16 Remember that (a € A, b € B) means (a € Aand b € B) and that (a€ A
and b € B) and (b € Band a € A) are equivalent. Let A1,B; € o,...,Ap, B, € &,. Then
AiNByed,,...,ApNB, € of,. Hence, Ay x...x A, €8,B; x...xB, €& and (A NBy) X...x
(A, N By) € &. Furthermore,

(A; x...xAp) N (By X...x By)
= {(w1,...,0p): W] €EAL,...,0, €Ay, 01 € By,...,w, € By}
= {(wy,...,0p): 1 €A1 NBY),...,w € (AyNBy)}
= (AinB)) x...x(A,NBy) € &.
> Solution 1-17 Let B; denote the sets defined in Remark 1.46.
(i) Bj=Aje«/.ForallieN,i >1,B; € o/

i-1 ¢
U 4; €. [Def. 1.1 (b), Rem. 1.2]

j=1

B; = A;\ = A;n

i—1
U 4,
j=1
(i) For any sequence Cj,Cy,... <, define

n n
Ucj=0, ifm>n, and NCi:=9Q ifm>n
j=m i

J=m

Then, using associativity and commutativity of the intersection, for1 < k < [,

k-1 -1
BrnB; = | A\ UAj N [A;\ UAj
j=1 j=1
k-1 \¢ -1 \¢
= Acn| U Aj| nAn| U A4; [A\B =AnB°]
j=1 j=1
k-1 -1
= Arn ﬂAf NA; n ﬂA? [de Morgan]
Jj=1 Jj=1
k-1 . k-1 c . -1 c
= ArnArn ﬂAj n ﬂAj nALN ﬂ Aj
j=1 Jj=1 Jj=k+1
= 0. [Ax N AS = 0]

(iii) The sets B; are defined such that B; c A;, forall i € I. Therefore, U;?:l B; c U;?:l A;.
Furthermore, forall w € Q,
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(o]
welJA; = JieN:weAANVj<i:wgAj)
i=1
= JieN:weAin...nA{_NA;=B;

o0
=> we U B;.
i=1
Hence, U;?:l A; © U;?lei, and this implies U;?lei = U;?:lAi.
> Solution 1-18 (i) This is condition (c) of Definition 1.43.
(i) If Aj,..., A, € of are pairwise disjoint, then A, Ay,... with @ = Ay4) = Apt2 = ...

is a sequence of pairwise disjoint measurable sets. Therefore, conditions (a) and (c) of
Def. 1.43 imply

n o0 (o] n (e ) n
p(Ua) =p(Ua) =Y pan =Y pan+ Y p@) =Y wa.
i=1 i=1 i=1 i=1 i=n+1 i=1

(iii) For A,BcQ,
A= (ANB)U(ANB®) = (ANB)U(A\B)
and
(ANB)N(ANB®) = AnNBNnB® = 0.

Hence, for sets A, B € o/, Rule (ii) (finite additivity of ) implies proposition (iii).
(iv) This proposition is a special case of (iii) with A = Q.
(v) Exchanging the roles of A and B in (iii) we obtain

W(B) = u(ANB) + u(B\ A).
If Ac B,then AnB = A and, because u(B\ A) =0,
p(A) = u(AnB) = pu(AnB)+u(B\A) = u(B).

(vi) This rule immediately follows from proposition (iv) for u(AnB) < co. [Note that
1(A) — u(AnB) is not defined if p(A) = p(ANB) = o0.]
(vii) For A,BcQ,
AUB = (A\B)U (AnB) U (B\ A).

Because the right-hand side is a union of pairwise disjoint sets, finite additivity of u yields

WAUB) + u(ANB) = u(A\B) + u(ANB) + u(B\ A) + u(AnB)
= u(A) + u(B). [Box 1.1 (iii)]

(viil) Q) = u(AUAS) = u(A) + u(A°). Hence, if u(Q) = u(A) < oo, then p(A°) = 0.
Therefore, for all B €./, (v) implies u(A°nB) = 0. Furthermore, B = (ANB) U (A°NB) and
(ANB)N (A°NB) = 0. Hence, 1(B) = p(ANB) + u(A°NB) = u(ANB). Note that, in general,
H(A) = p(Q) does not imply A = Q.

(ix) p(A) =0implies

u(B) = p(A)+u(B)
> WAUB) ()]
> u(B). [W)]

Note that, in general, ;1(A) = 0 does notimply A= Q.
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(x) Let B := Q\Qp. Then p(B) = 0 as well as u(AnB) = 0 for all Ae«/ [see Box
Box 1.1 (v)]. Furthermore, for Aeo/: A= (AnQy) U (ANB), where AnQy and AnB
are disjoint. Now, the sets AnQy, A€, are the elements of the trace o-algebra and
(Qq, o/ |QO) =[Qo, 2(Qo)]. Therefore we can apply Equation (1.30). Hence, for all A € </,

u(A) = pAnQo) + u(AnB) [Box 1.1 (ii)]

= Y  p(wh) + uAnB) [(1.30)]
weANQ

= ) o). [W(ANB) = 0]
weANQ

(xi) Let A1, Ay, ... € o and define By, By,... € o/ by B = A;, and B; = A; \u]’Z;}Bj for
i >1 (see Rem. 1.46). Then By, By, ... is a sequence of pairwise disjoint sets with B; ¢ A; for
all i e N and U?gl B; = U?gl A;. Hence,

U

o0
U 4
i=1

|
—
3
&

Il
—

I
018

1(B;)  [Def.1.43 (c)]

81

< LA, [Box 1.1 (V)]
1

> Solution 1-19 If the A,,..., A, € & are pairwise disjoint and B € &, then, for i # j,
i,j=1,...,n
(BNA)N(BNA)) = BN(AinAj) = BnO = 0.

Hence, the sets BN Ay, ..., BN A, are pairwise disjoint. Furthermore, condition (b) of Re-
mark 1.47 implies

n n

U(BﬁAi) = Bn U A; = B.

i=1 i=1
Therefore, additivity of u yields

n n
u(B) = u( U (BnA,-)) = ) uBNA,
i=1 i=1
which is Equation (1.28) The proof of Equation (1.29) is literally the same except for re-
placing U7, by U%2,, X", by ¥92,, and additivity of u by o-additivity.

> Solution 1-20 Letw € Q.

(a) According to Equation (1.31), 6,»(@) = 1g(w) = 0.

(b) According to Equation (1.31), 8 (A) = 1a(w) € {0,1}, for all A € o/, and this implies
0w(A) =0, forall Ae of.

(c) If Ay, Ay,... € o are pairwise disjoint, then

e [ g Ai)

1yge, 4, (@) [(1.3D)]

o0

2 1a ) [(1.36)]
i=1

I
18

6u(A).  [1.3D1)]

I
—
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> Solution 1-21 (a) According to Equation (1.39), p#(@) = Y ,ecqlpw) = 0.

(b) Accordingto Equation (1.39), u#(A) = Y. ,eq la(w), forall finite A € o/, and puy(A) =
oo, if Ais infinite. This implies puy(A) =0, forall A€ /.

(c) If Ay, Ay, ... € o are pairwise disjoint and all A; are finite, then

o0
p#[UAi) Y 1ye 4, [(139)]
i=1

weQ

=) ZlA @  [(1.36)]
weQ i=
o0

> Z 14;(w)

i=1 we

I
[\’18

s (A;). [(1.39)]

I
—

Note that the set U"O A; can be countably infinite even if all A; are finite. In this case
Ly (U‘l?zl Aj)=oco= Zool u#(A;). If at least one of the A; is infinite, then U°° LAj 2 Apis
an infinite set and pg (U]: Aj) = py(Ay) is infinite as well.

> Solution 1-22 (a) Using Equations (1.41) and (1.38),

(Z %)(@) =) 60@ =) lpw =) 0=0.
wEB weB weB wEB
(b) Using Equations (1.41) and (1.38),
VAt (Y 60)l) = ¥ 60D = ¥ Lal@) = 0.
weB wEeB weB

(c) If A, Ay, ... € o are pairwise disjoint, then

(X 5w)(BAi) )y 5(»[UA1) [(1.4D)]

weB i=1 weB i=
= 2 1yx A [(1.38)]
weB
=y Z 1a; (w) [(1.36)]
weB i=1
o0
=) ) bulA) [(1.38)]
weB i=1
[o.0]
=Y [( £ do)tan].  1a.an
i=1\ weB

> Solution 1-23 (a) Equation (1.46) yields: v(Q) = u(Q) =
(b) Equation (1.46) also yields: v(A) = u(A) =20, forall A€ 6.
(¢) If Ay, Ay, ... € € are pairwise disjoint, then

v| U ) = o U A;)  [Def. 1.1 (©), (1.46)]
i=1 i=1

o0
= Z (A [Def. 1.43 (c)]

g 1

=) V(A). [(1.46)]
i=1
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> Solution 1-24 (a) Using Equation (1.47) and Definition Def. 1.43 (a) yields
o0 o0 o0
(Y aim)@ =) qm@ =Y 0=o0.

i=1 i=1 i=1

(b) Similarly, using Equation (1.47) yields, for all A € 7,

o0 o0 n

(X i) =Y aipi(a) = lim Y aipi(a) = o,
i=1 i=1 i=1

because p;(A) = 0 and we assume «; = 0.
(c) If Ay, Ay, ... € o are pairwise disjoint, then

(Eaw)(Ja) - Ean(Ta)
- (e ) (o)
=2 ai ) pil4) [Def. 1.43 (c)]

(5 wrm) ap

. [(1.47)]

1l
—

Note that the last but one equation holds, because rearranging summands does not
change the sum if the terms a; and u;(A;) are nonnegative.






Chapter 2
Measurable Mapping

In chapter 1 we treated the concepts of a o-algebra and a o-algebra generated
by a set system on a set Q. An element A of a o-algebra «/ has been called a
measurable set. We also introduced the concept of a measure, which assigns a
nonnegative real number or oo to all elements of a o-algebra. This chapter is
devoted to the concept of a measurable mapping, related concepts such as the
o-algebra generated by a mapping, and the image measure of punder f, the mea-
sure induced by a measurable mapping f on its codomain space. All these con-
cepts play an important role in integration and probability theory. In probability
theory, a measurable set is called an event, a measurable mapping f is called a
random variable and the image measure of the probability measure P under f is
called the distribution of f.

2.1 Image and Inverse Image

Two key concepts of this chapter are the image of a set A c Q and the inverse
image of a set A’ Q' under a mapping f: Q — Q' We start with the formal defi-
nitions and then illustrate these concepts in section 2.2.

Definition 2.1 (Image and Inverse Image)
Let Q, Q' denote two sets and f: Q — Q' a mapping. Then we call
f) = {f(w):we A}, AcQ, 2.1)
the image of Aunder f, and
f'A) = {weQ: flweAd}, AcqQ (2.2)
the inverse image of A' under f.
Whereas the image f(A) is a subset of Q', the inverse image f ~!(A’) is the set
of all elements of the domain Q for which f takes on a value in the subset A’ of

its codomain Q' For convenience, we also use the notation

{feAt:= f1(A) and {f=w't:=f'{o'). (2.3)
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6
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Figure 2.1. Rectangles and their images under a function

Remark 2.2 (Properties of Inverse Images) Let f: Q — Q' be a mapping, I be
anindex set, A'c Q/, and (A}, i € I) a family of subsets A} of Q. Then

A = 1A, (2.4)

FHNAD) = NF @b, 2.5)
iel iel

7 yan = UJrtah 2.6)
iel iel

(see Exercise 2-1). Note that, in general, the corresponding properties do not nec-
essarily hold for the image f(A), Ac Q. <

2.2 Introductory Examples

2.2.1 Example 1: Rectangles

Our first example deals with rectangles, their images, and their inverse images
under a mapping f.

The Measurable Space

Let[a, b], a,b € R, denote the closed in interval between a and b, inclusively, and
consider the two rectangles

Q =10,10]x[0,6] and A =1[2,7]1%x[2,5]

depicted on the left-hand side of Figure 2.1. The elements of Q2 and A are points
x = (x1, xp) in these rectangles with coordinates x; on the horizontal axis and x;
on the vertical axis. Furthermore, let us consider a g-algebra on Q,

o = {Q,0,A A°).
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f—l (B l) C/
4 SiatEh) ] B
2 - —
Q Q’
0 I I I I I I I
0 2 4 6 8 10 0 2 4 6 8 10
Figure 2.2. Rectangles and their inverse images under a function
The Mapping and the Image
Consider the set Q' = Q and the function f: Q — Q' defined by
fx) 3 (3 3 ) VxeQ (2.7)
xX)=—x=[=-x, - x|, xeQ. .
4 4 7 g "

Hence, f maps all points x = (x;, x») € Q to the points f(x;,x,) € Q. This is il-
lustrated by Figure 2.1 for the point x = (4,4), which is mapped to f(x) = (3,3).
The right-hand side of Figure 2.1 also depicts the image of A under f,i.e., f(A) =
{f(x): x € A}, as well as the image f(Q) of Q under f.

The Inverse Images
We specify the o-algebra
o' ={Q',0,B', (B}

on Q’, where
B’ =14.5,7.5]x[0,4.5]

is the rectangle depicted on the right-hand side of Figure 2.2, and (B")¢ = Q' \ B’
is its complement.
Now we consider the inverse image of B’ under f [see Eq. (2.7)], i.e.,

f1(B") =16,10]x[0,6]

(see Fig. 2.2). It is the rectangle on the right side of Q. For further examples see
Exercises 2-2 and 2-3.
Also consider the inverse image of the rectangle

C' =14.5,10]x[0,6]

(see Fig. 2.2). Its inverse image under f is identical to the inverse image f ' (B’),
ie,
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.,
2

Figure 2.3. A set and its image under a function

fiech = i,
which follows from

f«ch = fFHB'u(C'\B")] [B'c C’, Fig. 2.2]
= f'BHu fCc'\B) [(2.6)]
= f'BHYuo=F1B).

Note that f~!(C’\ B’) = @, because f has been defined on Q = [0,10] x [0,6]. If
we would define f on Q = R?, then the set f ~1(C'\ B') would not be empty. (See
also Exercise 2-4.)

2.2.2 Example 2: Flipping two Coins

Now we consider the random experiment of flipping two coins.

The Measurable Space

In this random experiment, the set of possible outcomes is
Q = {(hh), (h1), (1, h), (1,0}

This set consists of four elements (pairs). For example, the first component of the
pair (h, t) represents the outcome of flipping i = heads with the first coin and the
second component represents the outcome of flipping ¢ = tails with the second
coin. As a g-algebra on Q we consider the power set o = 2(Q).

The Mapping

Consider the function X: Q — Q' = {0, 1,2} defined by

Xle,nl =0, XMW =1,  X((hnl=1,  and X[(h,h)] = 2.
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(t,1)

(t,h)
N\ | |4 1
X'(B" (h1) B’
X
Q Q'

Figure 2.4. A set and its inverse image under a function

Table 2.1. Example of measurable sets represented by a mapping X

XeQ'} = X"1Q" =Q 0, 1, or 2 heads are flipped

{X e} = X 1) =0 neither 0, 1, nor 2 heads are
flipped

{X=0} = X~ '(op = {(t, 0} no heads are flipped.

{X=1} = X '(1) = {(h,1),(t, W)} heads are flipped exactly
once

{X=2} = X712} = {(h,h)} two heads are flipped

{Xe{o,1}} =X7'{0,1) = {(hD, (N, &0 not more than one heads
are flipped.

{Xe{0,2}} =Xx7'40,2) ={hh), @D} either two heads or no
heads at all are flipped

{Xe{1,2}} =X7'{L2) ={(hN),(h0, (K} atleastone headsis flipped

Looking at this assignment rule shows that this function may be called number of
flipping heads. Again, we consider the image of a set Ac Q under X, i.e., X(A) =
{X(w): w € A}, A c Q. For example, for A = {(h, h), (h, 1)}, the image under X is
X(A) ={1,2} (see Fig. 2.3).

The Inverse Images

Suppose o/ = 22(Q’) is the power set of Q' = {0,1,2}. In this example there are
also 23 = 8 inverse images X ' (A") = {w € Q: X(w) € A’}, A’e€ o/, Three of these
eight inverse images are:

X7'doh = {(t,n}, X7'{1Y) = {(h o), (¢, W}, X7'd2h = {(h W)}

These are the events that X takes on the value 0, 1, and 2, respectively. (In order
to identify the inverse images listed above, trace back the arrows from right to left
in Figure 2.4.) Furthermore, consider the inverse images
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X7'do,1) = {1, 0, (b, 1), (£, W)},
X7'do,2h) = {(t,1), (h, W)},
X7'dL2h = {(h, 0, (t,h), (h,h)}.
These are the events that X takes on a value in the sets {0,1}, {0,2}, and {1, 2}, re-

spectively. One of these inverse images, namely X ~1(B"), with B’ :={1,2}, is rep-
resented in Figure 2.4. Finally,

X'QH)=0Q and X'@ = 0.

Hence, we listed all eight inverse images X !(A’), A’ € o/’ They are the eight
measurable sets that can be represented by the mapping X and the o-algebra
o' = P(Q'). These sets are listed in Table 2.1, using the notation {X € A’} :=
X1(A), Aegt’, and {X=x} := X 1({x}), {x} € o/ ' [see Eq. (2.3)].

2.3 Measurable Mapping

Now we define the concept of a measurable mapping and related concepts such
as the o-algebra generated by a mapping and measurability of a mapping with
respect to a mapping.

Remark 2.3 (Mapping) Remember, a mapping f: Q — Q' assignsto allw € Q a
unique f(w) € Q. Hence, f is, by definition, a subset of the Cartesian product
QxQ), ie, f={(w f(®): o€ Q}. This implies that, instead of f: Q — Q’, we
can also write f: Q — Q" for the same mapping, provided that f(Q) c Q" <

Remark 2.4 (Identical Mappings) If f,g: Q — Q' are two mappings, then

f=g ¢ {(ofw):we}={0gw)):weal (2.8)

If f =g we say that the two mappings are identical. Hence, even if f: Q — Q'
and g: Q — Q" are mappings with Q' # Q" it is still possible that f and g are
identical. Note that (2.8) also implies: If, for f: Q — Q' and g: Q — Q", we write
f,8:Q— Q" with Q" :=Q'uQ”, then f and g remain unchanged. <

2.3.1 Measurable Mapping

Now the core concept of this chapter is defined as follows:

Definition 2.5 (Measurable Mapping)
Let (Q, o), (Q', o) be measurable spaces and let f: Q — Q' be a mapping.
Then f is called (<4, <¢")-measurable if

f'A) e, VAed'
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Remark 2.6 (Notation) We use the notation
[ Q) — Q)

to express that the mapping f: Q — Q' is (o, «/')-measurable. If there is no am-
biguity about <, we also say that f is «f - measurable or measurable with respect
to . <

Examples

Example 2.7 (Rectangles — continued) In Example 2.2.1, we considered the map-
ping f: Q — Q' = Q defined by f(x) = %x. Furthermore, we considered the rect-
angle B’ =14.5,7.5] x [0,4.5] and the inverse image

1B =16,101x10,6].

If A=1[2,7] x[2,5], then the inverse image f !(B’) is not an element of the
o-algebra of = {Q, 0, A, A°}. In this example, we also specified the -algebra of ' =
{Q',0,B’, (B")°}. Hence, [ is not (of,«/')-measurable. However, if we specify a
o-algebra € such that f “1(B") € €6, then f is (¢,%/')-measurable. As we see later
on, this condition is sufficient for f to be (¢, «/’)-measurable (see Th. 2.20). <

Example 2.8 (Flipping two Coins - continued) In Example 2.2.2, we considered
the mapping X = number of flipping heads and in Table 2.1 (p. 45) we listed all
inverse images X "1(A), A’e o' = 22({0,1,2}). Of course, of = P(Q) ensures that
all inverse images X "!(A"), A’e o/, are elements of o/.

However, instead of «f = 22(Q), we might consider the o-algebra

'Q{O = {Qr Q) {(h) h)r(h) t)}r {(t) h)r(t) t)}}-

The element {(h, h), (h, t)} represents the event that heads are flipped in the first
flip and {(t, h), (¢, 1)} is the event that tails are flipped in the first flip. Hence, the
o-algebra <, contains the events that refer to the outcome of the first flip only,
whereas X represents the number of heads in both coin flips. If we choose </ to
be the power set of Q' ={0,1,2}, then it is not true that all eight inverse images
X~1(A"), A'e o', are elements of of,. The inverse image X ~'({12}) = {(h, h)}, e.g.,
is not an element of <. Hence, if we consider the measurable spaces (Q, <) and
(Q,22(Q")), then the mapping X is not (<, 2(Q'))-measurable. Hence, in some
sense & is ‘not well-adapted’ to X. <

Example 2.9 (Two Trivial Cases) If (a) o = 22(Q) is the power set of Q or if (b)
o' ={Q',@}, then every mapping f: Q — Q' is (o, o/ ')-measurable. This is easily
seen as follows: (a) If o« = 22(Q) is the power set of Q, then all inverse images
f1A), A’ < Q’, are elements in of = 22(Q), because it is the set of all subsets
of Q. (b) If o' = {Q’, @}, then every mapping f: Q — Q' is («f,«/')-measurable,
because f1(Q') = Q and f~1(@) = @. Again, the inverse images Q and @ are
both elements in every o-algebra on Q. Hence, in both cases, (a) and (b), every
mapping f: Q — Q' is («f,o/')-measurable. <
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Example 2.10 (Constant Mapping) A constant mapping f: Q — Q' is defined by

flw) = 0, Yoeq,

where w' is a fixed element of Q. Such a constant mappingis («#, «/ ')-measurable
for any o-algebra &/ on Q and any o-algebra &/’ on Q'. This is true, because for
all subsets A’ of Q': If '€ A’, then f~'(A") = Q. If, in contrast, o’ ¢ A, then
f~1(A") = @. However, Q and @ are elements of all o-algebras on Q. <

Example 2.11 (Identity Mapping) The identity mapping id: Q — Q defined by
idw) = w, YweQ,

is («f, ofy)-measurable for any pair of g-algebras on Q with «f, c /. This is easily
seen as follows:

id71(A) = A, VAe,.
Because we assume <, < of, we can conclude that id is (¢, of;)-measurable. <

Example 2.12 (Indicator of a Measurable Set) Let (Q, /), (Q} «/') be two mea-
surable spaces, where /' is any o-algebra on Q'c R with {0},{1} € o/’ Then the
indicator 1,: Q — Q' is («/, o/ ')-measurable if and only if A € «. Note that the re-
quirement {0},{1} € o’ is not only satisfied by (Q', &) := ({0,1}, 22({0,1})), but
also by (Q «/") = (R, %) and by (Q), «¢) = (R, %), where % denotes the Borel
o-algebra on R and 2 the Borel o-algebra on R. <

Example 2.13 (Indicators of Unions and Intersections) If (), <) is ameasurable
space and A, B € &/, then 1, ~p and 1,4, are (s, 98)-measurable. This follows from
the fact that AnB € «f and AUB € . For the same reason, Aj, A, ... € of implies
that 1U,-°§1 A is (of, 98)-measurable. <

Example 2.14 (Constant Function) Assume that (Q,«/) and (Q', /') are mea-
surable spaces such that {w'} € &/, for all w’ € Q'. Furthermore, let f: Q — Q.
If of = {Q,D}, then f is (o, ')-measurable if and only if f is a constant func-
tion, i. e., if and only if there is an w’ € Q' such that f(w) = w’, for all w € Q (see
Exercise 2-5). Note that for (Q’ /") = (R, %), {x} € B, for all x€ R. <

Example 2.15 (Dichotomous Function) If o = {Q, 0, A, A°} with A c Q, then
f:Q—Ris (of, B)-measurable if and only if f = a;14 + ap1sc for oy, 00 € R (see
Exercise 2-6). <

Step Function

Another important example of a measurable function is a step function, which is
defined as follows:
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Definition 2.16 (Step Function)

Let A,...,An, n €N, be a finite sequence of subsets of a set Q). Then a finite
linear combination

n
f= Z(xilAi’ o,...,0, ER, (2.9)
i=1

is called a step function.

Remark 2.17 (Step Function and a Partition of Q) If the sets A,,..., A, are pair-
wise disjoint, if we define A, := Q\ ( l.":l A;), then {A,,..., Ay, Apsi} is a finite
partition of Q. Furthermore, if f satisfies (2.9), and a,+; := 0, then, forall A'c R,

= U 4 (2.10)

i=1,..,n+1

(see Exercise 2-7). <

Remark 2.18 (Measurability of a Step Function) If (Q, «/) is a measurable space
and A,..., A, € o, then the step function f: Q — R defined by Equation (2.9) is
(of, 9B8)-measurable (see Exercise 2-8). <

Lemma 2.19 (Measurability if o/ is Countably Generated)
Let (Q,f) be a measurable space and let of = o(&), where & is a finite (i.e.,
& ={A,,...,A,}) or countable (i.e., & = {Ay, Ay,...}) partition of Q. Then
f: Q- R is (7, B)-measurable if and only if there are ay,0;,... € R such
thatf = Z?Zl (063 1Ai‘

(Proof p. 70)

If&={A,,..., Ay} is a finite partition of Q, then choosing a,+; =42 =... =0
implies f =Y o; 1y, = X7 ;i 1a;.

A Necessary and Sufficient Condition of Measurability
Let () o/ ') be a measurable space and &'  «/'. Then we denote
&) = if'ah: A eégh. 2.11)

This notation is used in the following theorem, which can be utilized for proving
(4, o4 ")-measurability of a mapping f: Q — Q.
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Theorem 2.20 (Measurable Mapping and Generating Systems)
Let (Q, ), (Q', /') denote measurable spaces, let &' < o', and f: Q — Q.
Then

olf71&N = f ol (2.12)

Furthermore, if 0(8') = o', then f is (of,/')-measurable if and only if
YA € o, forall A€ &'

For a proof see Klenke (2008, Theorem 1.81, p. 36).
Now consider a finite or countable set Q’. Then Theorem 2.20 and Example
1.18 immediately imply the following corollary:

Corollary 2.21 (Finite or Countable Generating Systems)

Let (Q, ), (Q', 2(Q")) be measurable spaces, where Q' is finite or count-
able, and let &' = {{w'}: 0'€ Q'}. Then a mapping f: Q— Q' is (o£,2(Q"))-
measurable ifand only if f '({n'}) € of, forallw'e Q'.

Example 2.22 (Rectangles — continued) In Example 2.2.1 we considered the map-

ping f: Q — Q' = Q defined by f(x) = %x. Furthermore, we considered the rect-
angle B’ = 14.5,7.5] x [0,4.5]. The set system

&' = (B},
which contains B as the only element, generates the o-algebra
o'=1{Q',0, B, (B}

Hence according to Theorem 2.20, the mapping f is («/,«/')-measurable pro-
vided that f ~'(B') € . N

Example 2.23 (Flipping two Coins - continued) In Example 2.2.2, we defined
the mapping X = number of flipping heads with codomain Q' = {0,1,2}. Now
consider the system

&' = {{0}, {13}

of subsets of Q'. First, note that o(&’) = 22(Q’). Therefore, Theorem 2.20 implies
that X is (o, 22(Q'))-measurable for each o-algebra o/ on

Q = {(hh), (1), (t,h), (1)}
for which
X'doh = {(,D} e and X'({1) = {(h, D), (5, )} € .

This does not only hold for o) = 22(Q2), but also for the o-algebra
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o ={Q, 0, (1,0}, {(h,0),(, W)}, {(hh)},
{(h,h), (h, 1), (t, W)}, {(h,h), (5, 1)}, {(h,0),(t,h),(t,D}}.

As mentioned before, of, contains all events that can be represented by X (see
Table 2.1, p. 45). In contrast, this does not hold for the o-algebra

’do = {Q) ®r {(hrh))(hr t)}) {(trh))(tr t)}}

(see Example 2.8). Hence, X is measurable with respect to «; and &, but it is
not measurable with respect to <. From a substantive point of view this means
that the events {(h, h), (h, 1)} and {(t, h), (¢, )} cannot be formulated in terms of
X. Furthermore, some of the events that can be formulated in terms of X are not
elements of ;. For example, X "' ({0}) = {(¢, 1)} is not an element of <. <

2.3.2 o-Algebra Generated by a Mapping

Let us consider again Example 2.2.2 and the mapping X = number of flipping
heads. The set that consists of the eight inverse images X ' (A"), A’e &/, is again
a o-algebra on Q. In a sense, this o-algebra carries the information associated
with the mapping X; it contains all events that can be represented by X (see Table
2.1). In the following theorem we formulate the general proposition.

Theorem 2.24 (o-Algebra Generated by a Mapping)
Let f: Q — Q' be a mapping and let (Q', /") be a measurable space. Then

f ) = (f1(A): Aesd'} (2.13)

is a o-algebra on Q.

For a proof see Klenke (2008, Theorem 1.81, p. 36)).

Remark 2.25 (Smallest g-Algebra) Note that f ! («/') is the smallest o-algebra €
on Q such that f is (¢, </’)-measurable, i. e.,

%€ is a o-algebraon Q and f is (¥,«/)-measurable = f~'(«') c 6.
<

The set f~!(«/") contains all sets in </ that can be represented by f and ele-
ments of o/ . Because f ! («/') is important, it has an own name and an alterna-
tive notation, which is sometimes more convenient.

Definition 2.26 (o-Algebra Generated by a Mapping)

The set f =1 (/") defined by Equation (2.13) is called the c-algebra gener-
ated by f and <f'. If there is no ambiguity about <, then we also say that
fY") is generated by f and use the notation
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o(f) :== f ). (2.14)

Remark 2.27 (Monotonicity) Note that, for two set systems €' c «of /,
7€ e i, (2.15)
because [ 1€ ) ={f1(A): A €€} c {f1(A): A e} = 1A N

The following corollary immediately follows from Definition 2.26 and the def-
inition of (7, </ ')-measurability (see Def. 2.5).

Corollary 2.28 (A Condition Equivalent to Measurability)
Let f: Q — Q' be a mapping and let (Q), /') be a measurable space. Then f
is (o, o4 ")-measurable if and only if o (f) < <.

In the following lemma and the subsequent remark, we treat a N-stable gener-
ating system (see Def. 1.36).

Lemma 2.29 (n-Stable Generating System)

Let (Q, o) be a measurable space and let 6 < <f be a o-algebra. Furthermore,
assume that Q' is finite or countable and let f: (Q,/) — (Q', 2(Q") be a
measurable mapping. Then the set

2 :={Cnf'{oN:w'eQ andCe€}

is a N-stable generating system of 6(€, f) := o(€ U f " [2(QN)]).
(Proofp. 71)

Remark 2.30 (A Special Case) Let us consider the special case in which € =
{Q,0}. In this case, Lemma 2.29 simplifies as follows: Let (Q, /) be a measur-
able space and let f: (Q, /) — (Q, 22(Q")) be a measurable mapping, where Q'
is finite or countable. Then the set { f'({w'}): w'e Q'} U {@} is a N-stable gen-
erating system of o (f) := f [ (Q")]. <

Example 2.31 (o-Algebra Generated by an Indicator) Let 1,: (Q, <) — (R, %)
be the indicator of A€ o/. Then a(1,) ={Q, @, A, A°}. The same o-algebra is gen-
erated by 1,4: (Q, &) — ({0, 1}, 22({0, 1})) (see Remark 2.33 for the general propo-
sition). <

Example 2.32 (Flipping two Coins - continued) In Example 2.2.2, we consid-
ered flipping two coins and the measurable mapping X = number of flipping
heads with codomain Q' = {0,1,2}. In this example, all elements of X ! [Z2(Q)]
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have been listed in Table 2.1 (p. 45) as the inverse images X “1(A") of the eight sets
A' € 2(Q"). Furthermore, X ~1[2(Q)] = o, where </, is the o-algebra defined in
Example 2.23.

Instead of choosing Q' = {0,1,2} as the codomain of X, we may also choose
the set R of real numbers, i.e., X: Q — R is then considered to be a function into
R. In this case we use the Borel o-algebra 98 on R. However, according to the
following remark, the o-algebra X ~!(98) generated by X and 98 is the same as the
o-algebra X "![22(Q")] generated by X and the power set of Q' = {0,1,2}. ;|

Remark 2.33 ( o-Algebra Generated by a Function Into a Countable Set) Let us
consider a function f: Q — Q' < R and let % denote the Borel o-algebra on R.
If Q' is finite or countable, then f [ (Q")] = f ~1(2B) (see Exercise 2-9). <

Example 2.34 (Joe and Ann - continued) Table 2.2 (p. 54) displays mappings on
(Q, ), all components of which have already been specified in Example 1.9. The
first mapping displayed in Table 2.2 is the person variable U that assigns to each
possible outcome w € Q the value joe if w € {Joe} x Qx x Qy and the value Ann if
w e {Ann} xQxxQy.Hence, U: Q — Q is amapping with domain Q = Qyx Qx x
Qy and codomain Q. It projects the first component u of w = (¢, wy, wy) onto
the set Qy. Therefore, it is also called the first projection mapping.

The second mapping in this table is the treatment variable X. It assigns to each
possible outcome w € Q the value 0 if w € Qy x {no} x Qy and the value 1 if w €
Qu x {yes} x Qy. Hence, X: Q — Q' is a function with domain Q and codomain
Q' ={0,1}.

The third mapping is the outcome variable Y . It assigns to each w € Q the value
0if w € Qy x Qx x {~} and the value 1 if w € Qy x Qx x {+}. Therefore, Y: Q — Q'
is a function with domain Q and codomain Q' = {0,1}. Hence, all three mapping
U, X, and Y have the same domain Q.

Considering U: Q — Qy and the o-algebra </ := {Qy, @, {Joe}, {Ann}}, the
o-algebra U ~! («/y) consists of the following four inverse images: the event

U~ ({Joe}) = {Uoe, no,-), (Joe,no,+), (Joe,yes,~), (Joe, yes, +)}
that Joe is drawn, the event
U~ '({Ann}) = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes,+)}

that Ann is drawn, the sure event U ~1(Qy) = Q that Joe or Ann are drawn, and the
impossible event U ~1(@) = @ that neither Joe nor Ann are drawn. <

2.3.3 Final o-Algebra

Consider the mapping f: Q — Q' As noted in Remark 2.25, for a o-algebra <
on Q) o(f) = f~l(«/") is the smallest g-algebraon Q for which f is measur-
able. In contrast, now we consider a og-algebra € on Q and look for the largest
o-algebra €' on Q'such that f is (€,€')-measurable. This c-algebra is specified
in the following lemma. It is called the final o-algebra.



54 2 Measurable Mapping

Table 2.2. Joe and Ann With Random Assignment and Measurable Mappings

Elements of Q Measurable mappings

:% =) E < E >~

2 < < <

o) = =g o= =

. n |£8 &8 &8
(Joe, no, —) .09 | Joe 0 0
(Joe, no, +) 21 | Joe 0 1
(Joe, yes, —) .04 | Joe 1 0
(Joe, yes, +) .16 | Joe 1 1
(Ann, no, —) 24 | Ann 0 0
(Ann, no, +) .06 | Ann 0 1
(Ann, yes, —) 12 | Ann 1 0
(Ann, yes, +) .08 | Ann 1 1

Lemma 2.35 (Final 0-Algebra)
Let f: Q — Q' be a mapping and € a c-algebra on Q).
(i) Then
€; = {A'cQ’: fT(A) e} (2.16)
is a o-algebraon Q).
(ii) Furthermore, if f:(Q,6€) — (Q) ') is a measurable mapping, then
o'c <€f’
(Proofp. 71)

Note that (ii) is a formal way of saying that Céj! is the largest o-algebra on Q'
such that f is €-measurable.

Definition 2.36 (Final o-Algebra)

The o-algebra cgf' defined by Equation (2.16) is called the final o-algebra
of € under f.

2.3.4 Multivariate Mapping

Now consider the measurable space (X", Q], ®”_, <//) and note that the defini-

tions of measurable mappings and of the o-algebra generated by a mapping also
apply to n-variate mappings f: Q — Q/ x...xQ/ and in particular to functions
for which Q x...x Q) =R".
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Lemma 2.37 (0-Algebra Generated by a Multivariate Mapping)

Let Q be a nonempty set, (Q;, afi’), i=1,...,n, ne N, be measurable spaces,
and f = (fi,..., [») be a multivariate mapping with f;: Q — Ql,i=1,...,n,
ie, f:Q—X!, Q] Then

n

Ofirenrfi) = 0(f) = 7 (@] ) = o(LnJa(fl-)). 2.17)
i=1

i=1

(Proofp. 72)

According to the following theorem, a multivariate mapping is measurable if
and only if all its components are measurable.

Theorem 2.38 (Measurability of Multivariate Mappings)
Under the assumptions of Lemma 2.37, the following two propositions are
equivalent to each other:

@ f:( Q) — (XL, QL o) isameasurable mapping.
(b) Vi=1,...,n: fi: (Q ) — (Q, &) is a measurable mapping.

(Proof p. 73)

Remark 2.39 (o-Algebra Generated by a Family of Mappings) Let I be a (finite,
countable, or uncountable) index set and let (f;,7 € I) be a family of mappings
fii ( Q&) — (Qlf , d/). The o-algebra generated by this family is defined as

ofuien = o[ Uo(). 2.18)

iel
Then Equation (2.17) implies
o(f) = o(f;,iel), wherelI={i=1,...,n}. (2.19)
<

Example 2.40 (Joe and Ann - continued) In Example 2.34 we already considered
the function X: Q — R indicating with its values 1 and 0 whether or not the drawn
person is treated and the function Y:Q — R indicating with its values 1 and
0 whether or not the drawn person is successful. If we specify the o-algebra </
on Q such that X and Y are both («/, %8)-measurable, then the bivariate func-
tion (X,Y): Q — R? is (&, %,)-measurable. And vice versa, if we specify the
o-algebra o/ on Q such that the bivariate function (X,Y): Q — R? is (o, %,)-
measurable then X and Y are both (&, %8)-measurable. In this example X, Y,
and (X,Y) are measurable with respect to & whenever the two inverse images
X1({1}) and Y ~'({1}) are elements of </ (see Exercise 2-10). <
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Remark 2.41 (Lower Dimension Multivariate Mappings) Lemma 2.37 and Re-
mark 1.23 imply

n
o(fii€]) f“(®a¢i’), vjcfl,...,n}

i=1
Furthermore, Theorem 2.38 implies: If

n

F=fof): @) — (X 0L @ /)
i=1 i=1
is a measurable mapping and J = {iy,...,ix} € {1,...,n}, k < n, then

fr= e 1)1 @) — ( X 0,

k
Jj=1 j=1

!
o, )
is measurable as well. <

2.3.5 Projection Mapping

In Definition 1.31 we introduced the product o-algebra ®'_, «/; for a finite num-
ber of measurable spaces (Q;, ;). Now we give an equivalent characterization.
Let (Q;, ), i =1,...,n, be measurable spaces. Then, for j = 1,..., n, the jth pro-
jection mapping nj: X, Q; — Q; is defined by

n
(@, w,) = 0, Y(i,...,0,) € XQ,. (2.20)
i=1

The inverse images are
ATHA) = QX x Qi x Ajx Qg x .. xQ,, for Ajc Q. 2.21)

Lemma 2.42 (Product o-Algebra)
If (Q;,9f),1i=1,...,n, are measurable spaces, then

n
Rt = o(my,..., 7). (2.22)
i=1

(Proof p. 73)

2.3.6 Measurability With Respect to a Mapping

In the next definition, we consider two mappings and the concept of a mapping
being measurable with respect to another mapping.
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Figure 2.5. A composition of two mappings

Definition 2.43 (Measurability With Respect to a Mapping)
Let f: Q— Q' and h: Q — Q" be mappings, and let () /") and (Q", ") be
measurable spaces. Then h is called measurable w.r.t. f (or f-measur-
able) if

hit") < f7H). (2.23)

If Q' is finite or countable, then the following corollary provides a representa-
tion for all functions that are measurable with respect to f.

Corollary 2.44 (Measurability With Respect to a Discrete Function)

Let f: Q — Q' bea mapping, let (Q',2(Q")) be a measurable space, where Q'
is finite or countable, and let h: Q — R be a function. Then h is measurable
w.r.t. f ifand only if for all w'e Q' there are o, € R such that

=) ayleigyn. (2.24)
! QI
@ (Proof p. 74)

Example 2.45 (Flipping Two Coins - continued) Consider the mapping X =
number of flipping heads with codomain Q' = {0,1,2}, let H := {(h, 1), (h, h), (¢, B)},
and let 1;;: Q — Q" denote the indicator of H, with Q” = {0,1}. Hence, 1y indi-
cates with its values 1 and 0 whether or not at least one heads is flipped. If we
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consider the o-algebra of' = 22(Q') on Q' and the o-algebra /" = 22(Q") on Q”,
then

XN ={Q, 0, ((hh}, {(h1),t,W}, (1,0}
{(h,h), (h,0),(t, W)}, {(h,h),(t, 1)}, {(h,1),(th), (L0} }

and
15 (") = {Q, 0, {(h,h),(h 1), (N0}, {(, t)}}-

Obviously, 1 (4" c X 1 («£"). Therefore, 1 is measurable with respect to X,
but not vice versa. That is, X represents a more detailed information about the
outcome of the random experiment than 1. Hence, if the value of X is known,
then we can compute the value of 1, but not vice versa. In our example, Figure
2.5 shows: if X(w) = 1, then 1y(w) = 1. However, if 15(w) = 1, then X(w) =1 or
X (w) = 2. (For amore general presentation of this property see Lemma 2.52.) <

2.4 Theorems on Measurable Mappings

In this section we consider compositions of mappings, which are defined as fol-
lows: Let Q, Q', and Q" be nonempty sets and let f: Q@ — Q' and g: Q' — Q" be
mappings. Then the composition of f and g is the mapping go f: Q — Q" defined
by:

gof(w) := glf(w)], YweQ, (2.25)

(see Fig. 2.5), where go f(w) denotes the value of the mapping go f for the ar-
gument w. Instead of go f, we often use the notation g(f) and say that g(f) isa
function of f.Using this notation, Equation (2.25) can be written

gNHw) = glfw)], VYweQ. (2.26)

Lemma 2.46 (Compositions With a Finite or Countable Number of Values)
Let f: Q— Q' bea mapping, where Q'is finite or countable, and letg: Q' — R
be a function. Furthermore, for w'e Q', define 1, :=1,-1(y. Then

gof =8N = Z g(w’)'lffl({m/}) = Z g((x)')-lf:u,/. (2.27)
w'eQ’ w'eQ’
(Proof p. 74)

Hence, under the assumptions of Lemma 2.46, for all w € Q,

gof® = gif@l =} gl =) go)lyry. (228

w'eQ’ w'eQ’

Example 2.47 (Flipping two Coins - continued) Let us consider X = number of
flipping heads and the mapping g: Q' — Q" defined by g(x) := 1q,2;(x), for all
x € Q' (seeFig. 2.5). Then the composition go X defines a new mapping goX: Q —
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Q" where Q" = {0,1}. In this example, the composition go X is identical to the
indicator 1y of the event H = {(h, h), (t, h), (h, 1)} that heads are flipped at least
once. <

Example 2.48 (Joe and Ann - continued) In Example 2.34 we already considered
the mapping U: Q — Qu = {Joe, Ann} showing which person is drawn and the
mapping X: Q — Q' = {0,1} indicating whether or not the drawn person is
treated. Now we can consider the bivariate random variable (U, X): Q — Qyx Q'
and we can write

X =go(U,X) = gU,X)

as the composition of (U, X) and a (projection) mapping g,

glw, 0] = x, Y(u,x) eQyxQ'

2.4.1 Measurability of a Composition

The following theorem shows that measurability is preserved by the composition
of mappings.

Theorem 2.49 (Measurability of a Composition)
Iff: Q) — Q) A )andg: (Q), A4") — (Q") o/ ") are measurable mappings,
then the composition go f is (of,4")-measurable.

(Proof p. 74)

Remark 2.50 (o-Algebra Generated by a Composition) Note that
(gof) Mty = fHg T (™) (2.29)
(see the proof of Theorem 2.49). <

Example 2.51 (Flipping two Coins - continued) Figure 2.5 illustrates Theorem
2.49.If (a) X is («/, o/ ')-measurable and (b) g is («//,«/")-measurable, then 1y =
go X is (o, ")-measurable. Suppose &/’ = 2(Q') and " = 2(Q"), where
Q' =1{0,1,2} and Q" = {0,1}. Then the premise ‘(a) and (b)’ is satisfied if < is
such that X (&) c /. If the premise ‘(a) and (b)’ is not satisfied, then we can-
not conclude that 1y is («#, &/ "')-measurable. Note that in this example 15 can be
(4,4 ") -measurable even if (a) and (b) do not hold. A sufficient requirement is
that {(¢,1)} and {(t, h), (h, 1), (h, h)}, the inverse images of {0} and {1} under 1y,
respectively, are elements of «# (see Cor. 2.21). <

If a mapping h is measurable with respect to a mapping f, then each element
in the o-algebra generated by h is an element in the o-algebra generated by f. If
h is measurable with respect to f, then in a sense, the information represented
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by h is already contained in f (cf. section 2.3.2). This is expressed in more formal
terms in the following lemma, which is crucial, e. g., in the general definition of
conditional expectations E(Y|X=x) (see ch. 10).

Lemma 2.52 (Factorization Lemma of Measurable Functions)

Let f:Q — Q' be a mapping, let (Q), /") be a measurable space, and let
h: Q — R bea function. Then h is measurable w.r.t. f,i.e. h =" (&) c f ~'(«£"),
if and only if there is a measurable function g: (Q), /') — (R, ) such that

h=gof (2.30)

is the composition of f and g. We call g a factorization of h w.rt. f.

For a proof see Klenke (2008, Corollary 1.97, pp. 41, 42).

If, instead of (R, %) we consider a measurable space (Q", 2(Q"), where Q"
is finite or countable, then the elements w” € Q" can be renamed by real num-
bers such as 1,2, etc. Renaming is a one-to-one measurable function, because
the o-algebra on Q" is the power set of Q" (see Example 2.9). Hence, Lemma 2.52
implies the following corollary:

Corollary 2.53 (Factorization of a Mapping into a Finite or Countable Set)
Let f: Q — Q' be a mapping, (Q), /') a measurable space, and h: Q — Q"
a mapping, where Q" is finite or countable. Then h is measurable w.r.t. f,
i.e, h1[22(Q")] c f~ ("), if and only if there is a measurable mapping
g: Q) — (Q", Q") suchthath=go f.

Example 2.54 (Flipping two Coins - continued) If we specify Q' = {0,1,2}, the
o-algebra of ' = 2(Q’'), the set Q" = {0,1}, the o-algebra o« " = 2(Q"), and the
function h = 1y, then the example depicted in Figure 2.5 can be used to illustrate
this corollary. The mapping g in this figure is such that 15 = go X. <

Example 2.55 (Two Step Functions) Figure 2.6 presents an example in which
Q=10,4], A, =[0,1], A, =11,2], A3 =12,3], and A, =13,4]. Note that the sets
Ay, ..., Ay are pairwise disjoint. The measurable function f: (Q,«) — (R, %) is
defined by

4
f = Z ; 1Ai’
i=1

where a; =1, ap = 2.5, a3 = 2, and ay = 0.5. Furthermore, the function h: Q — R
is defined by

h = Z ﬁlejUAj+1
Je{1,3}
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Figure 2.6. Two step functions

with p; = 1.5 and B3 = 3. Note that o(h) = 0({4; U Aj+1: j € {1,3}}), whereas
o(f) =0({A;:i=1,...,4}) (see Exercise 2-11). Therefore, h is measurable with
respect to f,i.e., o(h) ca(f).

According to Lemma 2.52, there is a function g: R — R such that hi=go f.In
fact, if we define g by

g0 = Y Bjlija,(®), VXER,
jelm)

then h = go f. The function g takes on the value 1.5if x=a; =1lor x=a, =2.5
and the value 3 if x = a3 =2 or x = a4 = 0.5. For all other x € R its value is 0. <

Example 2.56 (Square of a Real-Valued Function) Suppose f: (0, <) — (R, %)
is a real-valued measurable function and f?(w) := f(®)? forall w € Q.

(i) If f is nonnegative, i.e., if f(w) = 0, for all w € Q, then f and f? are mea-
surable with respect to each other, i.e., a(f) = o (f?).
(i) If there are w;,w; € Q with f(w;) <0 < f(w,) and f?(w;) = f3(w,), then
a(f?) ca(f),buta(f) #o(f?
(see Exercise 2-13.) In a sense, o(f) = o(f?) means that f and f? contain the

same information, whereas o(f?) < a(f), o(f) # o(f?) means that f? contains
less information than f.If, e.g., f%(w) =4, then f(w) =2 or f(w) = 2. <

2.4.2 Theorems on Measurable Functions

In the first theorem we consider sums and differences as well as products and
ratios of measurable functions. The sum of two functions f,h: Q — R" is again a
function (f + h): Q — R” defined by
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h+h f1(w) + hy(w)
(f+h(w) := (w) := , YoeQ.
fn+hn fn(w)+hn(w)

The first parentheses in the term (f + h)(w) are used to make clear that f+ hisa
symbol of a new function on Q. Of course, the difference f — h is defined in the
same way as f + h replacing + by —.

Similarly, the product f - h of two functions f,h: Q — R is again a function
(f-h): Q— R defined by

(f-M(w) = flw)- hw), YoeQ.
Correspondingly, f/h: Q — R is defined by
(fIn)() = f(w)/h(w), YweQ,

provided that h(w) # 0 for all w € Q.

Theorem 2.57 (Sums and Products of Measurable Functions)

If f,h: (Q, &) — (R", B,,) are measurable functions, then f + h and f — h are
(of,9B,)-measurable as well. Furthermore, if f,h: (Q,«/) — (R,%8) are mea-
surable functions, then f - h and f/h (with h(w) # 0, for all w € Q) are also
(<, B) -measurable.

For a proof see Klenke (2008, Theorem 1.91, p. 39).

Remark 2.58 (Squared Function) If f: (Q,of) — (R,%) is a measurable func-
tion, then f2:= f- f is also (sf,98)-measurable. Obviously, this also applies to
f", neN. Hence, if f is (<, %)-measurable, then f" is also (<, 98)-measurable.

<

Example 2.59 (Scale Transformations and Translations) Remember thata con-
stant real number can always be interpreted as a measurable function (see Exam-
ple 2.10). Therefore, Theorem 2.57 implies that, for all « € R, the functions f +a,
f—a,and a- f are (R, %8)-measurable if f: (Q, &) — (R, %) is a measurable func-
tion. <

Example 2.60 (Number of Flipping Heads) Consider flipping a coin n times, let
Q={h,t}", and let 1,,: Q@ — R denote the indicators of flipping heads at the ith
flip of the coin. Then

n
X =) 1y
i=1

is the number of flipping heads. If A;e of =22(Q), i =1,...,n, then (Q, ) is a
measurable space and X is measurable for any o-algebra on R (see Example 2.9).
In the case o = 22(Q) it is not necessary to apply Theorem 2.57. <
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Example 2.61 (Linear Combination of two Functions) Let f, h: (Q, /) — (R, %)
be measurable functions and a, § € R. Then, according to Theorem 2.57, the func-
tion (a- f+P-g): (Q, &) — (R, 2B) defined by

(a@-f+B-Mw =a fw+P-hw), YVoeQ. (2.31)
is (o7, %B)-measurable. <

Remark 2.62 (Positive and Negative Parts of a Function) In Theorem 2.66 we con-
sider the positive and the negative parts of a function f: Q — R. The positive part
f*:Q— Ris defined by

ft(w) := max(f(w),0), VweQ,
and the negative part f~: Q — R by
f~ () := —min(f(w),0), YoeQ.

Hence, the value f*(w) of the positive part of f is defined to be the greater one of
the two numbers f(w) and 0 if they differ and f*(w) = 0 if f(w) = 0. In contrast,
the value f~(w) of the negative part of f is defined to be the smaller one of the
two numbers f(w) and 0 multiplied by —1 if they differ and f~ (w) = 0if f(w) =0.
Note that f* and f~ are both nonnegative functions and that

f=r-r.

<

Example 2.63 (Positive and Negative Parts of a Function) The positive and neg-
ative parts of a function are illustrated by Figure 2.7 showing the graph of the
function f: R — R defined by

3 2

X X if-18l<x<3315
- — — 22X, I —1. X . ,
fx) =
0, otherwise.

The positive part f * takes on the value 0 if x < 0 (see the red line on the horizontal
axis), whereas negative part f~ takes on the value 0 if x = 0 (see the blue line on
the horizontal axis). <

Remark 2.64 (Absolute Value Function) Furthermore, we consider the absolute
value function | f]: Q — R defined by

fw), iff(w)=0

Ifl(®) = |f (W] = {—f(w), if f(w) <O.

Note that |f| = f*+ f~ = max(f*, f~). Hence, in Figure 2.7, the absolute value
function is represented by the red and blue lines above (if —1.81 < x < 3.315) or
on (if x < —1.81 or x > 3.315) the horizontal axis. <



64 2 Measurable Mapping

flw) ftw , ()
37 sgn(f) () |
2 - -

-3 - -

Figure 2.7. The positive and negative parts of a function and the sign function

Remark 2.65 (Sign Function) In Theorem 2.66, we also refer to sgn(f): Q@ — R,
called the sign function, which is defined by

1, iff(w)>0
sgn(f) (w) = 0, iff(w)=0
-1, if f(w) <O.

In Figure 2.7, the graph of this function is represented by the green lines above
and below the horizontal axis, and by the green point. <

Theorem 2.66 (Positive and Negative Parts of a Func_tion)
Let (€, o) be a measurable space. If f: QO — R is (o, 9B)-measurable, then the
functions f*, =, |f|, and sgn(f) are (s, 9B)-measurable as well.

For a proof see Klenke (2008, Corollary 1.89, p. 39). The positive part f*, the neg-
ative part f~, and the absolute value function | f| of a function f plays an impor-
tant role in integration theory (see ch. 3).

Another implication of Theorem 2.57 on the measurability of some sets that
are often used is formulated in the following remark.

Remark 2.67 (Some Important Measurable Sets) Let ({2, <) be ameasurable space
andlet f, g: (Q, /) — (R, %) be measurable functions. Then

(@ {weQ: flo=gw}ed.

(b) {weQ: flw>glw)}eo.

©) {0eQ: flo=gw}es

(see Exercise 2-12). <
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2.5 Equivalence of Two Mappings With Respect to a Measure

Now we study some properties of mappings f: Q — Q' involving a measure space
(Q, o, w). In this case, we use the notation

F1(Q et p)— Q'

to express that f: Q — Q' is a mapping and that y is a measure on the measurable
space (Q, /). If there is also a o-algebra < 'on Q/, then we use the notation

fr@Qst ) — Q) st

to express that the mapping f: Q — Q' is (¢, /') -measurable and that u is a mea-
sure on the measurable space (Q, o).
Remember, two mappings f and g are identical (f=g) if and only if

fweQ: f(w) #glw)}=0.
Aless restrictive concept is their equivalence with respect to the measure .
Definition 2.68 (Equivalence of Two Mappings With Respect to a Measure)

Let f, g: (Q, s, u) — Q' be mappings. Then f and g are called p-equivalent,
denoted by

fz8
ifthereis an A € of with u(A) =0 and, forallw e Q\ A, f(w) = g(w).

Because u(@) =0, f=g implies f <8

Remark 2.69 (A Note on Notation) If f, g are denoted by f: (Q, <, u) — Q} and
g: (Q, o, ) — Qq, then we can choose Q' = QfUQy and denote f, g: (Q, <, p) —
Q' (see Rem. 2.4). <

Remark 2.70 (An Alternative Notation) If f Tgwe also say that f = g, u-almost
everywhere (u-a.e.). Furthermore, we also write

flw) = g(w), forp-almostallw € Q, (2.32)
and use f(m)u;a g(w) as a shortcut. <

Remark 2.71 (Singleton With a Positive Value of a Measure) If f = g or, equiva-
lently, f(w)#_ia g(w), and {w} € o with u({w*}) >0, then

flw") = glw".



66 2 Measurable Mapping
Remark 2.72 ( u-Equivalence, Restricted Functions, and Compositions) Let f,
g: (Q, ¢4 u) — Q' be mappings.
i) IfQ'=R, then
ffg > lA-fflA-g, VAed. (2.33)

(i) If h: Q' — Q" is also a mapping, then
ffg = hof fhog (2.34)
(see Exercise 2-14). <

Remark 2.73 (Equivalence Relation) If ./ is a set of mappings (Q, </, u) — Q/,
then = is an equivalence relation on .4 (see Exercise 2-15). In other words, if
f> 8, h € 4, then the following propositions hold for =

@® f = f (reflexivity).
(i) g= fifand only if f =8 (symmetry).
(iii) If f =g and g = h, then f = h (transitivity).

Definition 2.74 (Equivalence Class With Respect to a Measure)
Let # be a set of mappings (Q, 4, ) — Q' and let f € 4. Then

C(f) = {gejl:gff}

is called the u-equivalence class of f in # and f a representative of
the class C(f).

Remark 2.75 (A Partition of the Set .#) If ./ is a set of mappings (Q, </, u) — Q/,
then the set {C(f): f €4} is a partition of 4 ,i.e.,

(@) Vfed: C(f)#0.
(b) Vf,ged:C(f)=C(g) or C(f)nC(g) =0.

© UchH=wu
fel

(see Exercise 2-16). <

Remark 2.76 (Other Properties of -Equivalence)

(i) Letf, g:(Qfw — Q" If u(Q) >0, then

VaeQ\vpeQ': fzang=pArf=g = a=p. (2.35)
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(i) Iff,g f5g" Qo ) — R, then

f=fng=g" = [f+g = f+g

f-g=1-¢ (2.36)
fgzr-sg"
Furthermore, suppose p({m €eQ: glw) = 0}) =0, and define Jé: Q—R by
flw)
- f Or
Ly =g T8 yieq
0, otherwise,

*

and let % be defined analogously. Then

TS A
(i Iffi, fi': QA w—Rando; €R, i=1,...,n, then
n n
(Vi=l..n: fi=f7) = Y oifi = Yo fi. (2.38)
i=1 i=1

i) Iffi, for..., iS5 o5 (o4 ) = R and a3, s, ... €R, then

3

(o]
(Vi=12,...: f; ffi*) = Zicxif,- = 1()(,-f,~*, (2.39)
i=

i

provided that the limits denoted by the infinite sums (see Box 0.1) exist.

For proofs see Exercise 2-17. <

Remark 2.77 (Order Relations With Respect to a Measure u) For functions such
as f,g,h: (Q,9 1) — R, we also use the notation

f<eg

if there is an A € o« with f(w) < g(w) for all w € Q\ A and u(A) = 0. The notation
f>sf =8 and f >g is used correspondingly. Furthermore,
"

ffg and g=h = ffh (2.40)

The analog propositions hold for >, = and 2 (see Exercise 2-18). <
I
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2.6 Image Measure

In the definition of a measurable mapping f: (Q, /) — (Q} &) we required: for
all A'e of': f71(A") € o. Because a measure u assigns a value to all elements
A€ of, the measure u also assigns a value to each f~1(4") := {w e Q: f(w) € A'}.
This is the reason for choosing the term measurable mapping: If p is a measure
on </ and f is (¢, </ ')-measurable, then there is a value u[f ~!(A")] for all inverse
images f1(A"), Ale o/

According to the following theorem, a measurable mapping f: (Q, </, u) —
(Q' «") induces a measure on the codomain space (Q/, </ ).

Theorem 2.78 (Image Measure)
Let f: (Q,o 1) — (Q), ') be a measurable mapping. Then the function
pr: ' — R defined by

pr(AY = ulf 1A, VA'esd, (2.41)

is a measure on the measurable space (Q, </ ).
(Proof p. 74)

Definition 2.79 (Image Measure)
Iff: (Q,¢, w) — (Q) ") is a measurable mapping, then i o/’ — R defined
by Equation (2.41) is called the image measure of u under f.

Example 2.80 (Rectangles - continued) Now we consider a measure y: of — R
restricted to <7, which is specified by

HA) = (7-2)-(5-2) = 15

and
u(Q) = (10-0)-(6-0) = 60.

This specification determines the areas of all four sets in <, because u(A°) =
1(Q) — u(A) = 60— 15 = 45 and u(@) = 0. Hence, the measure space (Q, <, 1) is
completely determined. Note that y is the restriction of the Lebesgue measure A,
to the o-algebra o, i. e., u(A) = 1,(A), for all A€ <.

In Example 2.2.1 we considered the mapping f: Q — Q' = Q defined by
f) = %x. Furthermore, we considered the rectangle B’ =14.5,7.5] x [0,4.5] and
the o-algebra ¢ ' = {Q', @, B, (B')¢}. If we specify <f such that f~!(B’) € of, then
f is (of,of")-measurable. In this case, all inverse images f'(A’) of sets A’ € of '
are elements of the o-algebra o . Therefore, the areas 1,[f ~*(A’)] of these inverse
images are defined by the measure A, on & that assigns the area to all elements
of of . If we specify o = {Q, @, f "' (B"), f "' [(B')¢]}, then

A2, (B") = A:[fTH(B")] = A2(16, 101 x [0, 6]) = (10-6)-(6-0) = 24,
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Az, ((BN) = Ao fTHBN]) = A2([0, 6] x [0, 6]) = (6-0)-(6-0) = 36,
Az, Q") =60, and A2, (@) = 0. Then the function Az, : /' — R defined by

A2, (B") = A,[fT'(B")], VB'es),

is again a measure, the image measure of A, under f. Therefore, (Q', /', 1, fisa
measure space.

Note that the image measure A, on the o-algebra o/ " differs from the area
measure on </ . In fact, the area of B is (7.5—4.5)-4.5 = 13.5 and the area of (B')¢
is 60— 13.5 = 46.5. <

Remark 2.81 (Cumulation of the Values p({w})) If {w} € o, for all w € Q, then

prdo™ = Y updoh, (2.42)

w: flw)=0’

provided that the sum is over a finite or countable number of summands. The
measure p assigns to the singletons and other elements A € &/ a nonnegative
number p(A), and f maps each element w € Q to an element w’ in Q'. Thereby
it translates the values p(A) of the measure y to their images f(A). In particular,
this applies to the singletons {w}. This is illustrated in the following example. <

Example 2.82 (Flipping Two Coins — continued) In this example,
1
P({w}) = 7 VweQ, (2.43)

uniquely defines a measure P: 22(Q2) — R and the measure space (Q,Q”(Q),P).
The reason is that the singletons {w} are pairwise disjoint and Rule (x) of Box 1.1
implies
P(A) = P( U {w}) =Y P(w), VAed.
weA weA
For instance, the set A = flipping one and only one head is the union A = {(h, 1)} U
{(z, )} ={(h, 1), (t, h)}. Hence,

P(A) = Y Pliw}) = P(i(h,0)}) + P(i(t, h)}) =

weA

1
2"

|
+
|

Now consider Figure 2.4 and realize that each arrow translates the value p({w}) =
i from left to right. According to Equation (2.42), this yields

1
Px({0}) = PIX~'({0N] = PI{(t,0}] = "

Px(11}) = PIX™'({1N] = Pz, h), (h,0}]

Il
N

and
Px({2) = PIX"'({12D)] = P[{(h, W)}] =
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Example 2.83 (Image Measure Under a Step Function) If f: (Q,«/, u) — (R, %)
is measurable such that f = Y l.”zl a; 1,, with pairwise different oy, ..., o, €R, o; #
0, and pairwise disjoint A; € o/, i =1,...,n, and if we define A, 41 := Q\( r A;),
and a,+; :=0, then the image measure is

n+l

iy = Y plA) -8y, (2.44)

i=1
(see Exercise 2-19). Equation (2.44) generalizes Equation (2.42): For all w € 4;
fl) = a;-1p(0) = a;.

Hence, f translates the value u(A;) to a; € R and p assigns the value p(A;) to the
singleton {o;}, i =1,...,n+1. <

Our next theorem deals with the image measures of p-equivalent measurable
mappings. As arandom variable is a particular measurable mapping and the dis-
tribution of a random variable a particular image measure (see section 5.1), this
theorem has important implications on all concepts that in some sense describe
properties of distributions of random variables such as expectations, variances,
covariances, etc.

Theorem 2.84 (u-Equivalence Implies Equality of Image Measures)
Iff,g: (Q,o, w — (Q), ") are measurable mappings, then

8 = Hp=Hy (2.45)
(Proof p. 75)

In the following theorem we present a necessary and sufficient condition for
u-equivalence of two compositions go f and g*o f.

Theorem 2.85 (u-Equivalence of Compositions)
Iff: ( Qe w— Q") and g,g*: (Q, o4") — (R, B) are measurable map-
pings, then

g8 © gof z8°f (2.46)
(Proof p. 75)

2.7 Proofs

Proof of Lemma 2.19
@Iff=X;u 14;, then forall B € @,

7w = U A eo,

i:a;€B
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because « is closed with respect to finite and countable unions.
(b) Assume that there are no aj,as, ... € R such that f =X;a;1s. Then there are an i
and elements w1, w2 € A; with f(w1) # f(w2). Applying Equation (2.5) yields

FHfo)nf T ({(fw)}) = 0.
Furthermore, because v € f1 ({fw}), j=1L2,
FHf))nA; #0, and 7 ({f(w})nA; £ O.

Therefore, we conclude: f ™! ({f(w1)}) € «f and f 7! ({f (w2)}) € «. Because {f (w1)}, {f (w2)} €
3B, it follows that f isnot (&, 98)-measurable.

Proof of Lemma 2.29
(i) n-stability of 2. If C;,C € €, and v, w5 € Q’, then

[Crnf wiD] N [Can fHob)]

=(C1nGC) N [f Mo nf Hwbh] [N is associative and commutative |
CinG) n f o)), ifel=owb

:{( 1NC 0 TR, ol =0 25
0, fw]#Zw)

is an element of 9, because C; N C, € € and @ € €, which follows from the definition of a
o-algebra .

(ii) Denote o/’ = 2(Q') and define 6(2) = o(%, f) :=c[€ U f " ().
(@) 0(@)colbuf ). Obviously, {f '({w'D: w'eQ'} c (/). Therefore,

2 ={Cnf Mo w'e, Cece}
c{Cnf lAh: Alet Ce6}
c o[€uf . [Rem. 1.2]

Hence, according to Remark 1.23, 6(2) c o[6 U f_1 (4 N].

(b) o[€ U f 1 t")] co(D). Because Q€ € and Qe f~(«f"),all Ce € andall f ~1(A") are
elements of 6(2) (see Def. 1.1, Q'is finite or countable). Therefore, € U f " () c 6(2).
Proposition (1.11) then implies [€ Uf_l(a{’)] c 0(9).

Proof of Lemma 2.35

(i) We have to show that <€]§ satisfies conditions (a) to (c) of Definition 1.1.
(a)
Q=flQhe® = Q'c €. l216)]

(b)
Alee; = flahew [(2.16)]

= 1A = FUAN ) €€ [Def. 1.1 (b), (2.4)]
= (A’)Ce%ji. [(2.16)]

(©)
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A Ay, €6 > FraAD, rHAY,...e€ [(2.16)]
(o) o0
= Jruh = f‘l( UA,‘) €€  [Def.1.1(c),(2.6)]
=1 i=1
loo 1
> U Al e‘gji. [(2.16)]

1

(i) Forall A’e o’
Alegg' > f_1 Ahee [(%,af')—measurability of f1

= Ae <g]£. [(2.16)]

Hence, (€, ")-measurability of f implies &/’ c <€]ﬁ

Proof of Lemma 2.37
First, note that, for A} e o/, i=1,...,n,

FUA % ... xAp) = {weQ: f(w)e Al x...x A}
= {0eQ: (AW),..., frlw) € Al x...x Ap}
{weQ: filw) e A},..., fulw) €A}

~ ' 2.47)
= {weQ: filw)e A}
i=1
n
= N fi'@b.
i=1
Hence,
n
o) = {f71A): A'e @'} [Def. 2.26]
i=1
= o({f A x...xAW: Aledt i=1,...,n}) [Th. 2.20, Defs. 1.13, 1.31]
=o({fitAhn...nft@Aan: Alest/i=1,...,n}) [(2.47)]
n
so(U{fitabn N @) Aledt i=1,..,n}) [Rem. 1.23]
i=1 Jj=1,j#i
n
= 0( U {fi_l(Al{): Azl €‘Q¢i” i= 1,...,1’1}) [f]_l(Q]’) =Q]
i=1
n
=o(U o). [Def. 2.26]
i=1
Furthermore,
{AtA@Dnnft @Al i=1,..n}
n
co|lU{f'@Ah:Ales/ i=1,...,n}|. [Rem. 1.2, finite intersections]
i=1

Therefore,
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n n
o(Uo(m) =o(U{fitah:Ales/ i=1,...,n}) [Def. 2.26]

i=1 i=1
so({fitAhn..nflAn: Aless/ i=1,...,n})  [Rem.1.23]

a(f).

Hence, o(f) = (I(U?:1 a(f)-

Proof of Theorem 2.38

(b) = (a): Forall i =1,...,n:Let A} € ,Q{l.’. If f; is measurable, then f;!(A}) € «. Hence,

FUAI ... xAp) = {weQ: f(w) e Al x...x A}

n
NfitAhes.

i=1

Because {A] x... x Ay : Af € o//,i=1,...,n} is a generating system of ® | </, Theorem
2.20 implies that f is measurable.
(@) = (b): If f is measurable, thenforall i =1,...,n,

il = {71 AD: Ale st}

n
={fi'abn N fj_l(Q]'-): Ajes}
j=1,j#i
= {FNQ % x Qo x Al x QX x Q) Af et} [(2.47)]

c f_l[é&fi') c .

i=1

Proof of Lemma 2.42

Consider
n n n n
= (nlr“'rnn): ( x Qi; ®<52¢l) g ( x Qi; ®*52¢i)'
i=1 =1 i=1 =1

Analogously to the proof of Lemma 2.37 and using Definition 1.31,

n
Q) i

i=1

o({A1 x...xAp: Aje e, i=1,...,n})

o{m NA x...x Ap): Aje st i=1,...,n}) [(2.20), (2.21)]

a(m) [Th. 2.20, (2.12)]

o(m;,i=1,...,n). [Lem. 2.37, (2.18)]
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Proof of Corollary 2.44

If Q' is finite or countable and we consider the measurable space (Q/,2(Q")), then o (f) =
o[{f1lo'N: o' e Q'}] [see Lemma 2.29 with € = {Q,?}]. Because { f "} (fw'}): '€ Q'}
is a finite or countable partition of Q, this corollary is an immediate implication of Lemma
2.19.

Proof of Lemma 2.46
Forallwe Qandallw’e Q’,

0, if f(w)#w’

2.48
g, iffw=w' (2.48)

gUf )] 1p_ (@) = g1y () ={

This equation is equivalent to
8N Ly = 80N Loy (2.49)

Because theset {f ! ({o’}): '€ Q’}is a finite or countable partition of Q we can conclude:
lo= Y 1 f=o'- Therefore,
w'eQ’

g =g la= ) &) lpmy =) g)ley,

w'eQ’ w'eq’

and this implies Equation (2.27).

Proof of Theorem 2.49

Iff: Qo) — Q") g: Q) ") — (Q", ") are measurable mappings, then, according
to Corollary 2.28, f "' («") c o and g "' («#"") c o . Hence, forall A" € o ",

(go )M A" = weQ: glf ()] A"
= weQ: flweg A"}

=gt
Furthermore,
g™ e Uty 1215)]
co. [(2.15)]
Proof of Theorem 2.78

We show that u ¢ has the properties (a) to (c) required in Definition 1.43. For each property
of uy we use the corresponding property of y.

@ pp(@)=plf (@)= p@) =0.

(b) Forall A'e o/ pp(A) = plf~1(A))] = 0.

(c) If A}, AL, ... € of " are pairwise disjoint, then, according to Equation (2.5), for i # j,

flahnftah = rlalnah = r71@),
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i.e., the inverse images f_1 (A'l),f_1 (A’Z), ... are pairwise disjoint as well. Therefore,

(o) o0
ur(Uai) = M(f_1 (U A%)) [(2.41)]
i=1 i=1
(o]
= u( U f‘l(Af)) [(2.6)]
i=1
[o¢]
=Y u(ftAn) [Def. 1.43 (c)]
i=1
(o]
= Y up(AD. [(2.41)]
i=1
Proof of Theorem 2.84

Iff =8 then there is a set A satisfying

fw) = glw), YoeQ\Aand u(A) =0.

Monotonicity of x implies p({w € A: f(w) € A'}) =0 = u(fw € A: g(w) € A'}) forall A'e of'.
Hence, using additivity of p,

(A = plf AN
= plweQ\A: f®) €A + pllweA: flw)eA')
= plweQ\VA: gw) eA)) + plw e A: glw) €A}
= plg HAN] = pg(A.

Proof of Theorem 2.85

For measurable functions g, g*: (), o) — (R, %) define A’ := {0’ € Q': g(w) # g*(w")}.
Note that A’ € o/ [see Rem. 2.67 (c)]. Then

Flah = {wEQ;f(w)eA’}
= {weQ: glf (W] # g If @]}
={0eQ:(gof)) # (g of) )}

Hence,g#:f g e upA)=0 o plf1(AN1=0 & gof z g*of.

2.8 Exercises

> Exercise 2-1 Prove Equations (2.4) to (2.6).

> Exercise 2-2 Consider Example 2.2.1 and compute the inverse images of the sets {(4.5,0)},
{(7.5,0)}, {(7.5,4.5)}, and {(4.5,4.5)} under the function

3 3 3
fx1,x0) = Z'(xl,xz) = (Z'xl,Z'xz)-
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> Exercise 2-3 Consider Example 2.2.1 and specify the inverse images of the rectangles
[8,10] x [0,2] and [3,7.5] x [0,3] under the function f: Q — Q' defined by f(x1,x) = % .
(%1, x2).

> Exercise 2-4 Consider Example 2.2.1 and use Equation (2.4) to determine the inverse
image f ' [(C")°].

> Exercise 2-5 Prove the proposition of Example 2.14.

> Exercise 2-6 Prove the proposition of Example 2.15.

> Exercise 2-7 Prove the proposition of Example 2.17.

> Exercise 2-8 Prove the proposition of Remark 2.18.

> Exercise 2-9 Prove the proposition formulated in Remark 2.33.

> Exercise 2-10 Consider Example 2.40 and show that X, Y, and (X,Y) are measurable
with respect to </ whenever the two inverse images X ~1({1}) and Y ~! ({1}) are elements of
.

> Exercise 2-11 In Example 2.55 we considered Q = [0,4], A; = [0,1], A2 =11,2], A3 =
12,3], and A4 = 13,4]. There, we also defined the functions f and h. Show that o(h) =
0({AjUAji1: je ] isasubsetofo(f) =c({A;:i=1,...,4})

> Exercise 2-12 Proof the propositions of Remark 2-12.
> Exercise 2-13 Prove the proposition of Example 2.56.
> Exercise 2-14 Prove the propositions of Remark 2.72.

> Exercise 2-15 Consider Remark 2.73 and show: If ./ is a set of mappings (Q, <, ) — Q/,

then = is an equivalence relation on ..

> Exercise 2-16 Show that {C(f): f €.#} is a partition of .# (see Remark 2.75).
> Exercise 2-17 Prove the propositions of Remark 2.76.

> Exercise 2-18 Prove proposition (2.40).

> Exercise 2-19 Prove the proposition of Example 2.83.

Solutions

> Solution 2-1 Equation (2.4):
F7HAY ) = {weQ: fl) e (AN} = fweQ: flw) g A} = [fTHAN"
Equation (2.5):

f‘l( N Ag) [weQ: fwe A} = lweQ: fw) e AL, Viel)

iel iel

NiweQ: flweAi} = ) f7AD.

iel iel
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Equation (2.6):
U Al =twea: foe J Al = lwe:3icl: flo) el
iel iel
= JlweQ: fwealt = [J @b,
iel iel

> Solution 2-2 The inverse images are the sets f ~![{(4.5,0)}] = {(6,0)}, f ' [{(7.5,0)}] =
{(10,0)}, f1[{(7.5,4.5)}] = {(10,6)}, and f ~![{(4.5,4.5)}] = {(6,6)}.

> Solution2-3 f~1([8,101x[0,2]) =@ and f~1([3,7.5] x [0,3]) = [4,10] x [0,4].

> Solution 2-4 According to Equation (2.4), the inverse image of (C')¢ under f is
£7iene = e

Q\ (16,10] x[0,6])

(0,101 x [0,6]) \ (16,10] x[0,6])

[0,6] x [0,6].

> Solution2-5 If f: Q — Q' is constant, then, according to Example 2.10, it is (of, o/ n-
measurable for o = {Q,0}. Now, assume that f is not constant, i.e., 3w, w2 € Q: f(w) #
f (®2). According to our assumptions,

{fl@Dh{f (w2} et

Furthermore, w; € f_l[f{(o)i)}], for i = 1,2, i.e,, the inverse images are nonempty sets.
Now, f(w1) # f(w2) implies
{floDin{f(w)} = 9,

and, using Equation (2.5),
o) nfH{if2h) = FHfleinife}) = F71@) = 0.

Hence, the inverse images are nonempty disjoint sets, and therefore none of them is in
o/ ={Q,0}. This implies that f is not (o, </ ")-measurable if it is not constant.

> Solution 2-6 We consider {4, AS, Q,0}. If f = ;14 + az1,¢, then for all A’ € 3,

0, fougA, agA
A, fogeAd arg A
A, fog g A aze A
Q, ifoged,aeA.

1) =

Hence, f is («/,98)-measurable. (Note that this also holds if A = @ or A = Q, and also if
ap = ag.)

Now assume that f is an («/, 98)-measurable function.
(a) If f takes one only one single value, say a, then

f=alg = xla+alse, withoy = =a.

(b) If f takes on exactly two different values p; # f2, then f_1 ({B1,P2h) = f_1 {p1hHu
F(4B2}) = Q, and according to Equation (2.5), f " (P11 nf " ({P2}) =@, and f LB} #
0, for i =1,2. Hence, f is (<7, 98)-measurable if and only if
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FlUBih = A or fFTUAB1) = A° and A, A°#0.

This implies
= P1la+Palpc or f =Pala+Pilse,
respectively.

(c) If f takes on three or more pairwise different values, then, using the same kind
of argument as in (a), we can conclude that there are at least three pairwise disjoint and
nonempty inverse images under f, say A;, Az, A3 < Q. Hence, in this case f is not (o, 8)-
measurable.

> Solution 2-7 If Ay, ..., A, € of are pairwise disjoint and we define Ap+1 := Q\ (Ui”:1 Aj),

and ay+1:=0, then
n+l

n
f= Z a;ly; = Z o;ly;.
i=1 i=1

Because Ay, ..., Ap+1 are pairwise disjoint and Ul”;’ll A; = Q, there is, for all w € Q, exactly
oneie€({l,...,n+1} such that w € A;, and therefore f(w) = «;. Hence, the codomain of f is

{ay,...,0p41}. Vice versa, forall a;, i = 1,...,n+ 1, we obtain the inverse image

) = loeQ: flw=at = U 4; (2.50)

Jroi=a;

(If the ay,...,0,+1 are pairwise different, then f_1 ({a;}) = A;.) Now, forall A’ c R,

FlA) = {weQ: flw) e A} [Def. 2.1]
={weQ: flwe U {au}} [codomain of f is {ay,...,0,+1}]
i eA
=f_1( U {ai}) [Def. 2.1]
i eA

= U Fltad [(2.6)]

iro;eA’
= U a. [(2.50)]

iZ(XiGA/

> Solution 2-8 If Ay,..., A, € of are pairwise disjoint and if we define A+ := Q\(L_Jl.":1 Aj),
and a,+1 :=0, then
vA' e®: flA)= | A ed,

[see Eq. (2.10)].
If Ay,..., A, € of are not pairwise disjoint, define the 2" sets

Bj = A"V naPeg, j=1,.2",
with (¢1(j), ..., cn(j)) €10,1}" and
0 ._ 1._
A} = A, A= AL

Note that some of the sets B; can be empty. Then

n 2n
f = Zl(xilAi = Zlﬁlej;
i= j=
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with ﬁj = ;) O(xi. Because By, ..., Byn are pairwise disjoint and UJZ'Z1 Bj=Q, the func-
irci(j)=
tion f is (o, %8)-measurable (see the first part of this solution).

> Solution 2-9 If all values of f are elements of Q’, then
f'® = 1 Q'nB), VBe®.

Therefore, f~1(%B) = f~1(B|q), where B|q: denotes the trace of B in Q' (see Exam-
ple 1.10). Note that &g = P(Q') (see Exercise 1-13). Hence, f"1(B) = f1(B|y) =
@

> Solution 2-10 First of all note that X, Y are measurable with respect to «f if and only
if and (X,Y) is measurable with respect to </ (see Theorem 2.38). Hence, it suffices to
show that X is measurable with respect to «f if X~ 1{1}) € of. Because X: Q — R is an
indicator, X 71({0}) = X "1 ({1}€) = (X "1 ({1}))° [see Eq. (2.5)]. Hence, if X "' ({1}) € o, then
(X~1({1h)° = X ~1({0}) € . Furthermore, for all B € 4,

0, if0gB,1¢B,
x~1(8) = X~td, ifo¢gB,1€B

Q\X7 {1y, ifoeB,1¢B

Q, if {0,1} c B.

(The prooffor Y is analog.)

> Solution 2-11 Because the codomains of f and h are finite,

o(f) = o 71 (2(11,25,2,05))) [Rem. 2.33]
= of{r 7", 71 25h, £, £ osn}) [(212)]
= 0({A1, A, A3, Ag)).

Analogously,

o(g) 0({g_1({1.5}),g‘1({3})})

0({A1 U Az, A3U Ag}).

Because
{A1 U Az, A3U Ay} © 0({A1, Az, A3, Ag}) [Rem. 1.2]

monotonicity of the generated o-algebras (see Remark 1.23) implies o(g) < o (f).

> Solution 2-12 Denote Ay := {w € Q: f(w) = 00}, A—oo := {WEQ: f(w) = —00}, Boo =
{weQ: g(w) =00}, and B_ := {w € Q: g(w) = —oo}. Because {oo}, {—oo} € 3, all four sets
defined above are elements of /. Furthermore,

A={weQ: —co< f(w) <oo} = fI(R) € o
and
B:i={weQ: —co< gw)<oo}=g '(R) e o.
(a) Now
{weQ: flo=zgw)} = AoU{we ANB: f(w) = g(w)} UB-x
= Ao Ulw € ANB: f(w) - g(w) 20} U B_so

= AcoU[Lang - (f —8)] ' (10,00[) U B—co [Def. 2.1]
€ . [Th. 2.57]
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(b) Analogously,

{weQ: flw>gw)} = (Ao N(BUB_x) U {w € ANB: f(w > g(w)}
= (Ao N(BUB-0o) U [1anp-(f—g)] ' (10,00l)  [Def.2.1]
€ . [Th. 2.57]
(c) Finally,

{weQ: flu=gw)} = {weQ: flw=zgW}\{weQ: f(w>glw)}
€ . [Rem. 1.2]
> Solution 2-13 For any real-valued measurable function f: (Q,«/) — (R,%), Lemma
2.52 yields o(fz) c o(f), because f2 = g(f) for g: R, %) — (R, %) with the measur-
able function g(x) = x2 for all x € R. [Note that g is a continuous function that is %-
measurable (see Klenke, 2008, Th. 1.88, p. 38)].
(i) We assume that f is nonnegative and measurable. Then f 2(w) = x if and only if
f(w) = y/x, forall x = 0. Hence, for all A€ <,
Aeo(f) = AB e B: A=f " (B))
=> HBZEQ:A:(fZ)_l(Bg) [chooseBgzzg_l(Bl)]
> Aco(f?).
This implies o (f) c o (f?).

(i) Assume that there are w;, w2 € Q with f(w;) < 0 < f(w2) and fz(wl) = fz(u)g).
Then A := f‘1 (] —o0,0[) implies A€ f‘1 (AB), and w; € A and w;, ¢ A. Furthermore, for all
Be%B: (w1, w2} < (f2)1(B)if f2(w1) € B and {01, w2} N (f?) "1 (B) = @ if f?(w1) ¢ B. Hence,
Ag (D 1(B).

> Solution 2-14 (i) If f z g, then thereis a set B € o« with p(B) =0 and f(w) = g(w) forall
o € Q\B. Hence, 14(w) - f(w) = 14(w) - g(w) for all w € Q\B. According to Definition 2.68,

lAff 148
(i) Note that Ay, := {w € Q: h[f(w)] # higW)]} < {weQ: f(w) # glw)} =: A. There-
fore, u(A) = 0 implies p(Ay) =0 [see Box 1.1 (v)].

> Solution 2-15 Reflexivity. p({we€Q: f(w) # f(w)}) = u(@) = 0. Hence, f = f.
Symmetry. Assume that f, g € 4 and f =8 Then

plweQ: gw) # f(w)}) = p(lwe: fw) #gw)}) = 0.

Hence, g = f.
Transitivity. Assume that f, g,h € 4, f =8 and g = h. Then transitivity of = and sub-
additivity of y yield
p{oweQ: f(w) #hw)}) < p{oeQ: f() # gL} U {weQ: gw) # h(w)})
< p(fweQ: f(w) #gw)}) + p(fweQ: gw) # h(w)})
0+0 lf = g g = h]
0.

Therefore, f = h.
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> Solution2-16 (a) Vfe .« : fff (reflexivity). This implies: Vf € 4 : f € C(f) and
therefore Vf e /4 :C(f) #0.

(b) Let f, g € 4. We consider two cases, f = gand ~(f = 9.
f =8 Transitivity implies: Vhe 4 : f = hifand onlyif g = h.Hence,Vhe #: he C(f)if
and only if & € C(g). This means that C(f) = C(g).
=(f = g). We show C(f)n C(g) = O by contraposition. Assume: 3h € 4 : he C(f) N C(g).
Then f i h, h 8 and transitivity implies: f 8 which is a contradiction to = (f T 9.

(c) Inpart (a) weshowed thatVfe .« : f € C(f). Therefore, Vfe /4 : f e Upcy C(f™.

> Solution 2-17 (i) Supposethatpu#0,a,p € Q’andfi angz pAf Z8 Ifa#p, then
subadditivity and monotonicity of u yield

0 < ()
= pfweQ: flw)=a A gw)=p}) + pfweQ: flw)#aV gw) #p})  [Box1.1 (v)]
= p(fweQ: flw)=an gw) =p}) [ff(x,gfﬁ]
< p(fweQ: f(w) #gw)}) [ac # P
=0, [f = &l

which proves (i) by contraposition.
(i If f = f*and g = grand Ap:={w e Q: f(w) # fH(w) v gw) # g*(w)}, then

(Ag) = p(lweQ: f(w) # fH(w)} U {weQ: go) #g"(w)})
< pfweQ: fw) # ff)}) + p{weQ: gw) # g W)}) [Box 1.1 (vii), (V)]

- 0. (f=f"g=g"

Note that {w € Q: f(®) + g(w) # f*(w) + g*(w)} = Ay, and that this also holds for the cor-
responding sets for the difference, product, and ratio. This implies Equations (2.36) and
(2.37).

(iii), (iv) Denote I:={i =1,...,n} for (iii) and I := N for (iv), respectively. Furthermore,
define

A

Ap = JiweQ: filw# ff )} = {weQ:Iiel: filw# fi (W)}

iel
Then
p(Ag) £ Y {weQ: filw# fi (W)} [Box 1.1 (xi)]
iel
=0, iffi=fiViel
Hence,
u{weq: ¥ aifito) # ¥ o fi @)}) = A (Box 1.1 V)]

iel iel

0, iffi=ff Vi€l
> Solution 2-18
VoeQ: (fw)<g A gw =hw) = [l <ho),

which, by contraposition, is equivalent to
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VoeQ: flzhw = (flwzgw) v gw)#hw).
Therefore,
{weQ: f(w) = h(w} c {weQ: f(w)=gw}u{weQ: gw)# h(w)}.
Now (fi gNng = h) implies

p{weQ: flo) = h(w)})
p{weq: flw)zgw)}) + p{weQ: gw) # h(w)}) [Box 1.1 (vii)]
0+0=0. [fgg,gfh]

IN

Because a measure is nonnegative, this implies u({w € Q: f(®) = h(w)}) = 0, which is
equivalentto f < h.

> Solution 2-19 Forall A'e o7/,

(A = pif AN [(2.41)]
=pl U 4 [Def. 2.16]
e
= Y A [Def. 1.43, (c)]
el
n+1

H(A) 6o, (A). [(1.38)]
i=1



Chapter 3
Integral

In the preceding chapters we introduced the most important concepts of mea-
sure theory related to the concepts of a measure and a measurable mapping. In
this chapter we introduce the integral of measurable functions. This concept is
fundamental also for probability theory, because the expectation of a numerical
random variable with respect to a probability measure is the integral of a mea-
surable function with respect to a probability measure. In chapter 6 we shall see
that this also applies to variances, covariances, and correlations. We start defining
the integral of a measurable function with respect to a measure p. Then we study
the most important rules of computation and other properties of integrals, intro-
duce the concept of a measure with density, and treat the relationship between
the Riemann integral and the integral with respect to the Lebesgue measure. The
next section is on absolute continuity and the Radon-Nikodym Theorem. Both is-
sues are crucial for conditional expectations (see ch. 10). A section on the integral
with respect to a product measure concludes this chapter.

3.1 Definition

At first we define the integral for nonnegative step functions, then we extend the
integral to nonnegative measurable functions, and finally we introduce the inte-
gral for measurable functions that may take on negative or nonnegative values.

3.1.1 Integral of a Nonnegative Step Function

In this subsection we introduce the integral of a nonnegative step function, also
called nonnegative simple function or elementary function.

Nonnegative Step Function

Definition 3.1 (Nonnegative Step Function and Normal Representation)
Let (Q, <) be a measurable space. Then f: Q — R is called a nonnegative
step function, if there is a finite sequence A,,...,A, € & and a finite se-
quence qy,...,q, €ER, a; =0, i =1,...,n, such that
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=3 ait. .
i=1

IfA,..., A, € o are pairwise disjoint, then f = Z,-nzl o; 1y; iscalled a normal
representation of f.

Remark 3.2 (Step Functions Take on Finitely Many Values) A nonnegative step
function f =Y a; 14, is a measurable function f: (Q,«/) — (R, %) taking on
only a finite number of nonnegative values. These values are not necessarily
ay,...,0,. However, note:

(i) Ifé&={A,..., A,}isapartition of Q, then ay,...,a, are the values of f.
(i) If Ay,..., A, are pairwise disjoint but & is not a partition of Q, i.e., A4 :=
Q\ U?zl A; #0, then

n
F=) aily +0-1p,,,.
i=1
This implies: f(w) =0, forallw € A,,4;.
(iii) If Ay,..., A, are pairwise disjoint and additionally «y,...,qa, are pairwise
different and not 0, then A; = f '({o;}), i = 1,..., n.
(iv) If Ay,..., A, are pairwise disjoint, then, for all a; # 0,

e = U 4.

Jraj=a;

Hence in this case, the inverse image of the set {a;} under f is the union
ofall sets A;, j€{1,...,n}, for which a; = ;.

<

Remark 3.3 (Different Representations of a Nonnegative Step Function) Note
that nonnegative step functions can have different representations and also dif-
ferent normal representations (see Example 3.7). <

Example 3.4 (Indicator Function) Let (2, /) be a measurable space and A € «.
The indicator function 1,4, which has already been introduced in Example 2.12,
can also be written 1-1, +0-1,4c. Hence, because A € « and 1 is a real number, 1,
is a nonnegative step function. Note that 1-1, is also a normal representation of
a nonnegative step function. <

Example 3.5 (Two Nonnegative Step Functions) In Example 2.55 we already pre-
sented two nonnegative step functions f and h and an illustrating Figure (see
Fig. 2.6). The representations of both functions are normal. <

Example 3.6 (Tossing a Dice) Consider the set Q = {w,...,wg} of possible out-
comes of tossing a dice. Furthermore, let o = 22(Q) be the power set of Q, and
define X: Q — R by
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X(w;) = i, VYo;eQ.

Hence, X (w;) is the number of dots. Considering the elements {w;},..., {wg} of <,
and

6
X = Z i Loy
i=1
shows that X has a normal representation of a nonnegative step function. (For a
related example see Exercise 3-1.) <

Example 3.7 (Several Representations of Nonnegative Step Functions) Consid-
er the measurable space (R, %) and the nonnegative function f: R — R defined

by
2,ifxe[0,1]
5,if x € [1,2]
fx) = 14,ifxe€]2,3]
1,if x €13,4]
0, otherwise.

This function can also be represented by

f

2-101(+5-1pn,2 +4 123 +1-113,4;
2-1j0,51+2-1y51)+5-112) +4 1231 +1-1134)
2-1ip21+3- 11,31+ 1- 124
1-104)+1-1pp3;+2-1131+1-1p1,2).

(3.2)

The first two representations are normal, the latter two are nonnormal represen-
tations of f. <

Remark 3.8 (Existence of a Normal Representation) For every nonnegative step
function there exists a normal representation (see Exercise 3-2).

If f=3%" a;1, is a normal representation of a nonnegative step function,
then there may be another sequence Ci,...,C,, of pairwise disjoint elements of
&/ and another sequence Y;,..., Y, of nonnegative real numbers such that

n m
F=>Y aly =) vile,.
i=1 i=1

Both sum terms are normal representations. The first two representations of f in
Equation (3.2) provide an example. <
Integral of a Nonnegative Step Function

The following uniqueness property holds for two normal representations of a
nonnegative step function:
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Lemma 3.9 (A Uniqueness Property)
Let (Q, o, 1) be a measure space. If f: Q — R is a nonnegative step function
and f=%1 ;1 =Y", Yi1c, are two normal representations, then

Yo p(A) = Yy w(Cy). 3.3)
i=1 i=1

For a proof see Klenke (2008, Lemma 4.1, p. 85). Note, by convention 0-co = 0.

According to this lemma, the number ¥ | a; (A;) assigned to a nonnegative
step function f does not depend on the specific normal representation of f (for
an illustration see Exercise 3-3). This property allows us to define the integral of
a nonnegative step function with respect to a measure p as follows:

Definition 3.10 (Integral of a Nonnegative Step Function)
Let (Q, </, 1) be a measure space and let f = Zle o; 14; be a normal represen-
tation of a nonnegative step function f: Q — R. Then the number

n
fdp =73 oip(A) (3.4)
i=1
is called the integral of f (over Q) with respectto p.

Remark 3.11 (Integral of a Constant) Let (Q,«, 1) be ameasure space. If f =aq,
a € R, then Equation (3.4) immediately implies

fadu = a-pQ). (3.5)

<

Remark 3.12 (Integral Over a Subsetof Q) Let Ae . If f=3" a;1,, is anor-
mal representation of a nonnegative step function, then the product 1, f is a
nonnegative step function as well and can be written

n
La-f =Y «ilana, (3.6)
i=1

which is a normal representation of 1, - f (see Fig. 3.1 and Exercise 3-4). Hence,
we may also consider the integral [1,- f dy and define the integral of f over a
subset A of Q by

fAfdu =f1A~fdu. (3.7
<

The following corollary is a special case of Equation (3.7) if f = «, a € R. (For
proof see Exercise 3-5).
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As

Figure 3.1. A partition and a subset of Q

Corollary 3.13 (Constants)
Let (Q, <, p) be a measure spaceand a e R. If A€ o, then

fadu = au(A). (3.8
A

Examples

Example 3.14 (Indicator Function) Consider a measure space (Q, «, ) and the
indicator 14 of A€ <. Then 14 = 1-1, is a normal representation of 1,. Therefore,

f dp = flA dp = 1-u(A) = u(A). (3.9)
A
<

Example 3.15 (Nonnegative Step Function and Dirac Measure) Let (Q,«/) be a
measurable space, and for w € Q let §,, denote the Dirac measure at w (see Ex-
ample 1.52). Furthermore, consider a normal representation f =Y a; 14, of a
nonnegative step function. Its integral with respect to the Dirac measure is

m m
ff dby =) ai6u(A) =) aily () = flo). (3.10)
i=1 i=1
According to this equation, the integral of a nonnegative step function f with re-
spect to the Dirac measure at w is the value of f for the argument w. Furthermore,
if f =1, is the indicator of A € o, then

flA ddy, = 1x(w). (3.11)

Hence, in this special case, the integral is the value of the indicator 1, for the
argument . <
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Example 3.16 ( Nonnegative Step Function and Counting Measure) Suppose
Q={1,...,n}, n €. For the measurable space (Q,?)’(Q)), the counting measure
Uy on the power set 22(Q)) is defined by

n
ps(A) = ) 1a(w), VAcQ, (3.12)

w=1

(see Example 1.54). Hence, ux(A) is simply the number of elements, i. e., the car-
dinality of A. Now consider a nonnegative step function with normal represen-
tation f =) l”i 1% Ly, According to Equations (3.4) and (3.12), its integral with
respect to the counting measure is

m n n m
[ram =3 aman =3« Y 1@ = ¥ 3wty

tnl i=1 =l w=1i=1 (3.13)
Z f(w).

Hence, the integral of a nonnegative step function f with respect to the counting
measure (4 is the sum over all values of f (see also Exercise 3-6). Using Equations
(1.40) and (3.10), this integral can also be written

ffdp# —ffd Zéw il fdé. (3.14)

<

3.1.2 Integral of a Nonnegative Measurable Function

In this section we extend the concept of an integral to nonnegative measurable
functions. Before introducing the definition we consider a theorem according to
which every nonnegative measurable function can be represented as a limit of an
increasing sequence of nonnegative step functions. We begin with an example.

Example 3.17 (Increasing Sequence of Nonnegative Step Functions) Consider
the measurable space (R, %) and the function f: R — R defined by

) 1-x% Vxe[0,1], (3.15)
Xx) = .
0, otherwise.

Now we construct three functions f;: R — R, i =1,2,3, with fi < f, < f3 < f that
approximate f (see Fig. 3.2). Let us start with f; defined by

o =.50, ifxeA; =[0,(1-.50)!],
a, =0, ifxeAs,

fix) ={

where [0, (1—- .50)1/2] denotes the closed interval between 0 and (1—.50)'/2 = .707.
Because A is an element of 98 and .50 is a nonnegative real number, f; = a; 14,
is a nonnegative step function. Next consider f, defined by
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By =.75 ifxeB, =[0,(1-.75)?],

B,=.50, ifxeB,=|(1-.75"2 (1-.50)!2],
B3=.25 ifxeBs=](1-.50"2 (1-.25'?],
54:0, ifxE(BIUBZUBg)C.

fx) =

Because By, B, B; are elements of 28 and .75, .50, .25 are nonnegative real num-
bers, f> = Z?zl PB; 15, is a nonnegative step function. Finally, let f; be defined by

Y1 =.875, ifxeC =][0,(1-.875)2],
Y2=.750, ifxeC,=](1-.875"2 (1-.750)!/?],
Y3 =.625, ifxeCs=](1-.750)""2 (1-.625)"2],
Y4=.500, ifxeCy=](1-.625"2 (1-.500)"2],
B =3 a5, ifxeCy= ] 1-.50017 (1 375)2],
Yo =.250, ifxeCs=](1-.375"2 (1-.250)"2],
Y;=.125, ifxeC;=](1-.250)!"2, (1-.125)"2],
Ys =0, ifxe(Cu...uC;)~.

Again, C,...,C7 is a sequence of elements of 9 and .875, .750, .625, .500, .375,
.250, .125 is a sequence of nonnegative real numbers. Therefore, f; = ZZ:I Yilg,
is a nonnegative step function. The integral of the functions f; and f, are com-
puted in Exercise 3-7. <

Convergence of an Increasing Sequence of Nonnegative Step Functions

Example 3.18 (Convergence) Figure 3.2 shows that fi(w) < fo(0w) < f3(w) < f(w)
for all w € Q. Hence, fi, f>, f3 is a finite increasing sequence of nonnegative step
functions. The interval [0,1] on the vertical axis is partitioned and these par-
titions are refined step by step. In our example, we started with the partition
{[0,.50[,[.50, 1]} . Then we partitioned

[0,.50[ to {[0,.25[, [.25,.50[} and [.50,1] to {[.50,.75[, [.75,1]}, etc.

Following this idea, we can define functions fj, fs,... such that fi, f5,... is an infi-
nite sequence of nonnegative step functions with fi (w) < fo(w) <... < f(w),forall w € Q,
and lim,,_. f,(w) = f(w),for all w € Q. According to the following theorem, this
holds for all nonnegative measurable functions f: (Q, <) — (R, AB). <

Theorem 3.19 (Approximation of Nonnegative Functions)
Let (Q, /) bea measurable spaceand f: (Q, <) — (R,2A) a nonnegative mea-
surable function. Then:

(i) Thereis a sequence fi, >, ... of nonnegative step functions such that

filw) < filw) < ..., YoeQ (3.16)
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Figure 3.2. Increasing nonnegative step functions

and
ytli_rgofn(w) = f(w), YweQ. (3.17)

(ii) Thereis a sequence of sets Ay, Ay, ... € of and a sequence of nonnegative
real numbers oy, 0y, ... such that

F=Y aila,. (3.18)
i=1

For a proof see Klenke (2008, Theorem 1.96, p. 41).

Remark 3.20 (Infinite Sums) Equation (3.18) can be visualized by Figure 3.2.
The function f; on the right-hand side of this figure is already close to f. Par-
titioning the intervals on the vertical axis again and again leads to better approx-
imations of f. Note that the horizontal axis does not have to be a subset of R;
instead, it can be any nonempty set Q.

Remember, the right-hand side of Equation (3.18) is just a symbol for the cor-
responding limit, i. e.,

[ee] n
Yoaily, = r}ggo;ailAi. (3.19)
Note that, for a; = 0, this limit always exists. <

Before turning to the definition of the integral of a nonnegative measurable
function let us use the properties (3.16) and (3.17) to define the concepts increas-
ing sequence of nonnegative step functions and pointwise convergence.

Definition 3.21 (Increasing Sequence of Nonnegative Step Functions)
Let (Q, of) be a measurable spaceand f: (Q,<f) — (R,%) a nonnegative mea-
surable function. A sequence fi, [>, ... of nonnegative step functions satisfying
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(3.16) is called increasing. If it also satisfies (3.17), then we say that fi, f>,...
converges pointwise to f and denoteitby f, 1 f.

Uniqueness of the Limits of an Integral

In Theorem 3.19 we have seen that every nonnegative measurable function f can
be represented by the limit lim ;. f, of an increasing sequence fi, f5,... of non-
negative step functions, i. e.,

f = lim f,. (3.20)

n—oo

The definition of the integral of nonnegative step functions implies that the inte-
grals of the functions f;, are increasing as well, i.e.,

foshn = [fudu = [ fdu vnen,

[see Bauer, 2001, proposition (10.7), p. 55]. Hence, the sequence of the integrals
either converges to a (finite) real number or diverges to +oo.

In Figure 3.2 we presented the first three nonnegative step functions fi, f3,
and f3 of such an increasing sequence fi, f>,... that approximates the function
f:R — R defined by Equation (3.15). Figure 3.3 visualizes the convergence of
the integrals [ f, d A with respect to the Lebesgue measure A on (R, %) (see the
shaded areas in Figure 3.3).

It should be noted, however, that there is not only one single increasing se-
quence of nonnegative step functions whose limit is f. This is illustrated in the
following example.

Example 3.22 (Uniqueness) For an example, constructasequence g, g, ... anal-
ogously to the sequence fi, f5,... in Example 3.17, using other partitions of the
interval [0, 1] on the vertical axis, e. g.,

{[0, .40, [.40,1]} and {[0,.20], [.20,.40], [.40,.80], [.80,1]}, etc.

Then g1, 8>, ... is a second increasing sequence that also approximates f. Figure
3.3 suggests that the specific choice of an increasing sequence of nonnegative
step functions is irrelevant for the limit of their integrals. And in fact, accord-
ing to the following theorem this does not only apply to our example and to the
Lebesgue measure A on 93, but to any nonnegative measurable function and any
measure (. <

Theorem 3.23 (Uniqueness of the Limits of Integrals)
Iffi, for... and g1, &, ... are two increasing sequences of nonnegative step func-
tions f,,gn: (Q, <, 1) — (R, B), then lim ;.00 fn = lim,_. g, implies
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Figure 3.3. Integral of nonnegative step functions w.r.t. the Lebesgue measure

For a proof see Bauer (2001, Corollary 11.2, p. 58).

lim
n—o00

ffndu = ,}ggofgndu-

(3.21)

According to this theorem, if we consider two increasing sequences of non-
negative step functions with identical limits, then we know that the limits of their
integrals are identical.

Definition of the Integral of a Nonnegative Measurable Function

Based on the result of Theorem 3.23, we define the integral of any nonnegative
measurable function.

Definition 3.24 (Integral of a Nonnegative Measurable Function)
Assumethat f: (Q, <, ) — (R,AB) isa nonnegative measurable function and
let f =1lim,_ f, be a representation of f as the limit of an increasing se-

quence fi, f», ... of nonnegative step functions. Then

[ran:=jim [ fuan

is called the integral of f (over Q) with respectto p.

(3.22)

Note that the integral of a nonnegative measurable function is either a non-

negative real number or +oo.

Example 3.25 (Integral With Respect to a Dirac Measure) Suppose the assump-
tions of Definition 3.24 hold. Then, for w € Q,
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f Fdb, = lim f o dde (3.22)]

n—oo
= lim_ f,(w) [(3.10)] (3.23)
= f(w). [(3.20)]

Hence, the integral of a nonnegative measurable function f with respect to the
Dirac measure at w is the value of f for w. <

We conclude this section by the following lemma on monotonicity of the inte-

grals of nonnegative measurable functions.

Lemma 3.26 (Monoto_nicity)
Iff,g: (Q,) — (R,9B) are nonnegative and measurable, then

f<sg = ffdu sfgdu. (3.24)

For a proof see Bauer (2001, p. 59, Eq. (11.8)).

Remark 3.27 (Bounds of the Integral of a Bounded Function) Let f: (Q, /) —
(R, %) be nonnegative and measurable and o € R. Then, for g = a, Equations
(3.24) and (3.5) imply

IA

fsa = ffd,u o-u(Q), (3.25)

and

\%

fza = ffd,u o- Q). (3.26)

3.1.3 Integral of a Measurable Function

Now we define the integral of a measurable function f: (Q,«/) — (R, %) using
the positive part f* and the negative part f~ of f that have been introduced in
section 2.4.2. According to Theorem 2.66, f* and f~ are both nonnegative mea-
surable functions. Reading the following definition, remember the conventions:
00+ 00 =00, —00— 00 = —00, X +00 =00, for all x e R, x —oo = —oo, for all x € R.
Also note that oo — oo is not defined, which has to be observed whenever integrals
are not necessarily finite.

Definition 3.28 (Integra_l of a Measurable Function)
Let f:(Q,o, 1) — (R,%) be a measurable function. If [ f*dyu or [ f~dpu
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are finite, then f is called quasi-integrable with respect to L, or simply
quasi-p-integrable, and

[raw=[r au-[rap (3.27)

is called the integral of f (over Q) withrespectto u. If [ f*dpand [ f~du
are both finite, then f is called integrable with respect to p, or simply -
integrable.

Remark 3.29 (Integrability and Quasi-Integrability) Of course, every integrable
measurable function is quasi-integrable and each nonnegative function is also
quasi-integrable. Furthermore, assuming that a function f: (Q, <, u) — (R, %) is
integrable or quasi-integrable includes the assumption that f is measurable. Fi-
nally, if f is u-integrable, then

—oo<ffdu<+oo,

i.e., the integral is finite, taking a value in R. If f is quasi-u-integrable, then the
integral may also be infinite, i. e., it may also take on the values +oco or —co. <

Remark 3.30 (A Standard Method for Proofs) The integral of a quasi-integrable
function has been defined in three steps, for nonnegative measurable step func-
tions, for nonnegative measurable functions, and for quasi-integrable functions.
Oftentimes, these steps are also followed in proofs of propositions involving inte-
grals. That is, in a first step it is shown that the proposition holds for nonnegative
measurable step functions. In a second step, using Equation (3.22), it is proven
for nonnegative measurable functions, and finally, Equation (3.27) is applied to
complete the proof for all quasi-integrable functions. An example is the proof of
Theorem 3.36. Oftentimes, we only detail the first step, in particular, if the re-
maining two steps are straightforward. <

Example 3.31 (Integral With Respect to the Lebesgue Measure 1) Figure 3.4 dis-
plays the integral of a function f: (R,%,1) — (R, %) with respect to the Lebesgue
measure A. Because f* and f~ are both nonnegative (see Rem. 2.62), the inte-
grals [ f*duand [ f~ dp are positive and identical to the white areas marked +
and - in Figure 3.4. According to Equation (3.27), the integral of f is the difference
between the area [ f* dp and the area [ f~ d p. N

Remark 3.32 (An Alternative Notation) An alternative notation for the integral
of fis

f fdu = f flw) pldow) = f o) pldw), (3.28)
Q

which explicitly uses the values f(w) of f. This notation conveys the idea that the
values f(w) of f are weighted by the measure of dw. If Q =R, then dw symbolizes
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fx)

15

—15

Figure 3.4. Lebesgue integral of a function from -5 to 5

the length of an infinitesimal interval between two elements in R. If Q is finite or
countable, then u(dw) symbolizes the value of u for the singleton {w} and the
integral can be written as a sum (see Example 3.16). <

Lemma 3.33 (Integrability Carries Over to Restrictions of Functions)
G) Iff: Qo u) — (R,%B) is quasi-u-integrable and A€ of, then 1, f is
quasi--integrable.
@) Iff: (Q, o, p) — (R, B) is u-integrable and A € of, then 1, f is p-inte-
grable.

(Proofp. 111)

Remark 3.34 (Integral of 1, f) Lemma 3.33 (ii) means: If f: (Q, </, p) — (R, B)
is p-integrable and A € &/, then

ffd,u is finite = flAf du is finite. (3.29)
<
If f: (Q, o, u) — (R, %) is quasi-p-integrable and A € «f, then Lemma 3.33 im-

plies that the integral [ 14 f d p is well-defined. Hence, we can now introduce the
integral of f over a subset A of Q as follows:
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Definition 3.35 (Inte§ral Over a Subset A of Q)
Iff: (Q,, u) — (R, A) is quasi-p-integrable and A € o, then

fAfdp ::flAfdu (3.30)

is called the integral of f over A with respectto (.

Because 1 f = f, a special case of Equation (3.30) is

Lfdlt:flgfdu:ffdu. (3.31)

3.2 Properties

In this section we consider some important properties and rules of computation
for the integral of a measurable function f: (Q, <, p) — (R, A).

Theorem 3.36 (Linearity)
Consider the functions f: (Q, <, ) — (R, %) and g: (Q, <, u) — (R, %B).

(i) If fis quasi-p-integrable and « € R, then of is quasi-u-integrable and

f(xfd,u:(xffdp. (3.32)

(ii) If f is quasi-u-integrable and g is pu-integrable, then f + g is quasi-u-
integrable, and

f(f+g)du = ffd;u+fgd;u. (3.33)

(Proofp. 111)

Combining propositions (ii) and (ii) of Theorem 3.36 immediately yields the
following corollary.

Corollary 3.37 (Linearity)

Consider the functions f: (Q, <, 1) — (R, %), g: (Q, <, u) — (R, B) and let
o, B € R. If f is quasi-u-integrable and g is p-integrable, then o f + g is
quasi-ji-integrable, and

f((xf+ﬁg)duz(xffdu+ﬁfgdu. (3.34)
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Linearity can also be used to prove the following corollary on the equivalence
of integrability of a measurable function f and finiteness of the integral of the
absolute value function |f].

Corollary 3.38 (Integrability and Absolute Value Function)
The function f : (Q, <, u) — (R, 2B) is u-integrable if and only if

flfld/,t<oo.

(Proofp. 115)

Example 3.39 (Integral Over the Union of Two Sets) If f: (Q, < u) — (R, %) is
p-integrable and A, B € «, then 1,5 f is p-integrable and

f fdp:flAugfdp:ffdp+ffdp—f fdu. (3.35)
AUB A B AnB
If AnB =0 and f is quasi-u-integrable, then
f fd,uzflAugfduszd,u+ffd,u. (3.36)
AUB A B

(see Exercise 3-8). <

Lemma 3.40 (Measures That are Identical on a Sub-c-Algebra)
Assume that f: (Q,<f, 1) — (R, B) is nonnegative or |i-integrable. Further-
more, let € c « be a o-algebra, let f be € -measurable, and suppose that
v(A) = u(A), forall A€ €. Then (Q,€,V) is a measure space and

ffdv =ffdu. (3.37)

(Proof p. 115)

Hence, the integral [ fdp only depends on the values of p on the o-algebra
o(f), the o-algebra generated by f.

Lemma 3.41 (Integrable Functions are y-a.e. Real-Valued)
Let f: (Q, o, ) — (R, ) be measurable. If f is p-integrable, then f is real-
valued p-almost everywhere. If f is quasi-ji-integrable, then

pfweQ: flw=oco0}) >0 = ffdu = oo, (3.38)

p{oeQ: flw)=-c0}) >0 = ffdu = —oo. (3.39)
(Proofp. 115)
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Remark 3.42 (Integrable Functions are Assumed to be Real-Valued) Contrapo-
sition of (3.38) and (3.39) yields: If [ fdyu is finite, then f(w) € R (i.e., —oco <
f(w) < o0), for p-almost all w € Q (see Def. 2.68 and Remark 2.70). In this case,
there is a real-valued measurable function f*: (Q, </, u) — (R,%) with f* = f-
(For example, define f*:=1,-f+14c-0=14- f for A:={w € Q: f(w) € R}). There-
fore, without substantial loss of generality, for simplicity, we often assume that a
function is real-valued if it has a finite integral. <

3.2.1 Integral of p-Equivalent Functions

The concept of equivalence of two measurable functions with respect to a mea-
sure has already been introduced in section 2.5. Now we treat the relationship of
this concept to the integrals of two numerical functions.

Theorem 3.43 (A Condition Equivalent to f = 0)
If f: (Q,ef p) — (R,B) isa nonnegative measurable function, then

ffdpzo & ffO. (3.40)

For a proof see Bauer (2001, Theorem 13.2, p. 71).

Lemma 3.44 (Integral of a Positive Function)
Iff: Q9w — (R, B) is quasi-p-integrable and there is an A € of such that
1(A) >0and f(w) >0, forall w € A, then

flA-fdu > 0. (3.41)

(Proofp. 116)

If (Q, o, ) is a measure space, then a set A € of with u(A) = 0 is called a null
set with respect to u. In the following lemma we consider the integral over such a
null set (see Exercise 3-9).

Lemma 3.45 (Integral Over a Null Set)
Let f: (Q, <, p) — (R, &) be measurable. If Ae o, with u(A) =0, then 14 - f
is u-integrable and

ffduzflA-fduzO. (3.42)
A

(Proofp. 116)
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Remark 3.46 (Integration Over Null Sets Can be Neglected) The conjunction of
Equations (3.36) and (3.42) implies: If f is quasi-u-integrable and A€o/ with
1(A) =0, then

ffdp:fgfd,u:fQ\Afdp+fAfdp:fQ\Afdp. (3.43)

<

Lemma 3.47 (Integrals of ;-Equivalent Functions)
Let f,g: (Q, o, u) — (R, %) be quasi-u-integrable. Then

fzg = ffdu =fgdu. (3.44)
(Proofp. 116)

The following theorem presents a condition that is necessary and sufficient for
u-equivalence of f and g.

Theorem 3.48 (Identity of Integrals of -Equivalent Functions)
Iff,g: Qe p) — (R, B) are u-integrable, then

ffg & fAfd,u:ngdu, VAed. (3.45)

(Proofp. 117)

In section 3.4 we shall see that, if f and g are u-integrable and nonnegative,
then itis sufficient to consider the integrals over all sets Ain a N-stable generating
system of o in order to show p-equivalence of f and g (see Th. 3.68).

Remark 3.49 (A Counter-Example) Note that Equation (3.45) does not hold if
f, g are nonnegative but not y-integrable measurable functions. This is exempli-
fied as follows: Consider f, g: (R, </, ) — (R, %), where of = {R,Q}, U(R) = oo,
f=1andg=2.Then [; fdu= [ggdu=ocand [, fdu= [,gdu=0.Hence,
Jofdu= [,gdu, forall Ac </, but f and g are not equivalent with respect to p.

<

Remark 3.50 (Some Special Cases) Theorem 3.48 implies: If f : (Q, <, ) — (R, %)
is a measurable function, then f T aE R, is equivalent to

ffd,u =f(xdu =f1A(xd,u = (x-flA du = a-u(A), VAeo. (3.46)
A A

Furthermore, f = 0 is equivalent to
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ffdu =0, VAed, (3.47)
A

using the convention 0-oo = 0, if necessary.
An immediate implication of Equation (3.46) for A=Q is

f T aeR = ffdp = a Q). (3.48)

For a = 0, this yields
ffO > ffd,uzo. (3.49)
<

Remark 3.51 (Almost Everywhere) The notion of p-equivalence of f and g is
an example of a property that holds for all w € Q\ A with p(A) = 0. We also say
that such a property holds p-almost everywhere (u-a.e.). Another example is the

property
fw) = glw), VYoeQ\A and u(A4) =0,

which is denoted by f =8 <

The proposition of Lemma 3.47 analogously holds for the relations = and <.
The following theorem generalizes Lemma 3.26.

Theorem 3.52 (Monotonicity)
Letf, g: (Q, o u) — (R, %) be measurable functions.

(i) Iff and g are quasi-u-integrable, then

f 55 = ff du ng apu. ( monotonicity)  (3.50)

(i) Ifu(Q) >0 and f, g are u-integrable, then

f <g = ff au <fgdu. (strict monotonicity)  (3.51)
(Proofp. 117)

3.2.2 Integral With Respect to a Weighted Sum of Measures

In Example 1.61 we already noted that a weighted sum of measures with nonneg-
ative weights is again a measure. As a special case, if y is a measure on (Q, «/) and
« is a nonnegative number, then a- 1 is a measure on (Q, &) as well. Furthermore,
if f is y-integrable, then

ffd((x,u)zfafduz(xffdu (3.52)

(see Exercise 3-10). This is generalized in the following theorem.
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Theorem 3.53 (Integral With Respect to a Weighted Sum of Measures)
Iff: Q) — (R, B) is measurable and nonnegative, [, [, ... are measures
on (Q, ), and ay,0,,... € R are nonnegative, then

[ra(Com) =3 o [ rau. (359
i=1 i=1

For a proof, see Equation (3.52) and Bauer (2001, Example 3 on page 61).

If we consider a finite weighted sum of measures, the assumption that f is
nonnegative can be replaced by integrability of f. In the following theorem we
consider a weighted sum of two measures. In Remark 3.55 we extend the result to
a finite weighted sum of measures.

Theorem 3.54 (Integral With Respect to a Weighted Sum of two Measures)
Let 1, o be measures on (Q, ). If f: (Q, <, p) — (R, B) is integrable with
respect to |4, and |y, and 0 < a,, 0 € R, then f is integrable with respect to
o M + 0, iy, and

ffd(a1u1+(x2u2) = (lefd[.ll + (Xszd[.lg. (354)

For a proof, see Equation (3.52) and Bauer (2001, Example 5 on page 67).

Remark 3.55 (Integral With Respect to a Finite Weighted Sum of Measures)
By induction, Theorem 3.54 yields, for nonnegative «y,...,a, €R,

n n
ffd(Z(xim) =) (xiff du;, (3.55)
i=1 i=1
provided that f is integrable with respect to all measures y,,..., ty. <

Example 3.56 (Integral With Respect to the Weighted Sum of Dirac Measures )
Let (Q, «/) be a measurable space and, for i €N, let w; € Q, o; € R, a; =0, and d ),
denote the Dirac measure at w;. Then

(o)
p=> by, (3.56)
i=1

defined by pu(A) = Z;":’l a; 0y, (A), for all A€ o, is ameasure on (Q, «/) (see Exam-
ple 1.61). For any nonnegative measurable function f: Q — R we obtain
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ffd,u = fd) a;by, [(3.56)]
i=1

=Y a; | fdby, [(3.53)] (3.57)
i=1

=) a; flwy). [(3.23)]
i=1

For u(A) = XX, a; 6, (A), for all A € o, Equation (3.57) with «; = 0 for i > n,
yields

ff dp =) o f(w). (3.58)
i=1

Hence, the integral of a nonnegative measurable function f with respect to a fi-
nite or countable weighted sum of Dirac measures with nonnegative weights is a
weighted sum of values of f. <

3.2.3 Integral With Respect to an Image Measure

The next theorem is relevant whenever we consider the integral of a composition
go f of a mapping f with a numerical function g [see Eq. (2.25)] or the integral
with respect to the image measure u of p under f [see Def. 2.79].

Theorem 3.57 (Transformation Theorem)
Let f: (Q, ¢, pu) — (Q, ") and g: (Q', #') — (R, %) be measurable.

(i) If g is nonnegative or integrable with respect to i, then
fgdufzfgofdp. (3.59)

(ii) g isintegrable with respectto iy if and only if go f is u-integrable.

For a proof, see Bauer (2001, Corollary 19.2.1, p. 110).

If f:(Q, o, u) — (R,%) is a numerical measurable function and we replace
g by the identity function id: (R, %) — (R, %), then Theorem 3.57 implies the
following corollary.

Corollary 3.58 (An I@plication of the Transformation Theorem)
Iff: (Q,, u) — (R, AB) is nonnegative or -integrable, then

fiddufzf]ﬁiddpf:ffdpzfgfdu. (3.60)
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Using the alternative notation of an integral introduced in Remark 3.32, Equa-
tion (3.59) can also be written

flﬁg(x) wy(dx) =ng[f(m)] uldw). (3.61)

Correspondingly, Equation (3.60) can also be written

f_xuf(dx) =ff(w) pdw). (3.62)
R Q

In Definition 3.10 we considered the case in which f = Zi":l a; 1,, isanonneg-
ative step function and defined its integral by [ fdu = X" | o; u(A;), presuming
that A,,..., A, are pairwise disjoint. Now we consider a measurable function f
with a finite number of values, which can be 0, positive, or negative.

Corollary 3.59 (Integral of a Function With a Finite Number of Values)

If (Q, 4, ) is a measure space and f = Y.[' | a; 14, with pairwise different
a,...,0, € R, o; # 0, and pairwise disjoint A,,...,A, € <, then f is u-
integrable if and only if u(A;) < oo forall i = 1,...,n. If f is u-integrable,
then

n n
fap =73 o puA) =Y a; ppliog)). (3.63)
i=1 im1

(Proofp. 118)

3.2.4 Convergence Theorems

The next two theorems deal with convergence of integrals. In the first one, we
assume that fi, f»,... is an increasing sequence of measurable functions that con-
verge to f.

Theorem 3.60 (Monotone Convergence; B. Levi)
Let the functions f,,: (Q, <, 1) — (R, &) be measurable, forall neN.

(i) If the sequence fi, f>,... is increasing with lim,_ f, = f and the
functions f,, are nonnegative for all n € N or -integrable forall n € N,
then

ff dyp = lim ffn apu. (3.64)
1—00
(ii) Ifthe functions f; are nonnegative for all i € N, then

f(if) dp = 2 fidp. (3.65)

The integrals on both sides are finite or +oo.
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For a proof of (i), assuming nonnegativity, see Bauer (2001, Theorem 11.4, p. 59).
For a proof of (i), assuming integrability, see Klenke (2008, Theorem 4.20, p. 93).
For a proof of (ii), see Bauer (2001, Corollary 11.5, p. 60).

Note that, by definition of an ‘infinite sum’ (see Box 0.1), Equation (3.65) is
equivalent to

n n
f( lim Zf,-) du = lim Zfﬁ du. (3.66)
n—oo 3 n—oo i)

In the next theorem, we replace the assumption that f}, f5,... is increasing by
the assumption that there is a g-integrable function g dominating the absolute
value functions of all f,,.

Theorem 3.61 (Dominated Convergence; Lebesgue Convergence Theorem)

Ifg, fu: (Q,of 1) — (R,%B), neN, are u-integrable and there is a measurable

function f: (Q,<f, 1) — (R, B) with nlirn fu=1f and|f,| < g foralln e N,
—00

then

ffdu :;}EIoloff" du, (3.67)

and this integral is finite.

For a proof, see Bauer (2001, Theorem 15.6, p. 83).

3.3 Lebesgue and Riemann Integral

The Lebesgue measures 1,, on (R", 9,), n = 1,2,3, represent length, area, and
volume, respectively. As the examples illustrated by Figure 3.4 shows, the integral
of the (28, %8)-measurable function f: R — R with respect to the Lebesgue mea-
sure A = 1y, i.e., the Lebesgue integral, yields the difference between the areas
marked by + and the areas marked by —, respectively.

It is useful to know conditions under which the Lebesgue integral and the Rie-
mann integrals are identical, because a lot of tools are available for Riemann inte-
gration (see, e. g., Ellis & Gulick, 2006). The following theorem is proved in Klenke
(2008, Theorem 4.23, p. 96), who also provides a brief definition of the Riemann
integral and Riemann integrability.

Theorem 3.62 (Lebesgue Integral and Riemann Integral)
Let A denote the Lebesgue measure on (R, 9%8) and let[a,b], a,be R, a<b,

be a closed interval. If f:[a, b] — R is Riemann integrable on [ a, b], then f is
A-integrable, and

b
f fx) dx :f fda :f fx) Adx) = fl[a,b] -fdA, (3.68)
a [a,b] [a,b]
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Figure 3.5. Illustrating the construction of the Riemann integral 3.22

b
where f f(x) dx denotes the Riemann integral from a to b.
a

Note that Y
f f(x)dx = F(x) b := F(b)-F(a), (3.69)
a a

where F is an antiderivative of f.

Remark 3.63 (Lebesgue vs. Riemann Integral) If we want to define the integral
of a measurable function f: (Q, /) — (R, 28), where the set Q is not necessarily
a subset of R, then this means that the traditional Riemann integral cannot be
used. The Riemann integral is constructed by partitioning the domain of f, the
set R of real numbers into small intervals and adding the area of the rectangles on
these intervals in order to approximate the area under the function f: R — R (see
Fig. 3.5). If Q ¢ R, then this idea does not work any more. Instead, the Lebesgue
integral is constructed by partitioning the codomain of f, which is the set R of
real numbers into small intervals (see Fig. 3.4). This is also possible if Q ¢ R, and
in this aspect, the Lebesgue integral is more general than the Riemann integral.

<

Note, however, that even if the domain of f is a subset of the set of real num-
bers, there are functions for which the Lebesgue integral exists and the Riemann
integral does not exist (see, e. g., Klenke, 2008, Example 4.24). Also note that there
are functions that are Riemann integrable on a half-open or unbounded interval
but not Lebesgue integrable (see, e. g., Klenke, 2008, Remark 4.25, p. 97).

Example 3.64 (Using the Riemann Integral) As a simple application of Theo-
rem 3.62 consider the function f defined by f(x) = 10 — x on a closed interval
[a,b]. Because f is a continuous function, it is Riemann integrable. Hence, we
can apply Equation (3.68). For a = —5 and b = 5, this equation yields
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5 -
f fd/l:f f(x)dx = 16.6
[-5,5] -5

(see Exercise 3-11). This integral is the difference between the areas marked by +
and the areas marked by — in Figure 3.4. <

3.4 Density

A density f can be interpreted as a weighting function of the values of the orig-
inal measure u. If we consider a measure p on a measurable space (Q, <) with
1({x}) > 0 for all x € Q, then this means that the values u({x}) of the singletons
{x} are multiplied by a nonnegative number f(x). If we consider the Lebesgue
measure A on R, then, intuitively speaking, any infinitesimal interval dx gets a
weight f(x). Using such a density, a new measure v on & is introduced, where
v(A) is the integral of f over A with respect to u. The most important examples
are densities with respect to the Lebesgue measure (see Example 3.69).

Theorem 3.65 (Measurg With Density)
Let f: (Q, o 1) — (R, %) be a nonnegative measurable function. Then the
functionv: o/ — R defined by

v(A) =ffdp, VA€o, (3.70)
A

is a measure, called the measure with density f with respect to . It is
denoted by fopu, i.e., fou:=v.

For a proof, see Bauer (2001, Theorem 17.1, p. 96).

The notation fou has been adopted from Elstrodt (2007, p. 127). Using this
notation, Equation (3.70) can also be written

fou(A) :ffdp, VAed. (3.71)
A

Definition 3.66 (Density)

Let v be a measure on (Q, /). If f: (Q, <, ) — (R, 2B) is a nonnegative mea-
surable function satisfying Equation (3.70), then it is called a density of v
with respect to [L.

The following theorem generalizes Equation (3.52).
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Theorem 3.67 (Integral With Respect to a Measure With Density)

Let (Q, o, 1) be a measure space and f: (Q, /) — (R, %) a nonnegative mea-
surable function. Furthermore, let fou: «f — R be the measure with density
f with respect to L and let g: (Q, <) — (R, %) be measurable.

(i) If g is nonnegative, then

f gdfop = f g fdp. (3.72)

(ii) g is integrable with respect to fou ifand only if g - f is u-integrable.
(iii) If g is integrable with respect to fo u, then Equation (3.72) holds.

For a proof, see Bauer (2001, Theorem 17.3, p. 96, 97).
In the following theorem we summarize some necessary and sufficient condi-
tions for p-equivalence of measurable functions on a measure space.

Theorem 3.68 (Necessary and Sufficient Condition of u-Equivalence)
Letf, g: (Q, <, p) — (R, ) be measurable functions, let & c <f , and consider:

@ f ¢

(b)ffd,u:fgdu, VAe .
A A

(© fou = gou.

(d)ffduzfgdu, VAe&.
A A
Then:

(i) (a) = b), if f and g are quasi-u-integrable.
(ii)) (a) < (b), if f, g are u-integrable.
(iii) (a) < (o), if f, g are p-integrable and nonnegative.
(iv) (@< (b)< (0)< (), iff, g are u-integrable, nonnegative, and & c <f
is N-stable with o(&) = «.
(Proofp. 119)

Example 3.69 (A Density of the Normal Distribution) As a special case of Equa-
tion (3.70) consider

v(A) :ffd/l, VAed, (3.73)
A
with

1 —x?
fo0 = = .exp(T), xeR. (3.74)
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fx)

F(0) =.500 F(1) - F(0) = .341

Figure 3.6. Integral of a density for two intervals

In this case, the measure v = fo A is a probability measure and it is called the
standard normal distribution. For an interval [a, b], Theorem 3.67 yields

b
v([a,b]) =f1[a,b] dv = fl[u’h] df@/l = fl[a'b]f dlA Zf f(x) dx, (3.75)
a

because f is Riemann p-integrable (see Th. 3.62). According to this equation, the
value v([a, b]) of the interval [a, b] can be represented as the area between the
density and the x-axis above [a, b]. Figure 3.6 illustrates this fact for the interval
[0,1]. In this figure,

F(o) :f f(x)dx, aeR, (3.76)

denotes the corresponding distribution function (see Def. 5.77), which is a special
antiderivative of f [see Eq. (3.69)]. <

3.5 Absolute Continuity and the Radon-Nikodym Theorem

Let pand v be measures on a measurable space (2, /). A necessary and sufficient
condition for the existence of a density of v with respect to u is formulated in the
Radon-Nikodym Theorem (see Th. 3.72), which is used not only for densities but
also introducing conditional expectations (see ch. 10). The following definition
prepares this theorem.

Definition 3.70 (Absolute Continuity)
Let u and v be measures on a measurable space (), /).

(i) The measurev is called absolutely continuous with respect to (,
denotedv K, if
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VAed: u(A)=0 = v(A4)=0. (3.77)

(ii) The measures pu and v are called null-set equivalent, denoted
V=, ifvffu and p v, i.e., if

VAed: pu(A)=0 < v(A4)=0. (3.78)

If there is ambiguity about the measurable space, we use the terms abso-
lutely continuous on (Q,<) and null-set equivalent on (Q,</).

Remark 3.71 (An Implication) If there is a density f of v with respect to y, then
V. This is a straightforward implication of Lemma 3.45 and (3.72) (see Exer-
cise 3-12). <

Vice versa, if v L then, according to the following theorem, there is a density
f of v with respect to u, provided that ¢ and v are o-finite (see Definition 1.62).

Theorem 3.72 (Radon-Nikodym)
Let u and v be o -finite measures on a measurable space (Q, /).

(i) Thenv has a measurable density with respect to u if and only if v < p.
This density is denoted by g—; and called Radon-Nikodym deriva-
tive.

@ii) If v L, then Z—Z is real-valued [1-almost everywhere.

For a proof, see Klenke (2008, Corollary 7.34, p. 157) or Bauer (2001, Theorem
17.10, p. 102 and Theorem 17.11, p. 104).

Remark 3.73 (u-Equivalence of Densities) Theorems 3.72 and 3.68 (iii) imply
that all densities of v with respect to u are pairwise u-equivalent, provided that
they exist. For o-finite measures p and v, each density Z—Z is also called a Radon-
Nikodym derivative (of v with respect to p). <

Remark 3.74 (An Implication of the Radon-Nikodym Theorem) Theorem 3.72
implies for o-finite measures v and u: If v and p are null-set equivalent, then Z—;
and % both exist. <

The Radon-Nikodym theorem is used to prove the existence of the conditional
expectation [see the proof of Theorem 10.9 (Bauer, 1996, Theorem 15.1, p. 111)].
The following corollary immediately follows from Theorems 3.68 and 3.72.
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Corollary 3.75 (An Implication of the Radon-Nikodym Theorem)
Let y and v be o-finite measures on a measurable space (Q, /), and suppose
VL. Furthermore, let g: (Q, /) — (R, 98) be a measurable function.

(i) If g is nonnegative or v-integrable, then
dav

dv = -—dp. 3.79

[eav=[e G an 6.79)

(ii) g isv-integrableif and onlyif g- Z—l‘: is p-integrable.

3.6 Integral With Respect to a Product Measure
The following theorem shows that integration with respect to a product measure

can be decomposed into a two-fold iterated integration where the order of inte-
gration is arbitrary.

Theorem 3.76 (Fubini)
Let (Qi,d&ui), i = 1,2, be o-finite measure spaces and let f: Oy x Qy — R be
(o) ® b, 9B)-measurable. Furthermore, let f;: Q; — R,i=1,2, be defined by

filwy) :=ff(m1,mz)u2(dwz) and  f(w,) :=ff(w1,wz)/u1(dw1).

If f is nonnegative or integrable with respect to the product measure [; ® (i,
then the functions f; are («/;, %) -measurable, i = 1,2. Furthermore,

f fd(meu,) = f w1, 0) 11 ® s [d(wy, w,)]
Q1 xQ Q1 xQ
= f ( f (w1, ) ﬂz(d(ﬂz)) i (dwy) (3.80)
(9] Qo

Zf ( f(wl,wz)m(d(ﬂl))llz(d(ﬂz)-
Q)

Q1

For a proof, see Klenke (2008, Th. 14.16, p. 276). If f = 1. for C € o) ® of,, then this
theorem and (3.9) immediately yield the following corollary:

Corollary 3.77 (Indicators)
Let (Q;, <4, i), i = 1,2, be o-finite measure spaces and let f: 0 x Q, — R be
(et ® o, B)-measurable. Furthermore, let C € <) ® o/, and define
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V()Jl € Qll Cwl = {(,02 EQZZ (UJI,UJZ) e C}
and
Vwy € Qi Cy, :={w; € Qy: (w1,w,) € Cl.

Then

1 ® o (C) =fﬂ2(coa1)l~l1(dw1) =fl~l1(coa2)l~l2(d0)2)- (3.81)
(Proofp. 119)

Remark 3.78 (A Special Case) Choosing C = A, x A,, Equation (3.81) yields

U1 ® U2 (A x Ap) Zfﬂz(Az) wdwy) = Mz(Az)'fﬂl(dw1) = w1 (A1) - t2(Ag),

which is consistent with Equation (1.49). <

3.7 Proofs

Proof of Lemma 3.33

(i) If f is measurable and A € o/, then 1, is measurable as well (see Th. 2.57 and
Example 2.12). Suppose that f is quasi-u-integrable, i. e., suppose that [ f*du or
J f~du are finite. Because

Wf)T = 1uf" and (1af)” = Laf”

as well as
0<1,f"<f" and 0<1,f =<f",

monotonicity of the integral of nonnegative measurable functions (Lemma 3.26)
yields

0 sf(lAf)+dp :flAf+du sffﬂ:lu
and

0 < [aunrdu=[1ran <[ ran

which implies that [ (14 f)*dpor (14 f)” dpis finite. Hence f is quasi-u-integrable.

(ii) If f is p-integrable, then [ f*du < oo and [ f~du < oco. Just like in the
proof of (i) this implies [(14f)*du < oo and [(14f)”du < oco. Hence, 1,f is u-
integrable.

Proof of Theorem 3.36

() Step 1: Let a = 0, f be a nonnegative step function, and f = ¥, a;1,, a
normal representation (see Rem. 3.8). Then, according to (3.4),
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n
f(xfd,u:f(xZ(x,-lAidp [Rem. 3.8]
i=1
nl
:fZ((X(xi)lAidIJ
=1
nl
=) (oa) p(Ay) [(3.4)]
i=1
l n
=) o p(A)
i=1
- o f fdu. (3.4)]

Step 2: Let a = 0, f be a nonnegative measurable function, and fi < f, < ...
an increasing sequence of nonnegative step functions with lim, . f, = f (see
Th. 3.19). Then, according to Equation (3.22),

[ardu=[alim s, dn

fy}ggo(afn)du

lim f o«fy du (3.22)]

n—oo

=« limffndu

n—oo

o f fdp. (3.22)]

= lim (xffn du [Step 1]

Step 3: Assume that a = 0 and that f is quasi-u-integrable. Because o f =

alfF =f=aff-af”,

fafdu :faf+ du —fcxf‘du [(3.27)]
=aff+du—aff’du [Step 2]
elfranfr o
= affdu. [(3.27)]

This proves Equation (3.32) for a = 0. For a < 0, note that
(@f)f = —af” and (af)” = —af”. (3.82)

Therefore,

fafdu =f((xf)+ du —f(af)‘du [3.27)]
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=f(—a)f‘du —f(—a)f+du [(3.82)]
—(xff_dp - (—(x)ffﬂilu [-a >0, first part of Step 3]

([ fr

o f Fdp. (3.27)]

This shows that fafdu = « [ fdu holds for all « € R all quasi-u-integrable
f, and therefore also for all integrable f. This also implies that « f is quasi-pu-
integrable or u-integrable if f is quasi-u-integrable or u-integrable, respectively.

(ii) Step 1: Let f and g be nonnegative step functions and let f =Y. | a;14;,
g= Z;”: 1Bl i be normal representations (see Rem. 3.8) with U le A; =Qand
U ]’Z . Bj = Q. (Note that these latter requirements can always be fulfilled using
A, =Q\ U;‘z‘ll A;and a, =0, if f = Z;‘:‘ll a;14; is already a normal representa-
tion.) Then f+g=Y1" o;1ls + Z;?il P;1p; is again a nonnegative step function
(see Def. 3.9) and

n m
f+g = Z ZYijlcij
i=1j=1

is a normal representation, where C;; = A; N B; and v;; = a; + ;. Note that some
of these sets C;; may be empty. Now,

n m
ff"‘gd.u Z Z Yij /J(Cz]) [(3.4)]

i=1j=1
n -m

=Y ) (a;+PB)) u(A;inB))
i=1j=1
n m

=2 )Y % p(AinB)) +ZZFJ]#(A nB))
i=1j=1 i=1j=1
n m

=Z Z u(AiNB)) +Zﬁjzu(AmBj)
=1 j=1 j=1 =1
n

= Z (A + Z B; 1(B)) [Rem. 1.47]
ffdu +fgdu [(3.4)]

Step 2: Let f,g be nonnegative measure functions and fi < o <..., &

g < ... increasing sequences of nonnegative step functions with lim,_. f, =
and lim,_., g, = g, respectively (see Th. 3.19). Then fi+g < fo+g < ...
an increasing sequence of nonnegative step functions with lim, .. (f, + g,) =
limy,—o fr +lim,—oo o = f + 8. Then

» % IA
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ff+gdu =f,}iggo(fn+gn)du
= Jim [ (/g du (3:22))
:y}glgo(ffndp +fg,,dp) [Step 1]

—,}iggoffndu+,}iggofgndu

[(3.22)]

Il
—
~
QU

=
J’_
—
oq
xu
=

Step 3: Assume that f is quasi-u-integrable and g is y-integrable. Then
f+reg=f"-f"+g"-¢g,
f+g=(f+"-(f+g) .

This implies

f+e -+ =f"-f +g"-g",
which is equivalent to

(f+7+f +g = (f+®) +fT+g".
Applying the result of Step 2 yields

f(f+g)+du +ff‘du +fg‘du

(3.83)
=f(f+g)_d,u +ff+du +fg+du-

If g is p-integrable, then [g*du and [g~ dp are finite, and if f is quasi-u-
integrable, then at most one of [ f*dpu and [ f~d p is infinite, the other one is
finite. Furthermore, (f+g)* < f*+g" and (f+ &)~ < f~+ g~. Hence, Lemma
3.26 implies

f(f+g)+du sff++g+d,u=ff+d,u+fg+du (3.84)
and
f(f+g)_du sff_+g_d,u =ff_d,u +fg_du.

Therefore, at most one of the integrals [(f + g)* dp and [(f + g~ d u is infinite
and this implies that f + g is quasi-u-integrable. If [(f + g)" d u = oo, then

[r+pan=[rorau-[+odn =
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and, according to (3.84), f f* du=oo. This implies

[rauw+ [gan=[rran-[rau+ [gan=c.

Analogously, if [(f + &)~ d u = oo, then

f(f+g)du = —o0 = ffdu +fgdu-
Ifboth, [(f+g) " duand [(f + g~ d p are finite, then (3.83) is equivalent to
f(f+g)+du —f(f+g)‘du =ff+du —ff’du +fg+du —fg‘d/u,
which in turn is equivalent to

f(f+g)du =ffdu +fgdu-

Proof of Corollary 3.38

Because |f| = f* + f~, this proposition immediately follows from the definition
of integrability (see Def. 3.28) and linearity of the integral [see Eq. (3.34)].

Proof of Lemma 3.40

If f is 6-measurable, then f* and f~ are 6-measurable as well (see Th. 2.66).
Furthermore, f* and f~ can be represented as limits of increasing sequences
of nonnegative step functions on (Q, %) [see Th. 3.19 (i)]. Hence, according to
Equations (3.22) and (3.4), the values of the integrals [ f*du and [ f~du only
depend on the values u(A), Ae%. Therefore, if u and v are identical on €,
then [ fdu = [ fdv, for all €-measurable functions that are nonnegative or u-
integrable.

Proof of Lemma 3.41
The proof is by contraposition. Define
Ay ={weQ: f(w)=o0} and A_:={weQ: f(w) =—oc}.
If u(Ar UA_) >0, then u(Ay) >0 or u(A-) > 0. Now, if u(A4) > 0, then define

the increasing sequence g,: Q — [0,00), n€ N, by g, =n-1,,.Because 14, -f* =
hmn—»oo gn)
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ff*du =f1A+-f+du +f1mA+-f+du [(3.36)]
= r}i_l}gofg,,dp +f19\A+-f+dp [Def. 3.24]
= r}l_l}go n-ly, du +f19\A+~f+dp
= lim n-p(A4) +le\A+'f+d,u ((3.4)]
= oo.

Analogously we can prove that [ f~du = oo, if u(A-) > 0. Hence, f is not p-
integrable.

Proof of Lemma 3.44

If f(w) >0, forall w e A, then 1, f: (Q, o, p) — (R, %) is a nonnegative mea-
surable function (see Th. 2.57). Hence, [1,- fdu = 0 (see Defs. 3.24 and 3.10).
Because ,u({m €Q: (1, f(w) > 0}] = u(A), the assumption u(A) > 0 implies that
14 f = 0 does not hold. Therefore, according to Equation (3.40), [1,- fdu # 0,
and we can conclude: 1, fdu>0.

Proof of Lemma 3.45

If f is measurable and A € o with (A) =0, then 1, f is measurable (see Th. 2.57)
and 1, f = 0 (see Exercise 3-9). This implies (1, f)* = Oand (14 f)~ = 0. Now
Equation (3.40) yields [(14- f)*du =0 and [(1,- f)"du = 0. Hence, [1,- fdu
exists (see Def. 3.28) and Equation (3.27) implies

flA-fdu :f(1A~f)+d,u - f(lA-f)‘du = 0.

Proof of Lemma 3.47

Define A:={w € Q: f(w) # g(w)}. Then f T8 implies p(A) = 0. Hence,

f fdu = f fdy (3.43)]
Q\A

= gdu [Def. of A]
A

= f gdp. [(3.43)]
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Proof of Theorem 3.48
(@

f, g are p-integrable and f =8
> VAeof: 14 f = 14-g and 14- f, 14- g are p-integrable [(2.33), (3.29)]

=> VAed: ffdp :fgdu. [(3.44)]
A A

(b) If f, g are u-integrable, then f, g are real-valued p-a.e. (see Lemma 3.41).
Hence, for

B := {weQ: f(w) € {—00,00}} U {weQ: g(w) € {—o0o,00}},
1(B) =0. Now define
As = {weQ: flw)>gw)} and A< :={weQ: f(w) <gw)}.

Then

VAEd:ffdu :fgdp
A A

S vaes: [ fau =f gdy [(3.43)]
AnB¢ AnB¢
=> VA ed:f (f-8dp =0 [f, g p-integrable, (3.34)]
AnB¢
=> (f-gdu =0 and (f-gdu=0 [As, Aced ]
AsnB¢ A<nB¢
= pw(A-nB° = 0and u(A<nNB) =0 [(3.44)]
= ulAsUAL)
= u((A>sNBYU(A>NB)U(A<NB)U(A<nB)) =0 [Box 1.1 (ii)]
=>fzg [Def. 2.68]
Proof of Theorem 3.52

(i) Define A:={weQ: f(w)>g(w)}. Then f % g implies p(A) = 0. Furthermore,
define

Ao = {0 € Q\A: f(w)=—-00} and Ax = {weQ\A: f(w) = g(w) =o0}.

If p(A_oo) > 0, then [ fdu = —oo [see (3.39)]. Therefore, [ fdu < [ gdu. If u(Ax) >
0, then [ fdu= [ gdu = oo [see (3.38)], and therefore [ fdu< [ gdp.

If u(A_x) = H(Ax) =0, then f, g are real-valued p-a.e. Now define B := (Q\
A\ (Ao UA_o), i.e., u(Q\ B) =0and
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Yw e B: f(w), g(w) are finite, f(w) < g(w).

If [(13f)"du = oo, then [, fdu = —oco. Hence, [ fdu < [gdp. If [(1pf)*du =
oo, then 13 f < 1pg implies (13 f)* < (139)" and [(138) " du = oo [see Eq. (3.24)].
Therefore, [ fdu = [ gdu = oo, which implies [ fdu < [ gdp.

Now, ifall (13 )%, (1), (18", (13g)~ are u-integrable, then

fgd,u =fBgd,u [(3.43)]
= fB(f+ g—du [1zf, 1zg are real-valued]
- fB Fdu + fB (g- Ndp ((3.30)]
> fB fdu 1s(g— f) =0, (3.24)]
- f fdp. ((3.43)]
(ii) Define

B := {weQ: f(w) €{—00,00}} U {weQ: g(w) € {—o00,00}}.

If f, g are y-integrable, then Lemma 3.41 implies u(B) = 0. Furthermore, define
A:={weQ\B: f(w) = g(w)}. Then ffg implies u(A) = 0. Hence, u(AUB) =0
[see Box 1.1 (xi)]. Now,

fgdu =f gdu ((3.43)]
Q\(AUB)

= f (f+g-Hdu [Lo\uus fr Lovuus g are real-valued]
Q\(AUB)

:f fdu +f (g-Ndu [(3.34)]
Q\(AUB) Q\(AUB)

>f fdp. [Lo\uus (88— ) >0, u(Q\ (AUB)) >0, Lem. 3.44]
Q\(AUB)

Proof of Corollary 3.59

Assume that f: (Q, /) — (R, %) is measurable with a finite number of positive
values ay,...,a, > 0 and a finite number of negative values a,,+1,...,a, < 0. By

convention, if m=n, then ., a; 14, =0, and if m=0, then ¥ «; 14, = 0.
Then
n m n
f = Z(X,‘ 1Ai = Z(X,‘ 1Ai + Z ailAi
i=1 i=1 i=m+1
and f*=Y" a; 14, aswellas f~=-3" o 1y, =X" . —a; 1. There-

fore,
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m n
ff%iuzZa,-u(Ai) and ff‘d,uz Y -y A,
i=1

i=m+1

and [ f*duaswellas [ f~ dparefinite ifand only if u(A;) < oo, foralli =1,...

Now, u(A;) <oo,foralli=1,...,n, implies

ffdu = ff+du—ff_du [Def. 3.28]
=) o plA) + Y a p(A)
i=1 i=m+1
=) o p(A)
i=1
= Y o prfag}) [Def. 2.79, (2.44)].
i=1
Proof of Theorem 3.68

(i) This is the proposition of Lemma 3.47.
(if) This proposition is Theorem 3.48.

119

(iii) If f, g are p-integrable and nonnegative, then it suffices to show: (b) < (c)

[see (ii)]. Now

ffd,uzfgdu, VAed
A A

& flAfdp :flAgdp, VAeof [Def. 3.35]
o flAdfou :flAdgeu, VAed [Th. 3.67 ()]
o fou(d) = gou(d), VAeod [((3.9)]
o fou = gou.

(iv) If f, g are u-integrable and nonnegative, then the equivalence of (a), (b),
and (c) follows from (ii) and (iii). Hence, it suffices to show: (c) < (d). Because
u-integrability of f and g implies that fou and gou are finite measures, applying

Theorem 1.71 completes the proof.

Proof of Corollary 3.77

Note that

Vw1, 02) €y xQp: 1e(wy, w2) = 1, (02) = 1¢,, (w1). (3.85)

Now,
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1 @ U (C) =f1cd(,u1 ® W) [(3.9)]
= [ [ 10100 pedwn pidon  1.50)
= [ [ 10,00 patdon pidon 1389
= [ (o) (). (3.9)]

The proof of the second equation is analog.

3.8 Exercises

> Exercise 3-1 Construct a representation of the identity function on Q ={1,...,n} as a
weighted sum of indicators of elements of o, where n € N and (Q, &) with o« = 22(Q).

> Exercise 3-2 Prove that, for every nonnegative step function, there exists a normal rep-
resentation (see Rem. 3.8).

> Exercise 3-3 Consider the measure space (Q, </, 1), where A is the Lebesgue measure.
Show that the number Y lﬂ: o; A(A;) assigned to the nonnegative step function f defined
in Example 3.7 is identical for the four specified representations of f.

> Exercise 3-4 Let (Q, «/) be a measurable space and let A € /. Show thatif f = ):l.":l ol
is a normal representation of a nonnegative step function, then the product 14 f of the
indicator 14 and f is also a normal representation of a nonnegative step function, and
af =X ailana; -

> Exercise 3-5 Prove Equation (3.8).

> Exercise 3-6 Compute the integral of the identity mapping id: Q — Q with respect to
the counting measure px on 2(Q), where Q ={1,..., n}. Then look at it for n = 5.

> Exercise 3-7 Compute the integrals [ fi dA and [ f>d A of the functions f; and f, de-
fined in Example 3.17.

> Exercise 3-8 Prove the propositions of Example 3.39.
> Exercise 3-9 Show that1, f = 0if u(A) =0.
> Exercise 3-10 Prove Equation (3.52).

> Exercise 3-11 Compute the integral of the function f(x) = 10 — x? considered in Exam-
ple 3.64.

> Exercise 3-12 Prove the proposition of Remark 3.71.
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Solutions

> Solution 3-1 The identity function id: Q — Qon Q ={1,...,n} is defined by
id(i) =i, VieQ.

According to Example 2.9 it is (7, o) -measurable for all 5-algebras </, < /. Now consider
theset {1,...,n} of values of id and the partition {{1},...,{n}} of Q. Then

n
id = Z i'l{i} = 1'1{1} + ...+ n~l{n}.
i=1
> Solution 3-2 Let f: (Q, o) — (IR, %) be anonnegative step function, with f = Zlﬂ:l a;la;.
Define, for all nonempty J c {1,...,n},

B] =

A

ie]

N

A7

ig]

These are 2" — 1 sets, where several of them may be empty, and all are pairwise disjoint.
Then

f: Zai)'lB]

J: Bj#0 (iE]
is a normal representation of f.

> Solution 3-3 We compute the sum for all four representations ) in=1 a; 1x; of f. The first
one is:

4

Zai/l(Ai) =2-(1-0) +5-2-1) +4-3-2) +1-(4-3)
i=1

2:-1+5-1+4-1+1-1=12.

The sum for the second representation of f is:

5
ZYi/l(Ci) =2-(5-0+2-(1-.5) +5-2-1) +4-(3-2) +1-(4-3)
i=1

=2-54+42-5+51+4-1+1-1=12.

The sum for the third representation of f is:

iﬁi/l(Bi) =2-2-0)+3-B3-1) +1-(4-2)
= =2.2+32+1.2=12.
The sum for the fourth representation of f is:
4
Zﬁi/l(D,-) =1-4-0 +1-3-0) +2-B3-1) +1-2-1)

i=1
1-4+1-3+2-2+1-1=12.

Obviously, all four sums are identical.
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> Solution 3-4 Let f = Zi”:l a;14;, where Ay, ..., Ay € o/. Thisimplies AN Ay,...,AnNAp €
o, for A € of. Therefore, and because of 1,4 - f = Zi":l a;14n4;, the function 14 - f is anon-
negative step function. If f =} l": 1%l isa normal representation, then A; N A; = @ for
i # j, which implies (AN A;) N (AnAj))=An(AinA;))=AnB =0, for i # j. Therefore,
1y-f= Zi":l a;14n 4; is a normal representation as well.

> Solution3-5 [,ady = faladp = au(A) [seeEq. (3.4)].
> Solution 3-6 Consider the elements {1},...,{n} of &/ = 2(Q) and id = L' _, w - 1{}-

According to Definition 3.10,

n
fid dup = 3 o-pplio))

w=1

Lopg (1) + 2-p(2) + ... +n-pp({n}) (3.86)

nn+1)

)
= Y=
21 2

is the integral of id over Q with respect to the measure ux. Hence, in this example, the inte-
gral [id d p4 is the sum over all elements in Q. For n = 5 this formulayields [ id d py = 15.

> Solution 3-7 In Example 3.17 we specified the measure space (R, %, 1), where A is the
Lebesgue (or length) measure on 98. Remember, the Lebesgue measure satisfies

A(la,b]) = A(la,b]) = b-a,

for a < b [see Eq. (1.53)]. We also considered f1 = o114, with A; = [0, (1 - .50)'/2]. Hence,
f1=.50-14,. Therefore,

ffld/l = ;- A(A]) = 50+ A(A;) = .50-(1-.50)"2 = 50-.50'> ~ .3536.

This is the area shaded in the left part of Figure 3.3.
Similarly, in Example 3.17 we also considered f, = Z?:I B;1p; with the three intervals

B =0,(1-.79"%, By=]0-.79"% 1-.50"%], Bsy=]01-.50)"% (1-.25"Y].

Again note that By, By, B3 is a sequence of elements of <. Furthermore, f> = ):?:1 Bilp;
with B, =.75, B2 = .50, and P3 =.25. Hence, the integral of f, = ):?:1 Bi1p; with respect to
Ais
3
ffgd/l = Z Pi-A(B;) = .75- A(B1) + .50 A(B2) + .25 A(B3)
i=1

75-1(1-.75)12] + 50 [(1 - .50)12 — (1 =.75)1/2] + 25 [(1 - .25)}/2 — (1 - 50)1/3

.75-.50 + .50-.2071 + .25-.1589 =~ 0.3750 + .1036 + .0397 = .5183.

u

This is the area shaded in the middle part of Figure 3.3. The integral of f3 = Z?zl Yilc; can
be computed correspondingly. It is the area shaded in the right part of Figure 3.3.

> Solution 3-8 If f: (Q,«f p) — (R, B) is p-integrable and A, B c o, then 1,5 f is p-
integrable (see Lemma 3.33) and
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[ fan=[1issan (3:30)]
AUB
= f(1A+1B_1AnB)f ap [(1.33)]
:f(lAf +1gf —lanpfldp

:flAfd/,t+lefdu —flAandu [(3.34)]

:ffd,u+ffdp—f fdu. [(3.30)]
A B AnB

IfAnB=0Qand f: (Q,s, u) — (R, B) is quasi-p-integrable, then 14, p-f =14-f+1p-f,
and these three functions are quasi-p-integrable (see Lem. 3.33). If [ f *dy is finite, then
Slavp-frdu, [1a-fTdu, and [1p- f*dy are finite as well (see Lem. 3.33). If [ f*du
is infinite, then quasi-u-integrability of f implies that [ f ~dy is finite and, according to
Lemma 3.33, also the integrals [14,p5-f " du, [1a-f~dy, and [ 15- f ~du. Hence, in both
cases

flAuB'fdﬂ :flAuB'f+dﬂ _flAuB'f_dIJ ((3.27)]

= [waertan+ (1 tap ([ ran+ [1ran] w0

= (flA'f+dN —flA'f_dﬂ) + (le'f+dﬂ —le'f_dN)
- f 14 fdu + f 15 fdp. (3.27)]

> Solution 3-9
0, ifog A

14() - fw) =
Al)- (@) {f(w), ifoe A

Therefore, {w € Q: 14(w) - f () # 0} < A. Hence, p({w € Q: 14(w) - f(w) #0}) < u(A4) =0.

> Solution 3-10 Let a = 0 and remember that the measure au on (Q,«) is defined by
(ap)(A) = au(A) for all A € «/. The proof is conducted in three steps: (a) for a nonneg-
ative step function, (b) for a nonnegative numerical measurable function, and (c) for an
p-integrable numerical function (see Rem. 3.30).

(a) If f is a nonnegative step function and f = Z?Il a;14; a normal representation,
then

n n
ffd((xu) =) i (ap)(A) =a Y a; p(A;) ZfodlL
i=1 i=1

(b) If f is a nonnegative numerical measurable function and f;, i € N, is an increasing
sequence of nonnegative step functions with lim; .« f; = f, then

ffd((xu) = lim ff, d(pa)

1—00
lim (xffi du [(a)]
1—00

=o lim ff,-du :(xffdu.
1—00

(c) If f an p-integrable numerical function, then
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[ra@m =[r*a@n - [~ da@p
:cxff+d,u—cxff_du (b))
:a/fdu.

3 Integral

> Solution 3-11 Because the derivative g’(x) of a function g(x) = a+fx+yx" o,p,y€R,

nelN,is g'(x) =pB+yn x"71 the indefinite integral of f(x) is

3
f(x)dx = F(x) = 10x—%+c, ceR,

and therefore,

b b x3 b
fa f0 dx = F(x))a := F(b)-F(a) = (IOx—?))a .

For a = -5 and b =5, this equation yields

5 3
f £ dx = (wx_x_)) 5 _ (50_§) _ (_50+E) = 10020
5 3 )I-5 3 3

Hence,

5
f fd/lzf f(x)dx = 16.6.
[-5,5] -5

> Solution 3-12 Let A€o/ with u(A) =0 and let f be a density f of v with respect to p,

i.e, v=fou. Then
v(A) :flAdv :flAdfop [(3.8), v=foul

:flA-fdu =0. [(3.72), (3.42)]

Hence, v < e
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Chapter 4
Probability Measure

In chapter 1 we introduced the concept of a measure, treated various examples of
measures, and some of their properties. In this chapter, we turn to a special class
of examples, called probability measures. We start with the definition of a prob-
ability measure, then turn to conditional probabilities and the most important
theorems related to conditional probability: the multiplication rule, the theorem
of total probability, and Bayes’ Theorem. Furthermore, we introduce the concept
of a conditional-probability measure. Next, we define independence of events and
of independence of sets of events with respect to a probability measure. A section
on conditional independence given an event concludes this chapter.

4.1 Probability Measure and Probability Space

Now we introduce the concept of a probability measure as defined by Kolmogorov
(1933/1977) (for the English version of this book see Kolmogorov, 1956). As we
shall see, a probability measures is a special finite measure that is standardized.

4.1.1 Definition

Definition 4.1 (Probability Measure)
Let (Q, /) be a measurable space. Then the function P: o/ — [0,1] is called a
probability measure on (Q, <), if the following conditions hold:

(@) P(Q) =1 (standardization).

(b) P(A) =0, VAes/ (nonnegativity). IS IS

(c) Ay, A,,...€ < arepairwise disjoint = P( U Ai) =) P(A)
(o -additivity). i=1 i=1

Remark 4.2 (Probability and Probability Space) Let P be a probability measure
on (Q, /). Then the triple (Q, o, P) is called a probability space and a value P(A)
of P is called the probability of A. <

Remark 4.3 (Elementary Event and Event) Let (Q, </ P) be a probability space.
Then A €4/ is called an event, and a singleton {0}, w € Q, is called an elemen-
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tary event, if {w} € of. Note the distinction between an outcome w € Q and an
elementary event {w} € o (see Exercise 4-1). Also note that the term event is only
used in the context of a probability space (Q, </ P). Otherwise, A € o/ is called a
measurable set. <

Remark 4.4 (No Time Order Between Events) The intuitive concept of an event
often implies that events are ordered with respect to time. That is, one event is
prior, simultaneous, or posterior to another event. In contrast, events as defined
in probability theory are not necessarily ordered with respect to time. <

Remark 4.5 (A Priori Perspective) In probability theory we consider random ex-
periments from the a priori perspective. Hence, outcomes of a random experi-
ment and events are considered before they happen. Only then it makes sense to
talk about the probability of an event. Even if an event already happened, we do
as if it did not happen when we talk about its probability. <

4.1.2 Properties of a Probability Measure

Comparing conditions (a) to (c) of the definition of a probability measure to
the conditions defining a measure (see Def. 1.43) shows that (b) and (c) are
identical; only condition (a) differs. However, P(QQ) = 1 implies P(@) = 0, be-
cause o-additivity of P yields P(QQ) = P(QU @) = P(Q) + P(Q). Therefore, P(Q) =
P(Q) — P(Q) =0. This proves the following corollary:

Corollary 4.6 (A Probability Measure is a Measure)
A measure P on (Q, &) is a probability measure on <f if and only if P(Q) = 1.

A direct implication of this corollary is that all rules of computation for a mea-
sure (see Box 1.1) also hold for a probability measure. For convenience, these
rules are explicitly formulated for probability measures in Box 4.1 using the addi-
tional property P(Q) = 1.

Remark 4.7 (Distribution vs. Probability Measure) A probability measure on
(Q, o) is also called a distribution on (Q, «/). Although this term is preferably used
in the context of a random variable (see Def. 5.3), the term ‘distribution’ is well-
defined without referring to a random variable. <

4.1.3 Examples

Example 4.8 (Continuous Uniform Distribution) Let 98, denote the Borel o-al-
gebra on R? and consider a probability space (Q, <, P), where Q € %,, o =
Bl :={QNA: A€ %B,} is the trace of %8, in Q) (see Example 1.10). Furthermore,
let A, denote the Lebesgue measure on (R? %B,), assume 0 < 1,(Q) < 0o, and de-

fine
A2 (A)

P(A) =
“ 12()

, VAed. 4.1)
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Box4.1 Rules of Computation for Probabilities

Let (Q, <, P) be a probability space.

If Ay, Ay, ... € of are pairwise disjoint, then

P(UA) = Y Puy (0-additivity) ()

i=1 i=1

ll’l ll’l
P(U A,-) =Y P(4;), VneN. (finite additivity) (i)

i=1 i=1

If A, B € of, then:

P(A) = P(ANB) + P(A\B) (iif)
P(AS) = 1-P(A) (iv)
P(A) < P(B), ifAcB (monotonicity) )
P(A\B) = P(A) — P(ANB) i)
P(AUB) = P(A) + P(B) — P(ANB) (vii)
P(A)=1 = P(ANB)=P(B) (viii)
P(A)=0 = P(AUB)=P(B). (ix)

Let A €</ and let Q, < Q be finite or countable with P(Q,) = 1.
If, for all w € Qg, {w} € «f, then

PA) = Y P(w}). ®)

weANQ

If A, A,,... € o/, then

7

4) = Y PAy. (0-subadditivity)  (xi)
1 i=1

(@

Then P is the continuous uniform distribution over Q. The relative size of the
set A € o/ represents the probability P(A), and Figure 4.1 can be used to illustrate
some of its properties, e. g., Rules (iii) to (ix) of Box 4.1. This example will be gen-
eralized in section 8.2.1. <

Example 4.9 (Joe and Ann With Random Assignment — continued) In the exam-
ple presented in Table 4.1, the probability measure P on «f = 22(Q) is specified
by the probabilities of the eight elementary events {w} € Q, where

Q = {Uoe, no,-), Joe,no,+),..., (Ann, yes, +)}
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Figure 4.1. An Example in which probabilities are proportional to areas

Table 4.1. Joe and Ann With Random Assignment: Probability Measures

Elements of Q Probability measures
5 . =

E g = 3 3 2

5 B & Y Q, A, A,
(Joe, no, —) .09 0 .18 0
(Joe, no, +) 21 0 42 0
(Joe, yes, —) .04 .10 .08 0
(Joe, yes, +) .16 .40 .32 0
(Ann, no, —) 24 0 0 .48
(Ann, no, +) .06 0 0 12
(Ann, yes, —) 12 .30 0 24
(Ann, yes, +) .08 .20 0 .16

Note. P, PB, P4, and P“* are probability measures on (Q, /).

(see Exercise 4-2). Except for the empty set, which has probability P(@) = 0, all
28 = 256 elements of «f are either one of the eight elementary events {(Joe, no, —)},
{(Joe, no, +)},..., {(Ann, yes,+)} or a union of some of these elementary events.
Note that elementary events are always disjoint, i.e., {0;} N{w;} = 0, if w; # w;.
Therefore, the probabilities of their unions can easily be computed using finite
additivity of the probability measure [see Rule (ii) of Box 4.1]. In order to illus-

trate this point, consider the event that joe is drawn,

A = {(oe, no,-), (Joe, no, +), (Joe, yes,—), (Joe, yes, +) },

and the event that the drawn person is successful,

C = {(oe, no,+), (Joe, yes, +)}, (Ann, no, +), (Ann, yes, +) }.

The event A has the probability
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P(A) = P[{Uoe, no,-)}] + P[{Uoe, no,+)}] + P[{(Joe, yes,—)}] + P[{Uoe, yes, +)}]

.09 + .21 + .04 + .16 = .50.

Similarly, the event C has the probability

P(C)

P[{(Joe, no,+)}] + P[{Uoe, yes, +)}] + P[{(Ann, no,+)}] + P[{(Ann, yes, +)}]
.21 + .16 + .06 + .08 = .51,

and the event Joe is drawn and is successful, An C = {(Joe, no,+), Joe, yes, +) }, has
the probability

P(ANnC) = P[{Uoe no,+)}] + P[{(Joe,yes,+)}] = .21 + .16 = .37.

The probability measures specified in the last three columns of Table 4.1 will be
treated in Examples 4.29 and 4.30. <

Example 4.10 (Finite Mixture of Probability Measures) In Example 1.61 we al-
ready noted that the weighted sum of measures on a measurable space (Q, /)
is again a measure on (Q, /). With an additional assumption this also applies
to probability measures. More precisely, if Py,..., P, are probability measures
on (Q,«), a; =20, i=1,...,n, and we additionally assume Z?:la,- =1, then
Y, a; P; is again a probability measure on (Q, ). It is called a finite mixture
of Pj,...,P,. Such a finite mixture of probability measures will be illustrated by
Example 4.30 using conditional-probability measures. <

Remark 4.11 (Other Examples) Another example with finite Q is the binomial
distribution (see Def. 8.7). Note that, even if Q is infinite and countable, there are
probability measures on (Q, 2(Q)) with P({w;}) >0, for all w; € Q, and

P(Q) =) P(w}) =) PHw}) = 1.
i=1

w;eQ

Examples in case are the Poisson distribution (see Def. 8.14) and the geometric
distribution (see Def. 8.20). In all three examples, the probability measure P on
(Q,22(Q)) is uniquely defined, if the probabilities P({w;}) are determined for all
w; € Q [see Box 4.1 (x) for Q, = Q]. <

4.2 Conditional Probability

Conditional probabilities can be used to describe dependencies between two
events A, B € o with respect to a probability measure P on «. In section 4.2.6
we will also use this concept in order to introduce the concept of a conditional-
probability measure.
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4.2.1 Definition

Definition 4.12 (Conditional Probability)
Let (Q, o, P) be a probability space, let A, B € of, and let P(B) > 0. Then
P(AnB)

is called the conditional probability of A given B with respect to P.

Remark 4.13 (Continuous Uniform Distribution - continued) In Example 4.8
we defined the continuous uniform distribution on (Q, «/) by Equation (4.1). Us-
ing the area of the ellipses presented in Figure 4.1 (p. 130), the conditional proba-
bility P(A|B) corresponds to the area of the intersection An B divided by the area
of B. <

Example 4.14 (Flipping a Coin two Times) Consider the random experiment of
flipping a coin two times. The conditional probability P(B | A) that we flip heads
in the second flip (B) given that we flip heads in the first flip (A) is 1/2, which is
equal to the unconditional probability P(B) of flipping heads in the second flip.
In such a case the two events A and B are independent (see section 4.3). Note that
the conditional probability P(A | B) that we flip headsin the first flip (A) given that
we flip heads in the second flip (B) is also equal to the unconditional probability
P(A) of flipping heads in the first flip. This shows that we may condition on events
that occur later in time and that a conditional probability does not necessarily a
causal dependency.

As another example consider the event flipping at least one heads (A) and the
event no heads are flipped in the first flip (B). In this case

1 3
P(A|IB) = 2 # P(A) = 1

and the two events are not independent (see section 4.3). <

Example 4.15 (Joe and Ann With Random Assignment — continued) Consider
again Table 4.1 (p. 130), define Qy := {Joe, Ann} and Qyx := {yes, no}, and let

C = QuxQx x {+} = {Joe, no,+), Joe, yes,+)}, (Ann, no, +), (Ann, yes, +) }
be the event that the drawn person is successful. Furthermore, let
B := Qux{yes} x Qy = {(Joe, yes,—), (Joe, yes, +)}, (Ann, yes,—), (Ann, yes, +) }

denote the event that the drawn person is treated. Then Equation (4.2) yields:

PCIB) - P(CNB) _ P(Qux{yes}x{+}) _ .16 +.08
 P(B)  P(QuxiyesixQy  .04+.16+.12+.08

= .60.
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Conditioning on the event B¢ that the drawn person is not treated yields

P(CNBY) _ P(Qyx{no}x{+}) _ 21+.06
P(BS)  PQux{no}xQy  .09+.21+.24+.06

P(C|B°) = = 45.

In this example, the difference P(C|B) — P(C|B€) = .60 — .45 can be used to
evaluate the effect of the treatment. This will be substantiated in more detail in
Example 4.31. <

4.2.2 Multiplication Rule

Now we treat some theorems involving conditional probabilities. The first one
shows how the probability P(A; n...Nn A,) can be factorized into a product of an
unconditional probability and conditional probabilities.

Remark 4.16 (Multiplication Rule for Two and for Three Events) For two events
A; and Ay, the multiplication rule is

P(A1n Ay = P(A) - P(Az| AY), (4.3)

provided that P(A,;) > 0. This equation directly follows from the definition of the
conditional probability P(A,| A;). For three events A;, Ay, and A3, the multiplica-
tion rule is

P(AiNnA;NA3) = P(A1) - P(A2| A1) - P(As[ A1 N Ay), (4.4)

provided that P(A; N Ay) > 0. This equation follows from the definition of the con-
ditional probability
P(AiNnAyN A3)
P(A3|AINA) = —MM 4.5
(Az| Ay 2) PA Ay (4.5)
inserting Equation (4.3) for P(A; N A,), and solving the resulting equation for
P(A;1 N AN A3g). <

For n events A,,..., A,, the multiplication rule is formulated in the following
theorem.

Theorem 4.17 (Multiplication Rule)
Let (Q, <, P) be a probability space and A;, ..., Ay, € of, where 2 < n € N. If
PN A;) >0, then

j-1

) Al

i=1

(4.6)

n
P(ﬂ A,
i=1

n
= P(A) - ]‘[P(Aj
j=2

(Proof p. 146)
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Table 4.2. Joe and Ann With Self-Selection

Outcomes w Observables

Treatment
Person variable U

Unit
Success
{

(Joe, no, —) .144 | Joe
(Joe, no, +) .336 | Joe
(Joe, yes, —) .004 | Joe

(Joe, yes, +) .016 | Joe

(Ann, no, —) | .096 | Ann
(Ann, no, +) .024 | Ann
(Ann, yes, —) | .228 | Ann
(Ann, yes, +) 152 | Ann

= = O O = = O O | Treatment variable X
— O = © —~ © = © | Qutcome variable Y

Note. The probabilities of the elementary events are fictive

4.2.3 Examples

Example 4.18 (Joe and Ann With Self-Selection) Now we study a new example
with Joe and Ann in order to illustrate the concepts introduced above. In this ex-
ample, we fixed new probabilities of the elementary events (see Table 4.2).
Let
A = {(oe, no,-), (Joe, no,+), (Joe, yes,—), Joe, yes, +) }

denote the event that Joe is drawn,

B = {(Joe, yes,—), Joe, yes, +), (Ann, yes,—), (Ann, yes, +) }
the event that the drawn person is treated, and

C = {(Joe, no,+), Joe, yes, +), (Ann, no, +), (Ann,yes,+)}

the event that there is success, irrespective of the drawn person and treatment
received. Then

AnBNC = {(Joe,yes, +)}
is the event that Joe is drawn, receives the treatment, and is successful. According
to Equation (4.4), the probability of this event can be computed by

P(AnBNnC) = P(A)-P(B|A) - P(C|ANnB)
.004 +.016 .016
144 +.336+.004 +.016 .004+.016

(.144 +.336 +.004 +.016) -

.50-.04-.80 = .016
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—a o

Figure 4.2. Probability tree illustrating the multiplication rule

(see Exercise 4-4). Of course, Equation (4.4) can also be applied to the other
seven sets ANBNC® to AN B°n C¢ in Figure 4.2. In this example, P(ANBNC) =
P({Uoe, yes, +)}) = .016 is already known (see Table 4.2). This is not the case in the
following example. <

Example 4.19 (Drawing Three Balls) Consider drawing three balls without re-
placement from an urn containing two white balls and four black balls. Further-
more, let us consider the three events A; to draw a black ball at time i, where
i =1,2,3. According to Theorem 4.17, the probability of drawing three black balls
is

P(A1NnA;n A3) = P(A)) - P(A21 A1) - P(A3|A1N Ap),

where P(A;) =4/6, P(A,|A;) =3/5, and P(As | A; N Ay) =2/4. Hence,

P(AINANA;) = === —

4.2.4 Theorem of Total Probability

In our next theorem, called the theorem of total probability, we show how the
probability of an event B < A; U...U A, can additively be decomposed into the
products P(B|A;)- P(A;) of conditional and unconditional probabilities. In this
theorem we assume that the events A,,..., A, are pairwise disjoint, i.e., we as-
sume A;NA; =0, foralli,j=1,...,n, withi # j.
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Theorem 4.20 (Theorem of Total Probability)
Let (Q, </, P) be a probability space and B € <.

@ If

(@) A,..., Ay €< are pairwise disjoint,
M) B < U, A,

then

P(B) =) P(BNA).
i=1

(@ii) If (@ and (b) of (i) hold as well as
(¢c) P(A) >0, Vi=l1,...,n,
then

P(B) =) P(B|A;)-P(A)).
i=1

(iii) If
(@ Ay, Ay,...€ o are pairwise disjoint,
() B < U2, A,
then

P(B) =) P(BNA).
i=1

(iv) If (@) and (b) of (iii) hold as well as
(c) P(A) >0, Vi=1,2,...,
then

P(B) =) P(B|A;)-P(A).
i=1

4 Probability Measure

(4.7)

(4.8)

(4.9)

(4.10)

(Proof p. 147)

Equation (4.7) can be illustrated by Figure 4.3. If we assume that (Q, <, P) is the
probability space specified in Example 4.8, then the figure visualizes that P(B) =

P(Bn A;)+ P(Bn A,) + P(Bn A3z). The crucial points are:

(a) Iftheevents Ay,..., A, are pairwise disjoint, then BnA,,..., BN A, are pair-

wise disjoint as well.

(b) The probability measure P is additive.

Equation (4.8) then follows using the factorization of each of the joint probabili-
ties P(B N A;) into the product P(B|A;)-P(4;), i =1,...,n, (see Th. 4.17).
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B

Figure 4.3. Venn diagram illustrating a partition of a set

Q

4.2.5 Bayes’ Theorem

Our next theorem, called Bayes’ theorem, reveals how the conditional probabili-
ties P(B|A;) are related to the conditional probabilities P(A; | B). Using the defi-
nitions of the conditional probabilities P(A; | B) and P(B|A;) yields

P(B|Aj)-P(A)

Inserting Equation (4.8) for P(B) then proves the following theorem.

Theorem 4.21 (Bayes’ Theorem)
Let (Q, <, P) be a probability space, B € «/, and P(B) > 0. Under the assump-
tions (a) to (c) of Theorem 4.20 (i) and (ii),

P(B|A;j)-P(A) .
P(A;|B) = , Yi=1,...,n. 4.12)
]’-‘zl P(B|Aj)-P(A))

Analogously, under the assumptions (a) to (c) of Theorem 4.20 (iii) and (iv),

P(B|A;) - P(A) ;
P(Ai|B) = == , VieN. (4.13)
272, P(BIA))-P(A))

Example 4.22 (Joe and Ann With Random Assignment — continued) Let
A = {(oe, no,-), (Joe, no,+), (Joe, yes,—), Joe, yes, +) }
denote the event that Joe is drawn,
A°¢ = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes, +)}

the event that Ann is drawn, and
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B = {(Joe, yes,—), (Joe, yes, +), (Ann, yes,—), (Ann, yes, +) }

the event that the drawn person is treated. Then

P(B|A)-P(A)

PAIB = 5 G a P + PB149-PAY

.40-.50

— = .50
.40-.50 + .40-.50

is the conditional probability that Joe is drawn given that the drawn person is
treated (see Table 4.1, p. 130). The corresponding probability that Ann is drawn
given that the drawn person is treated is identical in this example, i.e., P(A°|B) =
.50. Hence, given treatment, each person has the same probability to be drawn.
This is the sampling perspective of a randomized experiment supplementing the
assignment perspective, according to which the treatment probability is the same
for each person, i.e., P(B|A) = P(B| A°) = .40 (see again Table 4.1). <

4.2.6 Conditional-Probability Measure

Just like probabilities, conditional probabilities of events A € of given B are values
of a probability measure.

Theorem 4.23 (Conditional-Probability Measure)
Let (Q, <, P) be a probability space. If B €</ and P(B) > 0, then the function
PB: o/ — [0,1] defined by

P2(A) = P(A|B), VAed, (4.14)

is a probability measure on (Q, /).
(Proofp. 147)

According to this theorem, for each B € « with P(B) > 0, the triple (Q, <, P5)
is a probability space.

Definition 4.24 (Conditional-Probability Measure)

Let (Q, o4, P) be a probability space, let B € <f, and let P(B) > 0. Then the func-
tion P8 defined by (4.14) is called the B-conditional-probability mea-
sure on (Q, ).

In the following lemma we consider the relationship between conditional
probabilities with respect to the measures P and P.
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Lemma 4.25 (Conditional Probabilities With Respect to P5)
Let (Q, o, P) be a probability space. If A,B,C € &/ and P(BN C) >0, then

PB(A|C) = P(AIBNO). (4.15)

(Proofp. 147)

Remark 4.26 (Total Conditional Probability) Suppose A,B,C € <, P(BNC) >0,
and P(BNC°®) > 0. This implies P(B) >0and P3(C) = P(C|B) = P(CnB)/P(B) > 0.
Applying Equation (4.8) to the measure P® then yields

PEA) = PBA|1C)- PE(C) + PBA|CY - PB(CY), (4.16)
and Equations (4.14) and (4.15) imply
P(A|B) = P(A|BNC)-P(C|B) + P(A|BNC®-P(C°|B). (4.17)

<

According to the following lemma, P? is absolutely continuous with respect to
P. This is denoted by pB < P, and according to Definition 3.70 (i), it means

VAeo/: P(A)=0 = PBA)=o0. (4.18)

In contrast, P < P8 does nor always hold.

Lemma 4.27 (Absolute Continuity of the Conditional-Probability Measure)
Let (Q, o, P) be a probability space, B € <f, and P(B) > 0. Then

i) PB < P, and
(ii) PE = (L 1 )@P
“\p ?
(Proof p. 148)

Remark 4.28 (P? is a Measure With Density) Proposition (ii) of Lemma 4.27 im-
plies that P2 is a measure with density 13/ P(B) with respect to P. The following
equations show how PB(A) can be written as an integral in various ways:

VYAeo: PEA) = fdPB [(3.8)]
A

1 "
= flAd ( ﬁ . 13 O] P) [(330), Lem. 4.27 (11)]

1
_ f L1 gy 4P (3.72)]

1
ot f Lyop dP. [(1.32), (3.32)]

(4.19)
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Note that, according to Theorem 3.72 (i) and Remark 3.73, the density 1/ P(B)
can be written as a Radon-Nikodym derivate of PBwith respectto P, i.e.,

1 apB

ﬁ' B = ﬁ (4.20)

<

Example 4.29 (Joe and Ann With Random Assignment - continued) Consider
the example presented in Table 4.1 (p. 130). We specify the B-conditional-proba-
bility measure P?: of — [0,1] for the event that the drawn person is treated, i.e.,
for

B = {(oe, yes,—), Joe, yes,+), (Ann,yes,—), (Ann, yes,+) }.

For the first two elementary events, PE({(Joe, no, +)}) = PE({(Joe, no,-)}) = 0, be-
cause the intersections {(Joe, no,—)} N B and {(Joe, no,+)} N B are empty. For the
next two elementary events, the B-conditional probabilities are

P({Uoe,yes -)iNB) .04 _
P(B) 40

P®({Uoe,yes,-)}) = .10

and
P({Uoe,yes,+)}nB) .16

P%({Uoe, yes, +)}) = P =0 A40.

For the next two elementary events, P5({(Ann, no,-)}) = P5({(Ann, no,+)}) = 0,
because the intersections {(Ann, no,—)} N B and {(Ann, no, +)} N B are again empty.
Finally, for the last two elementary events, the B-conditional probabilities are

P({(Ann,yes,-)}NB 12
PE(((Ann,yes, ) = 2L e ) _ =30

and
P({(Ann,yes,+)InB) .08

P(B) T a0
Except for @, all other events are unions of these elementary events. Because
the elementary events are disjoint, the probabilities of their unions can easily be
computed using finite additivity of the probability measure [see Rule (ii) of Box
4.1 and Exercise 4-5]. <

PP({(Ann, yes, +)}) = 20.

Example 4.30 (Joe and Ann With Random Assignment - continued) Two other
conditional-probability measures on (Q, &) are P4 and PAC, where A is the event

A = {(oe, no,-), (Joe, no, +), (Joe, yes, -), Joe, yes, +) }
that Joe is sampled and A the event

A€ = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes, +)}
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that Ann is sampled. The values of these conditional-probability measures are
presented in the last two columns of Table 4.1. These measures can also be used
to illustrate a mixture of two probability measures. As is easily seen

P = 50-PA + 50- P

i.e., the measure P is a mixture of the two conditional-probability measures P*
and PAe(see Examples 4.10 and 1.61). <

Example 4.31 (Joe and Ann With Random Assignment- continued) In Example
4.15 we computed the two conditional probabilities P(C|B) = .60 and P(C|B€) =
.45 of success given treatment and no treatment, respectively. These are condi-
tional probabilities with respect to the measure P. Let us now consider the indi-
vidual treatment effects of Joe and of Ann. These individual effects can be com-
puted using the P%- and PAC-conditional-probability measures, respectively. For
Joe the individual treatment effect is

PA(Qy x {yes} x {+}))  P*(Qu x {no} x {+})

PA(Qy x{yest xQy)  P4(Qy x{no} x Qy)
3240 3240

08+.32+0+0 .18+.42+0+0

PA(CIB) - PA(C|B°) =

= .80 — .70 = .10,

and for Ann it is

P (Qy x {yest x {+)  PA(Qu x {no} x {+})

PA(Qy x {yest xQy)  PA°(Qy x {no} x Qy)
1640 1240

24+.1640+0 .48+.12+0+0

PY(C|B) - PX(C|BY)

= .40 - .20 = .20.

Hence, the treatment effect P(C|B) — P(C|B€) = .15 (see Example 4.15), is just
the weighted average .50-.10 +.50-.20 = .15 of the two individual treatment ef-
fects, where the weights are .50 for Joe and for Ann (see Example 4.30). Note that
this property does not always hold. Table 4.2 (p. 134) displays an example with
Joe and Ann, in which this property does not hold. In that example, all individual
treatment effects are positive, whereas the difference P(C|B) — P(C|B¢) is nega-
tive. Hence, in that example, the difference P(C|B) — P(C|B°) can not be used to
evaluate the treatment effect. <

4.3 Independence

4.3.1 Independence of Events

Independence of two events A and B means that the conditional and uncondi-
tional probabilities are the same, i.e., P(A|B) = P(A) and P(B|A) = P(B). This
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definition presupposes that P(A), P(B) > 0, because otherwise the two condi-
tional probabilities are not defined. The following definition does not rest on this
requirement and extends the concept of independence to more than two events.

Definition 4.32 (Independence of Events)
Let (Q, o, P) be a probability space.

(i) Two events A, B € o/ arecalled P-independent, denotedAJ}.)LB, if

P(AnB) = P(A)-P(B). (4.21)

(ii) LetI be a nonempty setand let A; € o, i € I. Then (A;,i € I) is called a
family of P-independent events, denoted AL (Apiel), if

P(() A) =[] PA), V finitelycI. (4.22)

i€l i€l

Remark 4.33 (Pairwise and Triple-Wise Independence) For n events Ay,..., A,,
P-independence will also be denoted by

JﬁL Al Ap.
For three events, for instance, it means that
P(AinAj) = P(A)-P(Ap, i#j, i,j=12,3, (4.23)
(pairwise P-independence) and
P(A1nAy;nNAs) = P(A))-P(Az) - P(A3) (4.24)

(triple-wise P-independence) hold.

Note that pairwise P-independence of more than two events does not imply
P-independence of these events. Furthermore, triple-wise P-independence, for
instance, does not imply pairwise P-independence. For more propositions on in-
dependence of events see Box 4.2 (p. 145). <

Remark 4.34 (Independence of any event A with Q and @) For any probability
space (Q, <, P),
VAe: AJA_Q and AJ}.)L@. (4.25)

(see Exercise 4-6). <

4.3.2 Independence of Set Systems

Now we extend the concept of P-independence to set systems, i.e., to sets of
events, and illustrate independence by an example.
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Definition 4.35 (Family of Independent Set Systems)

Let (Q, <, P) be a probability space and &; c <, i € 1. Then (8;,i € I) is
called a family of P-independent set systems, denoted J}.)L(éai,i el), if
JI.)I_(Al-,i € I) holds for all families (A;,i € I) with A; € &, i€l. If I = {1,2}
we also use the notation &; lPLé"g instead of JI.)L (&1 €1).

Remark 4.36 (Independence of an Event and a Set System) Let (Q, </ P) bea
probability space. An event A € o/ and a set system & c «f are called P-independ-
ent, denoted A J}.!_ &, if {A} Ji,L 8. <

Remark 4.37 (Independence of o-Algebras) Note that o-algebras are special set
systems referred to in the definition above. Hence, a family (<;,i € I) of sub-o-
algebras of & can be P-independent as well. This fact will be used introducing
the concept of P-independence of random variables (see section 5.4). <

Example 4.38 (Joe and Ann With Random Assignment - continued) Suppose A
= {Joe} x Qx x Qy denotes the event that Joe is sampled and B = Qy x {yes} x Qy
the event that the person sampled is treated. Then A and B are independent, be-
cause

P(ANB) = P({Joe} x {yes} x Qy) = .04+.16 = .20

and

P(A)-P(B) = P({Joe} x QxxQy) - P(Qy x {yes} x Qy)
(.09+.21+.04+.16) - (.04+.16+.04+.16)

.50 - .40 = .20.

Hence, P(ANB) = P(A) - P(B). This implies that the o-algebras {A, A, Q, @} and
{B, B¢, Q, @} are independent as well [see Solution 4-8 (iii)]. In fact, this is a spe-
cial case of the following theorem, because the set systems &, := {A} and &, := {B}
are N-stable (see Def. 1.36) and 0(&;) = {4, A5, Q, @} and 0(&,) = {B, B¢, Q, @} are
the o-algebras generated by &, and &,, respectively (see Def. 1.13 and Example
1.17). <

According to the following theorem, it is sufficient to check P-independence
of a family of n-stable generating system in order to check P-independence
of a family of o-algebras. In this theorem, (G(éai),i el ) denotes the family of
o-algebras generated by the set systems &;, 7 € I.

Theorem 4.39 (n-Stable Set Systems and Independence)
If (Q, <, P) is a probability space and &; c <, i € I, are N-stable, then

I (&ie = 1 (o&)iel). (4.26)

For a proof see Georgii (2008, Theorem 3.19, p. 65).
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4.4 Conditional Independence Given an Event

Now we extent the concept of independence of events and of sets of events intro-
ducing conditional independence of events and of sets of events given an event.

4.4.1 Conditional Independence of Events Given an Event

Definition 4.40 (Conditional Independence of Two Events)
Let (Q, o, P) be a probability space, A, B, C € <f, and P(B) > 0. Then the events
A and C are called B-conditionally P-independent, denoted A AL CIB, if

P(AnC|B) = P(A|B)-P(C|B). (4.27)

Remark 4.41 (A Condition Equivalent to Conditional Independence) Suppose
P(Bn C)>0.Then Equation (4.27) is equivalent to

P(AIBNnC) = P(A|B) (4.28)

[see Box 4.2 (xii)]. Exchanging A and C immediately yields: If P(AnB) > 0 then
Equation (4.27) is equivalent to

P(C|AnB) = P(C|B). (4.29)
<

Remark 4.42 (Independence of Events With Respect to P%) Using the condition-
al-probability measure P® defined by (4.14) we can rewrite Equation (4.27):

PBANC) = PBA)- PE(O). (4.30)

This equation shows that B-conditional P-independence of A and C is equivalent
to PEindependence of A and C, which will also be denoted by AJ};I72 C. <

Remark 4.43 (Independence and Conditional Independence) Assume that B €
& with P(B) > 0. Then P-independence of A and C neither implies nor is implied
by B-conditional P-independence of A and C (see Exercise 4-7). However, P-in-
dependence of A, B, and C does imply B-conditional P-independence of A and
C [see Box 4.2 (x)]. For more propositions on conditional independence of events
see Box 4.2 (p. 145). <

4.4.2 Conditional Independence of Set Systems Given an Event

Now we extend the concept of conditional P-independence to set systems. In Re-
mark 4.42 we already noted that B-conditional P-independence of two events
A and C is equivalent to P5-independence of A and C. Correspondingly, B-
conditional P-independence of a family (&;,i € I) of events is equivalent to P5-
independence of (&;,i € I).
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Box 4.2 Independence and Conditional Independence of Events

Let (Q, <, P) be a probability space and A, B, C € «f. Then:
AJI.)LB :< P(AnB) = P(A)-P(B)
ALB o A°lLB
P P
AJA_B < o({AD iPL a({B}).

J}.)LA,B,C ¢ P(AnB) = P(A)-P(B),
P(AnC) = P(A)-P(O),
P(BNC) = P(B)-P(O),
P(AnBNC) = P(A)-P(B)-P(C).

1 ABC = ALB ALC, B1C.
P P P P

If P(B) >0, then
AJA_B < P(A|B)=P(4)
AJ}_)LCIB e P(AnC|B) = P(A|B)-P(C|B)
AJ}_)LCIB < A%IFZC
AJ}_)LCIB < AJI_)LCCIB
JI.)LA,B,C = AJI_)LCIB.

If P(B), P(B€) >0, then
AJ}_)LB < P(A|B) = P(A|BY).

IfP(BNnC) >0, then
AJ}.)LClB < P(A|BnC) = P(A|B).

If P(Bn C¢) >0, then
AJ}.)LClB < P(A|BNnC = P(A|B).

If P(BNC), P(BNC®) >0, then
AJ}.)LCIB < P(A|BNnC) = P(A|BNC°)

BJI.)LC = P(A|B) = P(AIBNnC)-P(C) + P(A|BNC°-P(C%

AJA_CIB = P(A|B) = P(A|IBNnC)-P(C) + P(A|BNC®)-P(C").

®
(i)
(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

x)

(xi)

(xii)

(xiii)

(xiv)
(xv)

(xvi)
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Definition 4.44 (Family of Conditionally Independent Set Systems)

Let (Q, &, P) be a probability space, B e &/ with P(B) >0, and &; c of, i € 1.
Then (&;,i € I) is called a family of B-conditionally P-independent
set systems, denoted lPL(é"l-,i el)|B, if%lg(é"i,i el).

Remark 4.45 (Conditional Independence of o-Algebras) Again, o-algebras can
be such set systems referred to in the definition above. Hence, a family (<7;,i € I)
of sub-o-algebras of «f can be B-conditionally P-independent as well. <

Remark 4.46 (Independence of Set Systems With Respect to P?) According to
Theorem 4.39, under the assumptions of Definition 4.44, N-stability of the set
systems &;, i € I, implies

L@ieD = %(0(&),1’61). (4.31)

Together with Definition 4.44, this remark immediately implies the following
corollary.

Corollary 4.47 (n-Stable Set Systems and Conditional Independence)
If (Q, <4, P) is a probability space, B € «f with P(B) > 0, and (§;,i € I) is a fam-
ily of n-stable set systems &; c <, then

L@&,ienDB = 1 (o) iel)lB. (4.32)

4.5 Proofs

Proof of Theorem 4.17

In Remark 4.16 we have already shown that Equation (4.6) holds for n = 2. Hence, for an
induction over 7 it suffices to show that_(4.6) holds for Ay,..., Ay ifitholdsfor Ay,..., Ap—1.
Note that P(ﬂ:’:‘l1 A;) > 0implies P(ﬂ?;ll A;)>0for2 < j < n. Hence,
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n n-1
p( ﬂAi) - P( N A,-mAn)
i=1 i=1
n-1 n-1
= P( N Ai) : P(An N A,-) [(4.6) for n=2]
i=1 i=1
n-1 Jj-1 n-1
=P |[] P(Aj N A,-) P(An N A,-) [(4.6) for n—1]
j=2 = i=1
n j-1
= PA) - [] P(Aj N Ai).
j=2 i=1
Proof of Theorem 4.20

(i) This equation immediately follows from (1.28).

(i) If P(A;) > 0,then P(BNnA;) = P(B|A;)-P(A;) [see Eq. (4.2)]. Hence, (4.8) immediately
implies

n
P(B) = Z P(B|A;j)-P(Aj).
i=1

(iii) This proposition immediately follows from (1.29).

(iv) This proposition immediately follows from (iii) inserting P(BnA;) = P(B|A;)-P(A;)
[see Eq. (4.2)].

Proof of Theorem 4.23
4.1 (a)
pioy = ZEOD )
~ P(B) ’
P(B)
= —— [(B<Q]
P(B)
= 1.

4.1 (b) We assume P(B) > 0. Therefore, P(ANB) = 0, for all A € of, implies that PBa) =
P(ANnB)/P(B) =0, forall Ae <.

4.1 (c) If Ay, Ay, ... are pairwise disjoint, then A; N B, A2 N B,... are pairwise disjoint.
Therefore,

o] P(U®, A;nB
pB( U Ai) - % [4.2)]
i=1
Y%, P(A;NB)
= —— [Def. 4.1 (c)]
P(B)
(o ¢]
= Y PB4y. [(4.2)]
i=1

Proof of Lemma 4.25
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P(AnBNC)

P(A|IBNC) =
P(BNnC)

_ P(AnC|B)-P(B)

P(C|B)-P(B)

PB(ANC)
PB(C)

PBlC).

Proof of Lemma 4.27

(i) Forall Ae«,

P(A) =0 = PANB)=0
P(ANB)
P(B)
= P(AIB) =0

= PB) =o.

=0

Hence, P8 < P [see Eq. 3.77)].

(ii) Forall Ae«,

P(ANB)
P(B)

1
=— |1 P
P(B)f AnB d
1
= —— | 14-15dP
P(B)fA 5 d

:f L ap
4 P(B)

PBa) =

1
According to Theorem 3.65, this means P5 = (— 1z|o

4.6 Exercises

> Exercise 4-1 Consider flipping a coin n times and the event A,

P(B)

4 Probability Measure
[(4.2)]
[(4.2)]

((4.14)]

((4.2)]

[Box 4.1 (V)]

[P(B) > 0]

[(4.2)]
((4.14)]

((4.14), (4.2)]

((3.9)]

((1.32)]

[(3.30), (3.32)]

= flipping heads at the

first flip. Specify the set of possible outcomes of this random experiment and the set A; as
a subset of Q. How many elements has 2? How many elements has the event A;?

> Exercise 4-2 Define the set Q of possible outcomes in the example displayed in Table
4.1 (p. 130) by a threefold Cartesian product.

> Exercise 4-3 Draw theinterval [0, 1], cutitin two halves, cut the right-hand piece in two
halves, cut the remaining part in two halves, etc. In this way you can visualize the sequence

1/2,1/4,1/8,...

by lengths of intervals. This sequence can also be written: 1/2,i € N. Note

that all terms 1/2% of this sequence are positive, i.e., 1/ 21 >0 forall i € N. Determine

X1

)3

o2

1
2
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> Exercise 4-4 Compute the probabilities P(A) and P(C|AnB) of the events defined in
Example 4.18 .

> Exercise 4-5 Compute the B-conditional probability of { (Ann, yes,—), (Ann, yes,+)}, the
event that Ann is sampled and treated. Use the results already obtained in Example 4.29.

> Exercise 4-6 Prove the proposition of Remark 4.34.

> Exercise 4-7 Show by examples that, for B € «f with P(B) > 0, P-independence of A and
C neither implies nor is implied by B-conditional P-independence of A and C.

> Exercise 4-8 Prove the propositions of Box 4.2.

Solutions

> Solution 4-1 The set of possible outcomes is Q = {h, t}" = {h,t} x ..., x{h, t} (n-times).
The event flipping heads at time 1 is Ay = {h} x {h, 1"~ The set Q has 2" elements and
Ap has 2" /2 = 2""1 elements.

> Solution 4-2 If Qy = {Joe,Ann}, Qx = {yes,no}, and Qy = {+,-}, then Q = Quyx Qxx Qy.
This set consists of all eight triples (a, b, ¢), for which a € Qy, b € Qx, and c € Qy.

> Solution 4-3 The picture of this interval is

1/2 1/4 1/8 ...
l ! ! L1y
f T T 1Tl
0 1
and this illustrates that Z 2_1 = yLango Z § =1.

i=1

> Solution 4-4 Because the four events {(Joe no,—-)},...,{(Joe yes, +)} are pairwise dis-
joint, we can simply add their probabilities. Hence, P(A) = .144 +.336 +.004 +.016 = .5
(see the second column of Table 4.2). In order to compute P(C|ANB) note that ANB =
{Uoe, yes,—), Joe, yes, +)} is the event that Joe is drawn and treated. Again, because the
two elementary events involved are disjoint, P(ANB) = .004 +.016 = 0.2. Furthermore,
ANBNC = {(Joe, yes, +)} is the event that Joe is drawn, treated, and successful. Its probabil-
ity is PCANB NC) = P({(Joe, yes, +)}) = .016. Hence,

P(ANBNC) 016

P(C|ANB) = = =
P(ANB) .004 +.016

> Solution 4-5 In Example 4.29 we already computed the two B-conditional probabilities
PB({(Ann, yes,—)}) =.30 and PB({(Ann, yes,+)}) = .20. Because these elementary events are
disjoint, the probabilities of their union can easily be computed using the additivity prop-
erty of the probability measure PB Hence, PB({ (Ann, yes,—), (Ann, yes, +) }) =.30+.20 = .50.

> Solution 4-6 Let (Q2, </ P) be a probability space. Then forall Ae.o/:
PQNA)=P(A)=1-P(A)=P(Q)-P(A) and P@NA)=P@)=0=0-P(A) =P(D)-P(A).
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> Solution 4-7 Consider Example 2.2.2, let A = {(h, t),(h, h)} denote the event to flip
heads with the first coin, B = {(t, 1), (h, h)} the event to flip tails or to flip heads with both
coins, and C = {(t, h), (h, h)} the event to flip heads with the second coin. All three events
have the same probability P(A) = P(B) = P(C) =.5. Now,

P(ANnC) = P({(h,h)}) = .25 = .5-.5 = P(A)-P(C)
and
P(BNC) = P({(h,h)}) = .25 =.5-.5 = P(B)-P(C).

Hence, A and C as well as B and C are P-independent, which implies P(A|B) = .5. and
P(C|B) =.5. However,

P(ANCNB) _ 25
P(B) T 5
# .25 =.5-5= P(A|B)-P(C|B),

P(AnC|B) = =5

which shows that A and C are not B-conditionally P-independent.

Now we present an example in which A and C are B-conditionally P-independent but
not (unconditionally) P-independent. Consider flipping three coins. This random experi-
ment is represented by the probability space (Q, « P), where Q = {h, 8, of = P(Q), and
P: of — [0,1], satisfying P({w}) = .125 for all w € Q. Furthermore, let A = {(¢, ¢, 1), (¢, ¢, h)}
denote the event to flip tails with the first two coins, B = {(t, ¢, t), (¢, t, h), (¢, h, t), (¢, h, h)}
the event to flip tails with the first coin, and C = {(t,t, h), (¢, h, h)} the event to flip tails
with the first coin and heads with the third coin. The two events A and C have the same
probability P(A) = P(C) = .25 and P(B) =.5. Because

P(ANC) = P({(t,t,h)}) = .125 # 25-.25 = P(A)-P(C),

A and C are not P-independent. Further, P(ANB) = P({(t,t,1),(t,t,h)}) =.25, P(CNB) =
P({(tr hr t); (tr h; h)}) = .25, and

P(AnBNC) 125

PANCIB) = —— o =25
- 5.5= PANB) PBNO) _ W e pciB)
T P(B) P(B) ’

This shows that A and C are B-conditionally P-independent.

> Solution 4-8 (i) This is the definition of A JﬁL B.

(ii) P(A°nB) = P(B\ A)
= P(B)-P(ANB) [Box 4.1 (vi)]
= P(B)-P(A)-P(B) [AL B]
= [1-P(A)]-P(B)
= P(A°)-P(B) [Box 4.1 (iv)],
which is ACJI.)L B.

(iii) We have to show that A JPL B implies

P(A;nBj) = P(A;))-P(Bj), YA;€{A A%Q,0}andVB; € {B, B Q, 0}
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Whenever A; or BjisQor@ this equation holds [see (4.25)]. Furthermore, P(ANB) = P(A)-
P(B) is equivalent to our premise A Jz'vl' B, and P(A°nB) = P(A°) - P(B) is proposition (ii).
The corresponding argument holds for P(An B€) = P(A) - P(B) and P(A°nB€) = P(A®)-
P(B©), exchanging the roles of A and B.

(iv) This is the definition of Jj)l' A B,C.

(v) This proposition immediately follows from (iv) and (i).

(vi) We assume P(B) > 0. Then

AJA_B < P(ANnB)=P(A)-P(B) (@]
P(ANnB)
=P(A)
P(B)
< P(A|B) =P(A). ((4.2)]

(vii) This is the definition of A JI.)L C|B.
(viii) We assume P(B) > 0. Therefore,

AJ‘.‘!_CIB < P(AnC|B) = P(A|B)-P(C|B) [(vii)]

o PBuanc) = PB)-PEC) [(4.14)]
o AlC ()]
PB

(ix) We assume P(B) > 0. Therefore,
AJPLCIB = AJ.|§C [(viii)]

p
o Al CC. (D]
PB
(x) We assume P(B) >0. Then
_ P(AnBNC)
P(AnC|B) = 7})(3) ((4.2)]
_ PA-PBY-PC) ) B vl
P(B) P
= P(A|B)-P(C|B). (), (vi)]

(xi) We assume P(B),P(B€) >0. Then
P(AnB) P(AnB¢)

P(B) 1-P(B)
< P(ANB)-[1-P(B)] =P(AnB°)-P(B)
< P(ANB)=[P(ANB)+P(ANnB°)]-P(B)
<>
<>

P(A|B)=P(A|B°) < ((4.2), Box 4.1 (iv)]

P(ANnB)=P(A)-P(B) [(4.7)]
ALB. (@]

(xii) We assume P(B N C) > 0. This implies P(B) > 0 and

ALCIB < P(ANC|B) = P(A|B)-P(C|B) [(vii)]
P(ANBNC) _ P(ANB) P(BNC) @)
P(B) P(B) P(B)
P(AnBnC) _ P(ANnB)
P(BNC) ~ P(B)

< P(AIBNnC) = P(A|B). ((4.2)]
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(xiii) We assume P(Bn C¢) > 0. This implies P(B) > 0 and

AiPL C|B & A%lﬁc [(viii)]
o AlCC [(ii)]

PB
o PB|CcY =PB) ((vD)]

& P(A|BNC® =P(A|B) [(4.15), (4.14)]
(xiv) We assume P(BNC), P(BNC¢) >0.

P(A|BNC) = P(A|IBNC® < P5A|C) = PBAICY) [(4.15)]

o Al C [(xi)]
PB
o AJI.)L C|B. [(viii)]

(xv) We assume P(BNC), P(BNC¢) >0.

Bl C = P(C|B)=P(), P(C°|B) = P(C") [(vD), (iD)]
= P(A|B) = P(A|BNC)-P(C) + P(A|BNC)-P(C). [(4.17)]

(xvi) We assume P(BNC), P(BNC¢ >0and A JPL C|B.

P(A|B) = P(A|IBNnC) [AJPLCIB, (xii)]
P(A|BNC)-[P(C)+ P(C%)] [Box 4.1 (iv)]
P(A|BNC)-P(C)+P(A|BNC)-P(C%)]

P(A|BNC)-P(C)+P(A|IBNCS-P(CY. [(xiv)]



Chapter 5

Random Variable, Distribution, Density, and
Distribution Function

In chapter 4 we translated the concepts measure and measure space to probabil-
ity theory introducing the notions probability measure and probability space. In
this chapter we define a random variable as a measurable mapping and its dis-
tribution as the image measure of a measurable mapping with respect to a prob-
ability measure (see ch. 2). The distribution of a random variable contains the
comprehensive information about its properties. It informs us about the proba-
bility of each event that can be represented by this random variable. Expectation,
variance and other moments of a random variable are determined by its distri-
bution (see ch. 6). For a multivariate random variable, the (joint) distribution
also contains the information about the dependencies between its components.
It also determines the conditional expectations (see ch. 10). In this chapter, we
apply the concept of independence of families of events in order to introduce
independence of random variables and families of random variables. Finally, the
last sections of this chapter are devoted to the concept of a probability function,
and, for a real-valued random variable, the notions of a distribution function and
a probability density, which are very useful for describing a distribution, for cal-
culations (see, e. g., ch. 6), and for providing instructive illustrations of the under-
lying distributions (see ch. 8).

5.1 Random Variable and its Distribution

In section 2.6 we introduced the notation
[ Qe p)— Q) ),

which expresses that f: Q — Q' is an («f, «/')-measurable mapping and that y is
a measure on the measurable space (Q,«). If u is a probability measure, then a
measurable mapping is also called a random variable and its image measure s
is also called its distribution. This change of terms goes along with a change in
notation. Instead of f, g, and h, we preferably use letters such as X, Y, and Z.

Definition 5.1 (Random Variable)
If (Q,s4, P) is a probability space and X: (Q, ) — (Q%,<fx) a measurable
mapping, i. e., if X: Q — Q satisfies
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XA eod, VAeo, (5.1)

then X is called a random variable on (Q, <, P) with values in (Q;’(,,Qﬁ‘ié).
If (Q%, %) = (R, %B), then X is called real-valued, and if (Qk,<#%) = (R, %),
then X is called numerical.

Remark 5.2 (Measurability of Inverse Images) Equation (5.1) implies thatall in-
verse images
XA :={oeQ: X(weA}, Aed,

are elements of the g-algebra </ on Q. Because the measure P : «f — [0, 1] assigns
a probability to all elements of </, the probabilities P[X ~1(A’)] of these inverse
images are determined by P (see Exercises 5-1 and 5-2). <

Definition 5.3 (Distribution of a Random Variable)
Suppose that X : (Q, 4, P) — (Q, %) is a random variable. Then the function
Px: oy — [0,1] defined by

Px(A") = PIX7'(A)], VA'esth, (5.2)

is called the distribution of X (with respect to P).

Remark 5.4 (Notation P(Xe€A') and P(X=x)) If A’€ o, we use the notation
P(XeA) := P[X"'(AN] (5.3)
for the probability of the event {X€ A’} = X " (A") and, if {x} € of¥,
P(X=x) := P[X "' ({x})] (5.4)

for the probability of the event {X=x} = X ! ({x}) = {w € Q: X(w) = x}. If we write
P(X=x), then we always assume {x} € oy, even if not mentioned explicitly. <

Remark 5.5 (A New Probability Space) Definition 5.1 implies that every random
variable X on a probability space (Q, <, P) has a distribution Px. Furthermore,
Px: ofx — [0,1] is also a measure, the image measure of P under X (see Th. 2.78
and Def. 2.79). Because Px(Q%) = P(Q) = 1, we can conclude that Py is a proba-
bility measure, and (Q, <fy, Px) is also a probability space. Therefore, we use the
notation

X: (Q, 4, P) — (Qk, x, Px)

expressing that

(@) X:Q — Qyis arandom variable on the probability space (Q, < P),
(b) oy is a g-algebra on Q%, and
(c) Py isthe distribution of X.
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Definition 5.6 (Identically Distributed Random Variables)

Let X: (QW oW PW)y — Q) ") and Y: (Q® P P?) — (Q) ") be ran-
dom variables. If Px = Py, then we say that X and Y are identically dis-
tributed.

Note that, oftentimes, (QW), o/® pA) = Q@ 7@ p@) Now we consider the
distribution of a composition g(X) of a random variable X: (Q, s/, P) — (Q%, «/x)
and a measurable function g: (Q%, «7x) — (Q', «/'). According to Remark 5.5, the
mapping g is a random variable on the probability space (Qk, <y, Px). Further-
more, according to the following lemma, g(X) is a random variable on (Q, <, P)
and the distribution of g(X) is the image measure of Px under g. The notation of
this image measure is (Px).

Lemma 5.7 (Distribution of a Composition)
Let X: (Q, o4, P) — (Q%, o/x) be a random variable and g: (Qx, /x) — (Q', <)
a measurable function. Then the composition g(X): (Q,<4,P) — (Q) /") isa
random variable and

(PX)g = Pg[X) . (5.5)

(Proof p. 185)

Example 5.8 (Indicator (Variable) of an Event) If (Q, o, P) is a probability space
and A€o, then the mapping 14: (Q, <4 P) — ({0,1},22({0,1})) is a random vari-
able. It is called the indicator (variable) of A. The distribution of 1, is

Py, ({10) = P(AY), P1,({1}) =P(A), P1,({0,1)=P(Q) =1, Py,(D)=P(®)=0.

If we consider the same event A and the measurable space (R, 28), then we
can also write 14: (2,4 P) — (R,98) in order to express that 1, is also (<, %8)-
measurable. Note, however, that now the distribution of 1, is a probability mea-
sure on (R, %), and for all B € 43,

Py,(B) = P[1;'(B)] = Pl{w€Q: 14(w) € B}] [(5.2), (2.2)]
P@) =0, if0¢gB,1¢B,
P(A), if0¢B,1€B,

P(A9), if0e B,1¢ B,
PQ)=1, if{0,1}cB.
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Example 5.9 (Indicator of an Inverse Image) If (Q, <, P) is a probability space,
X: (Q, o, P)— (Qk, ofx) arandom variable, and A'€ oy, then 1y-141: (Q, o/, P) —
({0,1},22({0,1})) is a random variable on (Q, &/, P) and

Iyear = Iy = LX) = LyoX (5.6)
(see Exercise 5-3). The distribution of 1 4 is
Py, ({0)=P(XgA), P1,_, ({1)=P(XeA),
P, (0,1)=P@ =1, Pi_, (@) =P@®)=0.
<

Example 5.10 (Dichotomous Random Variable With Values 0 and 1) Let X be a
real-valued random variable on (2, .o, P). Then it is called dichotomous with val-
uesOandlifXglle and0< P(X=1)<1. <

Example 5.11 (Flipping two Coins - continued) In Example 2.2.2, we considered
flipping two coins and defined X: (Q, <, P) — (Q;’(, 9’(9&)), a random variable
representing with its values the number of flipping heads. Its possible values are
0, 1, or 2. Hence, we can choose Q% :={0,1,2} and

1
P(X=0) = Px({0}) = PIX"'({0})] = Pli(t,0}] = 7
1
P(X=1) = Px({1}) = PIX"'({1D] = Pli(h,1),(t,)}] = >’
P(X=2) = Px({2}) = PIX~'({2D] = Pl(h, h)}]

T4

are the probabilities assigned to the singletons {0}, {1}, and {2}, whereas

3
P(X€{0,1}) = Px({0,1}) = P[X~'({0,1}))] = PI{(t,1),(h, 1), (£, }] = 7
2
P(X€{0,2}) = Px(10,2}) = PIX~'({0,2})] = Pl{(z,1),(h,h)}] = 7
3
P(X€{1,2}) = Px({1,2}) = PIX"'({1,2)] = Pl{(h,1),(t,h)(h,W}] = 1

are the probabilities assigned to the sets {0,1}, {0,2}, and {1,2}, which consist
of two elements of Q) Finally, Px(Q%) = P[X1(Q))] = P(Q) =1 and Px(@) =
P[X"1(@)] = P(@) = 0. Generally speaking, Px(A’) denotes the probability that X
takes on a value in the subset A’ of Q. <

Example 5.12 (Tom, Jim, and Kate) Now we consider an example that is sim-
ilar to the experiment with Joe and Ann. However, the set of persons is now
Qu := {Tom, Jim, Kate}, and we consider three treatments, the elements of the set
Qy := {Con, BTh, PTh}, where Con could be no treatment. The random experi-
ment consists of: drawing a unit u from the set Qy, assigning it to one of the three
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Table 5.1. Tom, Jim, and Kate

Elements of Q Random variables
<

&~
2 5 2 2
w 3 ) 8 =
2 B 5 | =
- | % =8
E ., |28 |8 E g
EN- 2 8= g g 15
=2 0 S 2 g8 3 7] w g
£ 2 3 e | 8 e =]
o F & - s = o
(Tom, Con, —) 10/99 Tom O 0
(Tom, Con, +) 10/99 Tom O 1
(Tom, BTh, -) 2/99 Tom 1 0
(Tom, BTh, +) 6/99 Tom 1 1
(Tom, PTh, —) 1/99 Tom 2 0
(Tom, PTh, +) 4/99 Tom 2 1
(Jim, Con, —) 5/99 Jim 0 0
(Jim, Con, +) 15/99 | Jim 0 1
(Jim, BTh, —) 3/99 Jim 1 0
(Jim, BTh, +) 5/99 Jim 1 1
(Jim, PTh, —) 2/99 Jim 2 0
(Jim, PTh, +) 3/99 Jim 2 1
(Kate, Con, —) 12/99 Kate 0 0
(Kate, Con, +) 8/99 Kate 0 1
(Kate, BTh, —) 5/99 Kate 1 0
(Kate, BTh, +) 3/99 Kate 1 1
(Kate, PTh, —) 4/99 Kate 2 0
(Kate, PTh, +) 1/99 Kate 2 1

treatment conditions Con, BTh, or PTh and observing whether (+) or not (=) a
success criterion is reached. Hence, the set of possible outcomes of this random
experiment is

Q = QuxQxxQy = {(Tom, Con,—), (Tom,Con,+),..., (Kate, PTh,+) }.

It consists of the 3-3-2 = 18 triples (u, wx, wy) listed in the first column of Table 5.1.
As the set of possible events < we consider the power set 22(Q). This set has 218 =
262144 elements, where 18 is the number of elements of Q. The probabilities of
the 18 elementary events {w}, w € Q, are displayed in the second column of the
table. With these specifications, the probabilities P(A) of all 218 elements A € of
are determined [see Rule (x) of Box 4.1]. Hence, the probability space (Q, o, P) is
completely specified.

Table 5.1 also displays the values of the three random variables U: (Q, «, P) —
Qu, 2 Qp)], X: (Q, 4 P) — [Q%, P(Q%)], and Y: (Q,«, P) — [Qy, 2 (Qy)], where
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Qk :={0,1,2} and Qy := {0, 1}. For the singletons {x}, x € Qk, the values Px ({x}) =
PIX~'({x})] of the distribution of X are

Px({0}) = 60/99, Px ({1} = 24/99, Px({2}) = 15/99,
for the sets that consist of two elements of Q, they are
Px({0,1}) = 84/99, Px({0,2}) = 75/99, Px({1,2}) = 39/99,

and for Q% and @, they are Px (Q%) =1 and Px (@) =0.
For the singletons {u}, u € Qy, the values Py ({u}) = P[U '({u})] of the distri-
bution of U are

Py ({Tom}) = Py ({Jim}) = Py ({Kate}) = 1/3,
for the sets that consist of two elements of Q they are
Py ({ Tom,Jim}) = Py ({ Tom, Kate}) = Py ({Jim,Kate}) = 2/3,

and for Qy and @, they are Py (Qy) = 1 and Py (@) =0. <

5.2 Equivalence of Two Random Variables With Respect to a
Probability Measure

5.2.1 Identical and P-Equivalent Random Variables

Let X,Y: (Q, o, P) — (Q) o) be two random variables. Then X and Y are called
identical if
Voe: X(w) = Y(w). (5.7)

Remark 5.13 (P-Equivalent Random Variables) Let X, Y: (Q, <, P) — (Q} o/') be
two random variables. Then X and Y are almost surely identical with respect to
P or P-equivalent, denoted X = Y, if

JAeod: (VoeQ\A: X(w)=Y(w) and P(A)=0) (5.8)

(see Def. 2.68). Another notation for X 5 YisX (w)P;a Y (w), which is a shortcut
for o

X(w)=Y(w), forP-aa.weq, (5.9

meaning that the values of X and Y are identical for P-almost all w € Q (see
Rem. 2.70). <

Remark 5.14 (Singleton With a Positive Probability) If X 5 Y or, equivalently, if
X(w)P_ju Y (w), and o* € Q, with P({w*}) > 0, then X(0*) = Y (0*) [see Rem. 2.71].
- <
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Example 5.15 (Indicator of a Null Set) Let (Q, < P) be a probability space and
A€ If P(A) =0, then

14 % 0 and 1pge = 1-14 % 1 (5.10)
(see Example 5.8). <

Remark 5.16 (Q-Equivalence) Note that the definition of equivalence of two
random variables X and Y with respect to a probability measure only presumes
that X and Y are measurable with respect to a o-algebra on Q and that the mea-
sure considered is a probability measure on this o-algebra. Hence, we can con-
sider the equivalence of X and Y with respect to different probability measures,
say P and Q and study their relationship. <

In the following lemma we consider the relationship between P-equivalence
and Q-equivalence, presuming Q < P (absolute continuity), i. e., presuming

VCe€: P(C)=0= Q(C)=0

(see Def. 3.70).

Lemma 5.17 (P-Equivalence and Q-Equivalence)
Let X,Y: (Q, 4, P) — (Q) /") be random variables, let € < </ be a ¢-algebra,
and assume that o (X),o(Y) c 6. If Q is a probability measure on (Q, <f) such
that Q < P, then X = Y implies X 3 Y.

(Proof p. 185)

According to Lemma 4.27 (i), P® <P, provided that B € &« is an event for
which P(B) > 0. Hence, Lemma 5.17 immediately implies the following corollary:

Corollary 5.18 (P-Equivalence Implies P2-Equivalence)
Let X,Y: (Q, o P) — (Q) ") be two random variables and let B € «f with
P(B)>0.Then X =Y impliesszB Y.

Example 5.19 (P2-Equivalence Does not Imply P-Equivalence) Consider the set
Q = {w;, Wy, w3, w4} with the o-algebra o = 2(Q), and the set Q' = {a, b, ¢, d}, with
the o-algebra o' = 2(Q’'). Furthermore, let P: o« — [0,1] satisfy P({w;}) = .25,
P({wy}) = .25, P({ws}) = 0, and P({w4}) = .50. Finally, define X,Y: (Q,</,P) —
Q) /") by

a, ifo=w; a, ifo=w

b, ifw=w, b, ifw=w,
X(w) = i Y(w) = .

¢, ifw=w; d, ifw=w;

d, fo=w, ¢, fwo=w,
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Figure 5.1. Two random variables that are P2 equivalent if P({ws}) =0

(see Fig. 5.1). If B = {®w;,w;, w3}, then X = Y, but neither X=Y nor X = Y (see Ex-
ercise 5-4). Therefore, equivalence with respect to P? does not imply equivalence
with respect to P. <

Theorem 2.84 on the equivalence of image measures immediately implies the
following corollary on the equivalence of the distributions of two P-equivalent
random variables:

Corollary 5.20 (P-Equivalence Implies Equal Distributions)
Let X,Y: (Q, <, P) — (Q) «") be random variables with distributions Px and
Py, respectively. If X = Y, then Px = Py.

In other words, if X and Y are P-equivalent, then they are identically dis-
tributed. Note, however, that identical distributions of X and Y do not imply that
X and Y are P-equivalent.

In chapter 6 we shall see that Corollary 5.20 implies that also the expectations,
variances, and other moments of X and Y are identical if X, Y: (Q, <, P) — (R, %)
are P-equivalent numerical random variables, provided that the expectations,
variances, and other moments of X and Y exist.

The following corollary is an immediate implication of Theorem 2.85.

Corollary5.21 (P-Equivalence of Compositions)
Let X: (Q, 4, P) — (Q)’(,_d;é) be a random variable with distribution Px and let
g,8%: (Qk, oY) — (R, B) be measurable functions. Then:

) gX) 7 g o gzg"
(i) gX) 5 8'X) « g g~
i) gX) 5 g0 < g 5 g~

X (Proof p. 185)
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Remark 5.22 (Alternative Notations) Note that

85 gt o g =g'x), forPx-aa xeQj, (5.11)
g5 g" © g <g'(x), forPx-aa xeQy, (5.12)
85 g° o g =<g'x), forPx-aa xeQk. (5.13)

<

5.2.2 P-Equivalence, P®-Equivalence, and Absolute Continuity

Now we consider the relationship between equivalence of two random variables
X,Y: (Q,,P) — (Q) /") with respect to P and P2, and absolute continuity of
Py with respect to P$, the distribution of X with respect to the conditional-
probability measure PB. Remember, for B €</ and P(B) > 0, we defined the B-
conditional probability measure P5 (see Def. 4.24). Referring to such a measure,
X = Y means

HAed:(VwEQ\A:anzYwn and P%mzo} (5.14)

[see (5.8)]. If B denotes the event {X=x} := {w € Q: X(w)=x}, then we define
PX=*:= pBand call it the (X=x)-conditional probability measure on (Q, ).

Lemma 5.23 (An Implication of Absolute Continuity)
Let X,Y: (Q, <, P) — (Q" /") be random variables that are measurable with
respect to the o-algebra € c <f, let Be<«l, and P(B) > 0. If XP=B Y and

P <P’ thenX =Y.
& (Proofp. 185)

Example 5.24 (No Treatment For Joe) Consider Table 5.2. In this example we de-
fine the set Qy = {Joe, Jim, Ann} and

Ay = PQy) = {Uoe},Jim},{Ann}, Joe, Jim}, Joe, Ann}, {Jim, Ann}, Qy, @}.

Using these sets, not only U: (Q, &, P) — (Qy, «/y) is a random variable, but also
U*: (Q, s, P) — (Qu,<fy) defined in Table 5.2. Now the distribution of U is speci-
fied by Py ({Joe}) = .5, Py({Jim}) = 0, and Py ({Ann}) = .5. The probabilities of the
other five elements of </, are obtained using Rule (x) of Box 4.1. Furthermore,
PU* = PU.

Considering the measure P*=* we find UP =-0U *, because

P{U £ U™ = P*°({(Joe, yes, +), (Joe, yes, -)}) = 0.

Furthermore, there are only two sets A € o(U) with P*=°(A) = 0. These are the
sets U ({Jim}) = {(Joe, yes, +), (Joe, yes, —)} and @, and for these sets we find
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P(U'({Jim})) = P(@) = 0. Hence, P B PX‘ and according to Lemma 5.23 this
implies U = U™. In fact, we find

P{U#U"}) = P({(Joe, yes, +), (Joe, yes, -)}) =

Lemma 5.25 (Absolute Continuity)
Let X: (Q, 4, P) — (Qk, olx) be a random variable and B € «f with P(B) > 0.
Then

P« P8 & Py << Py (5.15)

a(X)
(Proof p. 186)

Example 5.26 (No Treatment For Joe - continued) In Example 5.24, we already
found

P <« pX0,
o)

There are only two sets A’ € o/ with P}=°(A’) = 0, the sets {Jim} and @, and for
these sets we find Py ({Jim}) = Py (@) = 0. Hence, in this example,

Py < pP°
holds as well. <
Lemmas 5.25 and 4.27 immediately imply the following corollary.
Corollary 5.27 (Null-Set Equivalence)
Let X: (Q, 4, P) — (Qk, «f%) be a random variable and B € «f with P(B) > 0.

Then P and P® are null-set equivalent on (Q,0(X)) if and only if Px an P§ are
null-set equivalent on (Qk, </x).

According to Lemma 5.25 (i), absolute continuity of P2 with respect to Px al-
ways holds. In other words, P)? <« Py, which is equivalent to
%

Aledy: Px(A)=0 = P{(A)=0, (5.16)
always holds. In contrast, Px ff/ P}f is not necessarily true.
X

Example 5.28 (No Treatment For Joe — continued) Table 5.2 displays an exam-
ple illustrating absolute continuity of Py with respect to P for a discrete random
variable. Consider the event B = {X=1} = {w € Q: X(w) = 1}. Using this notation,
Py is not absolutely continuous with respect to P, i.e., Py << P! does not
hold. In contrast, Py < PJ=° does hold.
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Table 5.2. No Treatment for Joe

Outcomes w Observables
L o8 3|2
§ 8§ £ §|¢&

5 £ & | A g & & 8| & A,
(Joe, no, —) 152 | Joe Joe O 0 245 0
(Joe, no, +) 348 | Joe Joe 0 1 561 0
(Joe, yes, =) | O Joe Jim 1 0 [0 0
(Joe, yes, +) 0 Joe Jim 1 1 0 0
(Ann, no, —) | .096 | Ann Ann 0 0 | .155 O
(Ann, no, +) | .024 | Ann Ann 0 1 .039 0
(Ann, yes, —) 228 | Ann Ann 1 0 0 .60
(Ann, yes,+) | 152 | Ann Ann 1 1 | 0 .40

In this example, the eight elements of Q are listed in the first column of the ta-
ble. Furthermore, we choose & = 22(Q2) and the probability measure on (Q, /) is
specified by the probabilities of the singletons {w} specified in the second column
of the table [see Box 4.1 (x)]. The random variables U: (Q, </, P) — (Qu, «/y), with
Qu = Joe, Ann}, ofy=2(Qy), and X,Y: (Q, <, P) — (Q, 2(Q")) with Q' = {0,1},
are specified in Table 5.2. (The random variable U* has been used in Example
5.24.) Note that the distribution of U is:

Py({Joe}) = P({(Joe, no, -), (Joe, no, +), (Joe, yes, +), (Joe, yes, -)}) = .5,
Py({Ann}) = P({(Ann, no, -), (Ann, no, +), (Ann, yes, +), (Ann, yes, -)}) = .5,

Py(Qy) =1, and Py (@) =0.
Now, we compute the (X=1)-conditional probabilities of the elementary events:

P({(Joe, no, =)} n{X=1})
P(X=1)

P ({oi}) = P ({(Joe, no, -)}) =

0/(.228+.152) = 0,

and the same result is obtained for w, to wg. In contrast,

({(Ann, yes, -)} N {X=1})
P(X=1)

P ({7

P
PX({(Ann, yes, -)}) =

.228/(.228 +.152) = .60,

and
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P({(Ann, yes, +)} n{X=1})

x=1
P77 ({wg}) PIX=1)

PX({(Ann, yes, +)}) =

.152/(.228 +.152) = .40.

These results are displayed in the last column of Table 5.2 and the last but one
column shows the probabilities PX=° ({w}) of the singletons with respect to PX=°,

Now consider the element {Joe} € /. Inspecting the last and the second
columns of Table 5.2 shows that

P ({Joe}) = 0 and  Py({Joe}) = 5.

According to Definition 3.70 (i), this implies that Py < P7! does not hold. In
contrast, none of the four elements A’ € o, satisfies

P7°(A) =0 and Py(A) # 0.

Therefore, in this example, Py < PJ=° does hold. <
U

5.3 Multivariate Random Variable

Univariate random variables take on their values in sets such as Q' c R, Q' =
{male, female}, or Q' = {low, medium, high}, whereas bivariate random variables
take on their values in sets such as Q' < R? or

Q' = {male, female} x {low, medium, high}.

The values of bivariate random variables are pairs such as (5,8) or (male, low).
The values of n-variate random variables are n-tuples. If X takes on values such
as male or (male, low), then we call X qualitative. If X takes on values in a subset
of R”, n €N, we call it n-variate real-valued. If X takes on values in a subset of
R” neN, we call it n-variate numerical.

Remark 5.29 (Joint and Marginal Distributions) Definition 5.1 also applies to
an n-variate random variable X, i. e., to a random variable

n n
X = (Xio X): (@, P) — [ X O, Q) o | (5.17)
i=1 i=1

that consists of n univariate random variables X;: (Q, </, P) — (Q; , d/). Hence,
X(w) = X5 (w),..., X, (w)], VweQ. (5.18)

The distribution Py = Py, . x,, of X is also called the joint distribution of the ran-
dom variables X;,i=1,...,n.
Because 7;(X;,...,X,) = X;,
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i (X150 X))o i:1,...,7l, (519)

[see Eq. (5.5) and Eq. (2.20) defining the projection 7;]. In this context, Py, is
called the (one-dimensional) marginal distribution of X;. Equation (5.19) shows
that the joint distribution uniquely determines all marginal distributions, but not
vice versa! More specifically, fori =1,...,n,

Px;(A) = Px,, x, (Q)x...xQ_x Aj xQl 1 x...xQ}), VAied!. (520)

.....

Analogously, we may also describe the marginal distribution of (X;,,...,X;,),
where {i\,...,i,,} c{1,...,n} <

Remark 5.30 (Joint Distribution vs. Other Quantities) The joint distribution of
amultivariate random variable contains the essential information about the ran-
dom variables Xj,..., X},. All other quantities such as expectations E(X;), vari-
ances Var(X;), covariances Cov (X;, X;), or regressions such as E(X; | X;,..., X,),
which is introduced in succeeding chapters, are determined by the joint distribu-
tion, and usually they contain less information. Nevertheless, these other quanti-
ties often reveal certain properties of a multivariate random variable more clearly
than the joint distribution. <

Example 5.31 (Flipping two Coins - continued) In Example 2.2.2, we considered
the random experiment of flipping two coins and defined a random variable X
representing with its values the number of flipping heads. Additional to X we
may also define the random variables X;, X,: (Q, <, P) — ({0,1},22({0,1}) by

X () = {1’ if o € {(, 1), (h, )}

_ (5.21)
0, if w e {(z, h), (£, D)}

and

1, ifw € {(t, h), (h, h)}
X,(w) = (5.22)
{0, ifwe{(h b, (t,0}.

They indicate with their value 1 if heads are flipped at the first and second flip,
respectively. Obviously, X = X; + X,. Furthermore,
(X1,X): (Q, 97, P) — ({0,1} x {0,1},22({0,1}) ® 2 ({0,1}))

is a two-dimensional random variable with values (0, 0), (0, 1), (1,0), and (1, 1). The
joint distribution Py, x, is uniquely defined by

1
PXI,Xz({(i)j)}) = Z; Vl,] :0,1.

The marginal distribution of X is

, , . 1 1 1 .
Py, ({i}) = PX],XZ({(Z;O)})+PX1,X2({(lyl)}) = Z+Z = E’ i=0,1,

Px,({0,1}) = 1, and Py, (@) = 0. Obviously, Py, is completely determined by the
joint distribution P, x,, and the same applies to the marginal distribution Py,.
<



166 5 Random Variable, Distribution, Density, and Distribution Function

Example 5.32 (Tom, Jim, and Kate - continued) The second column of Table 5.1
also displays the probabilities Py, x,y ({(u, X, y)}) = P({w}) of the three-dimensional
random variable (U, X, Y) that maps the elements w € Q onto the set

Q' := {Tom, Jim, Kate} x {0,1,2} x {0, 1}
on which we consider the o-algebra
o' = P ({Tom, Jim, Kate}) ® 2({0,1,2}) ® 22({0,1}).

The probabilities Py, x,y ({(u, x, »)}), (u,x,y) € Q/, uniquely determine the joint
distribution Py, x,y as well as the one-dimensional marginal distributions Py, Py,
Py, and the two-dimensional marginal distributions Py, x, Py,y, and Pxy. <

5.4 Independence of Random Variables

The concepts of independence of events and of set systems, i. e., of sets of events,
which have been introduced in Definition 4.35, can be used to define stochastic
independence of random variables. Remember that

oX) ;= X Nt = (XA Aledt}

is a o-algebra on Q, called the o-algebra generated by X (see Def. 2.26). Hence,
we can define the random variables X; : (Q, o, P) — (Q}, <)) and X: (Q, /, P) —
(Q), <)) to be P-independent if X, '(s#]) and X, '(s) are P-independent. In
other words, X; and X, are defined to be P-independent, if

P(ANB) = P(A)-P(B), Y (AB)eX, () x X, " (). (5.23)
Using the notation introduced in Remark 5.4 and
P(X1e A, X,eB") := P({X1€ A} n{X,eB'}, (5.24)
this equation is equivalent to
P(X;e A, X,eB") = P(X,€ A")-P(X,eB'), V(A,B)et| xots. (5.25)

Independence of the random variables X; and X, with respect to P is denoted by
Xy AL Xo.

Example 5.33 (Joe and Ann With Random Assignment - continued) InTable 2.2
we presented the random experiment of drawing a person from a set of persons,

Qy = {Joe,Ann}, randomly assigning the drawn person to one of two treatment

conditions represented by the elements of the set Qx = {yes, no}, and observing

success or failure, represented by the elements of the set Qy = {—, +}. Hence, the

set of possible outcomes of this random experiment is

Q= QUXQXny,
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which consists of the eight triples listed in the first column of Table 2.2. In that
table we defined the three random variables

U: (Q,2Q)—(Qu,2Qy) and X,Y:(Q2Q)— Q) «),

where Q' = {0,1} and &/’ = {{0},{1},Q/,@}. In order to check if Equation (5.25)
actually holds, we choose the two sets {Joe} € (Qy) and {0} € ¢ ' and compare
the probability

P(X=0,U=Joe) = P({(Joe, no,-),(Joe,no,+)}) = .3
(see the first two rows of Table 2.2) to the product of the two probabilities

P(X=0) = P({(UJoe, no,—), Joe, no, +), (Ann, no,—), (Ann, no,+)} = .6
and

P(U=Joe) = P({(Joe, no,—), (Joe, no, +), Joe, no,—), Joe, no,+)} = .5.

Obviously, Equation (5.25) holds for the pair ({0}, {Joe}) € of ' x 22(Qy). Repeating
the corresponding comparisons for all pairs of o' x 2(Qy) shows that Equation
(5.25) actually holds in this example (see also Exercise 5-5). <

Remark 5.34 (A Methodological Note on Random Assignment) In random ex-
periments such as the one presented in Example 5.33, in which the drawn person
is randomly assigned to one of several treatment conditions, we create indepen-
dence of X and the person variable U. This implies that we create independence
of X and all U-measurable mappings f(U), because o[f(U)] < o(U). More gen-
erally, random assignment of an observational unit (such as a person) creates
independence of X and all pretreatment variables. <

Using definition 4.35, the following definition extends the concept of indepen-
dence of two random variables to a family of random variables. This includes a
finite sequence of random variables X;, i € I:={1,..., n}, an infinite sequence of
random variables X;, i € I :={1,2,...}, and a family (X;, i € I) of random variables
in which the index set I may be any set, including, e.g., I cR.

Definition 5.35 (Family of Independent Random Variables)

A family (X;,i € I) of random variables X;: (Q,sf,P) — (Q, &/) is called a
family of P-independent random variables, denoted JPL(Xl-,i el), if
(X (4, i € 1) is a family of P-independent o-algebras.

Remark 5.36 (Independence of Three Random Variables) Hence, three random
variables X;, X,, X3 are independent, denoted JﬁL X3, X2, X3, if and only if
P(X,e A, X,€B’, X3€C’) = P(X;€ A')-P(X,€B")-P(X3€C"),

5.26
Y(A',B',C") e o] x oy x 45 (620



168 5 Random Variable, Distribution, Density, and Distribution Function

(see Rem. 4.33). Note that pairwise independence of Xj, X,, X3 follows from choos-
ing A'=Qq, B'=Q), or C' = Q}, respectively. N

Remark 5.37 (Independence of » Random Variables) Correspondingly, the ran-
dom variables Xj, ..., X}, are independent, denoted J}.!_Xl, ..., X,, if and only if

P(X € Al,...,X,€A}) = P(X1€A):-...- P(X, €AY,

, , , , (5.27)
V(AL...,Ay) €] x...x o).

<

Remark 5.38 (Sample) Oftentimes, we assume that Xj,..., X, is a sequence of
independent and identically distributed (abbreviated i.i.d.) random variables
(see, e.g., chs. 6 and 8). In statistics, a sequence Xj,..., X, ofi.i.d. random vari-
ables is called a random sample.

An important example of i.i.d. random variables is treated in the section on
Bernoulli trials (see section 8.1.2). <

Remark 5.39 (Independence With Respect to a Probability Measure) If there is
no ambiguity we also use the term independence of events, sets of events, ran-
dom variables, and sets of random variables. Note that, if Q is another probabi-
lity measure on (0, <), then events, sets of events, and random variables can be
P-independent although they are not Q-independent. <

Remark 5.40 (A Random Variable and a Set System) Independence of a set sys-
tem and a random variable is defined in the same way. A set system & c o/ and a
random variable X: (Q, s/, P) — (Qk, «fy) are called independent, denoted & IX,
if & and o(X) are independent. Of course, & can also be a sub-g-algebra of «7. <

Remark 5.41 (A Random Variable and a Family of Random Variables) Indepen-
dence of a random variable X and a family (Y;,i € I) of random variables, de-
noted XJI.jL(Y,-,i € I), is defined by XJI.)LU(Y,-,i € I). Note that XJI_)I_(Y,-,i € l) im-
pliesXJI.)LG(Y,-),foralli el <

Remark 5.42 (Equivalent Propositions) The following propositions are equiva-
lent to each other: 13 Jil)_‘g, o({B}) Jil)_‘g, {B} J}J’_Cg, B Jil)_‘g (see Rem. 4.36 and Ex-
ercise 5-6). <

In Corollary 5.20 we noted that P-equivalent random variables have identi-
cal distributions. According to the following lemma this also has implications for
independence of random variables.

Lemma 5.43 (P-Equivalence and Independence)
Let X;: (Q,o,P) — (Q' "), i = 1,2, and Y: (Q, 4, P) — (Q}, «/y) be random
variables. Then

(XizXeAXilY) > X1Y. (5.28)
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(Proof p. 186)

Now we consider the probability measure P and the B-conditional-probability
measure P on (Q, o) (see Def. 4.24). In Lemma 4.27 we have shown that P? is
absolutely continuous (see Def. 3.70) with respect to P on (Q, «). In the following
lemma we show that P is absolutely continuous with respect to P® on (Q,%),
% c o/, provided that B and € are independent.

Lemma 5.44 (Independence and Absolute Continuity)
Let (Q, o4, P) be a probability space, let € c < be a o-algebra, and B € of with

P(B) >0. Then 13 L€ implies P < P3,
(Proof p. 186)

In the following lemma, Px,®...® Px, denotes the product measure of the
marginal distributions (see Def. 1.66 and Rem. 5.29).

Lemma 5.45 (Independence and Product Measure)
Let X = (Xy,...,X,) be an n-variate random variable as specified in (5.17).

Then
Xn:PX1®---®PXn- (529)

.....

JI-JLle---’Xn < PX1

(Proof p. 187)

Example 5.46 (Tom, Jim, and Kate — continued) In example 5.12 we considered
the random variables X and U, which have been constructed such that they are
independent. All 8-8 = 64 pairs (A, B) of elements A € X "' (/%) and B € U ! («#y)
satisfy P(ANB) = P(A) - P(B). Let us consider, e.g., A; := X '({0}) and B; :=
U~'{Tom)}, B, := U~ ({Jim)}, and Bs := U "' ({Kate)}. Then

20 )
P(A;nBj) = 99’ j=123

and

60 1 _20
99 3 99
Similarly, considering the events A, := X “1({1) and B I

P(A)-P(B)) = , j=12,3.

8 .
P(A;NnBj) = 99’ j=123

and
P(Ay)-P(Bj) =

_ 38 j=1,2,3
- 9r ]_rr-

wll\)
O | &
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Finally, considering the events Az := X ~1(42}) and B i, yields
5 .
P(A3ﬂB]) = %, ]:1»2’3

and

15 1 5 }
— .2 ==, j=1,23

9 3 99

Because @ and all sets A € o are independent, this implies that independence
holds for all pairs (A, B) € {A, A,, A3, @} x {B1, B;, B3, @}. Furthermore, because

(@) & :=1{A;, Ay, A3,0} and &, := {By, B,, B3, @} are N-stable set systems on 7,
(b) 0(&) =X (%) and 6(&,) = U~ (y),

we can conclude that P(ANB) = P(A) - P(B) holds for all elements A € X ! (o)
and B € U (o) (see Th. 4.39). Therefore, according to Equation (5.23), X and
U are independent. <

P(A3)-P(B)) =

Lemma 5.47 (Independence of a Constant and a Set of Events)
Let X: (Q, 4, P) — (Qx, <) be a random variable and € < of. If X =0, 0 € Q%,
then X and € are independent.

(Proofp. 187)

Now we consider mappings of independent random variables. If two random
variables X; and X, are independent and f;: (Q}, o//) — (Q/, &#/"), i = 1,2, are
measurable mappings, then the two random variables f;(X;) and f,(X,) are in-
dependent as well. More generally, if f;: (Q], /) — (Q, /"), i=1,...,n, is a se-
quence of measurable mappings, then

JI-’L f](Xl)y---;fn(Xn)!

i.e, then f1(Xy),..., f,(X,) is a sequence of independent random variables on
(Q, o4, P), provided that Xj,..., X,, are independent. In the following theorem we
generalize this proposition.

Theorem 5.48 (Mappings of Families of Independent Random Variables)
Let X;: (Q, 94, P) — (Q}, o)), i =1,..., n, be random variables and, for m € N,
letly ={1,...,01}, L ={i1+1,...,i},..., I, ={i;m_1+1,..., n}. Furthermore, let

fi( X 0L Q) — @)ty j=1,....m,

iel; ielj
be measurable mappings. If X, ..., X,, are independent, then
fl(le---;Xil); fZ(Xi1+lv---;Xi2);---; fm(Xim71+lv---’Xn)

are independent.
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For a generalization and a proof see Bauer (1996, Theorem 9.6, p. 63).

Example 5.49 (Sums of Independent Random Variables) Let X;,...,X,,, n € N,
be independent real-valued random variables, then the n random variables

X1+Xo, X3+ Xy, ..., Xon—1+Xo,
are independent as well. <

Example 5.50 (Tom, Jim, and Kate — continued) In Example 5.46 we showed that
the random variables X and U are independent. Now we consider the mappings
f:{0,1,2} — {0,1} and g: Qy — {male, female} defined by

Fl) = {0, ifx=0

1, ifx=1lorx=2

and
W) = male, ifu=Tom or u=Jim
gl = female, if u = Kate,

respectively. According to Theorem 5.48 the mappings f(X) (control vs. any of
the two treatments) and g(U) (sex) are independent as well (see Exercise 5-7). <

Remark 5.51 (Conditional Independence of Random Variables Given an Event)
In chapter 4 we also considered conditional independence of events and families
of events given an event B. If, for random variables Xj,..., X,, (or, more gener-
ally, families of random variables) we consider the set systems o(Xy),...,0(X,),
then we can use Definition 4.44 in order to define conditional independence of
Xi,..., X, given an event B, presuming P(B) > 0. According to Remark 4.42, con-
ditional independence given B is equivalent to independence (see Def. 5.35) with
respect to the probability measure P2, In chapter 16 we generalize this concept
and study it in more detail. <

5.5 Probability Function of a Discrete Random Variable

The distribution of a discrete random variable can be described by its probability
function that is now introduced. Remember, if X: (Q, <, P) — (Qk, «/x) is a ran-
dom variable, then the distribution Py of X is a probability measure on (Q¥, <#x).
Furthermore, if there is a finite or countable set Q) < Q% with Px(Q}) = 1 and
{x} € oy for all x € Qf, then o-additivity of Py implies that Py is already defined
by the values Px({x}), x € Qg [see Rule (x) in Box 4.1]. This justifies the following
definition:
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Definition 5.52 (Discrete Random Variable and its Probability Function)
Let X: (Q, o, P) — (Q%, <#¥) be a random variable and assume that Q}c Q%
is finite or countable with Px(Qg) = 1 and {x} € <f% for all x € Qj. Then X
and its distribution Px are called discrete, and the function px : Qx — [0,1]
defined by

. /
px(x) = {PX({x})’ Jfes Oy (5.30)

0, ifxe Qx\Qyp,
is called the probability function of X.

Remark 5.53 (Notation) Note that P(X=x) = px(x), using the notation intro-
duced in Remark 5.4. <

Remark 5.54 (Probability Function vs. Distribution) The distribution Py is de-
fined for every random variable, whereas the probability function px only ap-
plies to discrete random variables. While Py assigns probabilities to subsets of
the codomain QY% of X, the probability function px assigns a probability to each
element x in Q%. Note that py is a real-valued random variable on the probability
space (QY, %, Px). N

Remark 5.55 (The Probability Function Uniquely Determines the Distribution)
Note that o-additivity of the probability measure Py implies that Py is uniquely
determined by the probability function py. Vice versa, according to Definition
5.52, Py defines px. Hence, if X, Y: (Q, </, P) — (Q/, «/') are discrete random vari-
ables, then

px = py < Px=Py. (5.31)
<

Remark 5.56 (Probability Function of a Discrete Distribution) Note that (5.31)
allows us to use the term probability function of a discrete distribution instead of
probability function of a discrete random variable. <

Lemma 5.57 (Characterizations of a Discrete Random Variable)
Let X: (Q, 4, P) — (Qk, %) be a random variable.

(i) Then X is discrete if and only if there is a finite or countable Q< Q%
such that {x} € o for all x € Qy, Px(Qp) =1, and

ey = 1= ). 1xoy, VYxp€Qp. (5.32)

P
xeQq\ {xo}

(ii) Now assume that X: (Q, <, P) — (R, %) is real-valued. Then X is dis-
crete if and only if there is a finite or countable Q' c R such that

X =3 xlgs (5.33)

xeQ’
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(Proof p. 188)

Remark 5.58 (A Caveat) Note that Equation (5.32) is equivalent to P(Qg) = 1. In
proposition (ii), we can choose Q’ such that 0 ¢ Q' even if P(X=0) > 0. In this
case, the set Q{ referred to in (i) can be chosen such that Q} := Q'u {0}. <

Corollary 5.59 (Discrete Real-Valued Random Variable)
Assume that X: (Q, <, P) — (R, %) is a real-valued random variable. Then X
is discrete if and only if the following two conditions hold:

(@ QL := {xeQk: P(X=x) >0} is finite or countable.
b) X = Y x-lxr.

xeQl
(Proofp. 188)

Condition (b) may equivalently be written

X = ) Xl (5.34)
xsﬂ)/(
P(X=x)>0

Example 5.60 (Flipping two Coins — continued) Consider again Example 5.31
and let X: (Q, o, P) — (Qk,<fx) denote the number of flipping heads. If we as-
sume that P({w}) = % for all w € Q, then

1 1 1
px(0) = Px({0}) = 1 px(1) = Px({1}) = 2 px(2) = Px({2}) = 2

are the values of the probability function py of X. They are the probabilities of
the events that X takes on the value 0, 1, and 2, respectively. For simplicity, we
also denote these probabilities by P(X=0), P(X= 1), and P(X=2). In this example,
we may choose different measurable spaces (Q%, «/x). If we choose (Qk,fy) =
({0,1,2}, 22({0,1,2})), then Qg = Qk (see Def. 5.52). If we choose (Q, «%) = (R, %),
then Q§ = {0,1,2} and d;ﬂ% = %|Q6 = 2(Qy) (see Remark 1.29). According to
Equation (5.33),

X = 0'1X:0 + 1'1X:1 + 2'1X:2-

This example is a special case of a random variable with a binomial distribu-
tion. The general case is treated in Definition 8.7. Other examples of a discrete
random variable and their probability function are random variables that have a
Poisson distribution or a geometric distribution. In both cases, the random vari-
able considered takes on an infinite and countable number of values, each of
which has a probability greater than 0. These examples are treated in chapter 8
(see Defs. 8.14 and 8.20). <
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Example 5.61 (Flipping two Coins - continued) In Example 5.31 we introduced
the random variables X; and X,, which indicate if we flip heads in the first and
second trial, respectively. The probability function of the bivariate random vari-
able X = (X3, X)) is

1
Px1x (%) = o Y (x1, %) € {0,1}%.

Lemma 5.62 (Probability Function of a Marginal Distribution)

Consider a multivariate random variable X = (X, ..., X,) as specifiedin (5.17)

and assume that there is a finite or countable set Qfy c X;‘zl Qf with {x} €
" | i forall x € Q. Furthermore, for all x; € Q|, define

/ /
QO,x,‘ = {(xlv---vxi—lvxi+1v---;xn):(xh---’xi—lixi’xi+lv'--’xn) E'()(]}-

Then, for all x; € Q,

pX,-(xi) = Z pX(xlv---vxi—lvxi)xi+1;---vxn)v (535)

!
(X1 5ee0s X1, X 4150000 Xn) €Q
(e ]

where pyx, denotes the probability function of X;, i =1,...,n, which is also
called the marginal probability function of X;.
(Proofp. 189)

Now we turn to a condition that is equivalent to independence of discrete ran-
dom variables.

Remark 5.63 (Support Sets of Discrete Random Variables) Under the assump-
tions of Lemma 5.62 we define the ‘support sets’

Q= {6 €Qf: px,(x) >0}, i=1,...,n. (5.36)

Obviously, Qg ; is finite or countable for all i = 1,..., n. Hence, Qf,, := X, Qg ; is
finite or countable as well. Furthermore, P(X € Q!,) = 1, because, for (x;,...,x,) €
Qp\Q/,, there is at least one i such that X; ¢ Q(,],i and therefore px, = P(X;=x;) =

0, which implies P(X;=x1,..., X;=X;,..., Xp=x,) =0. <

Lemma 5.64 (A Condition Equivalent to Independence)

Let X be a multivariate random variable as specified in (5.17) and assume that
there is a finite or countable set Oy < X7, Qf with P(Qg) = 1 and {x} € <1, for
all x € Q. Furthermore, let px, px,,---, Px, denote the probability functions
of X, X1,..., Xy, respectively, and let Q ,,...,Q , be the sets defined in (5.36).
Then X, ..., X, are independent if and only if
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n
Px(X1,.., Xn) = pxy(X0) o P, (X)), V(x1,e., %) € X Qg (5.37)
i=1

(Proofp. 189)

Note that, in Lemmas 5.62 and 5.64, the set Qj is not necessarily a Cartesian
product. We only require that it is a subset of a Cartesian product (see Exercise
5-9).

In the following section we shall see that a probability function is a special
probability density (see Th. 5.73).

5.6 Probability Density With Respect to a Measure

Some probability measures can also be described by a density with respect to
the Lebesgue measure on (R, 98) or the counting measure on (Q, 2 (Q2)), where Q
is a finite or countable set (see Th. 3.65). Such a density is useful for explicit nu-
merical calculations and comparing distributions to each other. Furthermore, the
conditional-probability measure P2 can be interpreted as a measure with density
with respect to P. We start by translating some concepts and results of chapter 3
to probability measures.

5.6.1 General Concepts and Properties

According to Theorem 3.65 and Definition 3.66, a nonnegative measurable func-
tion f: (Q, <, yu) — (R, A) is called a density of v with respect to i, if

v(A) :ffdp, VAed. (5.38)
A

The function v: &/ — R defined by (5.38) is a measure, which is also denoted by
fou.Hence, fou(A) = [, f du, ¥ Aesd. Theorems 3.65, 3.72, and Remark 3.73
imply the following corollary.

Corollary 5.65 (Probability Measure With Density)

Let (Q, <4, 1) be a measure space. If f: (Q, <4, u) — (R, 9B) is a nonnegative -
integrable function with [ fdu =1, then P := f © u is a probability measure
on (Q, ).

Corollary 5.65 justifies the following definition.

Definition 5.66 (Probability Density)
Let (Q, <, P) be a probability space and pu a measure on (Q,</). IfP = fou,
then f is called a probability density of P with respect to p.
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Remark 5.67 (Probability Density of a Random Variable) Consider the random
variable X: (Q, o7, P) — (Q%, </x) and let u be a measure on (Q%, o). If Px = fx O ,
then fx is also referred to as a probability density of X with respect to (. <

Applying Equation (5.38) yields the following corollary.

Corollary 5.68 (Characterizing the Probability Measure by a Density)

Let f: (Q, o ) — (R,9B) be p-integrable and nonnegative and P a probabi-
lity measure on (Q, <f). Then f is a (probability) density of P with respect to |
if and only if it satisfies

P(A) = ffdy, VAeol. (5.39)
A

Theorem 3.68 (a) and (c) imply the following corollary.

Corollary 5.69 (Probability Densities are ;.-Equivalent)

Let u and P be measures on the measurable space (0, /), where P is a proba-
bility measure. If f, f*: (Q, o, u) — (R, 2B) are probability densities of P with
respect to i, then f = f %

Now we translate the Radon-Nikodym Theorem (see Th. 3.72), which yields
the following corollary.

Corollary 5.70 (An Implication of the Radon-Nikodym Theorem)

Let (Q, o, ) be a measure space. If i is o -finite, P is a probability measure on
(Q, <), and P L, then there is a probability density f of P with respect to
(also called a Radon-Nikodym derivative), i. e.,

_ar

f= d_u (5.40)

Example 5.71 (Conditional-Probability Measure) In Lemma 4.27 (ii) we showed
that 13/ P(B) is a density of PBwith respect to P. <
5.6.2 Density of a Discrete Random Variable

As a special case, we consider a discrete random variable (see section 5.5).

Remark 5.72 (A Sum of Dirac Measures) Let the assumptions of Definition 5.52
hold, i.e., let X: (Q, o, P) — (QY%, «/x) be a random variable and suppose Q{< Qk
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is finite or countable with Px(Qf) = 1 and {x} € < for all x € Q}. Furthermore,
define
pi= Y by (5.41)
xeQ
the sum of Dirac measures at x, x € Q. According to Example 1.57, 1 is a measure
on (Q%, «74), which is o-finite. N

The following theorem asserts that the probability function py is a density of
Py with respect to .

Theorem 5.73 (The Probability Function is a Density)
Let the assumptions of Definition 5.52 be satisfied and let u be defined by
Equation (5.41). Then:
;) P .
(1) Px j{j u
(ii) The probability function px is a density of Px with respect to |, i. e.,

_ O (5.42)
Px = du 3
and

Px(A)) = fA pxdp (5.43)
=) Ly(x)-px(x) (5.44)

xe96
=) px(x), VAedy. (5.45)

xeA’

(Proof p. 190)

Hence, each probability Px(A’), A’ € oy, can be computed from the probabil-
ity function pyx.

5.6.3 Density of a Bivariate Random Variable

Now we consider bivariate random variables. However, extending the following
notation and propositions to general multivariate random variables is straight-
forward.

Lemma 5.74 (Absolute Continuity of Marginal Distributions)
Let (X,Y): (Q, 4, P) — (Q% x Qy, oy ® oAy) be a random variable and suppose

that (Q, x, 1) and (Qy, <y, v) are o -finite measure spaces. Then

P < ®Vv = Pxy< u and Py < v.
X,Yd),(mﬂ‘,,ﬂ XQ{)QH Yd;
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(Proof p. 190)

Let dap dp dp
X,Y o X o Y
fry = dpev’ fx: du’ fr: dv
denote Radon-Nikodym derivatives (see Th. 3.72 and Remark 3.74). In the follow-
ing lemma, we use the notation ‘u;a " introduced in Remark 2.70.

Lemma 5.75 (Marginal Densities)

Let (X,Y): (Q, o, P) — (Qk x Qy, o/ ® ofy) be a random variable, (QY, %, 1t),

(Qy, oy, v) be measure spaces, |,v be o-finite, and assume PX'YM’<<Q¢ UV,
Ix® Ay

Then

fx () paa f fxy o y) vidy), (5.46)

and

= ffx,y(x,y) p(dx). (5.47)

The functions fx and fy are also called marginal densities of X and Y,
respectively.
(Proofp. 191)

Remark 5.76 (Marginal and Joint Density) Suppose that X and Yare real-valued.
Then for the Lebesgue measure = v = 1 and a Riemann integrable density fx v,
Equations (5.46) and (5.47) yield

fx(x) = f fxy(x,y)dy (5.48)
and -

fr(y) = f fxy(x,y) dx, (5.49)
respectively (see Th. 3.62). <

Note that, for a discrete random variable X = (X3, ..., X,,), the probability func-
tion pyx is a density of Px with respect to the measure u specified in Equa-
tion (5.41), and the marginal probability functions px;, i = 1,..., n, are marginal
densities. In section 5.7.4 we consider multivariate densities with respect to the
Lebesgue measure p=v = A.

5.7 Uni- or Multivariate Real-Valued Random Variable

The remaining sections of this chapter show how to describe distributions of real-
valued uni- and multivariate random variables.



5.7 Uni- or Multivariate Real-Valued Random Variable 179

5.7.1 Distribution Function of a Univariate Real-Valued Random
Variable

If we consider a univariate real-valued random variable X, then the distribution
function Fy assigns to each x €R the probability P(X < x) of the event {X <x} =
{w e Q: X(w) <x} that X takes on a value smaller or equal than x. As we shall see,
the distribution function uniquely determines the distribution Py.

Definition 5.77 (Distribution Function)
Let X: (Q, o P) — (R, 9B, Px) denote a real-valued random variable. Then the
(cumulative) distribution function Fx:R —[0,1] of X is defined by:

Fx(x) := Px(]—o00,x]) = P(X=x), VxeR. (5.50)

Remark 5.78 (Probabilities of Intervals) This definition implies that we can com-
pute the probability P(a< X < b) of X taking a value in the interval ]a, b] by

P(a<X=<b) = Fx(b)-Fx(a), ifa<b, (5.51)
because
P(a<Xs<b) = Px(]-o0,b] \ ] -00,al) = Px(]-o0,b]) — Px(]—o0,al)
[see Rule (vi), Box 4.1]. <

Remark 5.79 (The Distribution Function Determines the Distribution) Every
random variable X has a distribution Py. Therefore, the distribution function Fy
exists for all real-valued random variables. The distribution function uniquely
determines the distribution Py of a real-valued random variable, because a fi-
nite measure on (2, &) is already uniquely specified by its values on a n-stable
generating system of o/ (see Th. 1.71) and the set system {] — oo, x]: xe R} isan-
stable generating system of 8, the Borel o-algebra on R [see Eq. (1.19)]. Hence,
Py uniquely determines Fx, which implies the following theorem. <

Theorem 5.80 (Uniqueness)
Let Px, Py denote the distributions and Fx, Fy the distribution functions of
two real-valued random variables X, Y : (Q, «/, P) — (R, %8). Then

FX = Fy <> PX = Py. (5.52)

This theorem facilitates describing distributions and calculations involving
distributions considerably, because the distribution function is defined on the
set R of real numbers, whereas Py is defined on a much more complex domain,
the Borel o-algebra 2.
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Example 5.81 (Flipping two Coins - continued) In Example 5.11, we considered
flipping two coins and specified the distribution Py of X: (Q, o/, P) — (Qk, 22(Q))),
representing with its values x the number of flipping heads. The distribution Py
assigns a probability to all 23 = 8 subsets of Q% := {0,1,2}. Because {0,1,2} c R,
the random variable X is also arandom variable X: (Q, o/, P) — (R, 98) with values
in R. In this case, Fy is a step function and we only have to specify

0, ifx<0
1/4, if0<sx<1
3/4, iflsx<2
1, ifx=2.

Fx(x) = Px(l-o00,x]) = P(X<x) =

According to Theorem 5.80 the distribution Py is uniquely defined by these four
values. In other words, if we know these four values, then we know the probabili-
ties Px(A') for all elements A’of the Borel o-algebra 9 (see Exercise 5-10). <

Now we turn to the quantile function, which, in some sense, is the inverse
of the distribution function. Sometimes this function is also called the pseudo-
inverse of Fx. It assigns to each p € [0,1] the smallest real number x for which
P(X =x)=Fx(x)=p.

Definition 5.82 (Quantile Function)
Let X: (Q, o, P) — (R, AB) be a real-valued random variable with distribution
function Fx. Then the quantile function Qx:[0,1] — R of X is defined by:

Qx(p) = inf{xeR:Fx(x)=p}, Vpelo1l1],

0x(0) = inf{xeR: Fx(x) > p}, if 3x€R with Fx(x)=0

T —eo, ifFx(x) >0, Vx€R, (5.53)
0x(D) = inf{xeR: Fx(x)=1}, if 3xe€R with Fx(x)=1

T oo, ifFx(x) <1, Vx€eR.

AvalueQx(p), p€ 10,11, is called the quantile of p with respect to Fy.

Remark 5.83 (Inverse Function of Fx) If Fx is continuous and strictly mono-
tone, i. e., if x; < x, implies Fx(x;) < Fx(x,), then

Qx(p) = FY''(p), VYpelo,1]. (5.54)
where Fy ! denotes the inverse function of Fy. <

Example 5.84 (Flipping two Coins - continued) In Example 5.81, we specified
the distribution function of X := number of flipping heads for the random exper-
iment of flipping two coins. The corresponding quantile function takes on the
three values
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(=}

, if0<p=<1/4
Qx(p) =<1, ifl/4a<p=<3/4
2, if3/4<p<1.

5.7.2 Distribution Function of a Multivariate Real-Valued Random
Variable

Now we extend the concept of a distribution function to the multivariate case. In
the following definition we use the notation introduced in Equation (5.24).

Definition 5.85 (Joint Distribution Function)
Let (X3,...,X,): (Q, o, P) — (R" 9,) be a random variable. Its distribution
function Fx,, x,:R"—[0,1] is defined by

Fx,,..x,(X1,...,X,) := P(X; =x1,..., X, £ X,), Y (x1,...,x,) ER”.  (5.55)

Itis also called the joint distribution function of X,...,X,.

Example 5.86 (Flipping two Coins — continued) In example 5.31, we considered
flipping two coins and defined the random variables X; and X, indicating whether
or not we flip heads at first and second flip, respectively. In this example, the bi-
variate distribution function Fx,, x, takes on the values

0ifx; <0or x,<0,

1/4if0<x<1,0<sx<1,
Fx, x,(x1,%) = {2/4ifx;21,0=sx<1,

2/14if0<sx <1, %=1,

1 if.X,'1 >1, Xo = 1.
<
Justlike in Theorem 5.80 we can prove uniqueness, using a N-stable generating

system for 98, now referring to Equation (1.21).

Theorem 5.87 (Uniqueness)
Let Px, Py denote the distributions and Fx, Fy the distribution functions of
two n-variate real-valued random variables X, Y : (Q, <7, P) — (R" %8,,). Then

FX = Fy < PX = Py. (556)
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As a special case of Equation (5.20) with A} =] —o0,X;] and Q} =R, i # j, we
obtain the next corollary. In the special case of a bivariate real-valued random
variable (X, X), this corollary asserts that the value of the marginal distribution
function of X, for the argument x;, i. e., limy, .o Fx,, x, (X1, X2), is identical to the
value Fx, (x;) of the distribution function of X; for the argument x;. In this corol-

lary,
xl.iEIgOFXI’“"X” (xly---’xn)’ (557)
Jj#i
denotes the limit of the distribution function of (X;, ..., X,,) for x; — oo, forall j =
1,...,i—1,i+1,...,n. This limit is the value of the marginal distribution function
of X; for the argument x;, and the corollary asserts that this limit is identical to

the value Fy, (x;) of the distribution function of X; for the argument X;.

Corollary 5.88 (Joint and Marginal Distribution Function)
Let (Xy,...,X,): (Q,, P) — (R" %,) be a random variable. Then

Fx,(x;) = lim Fx,  x,(Xi,...,%,), Vx;€R. (5.58)
Xj"OO

Jj#i

(Proofp. 191)

The next corollary shows how independence of the random variables Xi,..., X},
can be formulated in terms of their distribution functions.

Corollary 5.89 (Independence and Joint Distribution Function)
Let(Xy,...,X,): (Q, o, P) — (R", 8B,) be arandom variable. Then the following
two propositions are equivalent to each other:

(@ Xi,...,X, areindependent
(b) FX1,...,Xn (xlv-'-vxn) = FX1 (xl) Teen 'FXn (xn); V(xlv---vxn) E]Rn-

(Proofp. 191)

5.7.3 Density of a Continuous Univariate Real-Valued Random
Variable

As a special case, we consider a random variable X: (Q, o/, P) — (R, 28) for which
there is a nonnegative measurable function fx : (R, %, Px) — (R, %) such that

Px(B) = ffx dA, VBe %, (5.59)
B
where A denotes the Lebesgue measure on (R, %) (see Def. 5.66). According to

Theorem 3.68 (ii), this equation is equivalent to Px = fx®A.
The following definition is a special case of Definition 5.66.



5.7 Uni- or Multivariate Real-Valued Random Variable 183

Definition 5.90 (Continuous Random Variable and its Density)

Let X: (Q, <, P) — (R, AB) be a real-valued random variable with distribution
Px. Wecall X continuous, if there is a nonnegative function fx : R — R that
is integrable with respect to the Lebesgue measure A and

Px = fxol. (5.60)

A function fx satisfying (5.60) is called a (probability) density of X.

Note that Equation (5.60) is equivalent to
Fx(x) = f fxdA, VxeR, (5.61)
|—o00,x]

because

Fx(x) = Px(]—o0,x]) :fl]_oo,x] dPx :f fxdA, VYxeR, (5.62)
1—00,x]
[see Ths. 3.67 and 3.68 (iv)]. Furthermore, Theorem 3.62 immediately implies the
following corollary:

Corollary 5.91 (Riemann Integral of the Density)
If fx is a density of the random variable X : (Q, </, P) — (R, 98) and fx is Rie-
mann integrable, then

X
Fx(x) =f fx(@®)dt, VxeR. (5.63)

Remark 5.92 (Interpretation of Densities) Note that the term fx () in Equation
(5.63) is not a probability, instead it is a value of the density for ¢ € R. However,
the probability P(a < X < b) that X takes on a value in the interval ] a, b] can be
computed using Equation (5.51) and the density fx, provided that it exists and
that it is Riemann integrable:

b
P(a<X<b) = Fx(b)-Fx(a) = f fxx)dx, ifa<hb. (5.64)

This probability can be represented as the area between the density and the x-
axis above the interval [ a, b] (see Fig. 3.6). <

Remark 5.93 (Continuity of X Implies P(X = x) =0) Consider a continuous ran-
dom variable X: (Q, < P) — (R, 98). Definition 5.90 and Remark 3.71 imply that
Px < A. Because A({x}) = 0 [see Eq. (1.52)] we can conclude P(X=x) = 0, for all
x € R. Hence, additivity of P yields, forall a,be R, a < b,
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Pla<X<b) =Pla<X<b) =Pla<X<b) =Pla<X<bh), (5.65)
provided that X is continuous. <

Example 5.94 (Continuous Random Variables and Their Densities) In section
8.2 we present some examples of continuous random variables and their densi-
ties, such as the densities of normal distributions, central Xz_ distributions, central
t-distributions, and central F-distributions. <

5.7.4 Density of a Continuous Multivariate Real-Valued Random
Variable

Remark 5.95 (Multivariate Case) Let X: (Q, < P) — (R",%,) be a multivariate
random variable with distribution Py. If fx: R" — R is nonnegative and inte-
grable with respect to the Lebesgue measure A, on (R",48,), and Px = fx ©1,,
then X is continuous with probability density fx, and

FX(xl,...,xn) :f fX dﬂ,n, V(xl,...,x,,)EIR", (5.66)
B

where B:=X_,]-00, X;]. If fx is Riemann integrable, then

Xn X1
FX(xl,...,x,,)Zf f fX(tl’---’tn) dtl...dtn, V(xl,...,x,,)EIR". (5.67)
—00 —00
More generally, for any B € %,,,
Px(B) = P(X€B) = le-fX ai,. (5.68)

The probability Px(B) can be represented as the (n + 1)-dimensional volume be-
tween the joint density and the (x,,..., x,)-hyperplane above B. <

In analogy to Corollary 5.89, independence of continuous real-valued ran-
dom variables can also be formulated in terms of probability densities, using the
marginal densities fx,,..., fx, (see Lemma 5.75).

Corollary 5.96 (Independence and Probability Densities)

Let(Xy,...,Xy): (Q,9, P) — (R", 8,), n> 1, bearandom variable and suppose
that all random variables X;, i = 1,..., n, have a density fx, with respect to the
Lebesgue measure A on (R, 28). Then X,, ..., X, are independent if and only if

fxpxn (X1, X0) 2= fx, (1) oo fx, (%), V(x1,...,%,) €ER”, (5.69)

is a joint density of (X, ..., X,,) with respectto A,,.
(Proofp. 192)
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Remark 5.97 (Independence, Densities, and Riemann Integrals) If all densities
fx;» i=1,...,n, are Riemann integrable, then fx, . x, in (5.69) is Riemann inte-
grable as well (see, e. g., Ellis & Gulick, 2006). <

Remark 5.98 (Other Random Variables) Some special distribution functions are
treated in more detail in chapter 8. There we shall see that the distribution func-
tions of discrete random variables are step functions (see Fig. 8.1) and discrete
random variables do not have probability densities with respect to the Lebesgue
measure. The distribution functions of continuous random variables do not have
discontinuities or jumps (see Fig. 8.7). Note, however, that there are random vari-
ables that are neither discrete nor continuous. Their distribution functions have

jumps but are not step functions. <

5.8 Proofs

Proof of Lemma 5.7

Forall Ae «,

Pgix(A) = P([g0]1 7 (A) [(5.2)]

= PlweQ: g[X(w)] € A}) [Def. 2.1]
= PlweQ: X(w) eg ' (A)}) [Def. 2.1]
= P(X g7l [Def. 2.1]
= Px[g ™ (A)] [(5.2)]
= (Px)g(A). [(5.2)]

Proof of Lemma 5.17

If Q < P, then P(A) = 0 implies Q(A) = 0 for all Ae%. This implication also holds for
the e\éi)ent A={X#Y}:={w e Q: X(w) # Y(w)}. Therefore, PUX #Y}) = 0 implies that
QUX#Y}H=0.

Proof of Corollary 5.21

The definition of the distribution Px of X as an image measure (see Def. 5.3) yields
15'G ({x €Q): glx) # g*(x)}) = P({u) €Q: g[X(w)] # g*[X(w)]})

Hence, Px ({x €Q¥: g(x) # g*(x)}) = 0 if and only if P({w € Q: g[X(w)] # g*[X(w)]}) = 0.
The same arguments hold if ‘ = "isreplaced by * 5 “or* = “and ‘F' by ¢ I§' or' = , respectively.
X X X

Proof of Lemma 5.23

Let A:= {weQ: X(w) # Y(w)}. Note that A is €-measurable. Hence, if X = Y, then the
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conjunction of PE(A) =0 and P < PBimplies P(A) =0.

Proof of Lemma 5.25
P < P% = Px«< P}: 1If P « P5 then, forall C'e ofy:
a(X) af a(X)
PEch=0 = PEIX"'(CNhI=0 [(5.2)]
=> PIx~Hchi=o0 [P <« P
a(X)
= Px(C)=0. ((5.2)]

Py < P)? =P« PB IfPy <« P)? and C € 0(X), then there is a C’ € oy such that
af a(X) e

c=x"Ych.
Hence,
PBC)=0 = PEXI(C=0
= P§(Ch=0 ((5.2)]
= Px(C=0 [Px < P}?]
otk
= PIx1Cch=0 [(5.2)]
= P(C)=0.
Proof of Lemma 5.43
If X3 5 Xo, then
XLy
P
= o(X) L oY) [Def. 5.35]
=> VA, BYeod x oy
PIX; N AN Y BN = Pix;HAD] - PIY (B [Defs. 4.44, 4.35, 4.32 (i)]

= V(A B e x oty
PIX; (A nY H(BN)] = PIX; ' (AN]-P[Y 7' (B')] X1 = Xp, Def. 5.3, Cor. 5.20]

= 0(X2) L o(Y) [Defs. 4.44, 4.35, 4.32 ()]
= XL Y. [Def. 5.35]
Proof of Lemma 5.44

According to Remark 5.42, 1 Jl.jL € < B Jl.jL % . Hence, forall C €%,
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PBC)=0 = P(BNC)=0
= P(B)-P(C)=0 (BLLC]
= P(C)=0. [P(B) > 0]

Proof of Lemma 5.45

= If Xy,..., X, are independent, then, forall A e ¢/, i =1,...,n,

PIXTHAD M. n X A
PIXHAD] - ... - PIX, N A

= Px,(A)-...-Px,(A})

= (Px, ®...® Px,)(A] x...x A}).

Px,,..x, (Al x...x A)

Hence, according to the definition of the product measure (see Def. 1.66),
PX1:~~~vXn = PX] ® ... ®Pxn.
< If the right-hand side of (5.29) holds, then, for all A; € ,Q{l.’, i=1,...,n,

PIXT AD Meon X N A = Py, x, (A % x AL)

Px,(A)-...-Px, (A})
PIXHAD)- ... - PIX, LA

According to Definitions 5.35 and 4.35, this implies independence of Xj,..., X,.

Proof of Lemma 5.47

Assume that X: (Q, o, P) — (Q,<#y) is a random variable and that there is an o € Q) such
that X S If A:={weQ: X(w) # a}, then P(A) = 0 and P(A°) = 1. This implies, for all
Ale o,

PIx AN = PIX 1A n A [Box 4.1 (viii)]
= PllweQ: X(0) € A, X(w) = a}]
~ {P(@), ifagA’

P(AS), ifaeA’

o, ifagA’
T 1, ifaeA. (5.70)

This implies, for all A’€ o/} and all C €%,

PIX'AHnC) =

{ 0, ifagA,
[Box 4.1 (v), (viii)]

PC), ifaecA,
PIX~1(AN]-P(C). [(5.70)]
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Proof of Lemma 5.57

(i) (=) If X is discrete, then there is a finite or countable Q(’] c Q)’( with {x} € a{)é for all
x € Q( and Px(Qg) = 1. This implies

P(l;é Y 1X:x) = P(X¢Qp) =0,

!
xeQy

and therefore

1= 3 Ixy.
xeQ

(<) IfEquation (5.32) holds and Q} = QF is finite or countable with {x} € o} for all x € Q},
then 1 # 2“96 1x-, and therefore

1= P(l: y 1X:x) = P(X€Q) = Px(Qy).

!
erO

(i) If X is real-valued, then X is discrete if and only if there is a finite or countable
Q' =R such that

X=X-1

XY lyeg ()

xeQ’

Z X-1x=x

xeQ’

> Xy [1x=x (@) = 0 if X(w) # X, (5.6)]

xeQ’

Proof of Corollary 5.59

=. If X is discrete and Q) = Q% (see Def. 5.52), i.e., if Q is finite or countable and
Px(Qg) = 1, then QL < Qf, because Px(Q5x\Q}) = 0. Hence, Q. is finite or countable
as well, which proves (a). Furthermore, for finite or countable sets Q{,, Q’>:

Px(Qo\QL) = ) P(X=x)=0. [Def. of Q1]
xeQ/\ Q)

Hence,
Px(Q5\QL) = Px(Qk\ Q) + Px(Q{\QL) =0
and, according to (5.10),
Iye@nal) 5 O (5.71)

Therefore,
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X = Ixeqr X + Ixe@iial) X [1=1xeqr +1xe@ir0L)]
=X ) 1y [(5.71), %, is finite or countable]
xeQl
= Z X 1x=x
xeQl
= Z X+ 1x=x. [X-Ix=x = x-1x=«]
xeQl

<. Thisis an immediate implication of Lemma 5.57 (ii).

Proof of Lemma 5.62

If X; € Q and Qf . = 0, then px,(X;) = P(X;=x;) = 0. If Qf . # O, then it is finite or
countable, because Q{] is finite or countable. Then, using Px Qph=1,

px;(Xi)
= P(X;=x;)
PX €., Xim1 € Q) 1, Xi=xi, Xi+1 € Qi1,..., Xn €Qp) [Box 4.1 (viii)]
P((X1,..., Xn) € Q] x ... xQl_ x X} x Qf, x...x Q1))

P((X1,0 X) € (@] x . x Q) X (X5 x Q) x .. x Q)N QF)) [Box 4.1 (viii)]

Y PXa=x1,., Xic1=Xi-1, Xi =X, Xi1=Xi4 1,0, Xn=Xn)  [Box4.1 ()]
(xl:~-~vxi71vxi+1v-~-vxn)EQ()YXI,

Y Px (X1 Xie 1, Xiy Xit 15 Xn). [(5.35)]
(xl,...yxi—lyxi+1y...yxn)€96_xl_

Proof of Lemma 5.64

IfX=(Xy,...,Xp) and Xj,..., X;, are independent, then, for all (x1,...,x,) € Q(’),

px(x1,...,xn) = P((X1,..., Xp) = (X1,..., %)) [(5.30)]
= P(X1=x1,..., Xn=Xy)
= P(X1=x1)...- P(Xp=xXp) [(5.27)]
= px,(x1) ... px,(xn). [(5.30)]

Forall A\ e of/,..., A} € ;)
(A1 % xAp) N Qg % ... x Q0 ) = (A1NQg ) x ... x (A N Q). (5.72)
n
Now assume that Equation (5.37) holds and deﬁneQ;n =X Qg ;- Then,
i=1

PX e Al,.. . X, €A))
= P[(Xy,...,Xp) € (A] x... x Ap)]
= P(X1,...,Xp) € (A} x...x Ap) N QL] [Px(Q%,) =1, Box 4.1, (viii)]
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= Pl(Xy,..., Xp) = (x1,...,X5)] [Box 4.1 (x)]
(X100 Xn) € (A] X x AL NQY,

= px(X1,...,%n) [(5.35)]
(X1, X)) € (A’1 x..xAp)NQL,

= px(x1)-...- px,(xn) [(6.37)]

(X1,0000X) € (A] X x AL N QY

( Y pxl(xl))-...-( Y Pxn(xn)) [Px, (Qp ) =1, (5.72)]

! ! ! !
x€AINQg xn€ALNQY

=P(X;eA)-...-P(X, € A}), [Box 4.1 (x)]

which implies independence of Xi,..., X}, [see (5.27)].

Proof of Theorem 5.73
For A’ € oy,
Px(A = Y Px(x) [Box 4.1, (x)]
xeA'nQy
= )Y px&) [(5.30)]
xeA'nQy
=) pxx)-1y(x)
x€Qy
=Y | px-1y ddyx [(3.23)]
x€Qf
:flAr-px d( Y 6x) [(3.53)]
xeQg
:f Px d( Yy 5x) ((3.30)]
Al xeQg
= px dp. [(5.41)]
A/

Hence, according to Definition 5.66, the probability function py is the density of Py with
respect to the measure y on the measurable space (Q%, /) and px = Z—ﬁ (see Remark

3.73).

Proof of Lemma 5.74
Let A€ oy with pu(A’) =0. Then
pev(A'xQy) = WA -vQy) = 0-v(Q)) = 0,
and this holds even if v(Q}) = co. This implies
Px(A) = P(XeA,YeQ)) = Pxy(A'xQy) = 0.

Therefore, Px <« u. The proof for Py is analogous.
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Proof of Lemma 5.75

Forall A€ o,

flA/(x) (ffx,y(x,y) v(dy) | pldx)

= f 1 (0 fxy (x,y) pevid(x,y)] [Th. 3.76]
:flA’(x) Px,yld(x,y)] [Th. 3.67]
= Pxy(A'xQy) [(3.30), (3.8)]
= Px(A". [(5.20)]

Theorem 3.65 then implies the lemma. The proof for fy is analogous.

Proof of Corollary 5.88
Note that
o0
R" ' = |Jl-oo,m" . (5.73)
m=1
Forall X; eR,
Fx;(X;) = P(X; = X;)
=Py, x,Rx...xRx]-00,X;] xR x...xR) [(5.20)]
= P(X1€R,...,Xi-1€R, X;€] - 00, X;], Xi+1€R, ..., X, €R) ((5.2)]
= P00, Ximt, Xi1,o0 X0) € R X €] = 00, X1
o0
= P(Xje U 1-comjljefl,...,i-Li+1,...,n},X; e]—oo,X,-]) ((5.73)]
mjzl

lim P[Xj€]—oo,mj],je{1,...,i—1,i+1,...,n},X,-€]—oo,Xi])
mj—oo, j#i

[Th. 1.67 ()]

im  Fx,,..x,(m1,....mi—1,Xi,Mjy1,...,My)
mj—oo, j#i

= lim' 'FXI,“,,XH(xl,...,x,,).
x]-—»oo,]#t

The limits exist, because Fx;,... x,, is monotone in all coordinates.

Proof of Corollary 5.89

(a) = (b) Forall (x1,...,x,) e R",

Fx,, Xp (X1, X0) = Px, . x, ((—00, %11 % ... x (=00, Xp]) [(5.55)]
= Py, ®...8 Px, ((—o0,x1] x... x (—00,x,]) [Lemma 5.45 and (a)]
= Py, ((—oo,x1]) -... Px, ((~00, x,1]) [(1.50)]

Fx, (1) ... Fx,, (Xn). [Def. 5.77]
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(b) = (a) Forall (x1,...,x,) e R",

Px,,...xn ((—00,x1] x ... x (=00, X,])

=Fxq, X (X150, X) [(5.55)]
= Fx, (x1) ... Fx, (xn) [(b)]
= Px, ((~00,x11)-...- Px, ((—00, xp1) [Def. 5.77]
= Px, ®...® Px, ((—00,x1] X ... x (00, Xp]). [(1.50)]

Because {(—00, x1] x ... x (—00, X]: (x1,...,Xx,) € R"} is a N-stable generating system of %,
(see Example 1.73 and Def. 1.31), Theorem 1.71 yields Py, ... x,, = Px, ®...® Px, . Applying
Lemma 5.45 then completes the proof.

Proof of Corollary 5.96

@) (Xi,...,X,)areindependent = fx, .. x, in (5.69) is a joint density.

Because fx;,... x, defined in (5.69) is nonnegative and integrable with respect to 1,,, we
can conclude that fx, .. x, @A, defines a finite measure on (R”, 28,,) (see Th. 3.65). Fur-
thermore, if Xi,..., X, are independent and fy; is a density of X; forall i = 1,...,n, then,
forall (x1,...,x,) e R" and B =X?:1] —00, X1,

foXl,...,Xn(tl;n-; tn) An[d(fl,..., tn)]

= foXl(tl)'n-‘an(tn) Anld(t1,..., tn)] ((5.69)]
n

= Hf fx; () Aldey) [Th. 3.76]
j=1 J(=00,Xj]
n

=[] Fx;,(X») [(5.61)]
i=1

=Fxq, X, (X150, Xn) [Cor. 5.89]

= Px;,...,x, (B).

This shows that fx, .. x, @ 1.(B) = Px,,... x, (B), and this implies that fx, . x, defined in
(5.69) is a density of (Xj,..., X,;) with respect to A, (see Def. 5.66).

() fxi,.. x, in (56.69) is a density of (Xi,..., X)) = Xi,..., X, are independent.
If Equation (5.69) holds and B = X?Il ] —o00, X;], then for all (x1,...,x,) € R"”

FX],...,Xn(xlv~-~vxn) = Lle,...,Xn(tlyn-:tn) An[d(tlyn-ytn)]

=f f le(tl)'...'an(tn)/'l(dl'l).../l(dl‘n)
]—00,xn] |—00,x1]

n
=11 Fx () Ad 1)
i=1 J1-00,X;
n
= HFX,-(Xi).
i=1

Now, Corollary 5.89 implies that Xj, ..., X, are independent.
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5.9 Exercises

> Exercise 5-1 Consider the random variable X defined in Example 2.34. Which are the
elements w in the inverse image X ~!({1}) and which are the probabilities of the events
{w}?

> Exercise 5-2 Consider again the random variable X defined in Example 2.34. What are
the values of the distribution of X and the distribution of U?

> Exercise 5-3 Consider Example 5.9. Show that 1,/ is a random variable on (Q, «/, P)
andthat1ly ., =14 (X) =14 0X.

> Exercise 5-4 Show that X = Y for B = {01, w7, w3} and that X = Y does not hold in Ex-
ample 5.19.

> Exercise 5-5 Show that the random variables U and X presented in Table 2.2 (p. 54) are
independent.

> Exercise 5-6 Let (Q2, < P) be a probability space, B € 9, and 6 c «f a o-algebra. Prove
that the following propositions are equivalent to each other: 13 JPL €,0(B}) Ji)L €, {B} Ji)L €,
B JﬁL €.

> Exercise 5-7 In Example 5.46 we showed that X and U are independent and in Example
5.50 we defined the mappings f:{0,1,2} — {0,1} and g: Qy — {male, female}. Use Equa-
tion (5.23) to show that the mappings f(X) (control vs. any of the two treatments) and
g(U) (sex) are independent as well.

> Exercise 5-8 Consider the random variable (U, X): Q — Qp x {0,1} defined in Example
2.34 (p. 53). Which are the elements w in the inverse image (U, X) ! ({(Joe,1)}) and which
are the probabilities to the events {®}?

> Exercise 5-9 Assume that Q(’] c X?:l Q! is finite or countable. Construct a finite or
countable set X', Q¢ ; with

n n
Q) c XQp; c Xl
i=1 i=1

> Exercise 5-10 In Example 5.81 we specified the values of the distribution function Fx
for the random variable number of flipping heads. Use these values to compute all eight
values of the distribution Py.

Solutions

> Solution 5-1 The inverse image of the set {1} under X is
X711} = {Uoe,yes,-), (Joe, yes, +), (Ann, yes, -) (Ann, yes, +)}.

The events {w}, ® € X "1({1}) have the probabilities P[{(Joe, yes,—)}] = .04, P[{(Joe, yes, +)}] =
.16, P[{(Ann, yes,—)}] = .16, and P[{(Ann, yes, +)}] = .04.
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> Solution 5-2 The random variable X (the treatment variable) has the following distri-
bution:
Px({1) = PIX~'({1})] = .40, Px({0}) = PIX~'({0})] = .60,

Px(@) = PIX'@QN =1, Px(®@ =PIX"'@)] =0,

whereas the distribution of the random variable U (the observational-unit variable), is:
Py (Joe}) = PU™(JoeD] = .50 Py ({Ann}) = P[U"({Ann})] = .50
Py(Qu) = PUT'QuI =1 Py©@ =PUT@)] = 0.

> Solution 5-3 Let A’ € o/¢ and consider the indicator function 1y . 4r: (Q, %, P) — (R, %B).
Measurability: For all B € 48,

(Lxea) "B = (Lx-1041) " B [(5.6)]
={weQ: 1310, (w)eB} [(2.2)]
o, ifogB,1¢B,
) x7han, if0¢B,1€B
“lovxTl), ifoeB1¢B
Q, if{0,1} ¢ B,

and all these sets are elements of o7, because X is assumed to be a random variable.
Furthermore, for all w € Q,

Ixea (@) = 114 (W) ((5.6)]
1, ifoex 1)
0, ifogXx 1)

1, ifX(w)eA

- _ , [(2.2)]
0, ifX(wgA

= 1y [X(w)]

= 1,10 X(w). [(2.25)]

> Solution 5-4 In order to prove X = Y for B = {0, w2, w3}, we have to show P5(4) =0,
where A := {w € Q: X(w) # Y(w)}. Irll)this example, A = {w3,w4}. Now P({ws}) = 0, which
implies

P(Bn{ws})  Plws}) 0

— = 0.

B _
P = =% = P® ~ rB

Furthermore,
PBniwg) PO _ 0

PB) _ PB) PB
Additivity of the measure PBthen implies PBA)=o.

In order to prove that X = Y does not hold, we have to show P(A) # 0. Now P({w3}) =0
and P({w4}) =.50. Therefore, P(A) = P({w4}) =.50 > 0.

PB{wy) =

> Solution 5-5 In Example 4.38, we already showed that the events A := {Joe} x Qx x
Qy (that Joe is sampled) and B := Qg x {yes} x Qy (that the person sampled is treated)
are independent. According to Box 4.2 (iii), this implies that the o-algebras { A, A, Q, @}
and {B, B¢, Q, @} are independent as well. If X: (Q, o/ P) — (Q, /') and U: (Q, <, P) —
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(Qu, «y) are the random variables defined Table 2.2 (p. 54), then X1t =1{A, A Q, O}
and UL («/y) = {B, B¢, Q, @} are the o-algebras generated by U and X, respectively. Hence,
in this example, X and U are independent.

> Solution 5-6 First of all,
{B} JI.’L € o BJI.)L % [Rem. 4.36].

Furthermore, o(1p) = {Q,0, B, B¢} (see Example 2.31) and o({B}) = {Q, D, B, B¢}. Hence,
d(1p) = 0(1p), and this implies

1p JPL ¢ < o({B)) iPL % [Rem. 5.40].
Finally,
o(iB) L € < {B} L ¢ [Box4.2 (ii)].

> Solution 5-7 Consider the two events A := f(X) ~1(0}) and B := g(l) “1({male}).

40
P(ANB) = —
99
and
60 2 40
P(A)-PB) = —-— = —.
99 3 99

Because f(X)1(2({0,1)) = {A, A%,Q,0} and g(U) ' (P ({male, female)}) = {B,B,Q,0},
this proves that f(X) and g(U) are independent (see Exercise 5-6).

> Solution 5-8 The inverse image of the set {1} under X is
X711} = {Uoe,yes,-), Uoe, yes, +), (Ann, yes, ) (Ann, yes, +)}.

The events {0}, w € X "1({1}) have the probabilities P[{(Joe, yes, —)}] = .04, P[{(Joe, yes, +)}] =
.16, P[{(Ann, yes,—)}] = .16, and P[{(Ann, yes, +)}] = .04.

> Solution 5-9 Define
mi( Q) = {X;i €Q/: (1,0, X1, Xiy Xig 1, X)) €Qp ), i=1,..,n,

the projection of Q) onto Qi'. If Q) is finite or countable, the all 7;(Q(), i=1,...,n,
are finite or countable. Hence, X?zl 7;(Q{) is finite or countable and X;‘zlni(ﬂ(’]) c

Q) I (x1,...,x,) € Qf, then, by definition, X; € 7;(Qg), forall i =1,...,n, and there-
fore (x1,...,X,) EX?ZI 7;(Q). This implies Q) = X?:l 7 (Q).

> Solution 5-10 We consider all elements B € 28 of the Borel o-algebra on R and assign
the following values:

Fx(a) =0,a<0, if 0,1,2¢ B
Fx(0) = 1, ifoeB, 1,2¢ B
Fx() =%, if0,1€B, 2¢ B
P = {FX@=1L i %fO,l,ZeB
Fx(1)-Fx(0) =%, ifl1eB, 0,2¢ B
Fx(2) - Fx(0) = 3, if1,2¢€B,0¢ B
Fx(2-Fx(1) =1, if2€B, 0,1¢ B

Fx(2)-Fx(1)+Fx(0)= 4, if0,2€B, 1¢B.






Chapter 6
Expectation, Variance, and Other Moments

In chapter 4 we introduced a probability measure as a special finite measure and
in chapter 5 we defined a random variable as a measurable mapping on a prob-
ability space. In this chapter we will translate integration theory (see ch. 3) to
probability theory introducing expectations of numerical random variables and
other important concepts that are special expectations: central and noncentral
moments, and variances. Even covariances and correlations are special expecta-
tions (see ch. 7). All these concepts are important properties of random variables,
although, in general, they do not determine the complete distribution.

6.1 Expectation

6.1.1 Definition

Reading the following definition, remember that a random variable is called
quasi-integrable with respect to P if {Y*dP or [Y~dP are finite, where Y *
and Y ~ denote the positive and negative parts of Y, respectively (see Rem. 2.62
and Def. 3.28).

Definition 6.1 (Expectation)
Let Y: (Q, 4, P) — (R, %AB) be a numerical random variable that is quasi-inte-
grable with respect to P. Then we define

E(Y) :=deP, (6.1)

call it the expectation of Y (w.r.t. P), and say that it exists. Instead of ex-
pectation w.r.t. P we also use the term P-expectation.

Remark 6.2 (Existence of the Expectation) Note that E(Y) can be infinite. Fur-
thermore, if E(Y) exists we also say that Y is a random variable with expecta-
tion E(Y). If Y is not quasi-integrable with respect to P and therefore also not
P-integrable, then we say that the expectation of Y with respect to P does not
exist. <
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Remark 6.3 (Notation and Synonymous Terms) A synonym for expectation is
expectation value. The reference to the measure P is usually omitted if the con-
text is unambiguous. If we consider the expectation with respect to another
probability measure on (Q, <), e. g., the conditional-probability measure P (see
Def. 4.24), then we adapt the notation correspondingly:

EBy) = f Y dPB. (6.2)

Expectation with respect to P® is used synonymously to PB-expectation. <

Remark 6.4 (Random Variables With Finite Expectations) Without substantial loss
of generality, we will often assume that a random variable Y is real-valued if its ex-
pectation is finite. According to Remark 3.42, if the random variable Y: (Q, «, P) —
(R, %) has a finite expectation, then there is random variable Y*: (Q, <, P) —
(R, %) such that Y = Y™ <

6.1.2 Expectation of Discrete Random Variables

Remark 6.5 (Random Variable With a Finite Number of Real Values) Suppose
Y1,---,¥Yn €R, n €N, denote all (negative, 0, or positive) values of a real-valued
random variable Y: (Q, <, P) — (R, 98), let Py denote the distribution, and py the
probability function of Y. Then the expectation E(Y) exists, and

n n n
E(Y) =) yi-P(Y=y) =) yi-PyUyd) =) yi-pr(y) (6.3)

i=1 i=1 i=1

(see Cor. 3.59 and Def. 5.52). Hence, if Y has only a finite number 7 of values, then
its expectation is simply the sum of its values, each one weighted by its probabil-
ity P(Y=y;) = Py{y:}) = py(y1)- <

Example 6.6 (Expectation of an Indicator) If (Q, o, P) is a probability space and
1, is the indicator of A € .o/, then

E@4) = 0-P(14=0) +1-P(14=1) = P(14=1) = P(A) (6.4)

is the expectation of 1, (see also Example 3.14). Considering the event {Y=y} and
using the notation 1ly-, := 1;y-,y, this yields

E(1y-,) = P(Y=y). (6.5)
<

Example 6.7 (Joe and Ann With Random Assignment — continued) In Example
1.9 we defined the set

B = {(oe,yes,—), Joe,yes,+), (Ann, yes, ), (Ann,yes, +)} = Qu x {yes} x Qy,

the event that the drawn person is treated, and the set
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C = {Uoe, no,+), Joe, yes, +), (Ann, no,+), (Ann, yes,+)} = Qux Qxx {+},

the event that {+} (success) occurs, irrespective of which person is drawn and
whether or not the person is treated. In Table 2.2 (p. 54) we assigned probabilities
to each elementary event {w}, w € Q and defined X := 1z, the treatment variable,
as well as Y := 1 the outcome variable. Applying Equation (6.4) to the indicator
15 yields:

E(X) = E(15) = P(B)

= P[{Uoe, yes,—)}] + P[{Uoe, yes, +)}] + P[{(Ann,yes,—)}] + P[{(Ann, yes, +)}]
.04 + .16 + .12 + .08 = .40.

Similarly, for the indicator 1., we obtain

E(Y)

E(1¢) = P(O)
P[{(Joe, no, +)}] + P[{(Joe, yes, +)}] + P[{(Ann, no,+)}] + P[{(Ann, yes, +)}]
.21 +.16 + .06 + .08 = .51.

<

Example 6.8 (Tossing a Dice - continued) In Example 3.6 we considered the ran-
dom variable X = number of dots. In this example we specified the probability
space (Q, </, P) by Q := {wy,...,wg}, o := P(Q), and P({w,}) =... = P({wg}) = 1/6.
Because P(X=x;) = Px({i}) = P({w;}), i =1,...,6, Equation (6.3) yields

S, | . 1 1
EX) =) i-P(X=i)=1=+2— ..+ 62 =35
i=1

o
(o>l Nl

<

Remark 6.9 (Random Variable With a Countable Number of Real Values) Let
¥1,¥2 ... € R denote the values of a real-valued random variable Y: (Q, < P) —
(R, 48) and suppose that the expectation of Y exists. Then

o0 n
E(Y) =} yi-P(Y=y) = lim 3" y;-P(Y=y), (6.6)
i=1 i=1

using the notation introduced in Remark 5.4. Examples in which the expectation
of a random variable is the ‘infinite sum’ of its values weighted by their proba-
bilities are random variables with a Poisson distribution and with a geometric
distribution (see Theorems 8.16 and 8.22). <

Example 6.10 (A Discrete Random Variable Without Expectation) Suppose that
Q =N, =1{0,1,2,...} and consider the random variable Y: (Q,2(Q),P) — (R, B)
defined by

Y(i) =y = (-1)'ile, VieN,, (6.7)

with
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11 X

P(Yzyl) = —'_—', VleNo. (6.8)

e 1!

Note that e = Y. ° i, Hence, dividing both sides by e yields ¥ *° - = 1. There-

i=07 i=07ile
fore, Equation (6.8) specifies a probability distribution. Now consider

1, ifniseven

i P(Y=y) = 3 (-1 = 6.9
igby (=) l;)( ) {0, if nis odd. 6:9)

Obviously, in this example, the limit
n
Jlim ;)yi -P(Y=y)

occurring in Equation (6.6) does not exist. Therefore, according to Definitions 6.1
and 3.28 E(Y) is not defined. <

6.1.3 Computing Expectations Using Densities

According to the following theorem, the expectation of a continuous real-valued
random variable can also be computed using the Riemann integral.

Theorem 6.11 (Expectation of a Continuous Random Variable)
LetY: (Q, <, P) — (R, %) be a continuous random variable with expectation
E(Y) and a density fy that is Riemann integrable. Then

E(Y) Zf y fr(y)dy. (6.10)
- (Proofp. 209)

Examples of continuous random variables and their expectations are treated
in chapter 8, section 8.2.

Example 6.12 (A Continuous Random Variable Without Expectation) Consider
the continuous random variable Y: (Q, o/, P) — (R, 28) with density

fry = ! ! VyeR (6.11)
= Taye R ’
and distribution function
1 1
Fy(y) = E+—~arctany, VyeR. (6.12)
T

A distribution Py with density (6.11) is called a standard Cauchy distribution or
central t-distribution with 1 degree of freedom.
The integral of the positive part of y- fy(y) is
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f_oo[yfyy] y_fo V' 1+y2 V=g ey ‘0 -

and the integral of the negative part is

f_:[y-fYU’)]_dy - /—io_y'l' 1

n 1+y?

dy = ——In(+ ] =0
y=-5-In0+yY)| =

[for the notation cf. Eq. (3.69)]. Hence, y - fy(y) is not quasi-P-integrable on R
(see Def. 3.28) and E(Y) does not exist. <

6.1.4 Transformation Theorem

The following corollary immediately follows from Theorem 3.57, translating the
measure theory terms to probability theory. This corollary is relevant whenever
we consider the expectation of a composition goY = g(Y) of a numerical function
g [see Eq. (2.25)] and a mapping Y or the expectation Ey(g) of g with respect to
the distribution Py [see Eq. (5.2)].

Theorem 6.13 (Transformation Theorem)
Let Y: (Q, 4, P) — (Qf, ) be a random variable and g: (Qf, «}) — (R, %)
be measurable.

(i) If g is nonnegative or has a finite expectation Ey (g), then

Ey(g) =fgdPy =fg(y)Py(dy) =fg(Y) dP = E[g(Y)]. (6.13)
(ii) Ey(g) is finite if and only if E[g(Y)] is finite.

Remark 6.14 (A Special Case) If we consider the special case in which g is the
identity function id: R — R, defined by id(y) = y, for all y € R, then id(Y) =Y
and Equations (6.13) yield

E(Y) = deP = fyPy(dy). (6.14)
<

Remark 6.15 (Finite Number of Values) If Y takes on only a finite number of dif-
ferent values y,..., ¥, € R, then Equation (6.13) simplifies to

n

E[g(Y)] = Ey(8) =fgdPy =) gy)-P(Y=y,), (6.15)
i=1

where P(Y=y;) = Py({y;}) = py(yi), i = 1,...,n, and py denotes the probability
function of Y. <
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Remark 6.16 (Countable Number of Values) If Y takes on a countable number
oo (o]

of different values y, y»,... € R and Zi:l gt (yi) <o or Zi:l g (y1) <oo, then
(o]
E[g(Y)] = Ey(g) ngdpy = Zg(J/i)'P(Y:yi)- (6.16)
i=1

Note that (6.16) also applies if g is nonnegative, because in this case g~ =0 holds
for the negative part of g, which implies ¥72, g7 (y;) =0 < oo. <

Equation (6.13) immediately implies the following corollary according to which
the expectations of two random variables X and Y are identical if they have iden-
tical distributions, provided that the expectations exist (see also Remark 6.27).

Corollary 6.17 (Identical Distributions Imply Identical Expectations)
Let X,Y: (Q,«,P) — (Q /') be random variables and g: (Q', /") — (R, %)
a measurable function that is nonnegative or with expectation Ex(g). If Px =
Py, then E[g(X)] = E[g(Y)].

This property allows us to use the term expectation of a distribution instead of
expectation of a random variable.

In the following lemma we consider a bivariate random variable (X, Y) and
a numerical function g(X), i.e., a function that only depends on X. According
to this lemma, the expectation of g with respect to the joint distribution Py y is
identical to the expectation of g with respect to the marginal distribution Py.

Lemma 6.18 (Expectation w.r.t. Joint and Marginal Distributions)

Let (X,Y): (Q,o,P) — (QkxQf, Ar®f)) be a bivariate random variable
with joint distribution Pxy and let g: (Q%, /%) — (R, %) be a measurable
function that is nonnegative or with expectation Ex(g). Then

Exy(8) = Ex(g), (6.17)
which is equivalent to

fg(x) Pxy [d(x, y)] =fg(x) Px (dx). (6.18)
(Proof p. 209)

Example 6.19 (Flipping two Coins - continued) Consider again the random vari-
able X = number of flipping heads and the indicator 15: Q — R of the event that
at least one heads is tossed. In Example 2.47 we showed that 15 = go X, where
g: R — R is defined by

1 ifxe{1,2},
glx) = ) forall x e R.
0, otherwise
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According to (6.15),

E(ly) = E[g(X)] = Ex(g) = 0-P{X=0}) + 1-P(X€{l,2}) = P(X€e{l,2}) =

A~ w

<

Example 6.20 (Expectation of Y?) LetY: (Q,<fP) — (R, %) be areal-valued ran-
dom variable, let g: (R,9%) — (R, %) be measurable and let g(Y) := Y?2. Then,
according to Theorem 6.13 and Equation (6.13),

E(Y? = E[g(Y)] = Ey(g) :fgdPY =[y2Py(dJ/).

[Note that E(Y?) can be infinite.] This equation shows that the expectation of Y2
solely depends on the distribution Py of Y. Using the integral [ g d Py is often
the most convenient way of computing the expectation E(Y?). If Y takes on only
a finite number of values y;, ..., ¥, € R, then this equation simplifies to

n n
E(Y?) =) y2-PyUyh) =) y?-P(Y=y)). (6.19)
i=1 i=1
These equations only involve the probabilities P(Y=y;) = Py({y;}), not the prob-
abilities P(Y?=y?). <

Example 6.21 (Multiplication With Indicators) Let Y: (Q, o, P) — (R, %) be a
numerical random variable with expectation E(Y). If A € o and P(A) = 0, then
(1, Y) = 0 and Rule (i) of Box 6.1 implies

E(1,Y) = 0. (6.20)

If C=AUB,AnB=0, and A,Besf,then1.Y =1,Y + 13 Y and Rule (vi) of Box
6.1 implies
EQcY) = E(1L,Y) + E(1zY). (6.21)

<

The following corollary shows how to compute the expectation of the compo-
sition g(Y) using the density of Y. The virtue of Equation (6.22) is that we do not
have to know the density of g(Y), the density of Y suffices. (For a special choice
of g see Remark 6.26.)

Corollary 6.22 (Transformation Theorem, Continuous Random Variable)
Let Y: (Q, < P) — (R,%) be a continuous random variable with a Riemann
integrable density fy. If g: (R, 28B) — (R, B) is a measurable function that is
nonnegative or numerical with finite expectation Ey (g) = [ g dPy, then

E[g(Y)] = Ey(g) = f g fr(y) dy. (6.22)
- (Proofp. 209)
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Box 6.1 Rules of Computation for Expectations

Let Y: (Q, </ P) — (R, %) be a random variable with expectation E(Y) and
letae R. Then:

Ygo( > EY)=oa @)
E(a+Y) = a + E(Y). (ii)
E(@-Y) = a-E(Y). (iii)

Let A,B€ «/. Then

E(14-15) = P(ANnB). (iv)
E(14-Y) =0, ifP(A)=0. )

If Y7, Y, are nonnegative or real-valued with finite expectation, then
E(Y1 +Y;) = E(Y4) + E(Y2). (vi)

Fori=1,...,n, let Y;: (Q, < P) — (R, %) be random variables with
finite expectations E(Y;) and o; € R. Then

n n
E() «;-Y) =) a;-E(Y)). (vii)
i=1

i=1

Let X, Y: (Q, <7 P) — (R, %) be random variables that are nonnegative
or with finite expectations. Then:

XY = EX)=E{Y). (viii)
X=Y o VAed: E1xX) = E(L4Y). (ix)
XJI_)LY = EX-Y) = EX)-E(Y). x)

6.1.5 Rules of Computation

Some rules of computation for expectations are gathered in Box 6.1 (for proofs
see Exercise 6-2).

Example 6.23 (Expectation of a Sample Mean) Let Y,...,Y, be a random sam-
ple. This means that the random variables Y,...,Y,, are i.i.d. (see Rem. 5.38).
Further, define
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_ n
Y=—YY, (6.23)
i=1

S~

the arithmetic mean, which in statistics is also called the sample mean. If Y is
nonnegative or with finite expectation and

py = E(Y7) (6.24)
denotes the identical expectations of the variables Y3,...,Y,, then

EY) = py (6.25)
(see Exercise 6-4). <

Now we turn to a generalization of Rule (x) of Box 6.1.

Theorem 6.24 (Expectation of the Product of Random Variables)

LetY;: (Q,94,P) — (R,9), i =1,...,n, be real-valued random variables that
are nonnegative or with finite expectations and assume that the Y, ...,Y,, are
independent. Then

n n
E( ]‘[1 YZ) = HIE(Y,-). (6.26)
i= =

If we additionally assume that the expectations E(Y;), i = 1,...,n, are finite,
then E(]'[i”=1 Y;) is finite, too.

For a proof see, e. g., Bauer (1996, Theorem 8.1, p. 49). Later we will weaken the
independence assumption [see Box 7.1 (i)]. However, if the variables Y; are not
independent, then Equation (6.26) does not necessarily hold (see Remark 7.9).

6.2 Moments, Variance, and Standard Deviation

The expectation E(Y) of a numerical random variable Y is also called the first mo-
ment of Y, provided that this expectation exists, whereas the expectation E(Y?) is
called the second moment of Y (see Example 6.20). For second (and higher) mo-
ments we distinguish between moments and central moments.

Definition 6.25 (Moments)

LetY: (Q, <, P) — (R, %) be a numerical random variable, letn € N, and let Y
be nonnegative or such that E(Y ") is finite. Then E(Y ") is called the nth mo-
ment and E(|Y|") the nth absolute moment. Furthermore, if n = 2, and
the expectation E(Y) is finite, then we call E([Y — E(Y)]") the nth central
moment of Y.
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Remark 6.26 (Higher Moments of Y) Analogously to Example 6.20, we may con-
sider g(Y) = Y" with n = 1. If n is even, then the random variable Y” is nonnega-
tive and E(Y") exists. In contrast, if 7 is odd, then the expectation E(Y") does not
necessarily exist. Provided that it exists, the expectation E(Y") is called the nth
moment of Y, n € N. If, for n € N, the expectation E(Y") exists and is finite, then
E(Y'™) exists and is finite as well for all m with 1 < m < n (see Exercise 6-3). <

Remark 6.27 (Moments Under P-Equivalence) If the expectations of Y and of
[Y — E(Y)]" are finite, then they can be represented as expectations of functions
g(Y) of Y, where g: (R,%) — (R, %) is a measurable function with finite ex-
pectation Ey(g) [see Proposition (ii) of Theorem 6.13]. Therefore, according to
Corollary 6.17, all moments (central or noncentral) of a numerical random vari-
able Y solely depend on its distribution Py. Hence, if two random variables Y;
and Y, have the same distribution Py, = Py,, then they have the same moments.
For instance, if Y; = Y, and the expectations E(Y;?) and E(Y,?) are finite, then
E(Y)) = E(Y,) and E(Y;?) = E(Y»%). This allows us to use the terms (central) mo-
ments of a distribution instead of (central) moments of a random variable. <

Variance and standard deviation are the most important parameters describ-
ing the variability of a random variable. They are defined as follows:

Definition 6.28 (Varian_ce and Standard Deviation)
Let Y: (Q, < P) — (R,%) be a numerical random variable and assume that
E(Y?) < oo. Then the variance of Y is defined by

Var(Y) = E([Y - E(Y)1?), (6.27)

and thestandard deviation of Y by the positive square root of the variance,

ie.,
SD(Y) := / Var(Y). (6.28)

According to this definition, Var(Y) is the expectation of the squared mean
centeredrandom variable Y — E(Y). Hence, the variance of Y is the second central
moment of Y. Note that variances and standard deviations are nonnegative. The
variance of Y is also denoted by o4 and the standard deviation by oy. Box 6.2
summarizes some important properties of variances (see Exercise 7-5).

Example 6.29 (Variance of an Indicator) Let (Q, o/, P) be a probability space and
let 14 denote the indicator of A €.o/. Then

E(1,) - [E(10)])* [Box6.2, (i)]

E(1a) - [E1)]? [14% = 14] (6.29)
E(14)-[1-E1y)]

P(A)-[1-P(A)]. [(6.4)]

Var (14)
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Box 6.2 Rules of Computation for Variances

Let X,Y: (Q,P) — (R,%) be random variables with finite second mo-
ments and let « € R. Then:

Var(Y) = E(Y?) — E(Y)2 o)
Var(a+Y) = Var(Y). (ii)
Var(a-Y) = o?- Var(Y). (iif)
ElcxeleYfa < Var(Y)=0. (iv)
X = Y = Var(X)=Var(Y). W)

For i =1,...,n, let the random variables Y;: (Q, < P) — (R, %) be indepen-
dent with finite second moments and «; € R. Then

n n
Var (Y oY) = Y o2 - Var(v). (vi)

i=1 i=1
Var(1,4)
0.3
0.2
0.1

0 I I I I 1
0 0.2 0.4 0.6 0.8 1.0 P(A)

Figure 6.1. Variance of an indicator of an event as a function of its probability

According to Equation (6.4), the expectation of the indicator 1, is P(A), and Equa-
tion (6.29) shows that its variance is P(A) - [1 — P(A)]. Obviously, the variance of
an indicator variable does not contain any information additional to the expec-
tation E(1,4) = P(A). In fact, in this case, E(1,) contains the full information about
the distribution of 1,. This is not surprising because the distribution of 1, is com-
pletely determined by the single parameter P(A). Unlike the expectation, the vari-
ance of 1, does not comprise the full information about the distribution of 14. For
example, Var(1,4) =.1-.9=.09 if P(A) = .1 or P(A) =.9. The variance of 1, has its
maximum for P(A) = 1/2 and goes to 0 if P(A) approaches 0 or 1 (see Fig. 6.1). <
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Example 6.30 (Location vs. Variability) Consider two real-valued random vari-
ables X,Y: (Q, o P) — (R,9%) with P(X=-1) = P(X=1) = 0.5 and P(Y=-10) =
P(Y=10) = 0.5. Then E(X) = E(Y) = 0 but Var(X) =1 # Var(Y) = 100. This il-
lustrates that the expectation describes the ‘location’ of a random variable [see
Rule (ii) of Box 6.1], while the variance is invariant with respect to translations
[see Rule (ii) of Box 6.2]. In contrast, the variance describes the ‘variability’ of a
random variable, whereas, in general, the expectation does not. <

Example 6.31 (Joe and Ann - continued) In the example presented in Table 2.2
(p. 54), X is an indicator variable. Hence, its variance is most easily computed as
follows:

Var(X) = P(X=1)-[1-P(X=1)] = .40-.60 = .24.
Similarly, the variance of Y is obtained by
Var(Y) = P(Y=1)-[1-P(Y=1)] = .51-(1—-.51) = 0.2499.
<

Example 6.32 (Variance and StaEdard Error of the Sample Mean) Let Y3,...,Y,
be asample (see Rem. 5.38), and Y the sample mean [see Eq. (6.23)]. If E( Y12) < o0,
and

0% = Var(Yy) (6.30)
denotes the identical variances of the Y3,...,Y,, then
_ o‘%/
Var(Y) = — (6.31)
n
(see Exercise 6-4). Hence,
sDY) = X 6.32)
= n .

In statistics SD(Y) is also denoted SE(Y) or oy := | /0217 and called the standard
error of the sample mean. <

Remark 6.33 (Z-Transformation) Note that every real-valued random variable
Y: (Q,&,P) — (R,%8) with finite and positive variance Var(Y) can be trans-
formed by
Y—-E(Y)
Zy == ———. (6.33)
SD(Y)

Note that E(Zy) = 0 and Var(Zy) = 1 (see Exercise 6-5). This transformation is
called the Z-transformation.

As a special case consider the mean Y of a sample Yj,..., Y, with expectation
My := E(Y7) and standard deviation oy := SD(Y;) (see Example 6.32). Then the
Z-transformation of Y is
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Y_
Z = Vn- 0‘”. (6.34)
Y

The random variable Z; will be used in the Central Limit Theorem (see Th. 8.34).
<

Definition 6.34 (Skewn_ess)

Let Y: (Q, <, P) — (R, %) be a numerical random variable. IfE(Y?3) is finite,
Var(Y) >0, and Zy := [Y — E(Y)]/SD(Y), then E(Z}) is called the skewness
of Y.

6.3 Proofs
Proof of Theorem 6.11
E(Y) :deP [(6.1)]
=fyPy(dy) [(3.59)]
=fyfy(y)/1(dy) [(3.72), (5.60)]
(o)
= f v fr(ydy. [Riemann integrability of fy, (3.68)]
—0o0
Proof of Lemma 6.18
Forall A’ € oy,
f 1y/(x) Px (dx) = Px(A)) (3.9)]
= Pxy(A'xQy) [(5.20)]
= flAf(x)~1QfY(y) Pxyld(x, y)] [3.9), (1.37)]
= flA/(x) Pxyld(x,y)]. (1o, () =1]

Now the proposition follows applying the standard methods of proofs described in Remark
3.30.

Proof of Corollary 6.22
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E[g(Y)] = Ey(g) =fg(y)Py (dy) [(6.13)]
=fg(y) ) Ady) [(3.72), (5.60)]
= f ~ yfr(ydy. [Riemann integrability of fy, (3.68)]

—00

6.4 Exercises

> Exercise 6-1 Assume E(Y 2) < oo and show that o € R minimizes MSE(a) := E[(Y — a)?]
ifand only if a = E(Y).

> Exercise 6-2 Prove the rules of computation of Box 6.1.

> Exercise 6-3 Show: If, for n € N, the expectation E(Y") exists and is finite, then E(Y")
exists and is finite as well forall 1 <= m < n.

> Exercise 6-4 Prove Equations (6.25) and (6.31).

> Exercise 6-5 Let Y: (Q,,P) — (R, %) be a numerical random variable with finite sec-
ond moment E(Y?) and Var(Y) > 0. Show that the expectation of Z := [Y — E(Y)]/SD(Y)
is 0 and its variance s 1.

Alternativ Nagel
> Exercise 6-6 Let X;: (Q, o P) — (R,%), i =1,2,...,n, be a finite sequence of indepen-
dent identically distributed random variables with finite expectations E(X;) = p and finite

and positive variances Var(X;) = 02 i=1,...,n. Furthermore, let X:= S/n be the arith-
metic mean, where S:=) ?:1 Xj, and

7.2 Xwvn
[0}

Show that E(Z) =0 and Var(Z) = 1.

Solutions

> Solution 6-1 Forallae R,

E[(Y -®? = E(lY - E(Y) + E(Y) —a]?)
= E([Y - EW)?) + [E(Y) - al® +2- E(Y — E(V)]- [E(Y) - )
= E(lY - EOW)?) + [E(Y) - a)? [Box 6.1 (iii), (ii)]
= E(lY -E(V))?),

and ‘=" holds if and only if E(Y) = a.
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> Solution 6-2 Because the expectation of a numerical random variable is defined as an
integral, we simply can refer to the corresponding propositions of chapter 3.

() This is Equation (3.8) with A =Q and u(A) = P(Q).

(i) This is a special case of Equation (3.34)

(iii) Thisis a special case of Equation (3.32).

(iv) Note that 14-1p = 14 »p. Hence, this rule follows from Equation (3.8), with a = 1.

(vi) If 1, Y» are nonnegative, then this equation is a special case of Equation (3.65). If
Y; or Y, has a finite expectation, then this equation is a special case of Equation (3.34).

(v) This is a special case of Lemma 3.45.

(vi) This rule follows from Equation (3.34) and complete induction.

(viii) This is Lemma 3.47.

(ix) This is Theorem 3.48.

(x) This is a special case of Theorem 6.24.

> Solution 6-3 Assume that, for n € IN, the expectation E(Y") exists and is finite. Further-
more, let A:={weQ:|Y(w)| >1}. Now, forall mwithl<m=<n,

[Y(@)™ < |Y()"], VweA and [Y(@)™ <1, VweA°.

Therefore, applying Corollary 3.13, forl <= m < n:

E(IY™) :le’"ldP

:f Y™ dpP +/ Y™ dpP [(3.36)]

A AC

sf Y™ dP +f 1dP [Lemma 3.26]
A A¢

Sf Y™ dP + 1 [(3.30), 14¢c <1, Lemma 3.26]
A

< oo.

> Solution 6-4
Equation (6.25) can be derived as follows:

EY)

n
P ) [(6.23)]

M= =|'—‘

E(Y;) [Box 6.1 (vi)]
1

‘n-gy = Hy. [Y1,...,Y, are identically distributed, (6.24)]

S| :I»—

Equation (6.31) can be derived as follows:

_ 1 -
Var(Y) = Var|—- Z ) [(6.23)]

1 n

= =Y Var(v) [L Yi,..., Yy, Box 6.2 (vi)]
ne s
1 o?

2 Y . . -

= —-n-oy = - [Y1,...,Y, are identically distributed, (6.30)]

n
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> Solution 6-5 Let p:= E(Y) and 0 := SD(Y). Then

() = £z o) = 5
EZ) =E|—— | =E|[=-(Y-w|=—EY - [Box 6.1 (iii)]
o] o o
1 1
= E-[E(Y)—E(p)] = g-(p—p) =0 [Box 6.1 (vi), (i)].
Y—-p 1
Var(Z) = Var( ) = Var E-(Y—p))
1 1 2 s e
= —Z-Var(Y) = 0" = 1 [Box 6.2 (iii), (ii)].
o] o]
> Solution 6-6
E(X) = E(%) = E(S) [def. of X, Box 6.1 (iii)]
1 n 1 &
= —~E(Z X,-) = —- Y EX) [def. of S, Box 6.1 (vi)]
n i=1 noiz
1 X2 1
= Z.Zp_ Z.n.p_ .

I
—

— S 1 1
Var(X) = Var(—) —2~Var(S) = —2~Var
n n n

n
Y X,-) [Box 6.2 (iii), def. of S]

1 & 1 & 1
= —-) Var(Xj) = —- ). 0* = —-n-0° [Box7.1 (viii), def. of §]
n P n P n
i=1 i=1
=

In the second line we also used the assumption that the X; are independent, which implies
Cov(X;, Xj) =0,if i # j (see Remark 7.9 and Th. 6.24). Furthermore, we used the assump-
tion that the X; are identically distributed, which implies Var(X;) = o2i=1,...,n.

Using these results and Exercise 6-5 yields

EZ) = E ) _,
B Y e

and

Var(Z) = Var

X—p -
olyn]



Chapter 7

Linear Quasi-Regression, Covariance, and
Correlation

Expectation and variance are parameters that describe important properties of a
univariate numerical random variable and its distribution. Now we consider two
numerical random variables, say X and Y, and their joint distribution. In other
words, we consider the distribution of the bivariate real-valued random vari-
able (X,Y): (Q, <, P) — (R? %,). We also introduce a new random variable that
can be used to describe a specific kind of dependence of Y on X. It is the kind
of dependence of Y on X that is represented by the best fitting linear function
op + o1 X, ‘best fitting’ in terms of the minimal mean squared error. This func-
tion is the composition of X and the linear quasi-regression or the linear least-
squares regression. Covariance and correlation are important parameters quan-
tifying the strength of the kind of dependence that can be described by a linear
quasi-regression.

7.1 Linear Quasi-Regression

Remark 7.1 (Implications of Finite Second Moments) Reading the following
definition note that E(X?), E(Y?) < oo implies that E(X), E(Y), and E(X-Y) are
finite (see Klenke, 2008, Remark 5.2, p. 102). Hence, according to Remark 3.42,
there is no substantial loss of generality if we additionally assume that X and Y
are real-valued. <

Definition 7.2 (Linear Quasi-Regression)
Let X,Y: (Q,<,P) — (R,98) be two real-valued random variables, assume
E(X?), E(Y?) < oo, and Var(X) > 0. Then the function f: R — R defined by

fx) = qp+oyx, VxeR, (7.1)
where the pair (g, ;) minimizes the function MSE: R? — R with
MSE (ay,a1) = E([Y — (a0 + a1 X)), Vao,a €R, (7.2)

is called the linear quasi-regression of Y on X. The composition of X
and f is denoted by Q;,»(Y1X), i.e.,
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Figure 7.1. Linear quasi-regression

QinYIX) = f(X) = ap+ o X. (7.3)

Remark 7.3 (Distinguishing Between f and f (X)) Note that the linear quasi-re-
gression f: R — R is a function assigning a real number to all real numbers. This
applies even if X only takes on two different real values. In contrast, the num-
ber of different values of the composition Q;;,(Y|X) = f(X): Q — R is smaller or
equal to the number of values of X. <

Example 7.4 (Discrete Regressor With Three Different Values) Let X and Y be
real-valued random variables on (Q, < P) with values 1,2,3 and 1, 2, respectively.
Furthermore, assume that their distribution is specified by

P(X=1,Y=1)=.25, P(X=2,Y=2)=.5, P(X=3,Y=1)=.25.
Then the linear quasi-regression f: R — R is specified by
fx) =ap+o-x=15+0-x=15VxeR,
and the composition of X and f is
Qin(Y1X) = dg+0a;- X =15+0-X =15

(see Exercise 7-3). The black points in Figure 7.1 represent the three pairs of val-
ues of X and Y. All values of the the linear quasi-regression are on the red line,
which, in this example, is parallel to x-axis because its slope is 0. The red circles
represent those values of the linear quasi-regression that have a nonzero proba-
bility Px ({x}) > 0 with respect to the distribution of X. In contrast, in this example,
Px({x}) =0, forallxe R\{1,2,3}. <
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Q R
Qiin(Y1X) = f(X)

Figure 7.2. The regressor X, the linear quasi-regression f and their composition
Qiin(Y1X) = f(X)

Remark 7.5 (Linear Quasi-Regression vs. Regression) As the term ‘linear quasi-
regression’ suggests, there is also a ‘genuine’ regression of Y on X (see Def. 10.25)
and the two terms are not necessarily identical. As will be explained in more de-
tail in Remark 10.27, the ‘genuine’ regression is a function g: R — R such that
the composition g(X) is X-measurable and minimizes the mean squared error
E(Y - g(X)]?). In contrast to the conditional expectation E(Y|X) [see Eq. (10.1)],
the composition Qy;,(Y|X) = f(X) minimizes the function MSE specified in
Equation (7.2). Hence, f has to be a linear function even in those cases in which
there are no ay, a; € R, such that E(Y|X) =do+ a; X (see Example 7.4). <

Remark 7.6 (Intercept and Slope) Note that the composition Qy;,(Y|X) = f(X)
= oy + oy X is a random variable on (Q, <, P) (see Fig. 7.2). The coefficient «y
is called the intercept and a; the slope of (the linear quasi-regression) f (see
Fig. 7.3). Obviously,

f(O) = 0p+0Qp- 0= Ao . (74)
Furthermore, if x;, x, € R and x, > x;, then
1
= : - 7.5
o P [f(x2) = f(x)] (7.5)

(see Exercise 7-4). Equation (7.5) yields
o = f(xz) - f(xl), if Xo— X1 = 1. (7.6)

These equations justify calling ay the intercept and a; the slope of the linear
quasi-regression f (see Fig. 7.3). Note that these equations also apply if P(X=0) =
P(X=x;) = P(X=x;) = 0. They even apply if 0, x;, x, ¢ X(Q), because, by defini-
tion, f is a function on R.

Figure 7.3 illustrates the intercept and the slope of a linear function such as
the linear quasi-regression f. In this figure, ap = .5 and o; = .85. If X is discrete,
then Qy;,(Y|X) = f(X) is discrete as well. More precisely, the number of different
values of Qy;,(Y'| X) is always smaller than or equal to the number of different val-
ues of X. In contrast, the linear quasi-regression f: R — R takes on uncountably
many values unless its slope is 0. In this case its sole value is o. <
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fx)

} o

Figure 7.3. Intercept and slope of a linear function f: R — R

7.2 Covariance

While the variance quantifies the variability of a numerical random variable, the
covariance quantifies the degree of co-variation of two numerical random vari-
ables, i.e., the degree to which the two variables vary together in the following
sense: If one variable takes on a large value (i. e., large positive deviation from its
expectation), then the other one tends to take on a large value as well. Further-
more, if one variable takes on a small value (i. e., large negative deviation from
its expectation), then the other one tends to take on a small value, too. In this
case the covariance will be positive. However, the covariance may also be a neg-
ative real number. In this case, the two random variables co-vary in the following
sense: If one variable takes on a large value, then the other one tends to take on
a small value. Furthermore, if one variable takes on a small value, then the other
one tends to take on a large value.

Definition 7.7 (Covarianc_e)
Let X,Y: (Q, < P) — (R, &) be two numerical random variables with E(X?),
E(Y?) <oo. Then the covariance of X and Y is defined by

Cov(X,Y) := E(IX - E(X)] - [Y — E(Y)]). 7.7

Comparing Equations (7.7) and (6.27) to each other shows that the variance is the
covariance of a numerical random variable with itself.

Remark 7.8 (Correlated Numerical Random Variables) According to this defi-
nition, the covariance of X and Y is the expectation of the product of the mean
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centered variables X — E(X) and Y — E(Y). Hence, a covariance can be negative,
zero, or positive. If the covariance is different from zero, then we say that X and
Y are correlated; otherwise, we say that they are uncorrelated. <

Remark 7.9 (Rules of Computation) The most important rules of computation
for covariances are summarized in Box 7.1. Proofs are provided in Exercise 7-5.
Rule (i) immediately implies

E(X-Y) = EX)-E(Y) + Cov(X,Y). (7.8)

Hence, X and Y are uncorrelated ifand only if E(X-Y) = E(X)-E(Y). Furthermore,
this equation and Theorem 6.24 imply that X and Y are uncorrelated if X and Y
are independent.

Symmetry of the covariance [see Box 7.1 (v)] yields an alternative way to write
Rule (viii) of Box 7.1:

n n n-1 n
Var( Y ai¥;) = Y o Var(v) +2- Y Y awoyCon(VpY)).  (7.9)
i=1 i=1 izl j=itl
This equation simplifies to
n n
Var(Y oY) = Y af Var(vy), (7.10)
i=1 i=1

if ¥1,...,Y, is a sequence of pairwise uncorrelated random variables. Note that
independence of Y3, ..., Y, implies Cov (Y;,Y;) =0, i # j [see Rule (vi)].
For n =2, Rule (viii) simplifies to
Var(o; Y1 +o, Ys)
) 1141 2 , 2 (711)
=aoy Var(h) +o; Var(Y2) + 204 az - Cov (Y7, Yz ).
Similarly, for n = m = 2, Rule (ix) simplifies to
Cov (01 Xi + 02Xz, P11 Y1 +P2Y2)
=P, Cov (X3, Y1) + oyf2Cov (X3, Ya) (7.12)
+ o ﬁ] Cov (Xz, Yl) + o ﬁzCOU (Xg, Yz)

<

Remark 7.10 (Covariance of Indicators) For A,B € </, Rule (i) of Box 7.1 and
Equations (1.32) and (6.4) yield

Cov (14,15) = E(14-15) — E(14) - E(1p) (7.13)
= P(AnB)—-P(A)-P(B). (7.14)
<

The following theorem helps to understand the relationship between the co-
variance and the variances of two numerical random variables X and Y.
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Box 7.1 Rules of Computation for Covariances

Let X, Y be numerical random variables on the probability space (Q, </, P)
with E(X?), E(Y?) < co. Furthermore, let o, p € R. Then:

Cov(X,Y) = E(X-Y)-EX)-E(Y). (i)
Cov(a+X,pPp+Y) = Cov(X,Y). (ii)
Cov(aX,pPY) = ap Cov(X,Y). (iii)
Cov (X, X) = Var(X). (iv)

Cov (X,Y) = Cov (Y, X). ()

X1y = Cov(XY)=0. (vi)
EI(xE]R:Xg(x = Cov(X,Y)=0. (vii)

If Y; are real-valued random variables on the probability space (2, </, P)
with E(Y?) <oo and a; €R, i=1,...,n, then

n n n n
Var(Y aiYi) = Y ofVar(v) + Y. Y aiagCov(Y;, Y. (vild
i=1 i=1 i=1 j=1,i#j

If X;, Y; are real-valued random variables on the probability space
(Q, <, P) with E(X}), E(sz) <oo,and o;,f; €R, foralli=1,...,n
and j=1,...,m, then

Cov(ZaiXi,Zﬁj Y]) =) Y «;p;Cov(X;, Y. (ix)
i=1 j=1 i=1j=1

If X, = X; and E(Y?), E(X]), E(X]) <oo, then

Cov (Y, X;) = Cov(Y,X>). x)

Theorem 7.11 (Cauchy-Schwarz Inequality)
If X,Y:(Q,«,P) — (R,%) are random variables with E(X?), E(Y?) < oo,
then

Cov (X,Y)? < Var(X) - Var(Y). (7.15)

Furthermore, if Cov(X,Y) # 0, then

Cov(X,Y)? = Var(X)-Var(Y) & 3a,beR:Y =a+b-X. (7.16)
(Proof p. 228)
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Remark 7.12 (Squared Weigthed Sum of Random Variables) If X,Y: (Q, <, P) —
(R, 9%8) are random variables with E(X?), E(Y?) < oo and o, € R, then E[(aX +
BY)?] < oo (see Exercise 7-2). <

In the following theorem we revisit the linear quasi-regression, studying three
equivalent propositions. The first of these propositions deals with the residual
variable € := Y — f(X), where f is the linear quasi-regression of Y! on X. Note that
this residual is not necessarily identical to the residual with respect to a condi-
tional expectation that will be treated in chapters 9 to 11.

Theorem 7.13 (Three Characterizations of the Linear Quasi-Regression)
LetX,Y: (Q, < P) — (R, %) be two real-valued random variables with E(X?),
E(Y?) < oo, and Var(X) > 0. Furthermore, let o, oy € R, f(X) = og +0; X
be the composition of X and f:R — R, and define € := Y — f(X). Then the
following three propositions are equivalent to each other:

(i) E(e) = Cov(X,e) = 0.

(ii) ag = E(Y)—o; E(X) and oy = M
0~ ! YT Vvarx)
(iii) f(X) = Qiin(Y1X), i.e., ag,y minimize the function MSE (ay, a;) de-

fined by Equation (7.2).
(Proof p. 229)

Remark 7.14 (Uniqueness) Suppose that the assumptions of Theorem 7.13 hold
and f(X) = Qy;»(Y|X). Then proposition (ii) of this theorem implies that the coef-
ficients o and «; are uniquely defined. Because Qy;, (Y| X) = ap + a1 X, the linear
quasi-regression f: R — R is uniquely defined as well. <

Remark 7.15 (Relationship Between Slope and Covariance) Accordingto pro-
position (ii), a zero covariance between X and Y implies that the slopes of the
linear quasi-regressions of Y on X and of X on Y are zero. A negative covariance
implies that the slopes of the linear quasi-regressions of Yon X and of X on Y
are negative, and a positive covariance implies that the slopes of the linear quasi-
regressions of Y on X and of X on Y are positive. <

Example 7.16 (Discrete Regressor With Three Different Values - continued) In
Example 7.4 we specified the distribution of (X,Y). Now we use the equations in
Theorem 7.13 (ii) in order to compute the coefficients oy and «;. For this pur-
pose we have to compute the expectations of X and Y, the variance of X, and the
covariance of X and Y:

n
E(X) = ) xi-P(X=x;)
i=1

E(Y) =) yi-P(Y=y)
i=1

Il
—

Il
—
N = ]

N|— DN+~
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n
Var(X) = E(X®) - E(X)* = )_x}-P(X=x;) — E(X)* [Box6.2 (i), (6.19)]
i=1
1 1 1 1
=12 +22. 24 +32.2 - 22 =2,
4 2 4 2
Cov (X,Y) = E(X- Y) - E(X)-E(Y) [Box 7.1 (i)]
m
= Z xi-yj-P((X,Y)=(x;,y:)) — E(X)-E(Y) [(6.3)]
i=1j=1
1 1 1 3
=1-1-'—-+22-—+3:1-— — 2-—
4 2 4 2
1 8 3 12
=-+—-+- - —=0.
4 4 4 4
Using the equations in Theorem 7.13 (ii) yields a; = Cov (X,Y) / Var(X) = % =0
and o = E(Y) - E(X) = % —0-2 = 1.5, the same result as obtained in Exercise
7-3, in which we minimize the function MSE (ay, a;). <

7.3 Correlation

As mentioned before, the covariance between two numerical random variables
quantifies the strength of the dependence that can be described by a linear quasi-
regression. However, the covariance is not invariant under multiplication with
constants [scale transformations; see Box 7.1 (iii)] of the random variables in-
volved. In contrast, the correlation, which quantifies the strength of the same
kind of dependence is invariant under scale transformations (see Rem. 7.21).

Definition 7.17 (Correlation)
Let X,Y: (Q, <, P) — (R, %) be two numerical random variables with E(X?),
E(Y?) <oo. Then the correlation of X and Y is defined by

_CovXY) e nx, SD(Y) > 0
Corr (X,Y) := { SD(X)-SD(Y)’ ’ ' (7.17)

0, otherwise.

Remark 7.18 (Correlation of a Random Variable With Itself) Because Cov (X, X)
= Var(X) = SD(X) - SD(X), Equation (7.17) implies that Corr (X, X) = 1. Similarly,
because Cov (X,—X) = —Var(X) = -SD(X) - SD(X), Equation (7.17) implies that
Corr (X,-X) = -1. <

Remark 7.19 (Range of the Correlation) Note that

-1=<Corr(X,Y) =1, (7.18)
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provided that Corr (X,Y) exists, i.e., provided that the assumptions hold under
which the correlation is defined. Equation (7.18) is an immediate implication of
Equation (7.15). <

Remark 7.20 (Correlation and Z-Transformed Variables) If the standard devi-
ations of X and Y are positive, then the correlation is also the expectation of the
product of the Z-transformed variables [see Eq. (6.33)], i.e.,

X-EX) Y-E)
SD(X) SD(Y)

Corr (X,Y) = E( (7.19)

(see Exercise 7-6). <

Remark 7.21 (An Invariance Property of the Correlation) The correlation of lin-
ear transformations of X and Yis

Corr (X,Y), ifa;-b;>0
Corr(ag+ a1 X, by+ b, Y) = . (7.20)
—Corr (X,Y), ifa;-b; <0,

where ay, a;, by, by € R (see Exercise 7-7). This equation means that the correla-
tion is invariant (up to change of signs) under linear transformations, which in-
clude translations (a; = 1 and b, = 1) and scale transformations (ay = by = 0 and
a,, by #0). <

In the special case Y =do + a, X, ag,ay € R, Equation (7.20) and Remark 7.18
imply that Corr (X,Y) =1if a; > 0 and Corr(X,Y) = -1 if a; < 0. Theorem 7.11
implies that the other direction of implication holds as well.

Corollary 7.22 (Perfect Correlation of Two Random Variables)

Let the assumptions of Definition 7.2 be satisfied and let Var(X), Var(Y) > 0.
Then |Corr (X,Y)| = 1 if and only if there are ay,a; € R, a; # 0, such that
Y = ag+ a, X. In this case

1, l:fﬂl >0
Corr(X,Y) = : (7.21)
-1, ifa <.

Remark 7.23 (Covariance and Standard Deviations) Let YV =do+ aX, do, a1 €
R.If a; =0, then Cov (X,Y) = SD(X)-SD(Y).If a; < 0 then Cov(X,Y) = -SD(X) -
SD(Y) (see Exercise 7-8). <

Remark 7.24 (Slope of a Linear Quasi-Regression and Correlation) If «; is the
slope of Qy;, (Y| X) (see Def. 7.2), then

Cov(X,Y) SD(Y)
o = — = Corr(X,Y)-
Var (X) SD(X)

(7.22)
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[see proposition (ii) of Th. 7.13]. This equation shows that the slope «; of the lin-
ear quasi-regression has the same sign as the covariance and the correlation. The
size of the absolute value of o; depends on the ratio SD(Y)/SD(X) of the stan-
dard deviations. The smaller the standard deviation of X compared to the stan-
dard deviation of Y, the larger the absolute value of a; . Furthermore, given a fixed
variance Var(X), this equation also shows that «; is proportional to Cov (X,Y)
and Corr (X,Y). In this sense, all three parameters «;, Cov (X,Y), and Corr (X,Y)
quantify the strength of the dependence of Y on X described by a linear quasi-
regression. Note, however, that a; and Cov (X,Y) are not invariant under scale
transformations of X and Y. This can be seen in the following equation for the
slope a; of the linear quasi-regression of bY on aX, a,beR, a,b #0:

« _ Cov(aX,bY) SD(bY) b

af = —————= = Corr(aX,bY)- = —-q;. (7.23)
Var(aX) SD(aX) a

Hence, the slope of the linear quasi-regression of bY on aX is identical to the
slope of the linear quasi-regression of ¥ on X multiplied by %. In contrast, the
slope of the linear quasi-regression is invariant under translations ¢+ X, d + Y,
¢,d € R (see Exercise 7-9). <

Example 7.25 (Joe and Ann With Random Assignment - continued) Consider
the example presented in Table 2.2 (p. 54). In this example, the covariance of X
and Y is most easily computed using

Cov(X,Y) = EX-Y)-EX)-E(Y) [Box 7.1 (i)]
= Z (x-y) - P(X=x,Y=y) — P(X=1)-P(Y=1) [(6.15)]
(x,y)

P(X=1,Y=1) — P(X=1)-P(Y=1)
= (.16+.08) — .40-.51 = .036,

where P(X=1) = E(X) = .40 and P(Y=1) = E(Y) = .51 have been computed in
Example 6.7. Note that Z(x,y) is the sum over all pairs (x, y) of values of X and Y.
In this example, there are four such pairs, only one of which, namely (1, 1), yields
a product x- y # 0. Using the results of Example 6.31 on the variances of X and Y
yields the correlation
Corr(x,y) = XV _ 06,
’ SD(X)-SD(Y)  /24-y2499
Hence, treatment and outcome variables have a positive correlation. This is in
accordance with comparing the conditional probability of success given treat-
ment, P(C|B) = .60, to the conditional probability of success given no treatment,
P(C|B°) = .45 (see Example 4.15).
In this example,

le(Y|X) = Qg + Oy - X
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Cov (X,Y) Cov (X,Y) .
= (E(Y)—i-E(X)) + — X [Th. 7.13 (ii)]
Var(X) Var(X)
( .036 ) .036
=|51-—-40| + —-X
24 24
= .45 + .15- X,

and the linear quasi-regression f: R — R of Yon X is specified by

fx) = .45+ .15-x, VxeR.

7.4 Expectation Vector and Covariance Matrix

7.4.1 Random Vector and Random Matrix

Let X = (Xj,...,X,) be an n-variate numerical random variable on a probability
space (Q, P). In order to utilize matrix algebra, we consider the column ran-

dom vector
X
Xn
i.e., of a column vector of the random variables X;, ..., X,,. Correspondingly, we

consider the row random vector x’:= [X,, ..., X,], the transpose of x.
In this section, we also consider a random matrix, i. e., a matrix

Xll Xlz e le
X21 X22 e sz

xX= | o . (7.24)
Xi Xnz oo Xom

of type n x m of numerical random variables X;; on a probability space (Q, «/, P),
i=1,...,n,j=1,...,m. Such a random matrix is an n x m-array of an (n- m)-
variate random variable (see section 5.3).

7.4.2 Expectations of a Random Vector and a Random Matrix

The expectation of a (row or column) random vector is defined as the (row or col-
umn) vector of the expectations of its components, i. e.,

E(x)) = [EX),..., E(X)] (7.25)
and E(x) := [E(X1),...,E(X,)]’, provided that the expectations exist. Hence,

Ex") = (E())". (7.26)
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Analogously to Equation (7.25), the expectation of an n x m-random matrix is
defined as the n x m-matrix of the expectations of its components, i. e.,

X X2 ... Xim E(Xy1) EXyp) ... EXm)
X Xo ... Xom E(X51)) E(X») ... EXom)

E| . . . = ) ) . ) , (7.27)
an Xn2 Xnm E(an) E(XnZ) E(Xnm)

provided that the expectations exist. Obviously, if X’ denotes the transpose of the
matrix X, then

EX') = (EX)". (7.28)

In Box 7.2 we present some rules of computation for the expectations of ran-
dom vectors and random matrices (for proofs see Exercise 7-10). In this box we
use

n
a'x =) a;-X;, (7.29)
i=1
the inner product of an n-vector a= [ay,...,a,]’ of real numbers and the random
vector x. Correspondingly,
ajx

Ax:= | @ |, (7.30)

/
a.x

where al/ ,1=1,..., k, denotes the /th row of the (k x n)-matrix A of real numbers.

7.4.3 Covariance Matrix of two Multivariate Random Variables

Now we consider two multivariate numerical random variables X = (Xj,..., X},)
and Y = (Y3,..., Y,,) on a probability space (Q, & P). In particular, we assume that
the second moments of all these random variables are finite and focus on their
covariance matrix, again utilizing the representation of X and Y as row or column
vectors that has been introduced at the beginning of section 7.4.1.

Note that [x — E(x)] [y — E(y)]’ is an n x m-matrix of the random variables

(X;—EX)]-[Y;-E(Y)], i=1,...,nj=1,.,m.
Therefore, using (7.27), the covariance matrix X, is defined by
3 = E(Ix—E®][y—-EW]'). (7.31)

In other words, the covariance matrix of x and y is the matrix of covariances, i. e.,
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Box 7.2 Rules of Computation for Expectations of Random Matrices

Let X = (X,...,X,) be an n-variate and and Y = (13,...,Y,,) an m-variate
real-valued random variable on a probability space (Q, « P) such that the
expectations of X; and Y; are finite, for all i =1,...,n, j =1,..., m. Further-
more, let x = [X3,...,X,]" and y = [Y3,...,Y,,]’ denote column vectors, a =
[ay,...,a,]" a column vector of real numbers, and let A and B be matrices
of types k x n and k x m, respectively, each of their components being a real
number. Furthermore, let C and D be matrices of real numbers of types I x n
and r x m, respectively. Finally, let X be an (n x k)-matrix of real-valued ran-
dom variables on (Q, </ P), all with finite expectations. Then

x=a = E(x) =a. (i)
E(@+x) = a+E(x). (ii)
E@'x) = a’E(x) = E(x)'a = E(x'a). (iii)
E(Ax) = AE(x). (iv)
E(Ax+By) = AE(x) +BE(y). W)

Let X be an (n x k)-matrix and Y an (m x k)-matrix of real-valued random
variables on (Q, <, P), all with finite second moments. Then

XfA' = EX) =A'. (vi)
EA'+X) = A'+EX). (vii)
E(CX) = CE(X). (viii)
E(CXY'D’) = CEXY")D'. (i%)
Ox,v, Ox,v, OXx1Ym
OXx,v, OXx,Y, OX,Y,
ny = . . . . ) (7.32)
GXnYl GXnYZ GXnYm

whereoy,y, := Cov(X;,Y)) = E(IXi—E(X)I-[Y;—=E(Y)]),i=1,...,n, j=1,...,m.If
we assume that the second moments of the random variables X; and Y; are finite,
then all covariances Cov (X;, Y;) are finite as well, and we say that X, exists.

If we consider a univariate random variable Y, then y = [Y] is also a vector
consisting of a single component, the random variable Y. In this special case,
2.y is a matrix of type n x 1, the column vector
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Box 7.3 Rules of Computation for Covariance Matrices

Let X = (X,...,X,) be an n-variate and and Y = (13,...,Y,,) an m-variate
real-valued random variable on a probability space (Q, « P) such that the
second moments of X; and Y; are finite, forall i =1,...,n, j =1,...,m. Fur-
thermore, let x = [X),...,X,]’ and y = [Y3,..., Y,y]" denote column vectors,
a=l[ay,...,a,]"andb = [by,...,b,,]’ column vectors of real numbers, and let
A and B be matrices of types k x n and k x m, respectively, each of their com-
ponents being a real number. Finally, let O denote the (7 x m)-null matrix.
Then:

2« = Exy") — E(x) E(y"). @)
Zarxbty = Zxy- (i)
SaxBy = AZy B’ (iii)
oy = Zyxe (iv)
X1y = 2, =0. W)
x=a = Z;,=0. (vi)

Additionally, let w = [W,...,W;]" and z = [Z3,..., Zs]’ be real-valued random
column vectors on (Q, s, P) such that all their components have finite sec-
ond moments. Furthermore, let C and D be matrices of real numbers of type
I xrand [ xs. Then:

Sax+By,cwpz = AZywC +AZ,;D'+BZ,,C'+BZ,,D'. (vii

nzsandxgz = Xy =gy (viii)

Ox,v
Zyy =
Ox,y

Another special case is x = y. The covariance matrix X, of x and x is called
the variance-covariance matrix of x (or of X). Hence,

= E(lx- Ex)] [x- Ex)]') (7.33)
and
0.)2(1 OXx:X, Ox,x,
OXx,X, 0.)2(2 Ox,X,

Zex = . ) ) . . (7.34)

2
Ox,x;, OXx,X, - GX,,
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The diagonal components of the matrix Z,, are the variances of the variables
Xi,...,X,, because o, x; := Cov (X;, X;) = Var(X;) = 0)2(1,, i=1,...,n.

In Box 7.3 we present some rules of computation for covariance matrices. They
are proved in Exercise 7-11.

7.5 Multiple Linear Quasi-Regression

In the following definition we generalize the concept of a linear quasi-regression
considering a multivariate regressor X = (Xj,...,X;,). We use the notation x =
[Xi,...,X,]’ to denote the column vector of X, B’ = [By,...,p.] for the row vec-
tor of the real numbers p,...,p,, and b’ = [by,..., b,] for the row vector of the real
numbers by,..., b,.

Definition 7.26 (Multiple Linear Quasi-Regression)

Let X;: (Q, o, P)—>(R,B), i=1,...,n, and Y: (Q,=,P) — (R,%B) be real-
valued random variables, define X := (X,,...,X,), assume E(X?), E(Y?) < oo,
i=1,...,n, and that the inverse X} exists. Define the function f: R" — R by

n
fx) =Po+ ) Pixi, Vx=(xy,...,X,) ER", (7.35)
i=1
where Bo, p = [B1,...,Pn]" minimize the function MSE: R™*! — R with
MSE (b, by, ...,by) = E(IY — (by+b'x)1%), V(b by,...,b,) eR". (7.36)

Then f is called the linear quasi-regression of Y on Xj,...,X,. The com-
position of X and f is denoted by Q;n(Y|X) or Qiin(Y1Xy,...,X,), i. e,

n
Quin(Y1X) := f(X) = Po+P'x = Po+ ) Bi Xi. (7.37)
i=1

Remark 7.27 (Coefficient of Determination) Let the assumptions of definition
7.26 hold assume Var(Y) > 0. Then

Var [Qin(Y]X)]
Ly iE — 7.38
Qrix Var(Y) (7.38)
is called the coefficient of determination of the linear quasi-regression Q;;, (Y| X).
<

In the following theorem, we generalize Theorem 7.13 considering a multivari-
ate real-valued regressor X = (Xj,..., X,,). In this theorem X, denotes the covari-
ance vector of x and €, which is defined by
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€:= Y -Qun(YIXy,...,Xp) (7.39)

and called the residual of Y with respect to its linear quasi-regression on X.

Theorem 7.28 (Charactizations of the Multiple Linear Quasi-Regression)
Let X3,...,X,,Y: (Q,2,P) — (R,%B) be real-valued random variables, as-
sume E(X?), E(Y?) < oo forall i =1,...,n, and that the inverse X/ exists.
Furthermore, let

fXy,...,X,) == Bo+p'x, PoeR,PpeR”, (7.40)

be the composition of a function f: R" — R, and define e :=Y — f (X, ..., X,).
Then the following three propositions are equivalent to each other:

(i) E€) =0 and Z, =0.
(i) Po = EY)-P'E(x) and P =2 Z,,.
i) f(Xq,...,Xn) = Qun(YXy,..., Xp).

(Proof p. 230)

Remark 7.29 (Uniqueness) Suppose that the assumptions of Theorem 7.28 hold
and f(Xj,...,X,) = Qin(YX). Then proposition (ii) of this theorem implies that
the coefficients By, B1,...,B, are uniquely defined. Because f(Xi,...,X,) =Po+p'x
= Qyin(Y|X), the linear quasi-regression f and Qy;,(Y| X) are uniquely defined as
well. <

7.6 Proofs

Proof of Theorem 7.11

Suppose Var(Y) = 0. Then rules (iv) of Box 6.2 and (vii) of Box 7.1 imply that Cov (X,Y) = 0.
This shows that the Inequality (7.15) holds if Var(Y) = 0. Now suppose Var(Y) > 0. Then

0 < Var(X—M-Y Var(Y)
Var(Y)
= (Var(X)—z. QXY o x, vy 4 LD Var(Y)) Var(Y)  ((7.11)]
- Var(Y) ' Var(Y)? ‘

= Var(X) - Var(Y) — Cov(X,Y)>.

According to the first part of the proof,

Cov(X,Y)? = Var(X)- Var(Y) < Var(Y)=0 or Var (X—w' )

Var(Y)

Rule (iv) of Box 6.2 implies that this is equivalent to
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X, Y
Cov ( )~Y

JaeR:Y=a or 3ceR:X- -
p Var(Y) P

C.

Because Cov (X,Y) # 0, this is equivalent to

EIae]R:Yf a+0-X or EIce]R:Yg

(_ c-Var(Y) ) +( Var(Y) ) x
Cov(X,Y) Cov(X,Y)

Obviously, in both cases, there is a linear function of X that is P-equivalent to Y. Further-
more, if there are a,b e R with Y s a+ bX, then

Cov(X,Y)? = Cov(X,a+ bX)? [Box 7.1 ()]
= b%Cov (X, X)? [Box 7.1 (ii), (iii)]
= b2 Var(X)? [Box 7.1 (ii), (iv)]
= Var(X)- Var(Y). [Box 6.2 (ii), (iii)]
Proof of Theorem 7.13

The proof is organized as follows: (iii) = (ii) = (i) = (iii), which will prove that (i), (ii), and
(iii) are equivalent.
(iii) = (ii). The first partial derivatives of

MSE(ag, a1) = E(IY —(ao + a1 X)1?)
E(Y®) +El(ap +a; X)*1-2E[Y - (ag + a1 X)] [Box 6.1 (vi)]

E(Y) +a§+alE(X?) +2apa E(X) —2aoE(Y) —2a1 E(X- Y)

with respect to ap and a, are

aMSE((l(),a])

= 2ag+2a1 E(X) - 2E(Y)
aag

and
OMSE (d(), al)

6a1
If f(X) =g + 01 X = Qp;,(Y|X), then

= 2a1E(X?) +2apE(X) - 2E(X - Y).

200 +200 E(X)-2E(Y) = 0

and
20(1E(X2) +200E(X)-2E(X-Y) = 0.

Solving the first equation for & yields
ap = E(Y)—o E(X).
Inserting this result into the second equation yields
G EXY)+E(Y)-EX) - E(X)*-E(X-Y) = 0.

Using Cov (X,Y) = E(X-Y) - E(X)- E(X) and Var(X) = E(X?) — E(X)? we receive
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Cov (X,Y)
a = ————2,
Var (X)
(i) = ().
E() = E[Y - f(X)]
= E[Y — (ap + o1 X)] [def. of f(X)]
= E(Y - [E(Y) - oy E(X) + oy X]) ()]
=EY)-EY)+ox E(X)—a; -E(X) [Box 6.1 (vi)]
= 0.

Cov(X,€) = Cov(X,[Y — (0 + 01 X)) [def. of €]
= Cov(X,Y)—a; Var(X) [Box 7.1 (ii), (iii)]
= Cov(x,y) - EVEY) o [(i)]
- ’ Var(X)
= 0.

() = (ii). Let f(X) := ap+ 1 X, ap, 1 € R, be a linear function of X with E(e) = 0
and Cov(X,e) =0, where € :=Y — f(X). Then, for any linear function h(X) := ap + a1 X,
ap, a1 €R,

E((Y - fFOO)f (X) - h(X)])

E(e- [0 - h(X)]) [def. of €]
= E(e-[(og + 01 X) — (ap + a1 X)]) [defs. of f(X),h(X)]
E(e- [(ag — a) + (o) — a1) X1)

= (xg—agp)-E(€)+ (0 —a1)E(e- X) [Box 6.1 (vi)]
=0. (@]

Using this result and considering

E(1lY - h(X)1?) = E[(IY - fQO1 + [f(X) - h(X)])?]

E(IY - FOO1%) + E(Lf (X) - h(X)1?) +2- E(1Y = fF(XOI[f(X) — h(X)])
E(lY - f(X)1%) + E(I[f (X) - h(X)]?)

E(IY - f(X)1?),

\%

and ‘=" holds if f(X) = h(X).

Proof of Theorem 7.28

The proof is organized as follows: (iii) = (ii) = (i) = (iii), which will prove that (i), (ii), and
(iii) are equivalent.

(iii) = (ii). The first partial derivative of

MSE (bgy, by, ...,by)

= E([Y - (b +b'x)1?) [(7.36)]

= E(Y?)+E((bo +b'x)?) = 2E(Y - (by +b'x)) [Box 6.1 (vi)]

= E(Y?) +bZ +E(b'x)?) +2by - E'x) —2bg E(Y) -2E('x-Y)  [Box6.1 (i), (iii)]

= E(Y?) + b +E(b'x)?) +2by -b'E(x) —2by E(Y) - 2b'E(x - Y) [Box 7.2 (iii)]
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with respect to by is

OMSE (b, by, ..., by)
0by

= 2by +2b'E(x) —2E(Y).

If f(X1,...,Xn) =Po +PB'x = Qj(Y|Xy,..., Xp), then
2B +2p’E(x) —2E(Y) = 0.
Dividing both sides by 2, and solving for ¢ yields
Bo = E(Y)-p'E(x).

Gathering the first partial derivatives of MSE (b, by, ..., b,,) with respect to by, ..., b, in
avector yields
2E(xx")b+ 2byE(x)—2E(x-Y).

If f(X1,...,X,) =PBo+P'x = Qun(Y1Xy,...,Xy,), then 2E(xx")p +2PoE(x) —2E(x-Y) =0,
and dividing both sides by 2 yields
E(xx")p+PoE(x)—E(x-Y) = 0.

Inserting our result o = E(Y)—p'E(x), using =y, = E(x-Y)—E(x)-E(Y) and 2y, = E(xx") -
E(x) E(x") [see Box 7.3 (i)] yields

E(xx')p+(E(Y)-p' Ex))E(x)—E(x-Y)
= E(xx')p+E(Y)-E(x)-Ex)E(x")p—E(x-Y)
= (Exx") - Ex)E(x"))p - (E(x-Y) - E(x)-E(Y))
=2 P2y = 0.

Adding Xy on both sides yields Z,xp = 2y, and multiplying both sides from the left by
=1 we receive

B =2z
(i) = ().

E() = E(Y - f(X))
= E(Y - (Bo+p'x)) [def. of F(X)]
= E(Y - (E(Y)-p'E(x) +p'x)) ()]
= E(Y)-E(Y)+p'E(x)-p'E(x) [Box 6.1 (vi), (i), Box 7.2 (iii)]
=0.

Zxe = Zxy—(Bo+p'x) [def. of €]
= Zyy—ZuxP [Box 7.3 (ii), (iii)]
= Zyy~ZawZp Zay [(i)]
= 0.

(i) = (ii). Let f(X) :=Po +ﬁ'x, Bo € R, p € R” such that E(¢) =0 and Z,. =0, where
€:= Y — f(X). Then, for any linear function h(X) := by +b’x, bp e R,be R",
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(
=E(e- [f(X) - h(X)]) [def. of €]
=E(e-[(Bo +B'x) — (bo +b'x)]) [defs. of f(X),h(X)]
= E(e-[Bo—bo) + (B -b)'x])

= (Bo —bo) - E(e) + (B —b) E(e- x) [Box 6.1 (vi), Box 7.3 (iii)]
=p-b) 2y (), Box 7.3 (i)]
=0. (@]

Using this result and considering

E(1Y —=h(01?) = E[(IY - FXO1+ £ (0 - h(X)])?]

E(IY - FOO1%) + E(Lf (X) - h(X)1?) +2- E(1Y = fF(XOI[f(X) — h(X)])
E(IY - FOO1%) + E(Lf (X) - h(X)]?)

E(lY - f(X)]?).

Hence, f(X) = Qjin(Y1X).

\%

7.7 Exercises

X-EX) Y-E(Y)
SD(X) SD(Y)

> Exercise 7-1 Show that Corr (X,Y)=E

> Exercise 7-2 Prove the proposition of Remark 7.12.

> Exercise 7-3 Use Definition 7.2 in order to determine the coefficients oy and «; of the
linear quasi-regression in Example 7.4.

> Exercise 7-4 Consider the linear quasi-regression f with f(x) = ap + a3 x, x € R. Prove:
If x1,x € R, then ap = f(0) and a1 = ﬁ[f()@) - fDl.

> Exercise 7-5 Prove the propositions of Box 7.1. Note that this also proves the rules of
computation summarized in Box 6.2, because Var (X) = Cov (X, X).

> Exercise 7-6 Prove the proposition of Remark 7.20.

> Exercise 7-7 Show that Corr (ap + a1 X, Bo +p1Y) = Corr (X,Y), where o, 1,0, 000 € R
and oy,p; > 0.

> Exercise 7-8 Show

SD(X)-SD(Y), ifa;>0
Cov(X,Y) = ] (7.41)
-SD(X)-SD(Y), ifa; <0,

provided that there are g, a; € R with Y’ = xo+aq X, 01 #0.

> Exercise 7-9 Prove Equation (7.23) and that the slope is invariant under translations
c+X,d+Y, c,deR.

> Exercise 7-10 Prove the rules of computation of Box 7.2.

> Exercise 7-11 Prove the rules of computation of Box 7.3.
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Solutions

> Solution 7-1

Cov(X,Y)
SD(X)-SD(Y)
- E(IX - EQO] - [Y - E(Y)) [def. of Cov (X,Y)]
SD(X)-SD(Y)
_ E([X—E(X)] . [Y—E(Y)])
SD(X)-SD(Y)
X—E(X) Y-EY)
( SD(X)  SD(Y) )

Corr (X,Y)

[Box 6.1 (iii)]

> Solution 7-2 If X,Y: (Q, <, P) — (R, %) are random variables, then
@X+pY)? = a® X2+ P2Y 2 +20pX-Y

is also a random variable on (Q, </ P) (see Def. 5.1, Example 2.61, and Th. 2.57), and this
implies

El[(aX +BY)?] = E(@*X?+B%Y2+2apX-Y)

= a?E(X?) + P2E(Y ) +2aPE(X-Y). [Box 6.1 (vii)]

The terms E(X %) and E(Y 2) are finite by assumption and, according to Remark 7.1, E(X-Y)
is finite as well. This implies E[(aX +BY) 2] < c0.

> Solution 7-3
MSE (ag, @) = E([Y - (ag + a1 X)1?) [(7.36)]
1 2 1 2, 1 2
= —-(l—ao—al) +—-(2—a0—2a1) +—-(1—a0—3a1) [(6.3)]
4 2 4
_1 2, 2 _
=1 -(I+ag+ay—2a0—2a; +2apa;)
4@ 4 —aa-
3 ag +4ay —4ap —8ay +4apay)

1
+ Z-(l+a§+9a§—2ao—6a1 +6apay)

5. 2.9 5
= §+a0+5-a1 —3ap —6a; +4apa;.

The partial derivatives are

OMSE(ao, a1) = 2ap-3+4m and OMSE (o, a1) = 9a; —6+4ayp.
aao 6a1

Fixing the partial derivatives to 0 and denoting the solutions by ap and «; yields
200 —-3+40; =0 and 907 —6+409 = 0.

The first equation implies ap = —20; + % Inserting this result into the second equation

yields 9a; —6—8a; +6 = 0, which implies a; =0 and ap = %
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> Solution 7-4 The equation f(x) = ap + a1 x, x € R, yields f(0) = ay,
flx1) = ap+a1x, and fx2) = ap+ a1 xp.
Hence,
f) = f(x1) = ap+ayx2 — (ap + a1 X1) = oy (X2 — x1).

Multiplying both sides by x2 — x; yields oy = ﬁ [f )= flxD].
> Solution 7-5 (i)

Cov(X,Y) = E(IX-E(X)] - [Y —E(Y)]) (7.7)]
E[X-Y - X-E(Y)-E(X)-Y + E(X)- E(Y)]

E(X-Y) - E[X-E(Y)] — E[E(X)-Y] + E(X)-E(Y)  [Box6.1 (vi), (i)]
E(X-Y) - 2E(X)-E(Y) + E(X)-E(Y) [Box 6.1 (iii) ]

E(X-Y) - E(X)-E(Y).

(ii)

E(la+X-E@+X)]-[p+Y-EB+Y)]) [(7.7)]
E(la+X-a-EX)] - [p+Y-p-EX)]) [Box 6.1 (ii)]
E(IX-EX)] - [Y -E(Y)])

Cov(X,Y). [(7.7)]

Cov(a+X,p+Y)

i

w E@X-pY) - E@X)-EPY) [Box 7.1 ()]
aBEX-Y)—-aPfEX)-E(Y) [Box 6.1 (iii)]
aBIEX-Y) - E(X)-E(Y)]

af Cov(X,Y). [Box 7.1 ()]

Cov(aX,pY)

(iv) This rule immediately follows from Equations (6.27) and (7.7).

(v) This rule immediately follows from Equation (7.7).

(vi) Independence of X and Y implies E(X'Y) = E(X)-E(Y) (see Th.6.24) and Cov (X,Y) =
0 [see Rule (i)].

(vii) According to Lemma 5.47, X and Y are independent if X 7 This implies that
Cov (X,Y) =0 [see Rule (i) of Box 7.1].

(viii)

Var[ i Q; Yi)

"

2
;Y —E ) [(6.27)]

n
Zo‘iYi)
i=1

1

n

3

-1

n n 2
(Z o Yi—a; Yy, E(Yi))
i=1 j

n

[Box 6.1 (vii)]

=FE
=E

i=1
=FE

o; (Y — E(Y;)?
i=1
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n n
B Y (V- BO0)+ ) Y ara (Y- EO)(Y; - ECY)

i=
n n n
= Za?E(Yi—E(Yi))2+ Z Z aio; E[(Y; —E(Y))(Y;—E(Yp)] [Box6.1 (vii)]

i=1 i=1j=1,j#i
n n n
=Y ofVar(Yn + Y, Y aiajCov(Y;,Y)). (6.27), (7.7)]
i=1 i=1 j=1,j#i
(ix)
n m
Cov(ZaiXi,Zﬁ]Y])
i=1 j=1
n m
=E (ZaiXi—E[Z ))(Zﬁ,Y, E( Y B Y,)) [(7.7)]
i=1 i=1 j=1
=E (Zai [Xi—E(Xl-)]) (Zﬁ, —E(Y))]
i=1
n m
=E| ). Y aiB[Xi—EXp)] [V; - E(Y))]
i=1j=1
n m
=Y Y a;ifjCov(X;, Yj). [Box 6.1 (vii), (7.7)]
i=1j=1

x IfX; = X5, then [Y - E(Y)] - [X; — E(X3)] = [Y - E(Y)]-[X, — E(X2)]. According to
Corollary 5.20, these two product variables have the same distribution and according to
Corollary 6.17 the same expectation. However, the expectations of these product variables
are the covariances. Hence, Cov (Y, X;) = Cov (Y, X3).

> Solution 7-6 If SD(X),SD(Y) >0, then

Corr (X,Y) = —20 &) ((7.17)]
SD(X)-SD(Y)
E(IX-EX)]-[Y-EM)])
SD(X)-SD(Y)
_ E( (X -E(X)] - [Y—E(Y)])
SD(X)-SD(Y)
_ E(X—E(X) ) Y—E(Y))
SD(X) SD(Y)
> Solution 7-7 According to Rules (ii) and (iii) of Box 7.1, Cov(ap + 1 X, fo+P1Y) =
o By Cov(X,Y). Similarly, according to Rules (iv) and (ii) of Box 6.2, Var(oy + 1 X) =
(x% Var(X), which implies SD (g + a; X) = a; SD(X). Hence,
Cov ((XO +O(1X, [30 + [31 Y)
SD(O(() +0(1X) . SD(ﬁO +ﬁ1 Y)
o B1 Cov(X,Y)
" a1 SD(X)-B1 SD(Y)
_ Cov(X)Y)
"~ SD(X)-SD(Y)

[((7.7)]

[Box 6.1 (iii)]

Corr(ap+a1 X, fo+p1Y)

= Corr (X,Y).
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> Solution 7-8 According to Box 7.1 (x), Cov(X,Y) = Cov(X,ap +o; X) if ¥ Z % + o1 X.
Box 6.2 (v), (ii), (iii) imply Var(Y) = 0(12 Var(X). Therefore,

Cov (X, 0 + a1 X) _ oy Var(X) oy

SD(X) - /(xlear(X) SD(X) -|ay |- SD(X) o | ’

Hence, Corr (X,Y) =1if a; > 0 and Corr (X,Y) = -1 if a; < 0. Therefore,
Cov (X,Y)

Corr(X)Y) =

X)Y) = —
Corr ( ) SD(X)-SD(Y)
yields (7.41).
> Solution 7-9
X,bY
o = CovtaX.by) [Th. 7.13 (ii)]
Var(aX)
_ ab-CovX, V) [Box 7.1 (iii), Box 6.2 (iii)]
a?- Var(X) ‘ ’ '
- Z'o‘l' [Th. 7.13 (ii)]

According to Theorem 7.13 (ii), the slope of the linear quasi-regression of c+Y on d+ X,
is
Cov(c+X,d+Y) Cov(X,Y) . .
= [Box 7.1 (ii), Box 6.2 (ii)]
Var(c + X) Var(X)
= qaj. [Th. 7.13 (ii)]

> Solution 7-10 (i). Equation (7.25) and Rule (i) of Box 6.1 imply

E(x) = [EX1),..., EXp)] = [a1,...,an]" = a
(ii). Equation (7.25) and Rule (ii) of Box 6.1 imply
E(ar +X1) a1 +E(X1)
E@a+x) = = = a+ E(x).
E(an + Xn) an+ E(Xp)

(iii). Equation (7.29) and Rule (vi) of Box 6.1 imply
n n
E@'x) = E(Z a,-Xi) =Y a-E(X) = a’ E®).
i=1 i=1

The other equations summarized in (iii) follow from the fact that a’x is a one-dimensional
random variable (see Example 2.61) and a’x = x’a.

(v). Leta; andbj, [ =1,..., k, denote the row vectors of A and B, respectively. Applying
Equation (7.25), Rule (vi) of Box 6.1, and Rule (iii) to the terms al’x and bl/y, 1=1,2...,k
respectively, yields

ajx+bly E@ix+bly) E@jx)+EMD'y)
E(Ax+By) = E : = : = :
ax+by E(a,’cx.+b]’cy) E(a,/cx);E(b;Cy)
al Ex)+b E(y)
= : = AEx)+BE(y).
al’cE(x)J.rb]’cE(y)
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(iv). Thisrule is a special case of Rule (v) with B = 0.
(vi). Leta; and x;, [ = 1,...,k, denote the column vectors of A’ and X, respectively.
Then Equation (7.27) and Rule (i) imply

E(X) = [E(x1),...,E(xp)] = [E@), ..., E@)] = [a1,...,ar] = A

(vii). Leta; and x;, [ = 1,...,k, denote the column vectors of A’ and X, respectively.
Then Equation (7.25) and Rule (ii) imply

EA +X) = E(a; +x1,...,ap +x¢) = [E(a; +x1), ..., E(ag +x1)]
= [ +E@1), ..., ap +E(xy)] = A’ + E(X).

(viii). Let c;., i=1,...,1, denote the row vectors of C. Then Equation (7.27) and Rule (iii)

imply
ciX E(c1X) ¢l EX)

E(CX) =E| @ | = : = : = CEX).
¢, X E(c,X) ¢, E(X)

(ix). Rule (viii), Equation (7.28), and the rules for the transpose of a matrix yield

E(CXY'D') = CEXY'D") [ (viii)]
= C(EmYXx")’ [(7.28)]
= C(DE(YXx") [(viii)]
= CE(xYx"'n’ [(7.28)]
= CE(XY")D'. [(7.28)]

> Solution 7-11 (i).

Z.y = E(lx—E@)]y-Ey)’) [(7.3D)]
= E(x y' —-xE(y)' - Ex) y' + Ex) E(y)')
= Exy") - E® E(y) - Ex) E(y') + Ex) E(p)’ [Box 7.2 (iii)]
= E(xy’) - E(x) E(y").
(ii).
Zatrxbry = E(la+x—E@+x)][b+y-Eb+y)]’) [(7.31)]
= E(la+x—a+Ex)][b+y-b+E)]’) [Box 7.2 (ii)]
= E(x-E@][y-EW’)
= 24y [(7.3D)]
(ii).
Zax,By = E([Ax - E(Ax)] By - EBY)]') [(7.3D)]
= E([Ax—AEx)] [By-BE(y)) [Box 7.2 (iv)]
= E[Alx-E®)] (Bly-E()1)']
= E(Alx-EW)] [y-E(»1'B )

= AE([x-E®)] [y-E(y)')B’ [Box 7.2 (ix)]
=AZ,, B [(7.31)]
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@iv).

Zey = E(x—E@®)][y-E)’) [(7.31)]
= (B(x-E@ - E))’ (a)' =A]
= E([x—E®]ly-Em1']")’ [(7.28)]
= E(ly—-EW]ix-Ex)’)’ [(ab”)' =ba']
= 2. [(7.31)]

(v). Independence of the multivariate random variables X and Y implies X; 1L Y;, for
alli=1,...,nand j = 1,..., m. Therefore, Rule (vi) of Box 7.1 implies Cov (X;, Y;) = 0, for all
i=1,...,nand j=1,...,m. Equation (7.32) then implies Z,, = 0.
(vi). If x = a, then Rule (vii) of Box (7.1) yields Cov(X;,Y;) =0, for all i=1,...,n,
Jj=1,...,m. Equation (7.32) then implies Xy = 0.
(vii).
Z:Ax-+-By,Cw-+-Dz
E([Ax+By—-EAx+By)] [Cw+Dz-E(Cw+Dz)]’) [(7.31)]
E(|Ax-E(Ax)+By—EBy) [Cw-E(Cw)+Dz-EDz)]’)
E([Ax—AE(x)] [Cw - CEw)]’ + [Ax—AE(x)] [Dz-DE(2)]’

+By-BE()][Cw-CEw)]'+[By-BE())][Dz-DE(z)]') [Box7.2 (iv)]
E(Alx—E@®)] [w-Ew)1'C’)+E(Alx - E(x)] [z— E(2)]'D’)

+E(Bly-E(y)] [w—Ew))'C')+E(Bly-Ey)] [z-E2)]'D’)
= AE([x—E)] [w- Ew))')C' +AE([x - E)] [z— E(2)]")D’

+BE(ly—EW) (w-Ew)")C'+BE(ly—E(») [2—E(2)]")D’  [Box7.2 (ix)]

=A%, C'+AZ,;D'+BZ,,C'+BZ,.D’. [(7.31)]

(viii). If x =z, then Rule (x) of Box 7.1 implies that Cov (X;,Y;) = Cov(Z;,Y}), for all
i=1,...,n, j=1,...,m. Equation (7.32) then implies Zyy=Zzy.
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Chapter 9

Conditional Expectation Value and Discrete
Conditional Expectation

In chapter 6 we introduced the concepts covariance and correlation, which quan-
tify the strength of the kind of dependence that can be described by a linear quasi-
regression. In the next four chapters we introduce the concept of a conditional
expectation and a ‘genuine’ regression. These concepts can be used to describe
how the (X=x)-conditional expectation values of a numerical random variable
Y depend on the values of a (numerical, non-numerical, multivariate) random
variable X. In this chapter we start with the concepts (X=x)-conditional expec-
tation value and discrete conditional expectation, presuming that X is a discrete
random variable. In this case, the conditional expectation E(Y|X) is easily de-
fined as that random variable whose values are the conditional expectation val-
ues E(Y|X=x). In chapter 10 we introduce the general concept of a conditional
expectation, dropping the assumption that X is discrete. Chapters 12 and 13 deal
with parametrizations of a conditional expectation, and Chapter 11 is devoted to
the concepts residual with respect to a conditional expectation, conditional vari-
ance, conditional covariance, and partial correlation.

9.1 Conditional Expectation Value

Remember, the expectation of a numerical random variable Y : (Q, «Z, P) — (R, %)
is defined by E(Y) = [ Y dP, using the probability measure P. Now we choose
an event B €.«f with P(B) > 0 and, instead of P, we consider the B-conditional-
probability measure P2: of — [0,1] defined by

PB(A) := P(A|B), VAecd, 9.1)

(see Def. 4.24). Referring to this measure,
EB(Y) ::dePB, 9.2)

defines the PB-expectation of Y, i. e., the expectation of Y with respect to the mea-
sure PZ Reading the following definition, also remember that

(X=x} = X '(x) = {weQ: X(w) = x}

denotes the event that X takes on the value x and that we defined P(X=x) :=
P({X=x}) (see Rem. 5.4). Assuming P(X=x) > 0 and A € «/, we define
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P(A|X=x) := P(A{X=x}) 9.3)

and, analogously to P53, we define the (X=x)-conditional probability measure
PX=*: of —[0,1] by

P*Y(A) := P(A|X=x), YAed. 9.4)

Remark 9.1 (A First Property of P*=%) If X: (Q, o/, P) — (Q, «¥) is arandom vari-
able, x € Q%, and P(X=x) > 0, then f(X)PX::)C f(x) (see Exercise 9-1). <

Definition 9.2 (Conditional Expectation Value)
LetY: (Q,< P) — (R, %) be a random variable.

(i) IfB € of with P(B) > 0 and Y is quasi-integrable with respect to P2,
then we define

E(Y|B) := E5() :dePB, (9.5)

call it the conditional expectation value of Y given the event
B (orthe B-conditional expectation value of Y) and say that it
exists.

(i) If X: (Q, 4, P) — (Q%, lx) is a random variable, x € Q% with {x} € oy
and P(X=x) > 0, and Y is quasi-integrable with respect to PX=*, then
we define

E(Y|X=x) := E(Y|{X=x}) (9.6)

and call it the conditional expectation value of Y given X=x
(or the (X=x)-conditional expectation value of Y) and say that
it exists.

Note that E(Y|B) can be infinite. The only restriction is B € of with P(B) >0
and that Y is quasi-integrable with respect to P2 Otherwise the integral [ Y dP?
is not defined. Note that the random variable X in Definition 9.2 (ii) can be nu-
merical, i. e., Q% ¢ R, multivariate (see section 5.3), or nonnumerical.

The following theorem addresses the relationship between the B-conditional
expectation value of Y and the expectation of 15 - Y with respect to P.

Theorem 9.3 (B-Conditional Expectation Value and the P-Expectation)
Let the assumptions of Definition 9.2 (i) hold. Then:

(i) E(Y) exists = E(Y|B) exists.
(ii) E(Y)<oco = E(Y|B)<oo.
(iii) Furthermore,

1 1
E(Y|B) = m'flg-YdP = ﬁ-E(lB-Y) 9.7
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1
= ﬁ'COV(Y,].B) + E(Y). (9.8)
(Proof p. 284)

For convenience, we use the following notation:
Ly=x = Lix=x, P(X=x) := P({X=x}), 9.9)

and
EX=*(v) := E¥=%(y). (9.10)

Using this notation, Equations (9.5) and (9.7) yield the following corollary.

Corollary 9.4 ((X=x)-Conditional Expectation Value and P-Expectation)
If the assumptions of Definition 9.2 (ii) hold, then

E(Y|X=x) = EX*(Y) :dePX:x
1 (9.11)
= PX=%) -flx:x-YdP = PX=%) “E(lx-x-Y).
Remark 9.5 (B-Conditional Probability) If A€o/ and P(B) >0, then
1
E(141B) = ﬁ'E(lB'lA) [(9.7)]
1
= _— . i 9.12)
PB) P(ANB) [Box 6.1 (iv)]
= P(A|B) = P%(A). [(4.2), (9.1)]

Because P? is a probability measure, these equations imply 0 < E(1,|B) <1. <

Remark 9.6 ((X=x)-Conditional Probability) For B = {X=x}, Equation (9.12) im-
plies

1
P(A|X=x) = E(14|X=x) = m'E(lxzx‘lA)
1
= . = (9.13)
PX=x) P(An{X=x})

P(AliX=x}) = P*¥(4),

provided that A€o/ and P(X=x) > 0. The term P(A| X=x) is also called the con-
ditional probability of A given X=x or the (X=x)-conditional probability of A.
Equations (9.13) show that E(14]|X=x) = P(A|X=x) is identical to the conditional
probability P(A|{X=x}) of A given the event {X=x} (see Def. 4.12). <
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Remark 9.7 ((X=x)-Conditional Probability of {Y=y}) If YV: (Q, <, P) — (Qy, /1)
is a random variable and the assumptions of Definition 9.2 (ii) hold, then we also
use the notation

P(Y=y|X=x) := P{Y=y}|X=x) = P(ly-y=1|X=X) = E(ly=,|X=x) (9.14)

and call it the (X=x)-conditional probability of {Y=y} [see Egs. (9.9)]. <

9.2 Transformation Theorem

If P)=*: ofy — [0,1] denotes the distribution of ¥ with respect to the (X=x)-con-
ditional-probability measure P*=*and E; —*(g) the expectation of g with respect
to the distribution P;(:x, then the transformation theorem (cf. Th. 6.13) for the
conditional expectation value E(Y|X=x) can be formulated as follows:

Theorem 9.8 (Transformation Theorem for E(Y | X=x))

LetY: (Q, o, P) — (Q, o)), X: (Q,H,P)— (Qk, %) be random variables, and
g: (Q}, o)) — (R, %) be a measurable function. Furthermore, let x € Q) with
{x} € oy and P(X=x) > 0.

(i) If g is nonnegative or with finite expectation E;~*(g), then

Ey™*(g) = f gar;~ = f gy Py (dy)
(9.15)
= f g(Y)dP*=" = EX*¥[g(Y)] = E[g(Y)|X=x].

(i) Ey="(g) is finite if and only if E*=*[g(Y)] is finite.

There are two important points in Equations (9.15). First, these equations
show the relationship between integrals of the composition g(Y) with respect to
the conditional-probability measure P*=* on (Q, &) on one side, and the distri-
bution P=* of Y with respect to P*=* on the other side. Second, E[g(Y) | X=x]
is identical to the expectation of g with respect to the distribution PX=*, i.e., the
distribution of Y with respect to the probability measure PX=* Thus, using the
distribution Pg)g;;‘ of g(Y) with respect to PX=* is not necessary.

Remark 9.9 ((X=x)-Conditional Expectation Value of g(Y) and P-Expectation)
Equations (9.15) and Equations (9.11) imply

1
Elg(¥)1X=4] = 52— 'flxzx'g(y) ap =

=y Flhx=r gl (9.16)

<
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Remark 9.10 (A Special Case of the Transformation Theorem) Let (Qf,fy) =
(R,%) and g be the identity function id: R — R, defined by id(y) = y for all
y € R, which implies id(Y) =Y. If we assume that x € Q% with {x} € &} and
P(X=x) >0, and that Y is nonnegative or with finite expectation EX=*(Y), then
Equations (9.15) yield

E(Y|X=x) = E*%(Y) =dePX:x = [yP;(:x(dy) = fid dprPy=*. (9.17)

<

Using the notation introduced in Equation (9.14), Equations (9.15), Theorem
9.8 (i), Equations (6.3) and (6.6) imply the following corollary.

Corollary9.11 (Y Discrete, g(Y) Real-Valued)
Let the assumptions of Theorem 9.8 (i) hold and let g: (Qy, o/y) — (R, %B).

(i) If Y is discrete and we assume that there is a finite set {y1,..., yn} € oy
with Py({y1,...,yn}) =1, then

n
E[g(Y)|X=x] = ) g(y:) -P(Y=y;|X=x). (9.18)
i=1
(ii) If Y is discrete and we assume that there is a countably infinite set
1, V2, ...} € oY with Py({y1, ¥>,...}) = 1, then

E[g(V)|X=x] =) g(y) -P(Y=y;|X=x). (9.19)
i=1

Note that, in this corollary, Y does not have to be real-valued or numerical.
We only assume that g(Y) is real-valued. In contrast, in the following theorem we
have to assume that Y itself is real-valued.

Corollary 9.12 (Discrete and Real-Valued Y)
Let the assumptions of Definition 9.2 (i) hold.

(i) If Yisdiscrete and thereiis a finite set{y, ..., yn} € oy = B of real num-
bers with Py({y1,...,yn}) = 1. Then

E(Y|X=x) =) y; -P(Y=y;|X=x). (9.20)
i=1

(i) If Y is discrete and there is a countably infinite set {y,, y»,...} € oy = B
of real numbers with Py({y\, ¥»,...}) =1, then

E(Y|X=x) = )_y;-P(Y=y;|X=x). (9.21)
i=1
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Box 9.1 Rules of Computation for B- Conditional Expectation Values

Let Y: (Q, < P) — (R, %) be a random variable, let A, B, C € of with P(B) >0,
let the conditional expectation value E(Y | B) exist, and let « € R. Then:

Yp:E a = EY|B)=qa ()
E(a+Y|B) = a + E(Y|B). (ii)
E(a-Y|B) = a-E(Y|B). (iii)
E(1,-1¢|B) = P(AnC|B). (iv)

Fori=1,...,n, let Y;: (Q, < P) — (R, %) be random variables with
finite B-conditional expectation values E(Y;|B) and a; € R. Then

B(Y o0 ¥i|B) = . au- BB, )
i=1 i=1

Let X,Y: (Q, <, P) — (R, %) be random variables that are nonnegative
or with finite B-conditional expectation values. Then:

Xp:g Y = EXI|B) = E(Y|B). (vi)
XP:B Y © VAed/: E(14X|B) = E(14Y |B). (vii)
E(X?), E(Y?) < oo, X%IEY = EX-Y|B) = E(X|B)-E(Y|B). (viii)

9.3 Other Properties

Because E(Y|B) is defined as the expectation E B(y) of Y with respect to the
probability measure P3 all properties of the expectation with respect to P can
be translated to E(Y|B), simply replacing P by P? and E(Y) by E(Y) = E(Y|B).
Box 9.1 is such a translation of Box 6.1. Note that, according to Theorem 9.3 (i),
the expectation E(Y | B) exists if E(Y) exists, provided that P(B) > 0. Of course, the
rules for E(Y | B) also apply to the (X=x)-conditional expectation value E(Y | X=x)
[see Def. 9.2 (ii)].

However, there are additional properties dealing with the relationship be-
tween the expectation and the conditional expectation value. Some of these have
already been formulated in Theorem 9.3. Other additional properties are sum-
marized in Box 9.2 and proved in Exercise 9-2.

Rule (ii) shows how the (X=x)-conditional expectation values E(Y|X=x) can
be computed from the conditional expectation values E(Y|X=x, Z=z;) and the
conditional probabilities P(Z=z; | X=x). Hence, considering Equation (9.20) and
Rule (ii) in Box 9.2 shows that we have two different equations for computing the
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Box 9.2 Rules of Computation for (X=x)-Conditional Expectation Values

Let Y: (Q, < P) — (R, %) be a numerical random variable. Furthermore, let
X: (Q, o, P) — (Q%, <) be a random variable, and let x € Q% with {x} € of§
and P(X=x) > 0. If E(Y|X=x) exists and f: (Qf, /) — (R, %) is a measur-
able function and E(Y?), E[f(X)?] < oo, then

E[f(X)-Y|X=x] = f(x)-E(Y|X=x) = E[f(x)-Y|X=x]. 0

If Z: (Q, <, P)— (Q}, <)) is a random variable and zi,..., 2, € Q% such that
P;(z1,...,zm}) =1and, forall i = 1,...,m, {z;} € &} and P(X=x,Z=2z;) > 0,
then

E(Y|X=x) = ZE(Y|X=x,Z=zi)'P(Z=z,~|X=x). (ii)
i=1

Correspondingly, if z;, 2y, ... € Qf such that Pz({z;, z,...}) = 1 and, for all i =
1,2..., {z;} € 4} and P(X=x, Z=z;) >0, then

E(Y|X=x) = ZE(Y|X=x,Z=z,-)'P(Z=z,~|X=x). (iii)
i=1

conditional expectation value E(Y| X=x). Finally, note that a special case of Rule
(ii) is

m
E(Y) = Y E(Y|Z=2)-P(Z=2) (9.22)
i=1

(see Exercise 9-3). According to this equation, we can also compute the expec-
tation of Y from the conditional expectations E(Y|Z=z;) and the probabilities
P(Z=z;).

9.4 Discrete Conditional Expectation

The discrete conditional expectation E(Y|X) of a numerical random variable
Y: (Q, 4 P) — (R, 2)given a random variable X: (Q, </, P) — (Q%, «#{) is now de-
fined as that random variable on (Q, <#, P) whose values are identical to the con-
ditional expectation values E(Y | X=x). In this definition we have to assume that
X is discrete, i.e., we assume that there is a finite or countable set Q| < Qf such
that PX(Q{)) =1and P(X=x)>0forall x e Q(’J (see Def. 5.52). In chapter 10 this
limitation is dropped.
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Definition 9.13 (Discrete Conditional Expectation)

LetY: (Q, 4, P)— (R, &) be a numerical random variable that is nonnegative
or has a finite expectation and let the random variable X : (Q, 4, P) — (Q¥, <7%)
be discrete.

(i) Ifxi,...,%Xm € Qx such that Px({x,...,x,}) =1 and, foralli =1,...,m
and P(X=x;) > 0, then the discrete conditional expectation of
Y given X is defined by

m
E(Y|X) :=) E(Y|X=x;)1xy,. (9.23)

i=1
(ii) If x1,%p,... € Q% such that Px({x1,Xy,...}) = 1 and, foralli = 1,2,...,

{x;} € Ay and P(X=x;) > 0, then the discrete conditional expec-
tation of Y given X is defined by

E(Y|X) :=) E(Y|X=x:)1xy,. (9.24)

i=1

Hence, in contrast to a conditional expectation value E(Y|X=x), a discrete
conditional expectation E(Y|X) is a discrete random variable (see Def. 5.52) on
(Q, <, P).

Remark 9.14 (X- Conditional Probability) If A €./, then we use the notation
P(A|X) := E(141X) (9.25)

and call it the X-conditional probability of A. If Y is dichotomous with values 0
and 1, we also use the notation P(Y=1|X) for the X-conditional probability of the
event{Y=1}.If Y is dichotomous with values 0 and 1, Equations (9.20) and (9.25)
then yield

P(Y=1|X) = E(YI|X). (9.26)

<

Remark 9.15 (Uniqueness and Values of the Conditional Expectation) An alter-
native way to write Equations (9.23) and (9.24) is

E(Y|X=x), ifoeX'({x}), VxeQ,

. 9.27)
0, otherwise.

EY1X)(w) = {

Hence, the values of the conditional expectation E(Y|X) are uniquely defined by
Equations (9.23) and (9.24) for all w € Q (see Example 9.21). Assigning the value
E(Y1X)() =0if w € Q\ X' (Qy) is arbitrary, but note that P(Q\ X ' (Qg)) = 0.
According to Equation (9.27) and Definition 5.52 this arbitrary assignment does
not occur if P(X=x) >0 forall xe X(Q),i.e,, ifQ/0 =X(Q). <
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Q

E(Y]X) = g(X)

Figure 9.1. The conditional expectation E(Y | X) as the composition of X and its
factorization

9.5 Discrete Regression

Remark 9.16 (Measurability and Factorization) Definition 9.13 implies that the
discrete conditional expectation E(Y|X) is a random variable on (Q, </, P) that
is measurable with respect to X. In more formal terms, E(Y|X): (Q, < P) —
(R, %) and o[E(Y|X)] c 6(X). The reason is that there is a measurable function
g: (Qk oY) — (R, %) that is defined by

E(Y|X=x), VxeQ,
gx) = (9.28)

0, otherwise.

Hence, E(Y|X) = g(X) (see Fig. 9.1) and Lemma 2.52 implies that E(Y| X) is mea-
surable with respect to X. The function g is called the factorization of E(Y|X) or
the discrete regression of Y on X. <

Definition 9.17 (Discrete Regression)
Under the assumptions specified in Definition 9.13, the function g: Qx — R
defined by Equation (9.28) is called the discrete regression of Y on X.

Remark 9.18 (Regressand and Regressor) Considering the conditinal expecta-
tion E(Y]X), we call Y the regressand and X the regressor. Whereas the regres-
sand Y has to be numerical, the regressor X can be any random variable on
(Q, 44 P) as long as it is discrete and satisfies P(X=x) > 0 for all x € Qj. <

Remark 9.19 (Multivariate Numerical or Qualitative Regressors) Note that the
codomain QY% of X can be any set as long as there is a subset Q| < Q% such that
Qy is finite, or countable with P(X € Q) = 1 and P(X=x) > 0 for all x € Q.
Hence, the regressor X can be uni- or multivariate (see Exercises 9-4 and 9-5).
If X =(Xy,...,X,,) is a discrete multivariate random variable, then we also use the
notation E(Y|Xj,..., X,) instead of E(Y|X) for the conditional expectation of Y
given X. <
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Table 9.1. Joe and Ann With Random Assignment: Conditional Expectations

Elements of Q Random variables | Conditional expectations
. = B
x =%
S £ F
+— — - > — =
g S = Q S =)
e 2 ] g - o =
- E 8 = | § £ S 2 X I
E % ¢ 21z § 2 |z &= =
2 H 7 _ A = o 5 5] Ry
(Joe, no, —) .09 | Joe 0 0 70 45 40
(Joe, no, +) 21 | Joe 0 1 70 45 40
(Joe, yes, —) .04 | Joe 1 0 80 .60 .40
(Joe, yes, +) .16 | Joe 1 1 80 .60 .40
(Ann, no, —) 24 | Ann O 0 20 45 .40
(Ann, no, +) .06 | Ann 0 1 20 45 40
(Ann, yes, —) A2 | Ann 1 0 40 .60 .40
(Ann, yes, +) 08 | Ann 1 1 40 .60 .40

9.6 Examples

We treat two examples in some detail. Example 9.20 is straightforward, whereas
Example 9.21 exemplifies that the values of a conditional expectation are uniquely
defined by Equation (9.23) for all w € Q.

Example 9.20 (Joe and Ann With Random Assignment — continued) Table 9.1
contains three conditional expectations we may consider in the example already
used in chapter 1 (see p. 7). All of them are random variables taking a numeri-
cal value for each w € Q. This means that we might look at their expectations,
their variances, their covariances and correlations with other random variables.
According to Remark 9.15, the values of E(Y|X) are the conditional expectation
values E(Y| X=x) for all x € Qy, and they are 0 for all x € Qx\ Q.

We start illustrating the conditional expectation of Y given X. Both random
variables, X and Y, are specified in Table 9.1. We consider the random vari-
able X: (Q, o, P) — (Qk, /%) with (Qk oY) = (R, ). In this case, Q% = R and
Q{) = {0,1}. Because X takes on a value in Q(’] =1{0,1} for all w € Q, the con-
ditional expectation E(Y|X) either takes on the value E(Y|X=0) or the value
E(Y|X=1). It does not take on the value 0, because {X=x} =0 forall xe R\{0,1}
[see Eq. (9.27)].

Because Y is an indicator, E(Y|X=x) = P(Y=1|X=x) [see Egs. (9.14) and
(9.26)]. Hence, if we want to compute the values of E(Y|X) = P(Y=1|X), we have
to compute the conditional probabilities P(Y=1|X=x). For x =0 we receive

P(Y=1,X=0) _ .21+.06 27

P(X=0) 09+ 21+.24+.06 .60

P(Y=1|X=0) = 45,



9.6 Examples 281

and for x=1,

P(Y=1,X=1) .16+ .08 24
P(Y=1|X=1) = = = — = .60.
P(X=1) .04+.16+.12+.08 40
Now we consider the conditional expectation E(Y|X, U). The regressor is the
random variable (X, U): (Q, <, P) — [R x Qy, B0 P (Qy)], where Qy = {Joe, Ann},
and Q[ ={0,1} x Qy. Because,

Vix,w € RxQu\ (0,1} xQp): {(X=x,U=u)} =0,

E(Y|X,U) takes on a value in Q{) for all v € Q. Furthermore, because Y is an
indicator, E(Y|X,U) = P(Y=1|X,U), and this conditional expectation has only
four values: the conditional probabilities P(Y=1|X=x,U=u). For x=0, u=Joe
we receive

P(Y=1,X=0,U=)oe) 21
P(Y=1|X=0,U=Joe) = = = .70,
P(X=0,U=Joe) .09+ .21
for x=1, u=Joe,
P(Y=1,X=1,U=Joe) .16
P(Y=1|X=1,U=Joe) = = = ,
P(X=1,U=Joe) .04 +.16
for x=0, u=Ann,
P(Y=1,X=0,U=Ann) .06
P(Y=1|X=0,U=Ann) = = = .20,
P(X=0,U=Ann) .24+ .06
and for x=1, u=Ann,
P(Y=1,X=1,U=Ann) .08
P(Y=1|X=1,U=Ann) = = = .40
P(X=1,U=Ann) .12+.08

<

Example 9.21 (No Treatment for Joe) Let us use a second example in order to il-
lustrate the concepts introduced above. Again the random experiment consists of
sampling a person, observing whether or not the sampled person receives a treat-
ment (x=1 vs. x=0), and observing whether or not a success criterion is reached
some time after treatment. In this new example, we fixed new probabilities of
the elementary events. For instance, now the probability that Joe receives treat-
ment is zero. This is useful to illustrate some general properties of conditional
expectations. Also note that the probabilities of the other elementary events have
been changed as well. The only restriction on the probabilities of the elementary
events in such a hypothetical example is that they sum up to one.
Using the probabilities displayed in Table 9.2, Equation (9.20) yields:

2
Y. yi-P(Y=y;|X=1)
i=1

0-P(Y=0|X=1) + 1-P(Y=1|X=1)

E(Y|X=1)

P(Y=1|X=1)

_ P(Y=1,X=1) _ 0+.152

= .40
P(X=1) 0+0+.228+.152
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Table 9.2. No Treatment for Joe With Conditional Expectations

Elements of Q Observables Conditional expectations
. i
PR R
S s B
= ‘g - > — -
= S, = o |5 =)
Q » > Q g 2 — =
EN- = g E 3| >~ I
2 ® Q S 7] = S o -
g & 3 = 5 e 5|2 =] 3
5 & & A A E O/ Q A
(Joe, no, —) 152 | Joe 0 0 696 60 O
(Joe, no, +) .348 | Joe 0 1 696 .60 O
(Joe, yes, —) 0 Joe 1 010 40 0
(Joe, yes, +) 0 Joe 1 1 0 40 0
(Ann, no, -) .09% | Ann 0 0 | .20 .60 .76
(Ann, no, +) 024 | Ann 0 1 .20 .60 .76
(Ann, yes, —) 228 | Ann 1 0 40 40 .76
(Ann, yes, +) A52 | Ann 1 1 | 40 40 .76

for the treatment condition. Applying the corresponding formula to the control
condition yields E(Y|X=0) = (.348 +.024) / (.152 +.348 + .096 + .024) = .60. Note
that the conditional probabilities P(Y=1|X=1) and P(Y=1|X=0) do not neces-
sarily add up to 1. In contrast, the sum of P(Y=1|X=1) and P(Y=0|X=1) and the
sum of P(Y=1|X=0) and P(Y=0|X=0) is always equal to 1, provided that Y is
dichotomous with values 0 and 1.

Table 9.2 also displays the conditional probability P(X=1|U), whose values
are the treatment probabilities of Joe and Ann. For Joe, the treatment probability
is P(X=1|U=Joe) =0, and for Ann it is

P(X=1|U=Ann) = (.228+.152)/(.096 +.024 +.228 +.152) = .76.
Finally, we compute the conditional expectations E(Y|X=x,U=u):

E(Y|X=0,U=Joe) = .348/(.152+.348) = .696,

E(Y|X=0,U=Ann) = .024/(.096 +.024) = .20,

and

E(Y|X=1,U=Ann) = .152/(.228+.152) = .40.
Note that E(Y | X=1,U=Joe) is not defined, because P(X=1,U=Joe) = 0. <

Example 9.22 (No Treatment for Joe — continued) Using the results obtained in
Example 9.21, Equation (9.23) yields:
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E(Y|X)

Y E(Y|X=x)1x—x
X

E(Y|X=0)-1x-0 + E(Y|X=1)-1x,

= .60-1x_0+ .40-1x;.
Hence, the values E(Y|X) (w) of the X-conditional expectation of Y are
EY|X)(w) = .60-1y—¢(w) + .40-1x—; (w) = .60, if X(w)=0,

and
E(Y|X)(w) = .60-1x—0(w) + .40-1x; (w) = .40, if X(w)=1.

These are the only two values that E(Y| X) takes on depending on the outcome
w € Q of the random experiment considered (see the first column of Table 9.2).
This example illustrates that E(Y| X) is a random variable on (Q, <, P) just like X,
Y, and U. Note again that the two values of E(Y|X) = P(Y=1|X) add up to 1 only
by coincidence.

Table 9.2 shows two additional conditional expectations, E(X |U) = P(X=1|U)
aswell as E(Y|X,U) = P(Y=1|X, U). Again using Equation (9.23) and the results
obtained in Example 9.21, the conditional expectation P(X=1|U) is

P(X=1|U) = ZP(X:IIU:u)-lyzu
u

P(X=1|U=Joe) -1y=je + P(X=1|U=Ann) -ly=ann

00-1y= 00 + .76 L= ann.
Hence, the values P(X=1|U)(w) of the U-conditional expectation of X are
P(X=11U)(®w) = .00-1y=jpe(®) +.76-1y=gpn(w) = .00, if U(w)= Joe
and
P(X=1|U)(®w) = .00-1y=jpe(w) +.76-1y=gpp(w) = .76, if U(w)= Ann.

These are the only two values that P(X=1|U) takes on. Again, Table 9.2 shows
how the values of P(X=1]|U) are assigned to the outcomes w € Q.

Finally, let us turn to the conditional expectation E(Y| X, U). Using the results
obtained in Example 9.21, its values are

E(Y|X,U)(w) = E(Y|X=0,U=Joe) = .696, if X(w)=0 and U(w) = Joe

E(Y|X,U)(w) = E(Y|X=0,U=Ann) = .20, ifX(w)=0 and U(w) =Ann
and

E(Y|X,U)(w) = E(Y|X=1,U=Ann) = .40, ifX(w)=1 and U(w) = Ann,

whereas
EY|X,U)(w) =0, if X(w)=1 and U(w) = Joe.
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Note that the value E(Y| X, U)(w) is defined for w € {X=1, U= Joe} although the
conditional expectation value E(Y|X=1,U=Joe) is not defined. Also note that
in this case the value E(Y|X,U)(w) = 0 is arbitrarily fixed and has no substan-
tive meaning. However, because P(X=1, U=Joe) = 0, this has no disadvantageous
consequences. [In chapter 10, we show that the values of a conditional expec-
tation can arbitrarily be fixed for all elements w of a subset A of Q for which
P(A)=0.]
According to Equation (9.23), the conditional expectation E(Y|X,U) is

E(Y|X,U)

Y EYVIX=x,U=t) 1x=yu=u
(2, 1) (9.29)
.696 - 1X=0,U=]0e +.20- 1X=0, U=Ann + 40" 1X=1,U=Ann-

The pair (1, Joe) is not an element of the set Q{) (see Def. 9.13), and therefore the
corresponding indicator 1x—; y=j. does not occur in this sum. Hence, if

w € {X=1,U=Joe} ={(Joe, yes, —), (Joe,yes, +)},

then all three indicators occurring in Equation (9.29) take on the value 0, implying

that E(Y| X, U)(w) = 0 for these two elements of Q. <
9.7 Proofs
Proof of Theorem 9.3

According to Lemma 4.27 (ii), Equation (9.5) can also be written

E(Y|B) = EB() :dePB [(9.5)]

1 e
f vd (ﬁ . 13) oP [Lem. 4.27 (ii)]

= Lfl -YdP [(3.72), (3.32)]
= PB) B .72), (3.

1
= ﬁ-E(ls-Y), [(6.1)]

which yields Equation (9.7). Using Lemma 3.33 (i) yields Theorem 9.3 (i) and Lemma 3.33
(ii) implies Theorem 9.3 (ii).
According to Equation (9.7),

1

R TR [9.7)]
1 .

= pp [Covls Y) + Elp)- E(Y)] [Box 7.1 (i)]

= 1 -Cov(1p,Y) + E(Y). [E(1) = P(B)]

P(B)
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9.8 Exercises

> Exercise 9-1 Prove the proposition of Remark 9.1

> Exercise 9-2 Prove the rules of computation of conditional expectation values dis-
played in Box 9.2.

> Exercise 9-3 Show that Equation (9.22) is a special case of Rule (ii) of Box 9.2.

> Exercise 9-4 Why is the conditional expectation value E(Y|X=1, U=Joe) not defined in
the example presented in Table 9.2 (p. 282)?

> Exercise 9-5 Compute the values of the conditional expectation E(Y|X,U) in the ex-
ample presented in Table 9.2 (p. 282).

Solutions

> Solution 9-1 Tt is sufficient to prove PX=*({f(X) = f(x)}°) = 0, which is equivalent to
P fX)=f (0N =1,

P(f(X)=f(x), X=x)

X=x _ _
PP fX)=f(0)] = PIX=0) [(9.4), (4.2)]
_ P(X=x) 3 B
= Px=v) {X=x}c{f(X)=f(2)}, (9.9)]
=1.
> Solution 9-2
1
i E[f(X)-Y|X=x] = ———— Ellx=x- f(X)-Y .
(i) [f(X)-Y|X=x] PX=0) (Ix=x-f(X)-Y] [(9.7]
1
= PxX=x) “Ellx=x-f(x)-Y] [Ix=x - f(X) = 1x=x - f(X)]
1 ees
= f(x)- POX=n) “E(lx=x-Y) [Box 6.1 (iii)]
= f(x)-E(Y|X=x) [(9.7)]
= E[f(x)-Y|X=x]. [Box 9.1 (iii)]
() EYIX=%) = s ElxesY) [(9.11)]
1 m m
e .E(lX:x.l; 1z-z,-Y) (1= i:lez:Zi,Rem. 6.27]
m 1
= L pxm P lzs V) [Box 6.1 (i), iii)

_ 8 P(X=x,Z=z) 1 Fa "
& P(X=x) P(X=x,Z=z;) W7
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Ms

E(Y|X=x,Z=z;)-P(Z=z; | X=X). [(9.11)]

Il
—

(o)
(i) Y E(Y|X=x,Z=2)-P(Z=2; | X=x)
i=1

1
= ; P(Z=z; | X=x)- m “E(lx=x,z=2;"Y) [(9.11)]
(o)
:Z P(X_  EQx=sz=2;-Y) [(4.2)]
P(X o 2 Z lx=y,z=z;- Y dP [Def. 6.1]
1 4 -
= =) Y le:Zi-1X:x~Y dp - f1zzzi~1X:x-Y dpP [Def. 3.28]
=1
! ffl lx=x Y dP f 1 lx=x-Y " dP
- 22y Ax=x- _ PR P
P(X=x) = z X = z X
[1x=y Y is quasi-integrable]
| ar = [y ar] 2
=——— || 1x=x- Y dP - [ 1x=- Y~ dP [(3.65),1 = Y 17—, (3.44)]
P(sz) X X P = z
1
= m[lx:x‘YdP [Def. 3.28]
= E(Y|X=x). [(9.11)]

> Solution 9-3 This is easily seen considering the special case X=a, a € Q%, i. e., the case
in which X is a constant. Then {X=a} = Q, and Equation (9.11) yields E(Y|X=a) = E(Y),
and E(Y|X=a,Z=z;) = E(Y | Z=z;). Hence, Rule (ii) of Box 9.2 yields

m
E(Y) = ) E(Y|Z=z) -P(Z=z).
i=1
> Solution 9-4 In this example, P(X=1,U=Joe) = 0. This implies that the conditional
probabilities P(Y=y|X=1,U=Joe) that are used in the definition of E(Y|X=1, U= Joe) (see
Def. 9.2) are not defined.

> Solution 9-5 The values of the conditional expectation E(Y|X,U) are the four condi-
tional expectation values E(Y|X=x,U=u).Because E(Y|X=x,U=u) = P(Y=1|X=x,U=u),
they can be computed as follows:

P(Y=1,X=0,U=Joe) 348

P(Y=1|X=0,U=Joe) = = . = .696,
P(X=0,U=Joe) .152+.348
P(Y=1,X=0,U=Ann) .024
P(Y=1|X=0,U=Ann) = = = .20,
P(X=0,U=Ann) .096 +.024
P(Y=1,X=1,U=Ann) .152
P(Y=1|X=1,U=Ann) = = = .40.

P(X=1,U=Ann) 228 +.152
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The conditional expectation value E(Y | X=1,U=Joe) = P(Y=1|X=1,U=Joe) is undefined,
because P(X=1,U=Joe) = 0. Choosing 0 as a value of E(Y|X, U) for ws = (Joe, yes,—) and
w4 = (Joe, yes, +) uniquely defines E(Y | X, U).






Chapter 10
Conditional Expectation

In chapter 9 we treated the conditional expectation value given an event and the
conditional expectation E(Y|X) assuming that X is discrete taking on each of its
values x with a positive probability P(X=x) > 0. In this chapter we introduce the
general concept of a conditional expectation given a g-algebra 6. The price of
this generalization is that a 6-conditional expectation is uniquely defined only
up to P-equivalence, i.e., if there are two versions of such a é¢-conditional ex-
pectation of a numerical random variable Y, then they are not necessarily iden-
tical, but they are P-equivalent. Furthermore, if ¢ is generated by a random
variable X, then a 6-conditional expectation is also called a conditional expec-
tation of Y given X. This definition also applies if X is continuous. Hence, it
also holds if P(X=x) = 0 for all values x of X. In this chapter, we also define the
general concept of a regression as a factorization g of a conditional expectation
E(Y|X) = g(X), and an (X=x)-conditional expectation value E(Y | X=x) as avalue
g(x) of g. This means that E(Y|X=x) is defined even if P(X=x) = 0. However,
E(Y|X=x) is not uniquely defined. Nevertheless, we can formulate propositions
about the conditional expectation values E(Y|X=x) for Px-almost all values x
of X. Finally, we introduce the concepts of mean independence, and study their
relationship to stochastic independence and correlational independence.

10.1 Assumptions and Definitions

Throughout this chapter, we will make the following assumptions and use the
following notation.

Notation and Assumptions 10.1

Y: (Q, <, P) — (R,%B) is a numerical random variable that is nonnegative
or has a finite expectation E(Y). Furthermore, € c o« is a o-algebra, and
X: (Q, o, P) — (Q, <2Y) is a random variable.

The definition of a conditional expectation given a o-algebra is already found
in Kolmogorov (1933/1977) (see also Kolmogorov, 1956). Reading the following
definition, remember that, for a random variable V: (Q, <, P) — (R, %), we use
o(V) = V=1(2) to denote the o-algebra generated by V, and o (V) c € means
that V is (€, %)-measurable (see Def. 2.26 and Cor. 2.28).
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Definition 10.2 (Conditional Expectation Given a o-Algebra)
Let the assumptions 10.1 hold. A random variable V: (Q, <, P) — (R, B) is
called a (version of the) € -conditional expectation of Y with respect to P,
if the following two conditions hold:

(@) o(V) c 6.

() EQc-V) = E(1¢c-Y), VCe%¥.

If V satisfies (a) and (b), then we also use the notation E(Y|€):=V.

Remark 10.3 (X-Conditional Expectation) If the assumptions 10.1 hold, then
we define

E(Y|X) := E[Y|o(X)] (10.1)

and call it a version of the X-conditional expectation of Y with respect to P. If there
is no ambiguity, we will omit the reference to the measure P. Otherwise, we also
use the terms X-conditional P-expectation of Y. <

Remark 10.4 (Conditional Probability Given a o-Algebra) Let the assumptions
10.1 hold and let A € «/. Then we define

P(A|€6) := E(1416) (10.2)

and call it a version of the 6¢-conditional probability of A with respect to P. Simi-
larly, we define

P(AlX) := E[1l4]0(X)] (10.3)

and call it a version of the X-conditional probability of A with respect to P.
Furthermore, considering the event {Y=y}, we also use the notation

P(Y=y|X) := P({Y=y}|X) = E(ly=,|X). (10.4)
<

Remark 10.5 (Conditioning on the Smallest o-Algebra) If € = {Q, 0}, then Def-
inition 10.2 (a) implies that E(Y|%) is a constant (see Example 2.14), and 10.2 (b)
implies

E(Y|€) = E(Y),

because E[1q-E(Y)]=E(lq-Y)=E(Y)and E[1lp-E(Y)] = E(1g-Y) =0. Infact, if
€ ={Q, 0}, then E(Y) is the only version of the ¥-conditional expectation of Y.
Correspondingly, if X is a constant, i.e., if X = a, a € Q%, then

E(Y|X) = E(Y).
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Remark 10.6 ( C- Conditional Expectation of a ¢- Conditional Expectation)
Consider an event C € € with P(C) > 0 and a version V of the C-conditional ex-
pectation of Y defined in Equation (9.5). Then

1
EWV|C) = m-E(lcV) [(9.7]
1
= —. . (10.5)
PO E(¢-Y) [Def. 10.2 (b)]
= E(Y|C). [((9.7]

Inserting E(Y|%) = V into this equation shows that with condition (b) of Defini-
tion 10.2 we also require

E[E(Y|€6)IC] = E(YIC), VCe<%¥ with P(C)>0. (10.6)
<

Remark 10.7 (Multivariate X) If X = (X;,...,X,,) is an n-variate random variable
on (Q, «/, P) (see section 5.3), then E(Y| X) is also denoted by E(Y|X},...,X,). <

Remark 10.8 (¢-Conditional and X-Conditional Expectation) If X: (Q,«/, P) —
(R, 9B) is a nonnegative real-valued random variable, then o(X?) = o(X) [see Ex-
ample 2.56 (i)]. Therefore, in this case E(Y|X) and E(Y| X?) are just two different
notations of the conditional expectation E[Y|o(X)]. If X takes on also negative
real numbers, then o(X?) c ¢(X), but 6(X?) = o(X) does not necessarily hold
[see Example 2.56 (ii)]. <

10.2 Existence and Uniqueness

By its definition it is not obvious that a conditional expectation exists and that it
is well-defined. These issues are addressed in the following theorem.

Theorem 10.9 (Existence and Uniqueness of a ¢- Conditional Expectation)
Let the assumptions 10.1 hold. Then:

(i) There is a € -measurable random variable V: (Q, </, P) — (R, &) that
is nonnegative (if Y is nonnegative) or has a finite expectation E(V) (if
E(Y) is finite) satisfying

E(c V) = EQc-Y), VCEeS. (10.7)
i) IfV,V*: (Q, < P) — (R, AB) satisfy (10.7) and o(V), o(V*) € €, then
V=V*
P

For a proof see Bauer (1996, Theorem 15.1, p. 111). Using the term ‘version of
a conditional expectation’ already hints at the fact that a conditional expectation,
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even if it exists, is not necessarily uniquely defined. However, according to The-
orem 10.9 (ii), different versions of a conditional expectations are P-equivalent
(see Remark 5.13 and Exercise 10-1).

Remark 10.10 (The Sets &(Y|€) and &(Y| X)) We define &(Y|€) to be the set
of all ¥-measurable random variables satisfying Equation (10.7). Hence, &(Y|¥)
is the set of all versions of the ¢ -conditional expectation of Y with respect to the
measure P. Similarly, £(Y|X) denotes the set of all versions of the X-conditional
expectation of Y. The sets 2(A|¥) and £22(A| X) are defined correspondingly. <

10.2.1 Uniqueness With Respect to a Probability Measure

Remark 10.11 (Uniqueness of E(Y|%) With Respect to a Probability Measure)
Let the assumptions 10.1 hold and let Q be a probability measure on (Q, «/). Then
we define

E(Y|€6) is Q-unique < VYV, V'e&(Y|€): VEV*' (10.8)

This term is convenient not only for Q = P. According to the following remark
E(Y|¥) is P-unique. <

Remark 10.12 (£(Y|¥€) is a P-Equivalence Class) Let V € &(Y|%¥) and suppose
that the random variable V*: (Q, %, P) — (R, %) is €-measurable with V =V"
Then, according to Theorem 3.68 (i), Equation (10.7) also holds for V% and this
implies V*e &(Y|€). Hence, if V € £(Y|€), then Theorem 10.9 (ii) implies:

Ve &Y€) < V*g V and V*is € -measurable. (10.9)

Therefore, £(Y|%€) is the P-equivalence class of V in the set of all ¥-measurable
random variables (see Def. 2.74). <

Remark 10.13 (P-Equivalence and ¢ -Measurability) Suppose that V is a ver-
sion_of the ¥ -conditional expectation, i.e., V € &(Y|%¥), and that V*: (Q,«, P) —
(R, ) is a random variable. Then (10.9) implies

V'e&(Y|€) = V*f V.

However, V*g E(Y|%) may be true and yet V*¢ &(Y|¥6), because V*g EY|€6)
does not imply that V*is ¢ -measurable. <

Remark 10.14 (Versions of E(Y|%¥)) For simplicity, we also say that V'is a version
of E(Y|€6), meaning V € &(Y|¥). <

Remark 10.15 (Consistency of Definitions) If X is discrete such that there is a fi-
nite or countable set Q) Q% with Px(Q() =1and P(X=x) > 0forall x € Q, then
the discrete conditional expectation introduced in Definition 9.13 is a version of
the conditional expectation of Y given X defined in Remark 10.3 (see Exercise

10-2). This implies
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EY|X) = Z E(Y|X=x)1x=x (10.10)

!
erO

and

VxeQy: E(Y|X)(w) = E(Y|X=x), ifwe{X=x}. (10.11)

This equation shows that the conditional expectation E(Y| X) describes how the
(X=x)-conditional expectation values of Y depend on the values x € Q(’]. <

Remark 10.16 (Uniqueness of E(Y| X)) If we add 96 = X(Q) to the assumptions
of Remark 10.15, then

E(Y|X) = Z E(Y|X=x)1x-x (10.12)
xeX(Q)

Hence, under these assumptions, V = V* forall V,V* € £(Y| X), i.e., there is only
one single version of the X-conditional expectation of Y. The corresponding re-
sults for E(Y|¥) are formulated in the following section. <

10.2.2 A Necessary and Sufficient Condition of Uniqueness

Now we present a necessary and sufficient condition for uniqueness of a condi-
tional expectation. Reading this theorem, remember that a set is countable, if it
is either finite or denumerable. This also applies to a partition of Q, i.e., aset &
of pairwise disjoint nonempty subsets of Q with Uy,es A; = Q.

Theorem 10.17 (Uniqueness of E(Y|¥6))
Let the assumptions 10.1 hold and let € = o(&), where & = {A}, A,,...} isa
countable partition of Q. Then V = V™ forallV,V* € &(Y|%€) if and only if

P(A;) >0, VA eé8. (10.13)
(Proof p. 311)

Remark 10.18 (Values of a ¢ -Conditional Expectation) According to Theorem
10.17, E(Y|€) is uniquely defined if and only if (10.13) holds, and in this case
we can write

E(Y|¥) = Z E(Y1A;)-14 (10.14)
Aje&

and

VA;e&: EY|€)w) = E(Y|4;), ifweA;. (10.15)

This equation shows that the conditional expectation E(Y|%¥ ) describes how the
conditional expectation values E(Y | A;) depend on the events A; € & (see Exercise
10-3). <
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10.2.3 Examples

Example 10.19 (No Treatment for Joe — continued) In Table 9.2 (p.282), the con-
ditional expectation E(Y|X) of the outcome variable Y on the treatment variable
X has only two different values, the conditional expectations

E(Y|X=0) = .60 and E(Y|X=1) = .40.

The last but one column of Table 9.2 shows how these values are assigned to the
eight possible outcomes w € Q. The values and E(Y|X) itself are uniquely de-
fined.

In contrast, the conditional expectation E(Y| X, U) of Y on the treatment vari-
able X and the person variable U has four different values, .696, .20, .40, and 0
(see Example 9.22). Note that these four values define only one element, say V, of
&(Y|X,U). If, instead of E(Y|X,U)(w) = 0 for w € {Joe, yes,—), Joe, yes, +)}, we
define

EYIX,U)w)=a, a#0, a€cR, forwe{(Joe, yes,-),Joe,yes,+)},

then we have a new element, say V* of §(Y|X, U). Because a can be any nonzero
real number, in this example, the set £(Y|X,U) is uncountably infinite. How-
ever, because P(X=1,U=Joe) = 0, two elements V and V* of (Y| X,U) are al-
ways identical with probability 1, i.e., V and V* are P-equivalent. Also note that
E(Y|X) and E(Y|X,U) are random variables on the same probability space as
the other random variables such as Y, X, and U. <

Example 10.20 (No Treatment for Joe — continued) In Example 9.22, we speci-
fied the conditional expectations E(Y|X), E(Y|X,U), and P(X=1|U). Now we
check, if E(Y|X) satisfies conditions (a) and (b) of Definition 10.2. First of all,

€ = {Q 0, X=0}, (X=1}} = 0(X)

is the o-algebra generated by X, where, in this example, X: (Q, s/, P) — (QY%, «/x)
with Qf = {0,1} and «#¢ = {Q%,0,{0},{1} }. If V € &(Y|X) and 4 is the Borel
o-algebra on R, then

Q, if .40 € B and .60 € B,
0, if .40 ¢ B and .60 ¢ B,
{X=0}, if.40¢ Band.60€ B,
{X=1}, if.40e Band.60¢ B,

vV Y(B) = VBe 3.

Hence, in this example, V ~' (%) = € = o(X). Therefore, condition (a) of Defini-
tion 10.2 is satisfied for V = E(Y| X) specified in Example 9.22.

Now we check condition (b) of Definition 10.2 . For C = Q this condition re-
quires E(1g-V) = E(1q-Y). The expectation of 1o - Y is

E(1q-Y) = E(Y) = P(Y=1) = .348+0+.024 +.152 = .524,
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and the expectation of 1o - V' is:

E(1q-V)

E(V) = .60-P(X=0)+.40-P(X=1)
.60-(.152+.348 +.096 +.024) + .40- (0 + 0 +.228 +.152) = .524

(see Table 9.2, p. 282). For C = @, condition (b) of Definition 10.2 requires that
E(1p-V)=E(1ly-Y), which is always true [see Box 6.1 (v)]. For C = {X=0}, condi-
tion (b) of Definition 10.2 requires E(1x=o- V) = E(1x=¢ - Y), and the expectations
of 1x—¢-Y and 1x_(-V are

E(lX:(]'Y) = E(lX:()'lyzl) = P(XZO, YZI) = .348+.024 = .372

and

E(1x=0-V) = 60-P(lx=0=1,X=0) + 0-P(1x=0=1,X=1)

.60-P(X=0) = .60-(.152+.348+.096 +.024) = .372

(see Table 9.2 and Exercise 10-4). Finally, for C = {X=1}, condition (b) of Defini-
tion 10.2 requires that E(1x=;- V) = E(1x=; - Y) and the expectation of 1x-,-Y and
1x-1-V are

E(1X21Y) = E(lle'lyzl) = P(XZI,YZI) = 0+.152 = .152

and

E(1x=-V) =0-P(1x=1=1,X=0) + 40-P(1x==1,X=1)

40-P(X=1) = .40-(0+0+.228+.152) = .152

(see Table 9.2). Hence, V = E(Y| X) satisfies conditions (a) and (b) of Definition
10.2. Therefore, V = E(Y|X) is in fact an element of &(Y|X) = &[Y|o(X)]. As
mentioned before, in this example, E(Y|X) is uniquely defined. This means that
it is the only element of the set &(Y | X). <

10.3 Rules of Computation and Other Properties

10.3.1 Rules of Computation

Some rules of computation for %4 -conditional expectations are presented in Box
10.1, some of which are analog to the rules for expectations (see Box 6.1) and
to the rules for B-conditional expectation values (see Box 9.1). In Rule (iv), the
term E[E(Y|¥)] denotes the expectation (with respect to the measure P) of a
% -conditional expectation of Y. Similarly, in Rule (v), the term E[E(Y|%€)|%,]
denotes the %),-conditional expectation of the ¢-conditional expectation of Y,
where we presume %, < % . (For a proof of these rules see Exercise 10-5).

For convenience, in Box 10.2 we translate these rules to (X=x)-conditional ex-
pectations, i. e., to the case in which € = o (X). Hence, these properties are special
cases of those listed in Box 10.1, and they do not need proofs of their own.
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In some of these rules we refer to the composition f(X) = f o X, where the
function f: (Qk, «{) — (R, %) is assumed to be (4, %)-measurable. According
to Equation (2.29),

olfX] = [fX)]HB) =X"f "B < Xy =0(X).

In other words, we assume that the composition f(X) is measurable with respect
to the o-algebra € = X !(«fy) = o(X). Therefore, o[f(X)] can take the role of
%, in Rule (v) of Box 10.1. Furthermore, f(X) takes the role of Y in Rule (vii) of
Box 10.1, and the role of ¥; in Rules (xiv) and (xiii) of Box 10.1. Remember, ac-
cording Lemma 2.52, the composition f(X) is measurable with respect to the
o-algebra € = X (o)) = o(X) if f: Q% — R is («#{, B)-measurable. Further-
more, according Corollary 2.53, the composition f(X) is measurable with respect
to the o-algebra o(X) if f: Qx — Q', where Q' is finite or countable and f is
((e#%,22(Q"))-measurable.

10.3.2 Monotonicity

Box 10.3 displays some monotonicity properties that are proved in Exercise 10-6.
Of course, if X: (Q, o, P) — (Q%, /%) is a random variable, then these properties
also hold for ¢ = o(X) and E(Y|X) = E[Y|o(X)]. For example, Rule (i) can then
be written

Y%Z > EY|X) %E(ZIX) (10.16)
and Rule (vi) yields

Y%(x = 3AVeéY|X):V=za. (10.17)

10.3.3 Convergence Theorems

Now we turn to convergence of 6 -conditional expectations. Theorems 10.21 and
10.22 provide sufficient conditions that allow to exchange taking the limit and
taking the conditional expectation, e. g.,

lim E(Y;|¥) = E(lim Y;|¥6).

i—oo p i—oo
This is not only of technical interest for many proofs; instead, it also describes a
continuity property of the conditional expectation: If Y; is a good approximation
to Y, then E(Y;|%) is a good approximation to E(Y|%6).

The first theorem deals with monotone convergence, the second with domi-
nated convergence. Reading these theorems, note that lim; .o, ¥; = Y'means

P({w € Q: lim Yi(w) =Y ()}) = 1, (10.18)

i.e., the sequence (Y;, i € N), converges P-almost surely pointwise to Y.
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Box 10.1 Rules of Computation for 6 -Conditional Expectations

LetY, Yy, Ys: (Q, < P) — (R, %) be numerical random variables that are non-
negative or have a finite expectation, 6 c </ a g-algebra, and a € R. Then:

E(x|¥) = (i)
E(ax+Y|[¥6) = a+EY|[F). (ii)
E(@-Y|¥) = a-E(Y|¥). (iii)
E[E(Y|€¥)] = E(Y). (iv)
E[E(ché)|<€0] = E(Y|6), if6c€ isao-algebra. )
E(Y|€¢) 5 E(Y), ifYI<6. (vi)

E(Y |6) = Y, ifY is €-measurable. (vii)
E(Y|€) = E|Y|E(YI6)]. (viii)
EMW1[€) 5 E(Y2|€), itV 5Ys. (ix)
—c0<E(Y)<oco = 3IVe&Y|€¥):V isreal-valued. x)
E(Y)<oo = E[E(Y|¥)? <oco. (xi)
Cov(Y, E(Y|€)] = VarlE(Y|€)], ifE(Y? <oo. (xii)

Cov[Y1,E(Y2|€)] = Cov(V1,Y2), ifo(Vy) <6, E(Yy), E(Y,’) <oo. (xiii)

Let E(Y;?), E(Y,?) < oo or Y3, Y, nonnegative. Then o(Y;) €€ implies:

E(Y1-Y5|6) = Yi-E(Y2|F). (xiv)
If Y7, Y, are nonnegative or real-valued with finite expectations, then there is
a nonnegative or real-valued version E(Y;|%) € £(Y;|%¥) and a nonnegative
or real-valued version E(Y; |€) € §(Y, |€) such that

EV1+Y;|€) = EN|€)+E(Y2|6). (xv)

Ifvy,..., Y, are real-valued with finite expectations and «y, ..., a, € R, then

E(fcxi-yi|<g) = 3" o E(Y ). (xvi)
i=1 i=1
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Box 10.2 Rules of Computation for X-Conditional Expectations

LetY, Yy, Ys: (Q, < P) — (R, %) be numerical random variables that are non-
negative or have a finite expectition, let X: (Q, <, P) — (Qk, «/¥) be a random
variable, let f: (Q%,<7%) — (R, %8) be measurable, and let o € R. Then:

E@|X) = a. ()
E@+Y|X) = a+E(Y[X). (ii)
E(@-Y|X) = a-E(Y]X). (iii)
E[E(Y|X)] = E(Y). (iv)
E[EYIX) | fX0] 5 E[YIf(XO]. W
E(YIX) 5 E(), ifYLX. (vi)
E[fX)IX] = f(X), if f(X)=0 or E[f(X)] <co. (vii)
E(YIX) = E[Y| E(YIX)]. (viii)

EWIX) 5 E(21X), ifYi5Y,. (ix)
—0<E(Y)<oco = 3IVe&Y|X):Visreal-valued. (x)
E(Y®)<oo = E[E(YIX)?|<oo. (xi)
Cov[Y,E(Y|X)] = Var[E(Y|X)], ifE(Y?) <oo. (xii)

Cov[f(X),E(Y|X)] = Cov[f(X),Y], ifE[f(X)%, E(Y*) <oo. (xiii)
Let E(Y?), E[f(X)?] <oo or Y, f(X) nonnegative. Then:
E[f(X)-Y|X] = fX)-E(Y]X). (xiv)
If Y7, Y, are nonnegative or real-valued with finite expectations, then there is
a nonnegative or real-valued version E(Y;|X) € £(Y;/X) and a nonnegative
or real-valued version E(Y>|X) € &(Y>| X) such that
EM+Y, |X) 3 EMIX)+E(Y2|X). (xv)

Ifvy,...,Y, are real-valued with finite expectations and «y, ..., a, € R, then

B(Y o0 ¥i|X) 5 Y. - ECVI1X0. (xvi)
i=1 i=1
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Box 10.3 Monotonicity of Conditional Expectations

LetY, Z: (Q, <, P) — (R, %) be numerical random variables that are nonneg-
ative or have a finite expectations, € < «f be a o-algebra, and a € R. Then:

ez = E(Y[€6) %E(Zl%). @
Y=0 and E(Y)=0 = E][¥¢) 0. (ii)
Yza = E(Y[€6) > . (iii)
Y<sa = EYI[?)sa (iv)
Yza = EY|¥) =« W)
Y;a > 3JVeéY|¥F):V=a. (vi)
Yfa > 3JVeéY|¥F):V=a. (vii)
Y%a > 3JVeé(Y|¥F):V=a. (viii)
Yf(x = Ey=q|¥) = P(Y=a|%¥) = 1. (ix)

If A€o/ with P(A) =0, then

E(141€) 5 P(A|€) 5 0. )
ELac|€) 5 1-E(1416) 5 P(A°|€6) s L (xi)

Theorem 10.21 (Monotorle Convergence)
LetY,Y;: (Q,oP) — (R,%B), i €N, be random variables.

(i) Ifthesequence(Y;, i €N), is increasing with lim;_, Y; = Y, andY;
is nonnegative Vi € N, then

lim E(Y; |€) = E(Y[|€). (10.19)
1—00

@ii) If Y; =0, VieN, then

3

E(ilﬂ‘é) 7 L EI) (10.20)

(Proof p. 312)

If the sequence (Y}, i € N) is not increasing, then an additional assumption is
necessary in order to guarantee convergence of the conditional expectations. A
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sufficient condition is that all | Y;| are dominated by the same P-integrable func-
tion Z.

Theorem 10.22 (Dominated Convergence) _
LetY;: (Q, 4, P) — (R,%), i € N, and Z: (Q, <4, P) — (R, %) be random vari-
ables. If

(@) Z has a finite expectation and |Y;| < Z, Yi €N,

(b) Y: (Q,,P)— (R,B) is a random variable such that lim; . Y; = Y,
then
lim E(Y; |¥6) = E(Y|€). (10.21)
1—00

For a proof see Klenke (2008, Theorem 8.14 (viii), p. 174).

10.4 Factorization, Regression, and Conditional Expectation
Value

A concept closely associated with an X-conditional expectation E(Y|X) of Yis a
factorization of E(Y| X), which is synonymously called a regression of Y on X. This
concept is also used for a general definition of a conditional expectation value.

10.4.1 Existence of a Factorization

Lemma 2.52 can be applied to E(Y|X), which, by definition, is measurable with
respect to X. This immediately implies the following corollary:

Corollary 10.23 (Existence of a Factorization of a Conditional Expectation)
Let X: (Q, o, P) — (Qk, o) and Y: (Q, <, P) — (R, %) be random variables,
where Y is nonnegative or with finite expectation. IfE(Y|X) € &(Y|X), then
there is a measurable function g: (Q, «/%) — (R, %) such that

E(Y|X) = goX. (10.22)

Remark 10.24 (Notation) Instead of go X we also use the notation g(X). Figure
9.1 displays the random variable X, a factorization g, and a version E(Y|X) =
g(X) € E(Y|X). <

Definition 10.25 (Regression)
Under the assumptions of Corollary 10.23, the function g: Q% — R is also
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called a factorization of E(Y|X) or, synonymously, a regression of Y on
X. Furthermore, Y is called the regressand and X the regressor.

Note that the definition of a regression does not require that the regressor is
real-valued nor does it refer to any parametric function. In contrast, these re-
quirements were made in the definition of a linear quasi-regression (see 7.2). The
relationship between the regression and the linear quasi-regression is considered
in the following section.

10.4.2 Conditional Expectation and Mean-Squared Error

In Definition 7.2 we introduced the linear quasi-regression as that linear function
f:R — R defined by f(x) = ap + a; x, x € R, that minimizes E([Y — (ao + a; X)1?),
where X is a real-valued random variable. In a sense, the linear quasi-regression
is a function f such that the composition Qy;;,(Y|X) = f(X) is the best approx-
imation of Y by a linear function of X. Now consider the approximation (with
respect to the mean squared error) of Y by a more general function that is 6-
measurable or X-measurable, respectively. Intuitively speaking, we ask for the
best approximation of Y based on the information contained in € or in X.

Reading the following theorem, note that the right-hand sides of (10.23) and
(10.24) do not depend on the particular choice of a version E(Y | X) € &(Y|X) [see
Th. 10.9 (ii) and Rule (viii) of Box 6.1].

Theorem 10.26 (Conditional Expectation and Mean-Squared Error)
Let Y, Z: (Q, o, P) — (R,AB) be real-valued random variables with E(Y?),
E(Z?) < 0o, let € < of be a o-algebra, and suppose that Z is €-measurable.
Then

E[(Y-2)4 = E([Y - E(Y|€))?). (10.23)

and

Z=EY|¥) ¢ El(Y-2)" = E(lY -E(Y|6)1?). (10.24)

For a proof see Klenke (2008, p. 176, Cor. 8.16).

Remark 10.27 (Regression vs. Linear Quasi-Regression) If E (Y?) < 0o, then The-
orem 10.26 implies that Z € £(Y|X) is an X-measurable random variable with
E(Z?% < oo minimizing the function E[(Y — Z)?]. Vice versa, if Z is an X-measur-
able random variable with finite second moment minimizing the mean squared
error E[(Y — Z)?], then Z € (Y| X), provided that E(Y?) < co.

In contrast, Q;;,(Y|X) is a linear function of X minimizing E([Y —(ap+a;, X)] 2),
ay, a; € R, provided that E(Y?) < co. Hence, Qy;,(Y| X) is the best (with respect to
the mean squared error) approximation of Y in the set of all linear functions of
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X, whereas E(Y|X) is the best approximation of Y in the set of all X-measurable
functions, provided that the second moment of Y is finite.

According to Definition 7.2, Q;,(Y|X) = f(X), where f: R — R defined by
fx) = ap+ 1%, x€R, is the linear quasi-regression of ¥ on X. In contrast, the
regression of Yon X is a function g: Q% — R such that there is a version E(Y | X) €
&(Y|X) with E(Y|X) = g(X). Even if we consider a real-valued random variable
X such that Q% =R, aregression g does not require that it is a linear function. If g
is a linear function with domain Q% = R and there is a version E(Y|X) € &(Y|X)
with E(Y|X) = g(X), then f = g and Qy;,,(Y|X) = E(Y| X). <

10.4.3 Uniqueness of a Factorization

A factorization of E(Y'| X) or synonymously, a regression of Y on X, is not neces-
sarily uniquely defined. This even applies if we consider a fixed version E(Y|X)
of the conditional expectation.

Remark 10.28 (Uniqueness of a Factorization) For two elements V and V* of
&(Y|X) there can be different factorizations g and g* with V = g(X) and V* =
g*(X). This is true even if V = V*. Hence, there can be different factorizations of
a single element V € &(Y|X) (see Example 10.32). In other words, V = g(X) =
g*(X), with g # g*is not necessarily contradictory. In this case g(x) = g*(x) for all
x € X(Q), whereas g(x) = g*(x) does not hold for all x € Q%. However, Corollary
5.21 (i) implies the following corollary: <

Corollary 10.29 (Px-Equivalence of Factorizations) _ _
Let the assumptions 10.1 hold and let g, g*: (Q%, /%) — (R, %B) be (<x, B)-
measurable functions. If g(X), g*(X) € §(Y|X), then

858" (10.25)

Remark 10.30 (Px-Equivalence) Note that Equation (10.25) is equivalent to
g(x) = g*(x), forPx-a.a.x€Qk (10.26)
<

According to Remark 10.16, P(X=x) > 0 for all x € X(Q) implies that E(Y|X)
is uniquely defined. According to the following corollary, this also applies to the
factorization of E(Y | X) if we additionally assume Q% = X(Q).

Corollary 10.31 (Uniqueness of the Factorization)

Let the assumptions 10.1 hold and assume Q% = X(Q) with P(X=x) > 0 for
all x € Q. Then the function g: Qk — R satisfying E(Y|X) = g(X) is uniquely
defined.
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Example 10.32 (No Treatment for Joe — continued) In Example 9.22 we speci-
fied E(Y| X) with its two values E(Y|X=0) = .60 and E(Y|X=1) = .40. If we con-
sider the treatment variable X: (Q, o/, P) — (R, %), then g: R — R defined by

.60, ifx=0,
g(x) = { .40, ifx=1,
a, a€R, otherwise,

is a factorization of the conditional expectation of Y given X for any choice of
a. Note that the value g(x) can be any real number for x ¢ {0,1}. This implies
that there are different factorizations g, g*with g(X), g*(X) € (Y| X). However, g
and g*are Px-equivalent. In contrast, if we consider X: (Q, o7, P) — (Qk, «/x), with
Q% = X(Q) = {0,1} and «fy = 2 (Q), then there is only one single factorization
g: Q% — R with the two values g(0) = .60 and g(1) = .40 (see Cor. 10.31). <

10.4.4 Conditional Expectation Value

The concepts of a conditional expectation value E(Y|X=x) and a conditional
probability P(A|X=x) have been introduced in Definition 9.2 and Remark 9.6
only for P(X=x) > 0. Now we drop this assumption and define these concepts
more generally, again using the factorization of a conditional expectation.

Definition 10.33 ((X=x)-Conditional Expectation Value)

Let X: (Q, o, P) — (Qk, %) be a random variable, let Y: (Q, <, P) — (R, %)
be nonnegative or with finite expectation E(Y), and let g: (Q%, </x) — (R, %)
be a function satisfying (10.22). Then the value g(x) of g is called an (X=x)-
conditional expectation value of Y and is denoted by E(Y|X=x), i.e.,

EY|X=x) = g(x). (10.27)

Remark 10.34 ((X=x)-Conditional Probability) If 1, is the indicator of A€ <,
then E(14 | X=x) is also called an (X=x)-conditional probability of A and it is de-
noted by P(A|X=x),i.e,

P(A|X=x) := E(14]X=Xx). (10.28)

Furthermore, considering the event {Y=y}, we also use the notation
P(Y=y|X=x) := P{Y=y}|X=x) = E(ly-y | X=X). (10.29)
<

Remark 10.35 (Uniqueness and Consistency of Definitions) If P(X=x) > 0, then
the (X=x)-conditional expectation value of Y is uniquely defined and it is identi-
cal to the term introduced in Definition 9.2, i. e.,
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E(Y|X=x) = EX*(Y), ifP(X=x)>0 (10.30)

(see Exercise 10-7). In the general case, E(Y | X=x) is not uniquely defined. How-
ever, g is uniquely defined up to Px-equivalence (see Cor. 10.29). <

Remark 10.36 (Versions of a Conditional Expectation With a Discrete X) Let
Y:(Q, o P) — (R,%) be a random variable that is nonnegative or with finite
expectation and suppose that X: (Q,«, P) — (Q%, «/x) is discrete implying that
Q) < Qk is finite or countable with Px(Qf) = 1 and {x} € <« for all x € Q}. Then,
for all a € R, the function E(Y]X): Q — R defined by

{E(YIX:x), if X(w) = x and P(X=x) >0
E(Y|X) () := _ (10.31)
a, otherwise.

is a version E(Y|X) € &(Y|X). This proposition follows from Remark 10.35 and
proposition (10.9). <

Remark 10.37 (Values of the Conditional Expectation) Assume that E(Y|X) =
g(X) e £(Y|X). Then

E(YIX)(w) = g(x) = E(Y|X=x), YweQ: X(w)=x. (10.32)

(see Exercise 10-8). This also implies that the value of E(Y|X) is constant on
all sets {X=x} = {w e Q: X(w) = x}. Note that this also holds if Q is finite or
countable and some w € {X=x} have probability P{w}) = 0. As an example, see
E(Y|X)(w) for w € {(Joe, yes, —), (Joe, yes, +)} in Table 9.2. These two values are
equal to E(Y|X=1) = .40, although P({(Joe, yes, —)}) = P({(Joe, yes, +)}) = 0. <

Remark 10.38 (Equivalent Propositions) Let the assumptions 10.1 hold, let g(X)
€ &(Y|X) and g*: (Qk, <)) — (R, %) be an (o4, %B)-measurable function. Then
proposition (10.9) and Theorem 2.49 yield

gX)=g"X) o g(X)esYIX). (10.33)
<

Definition 10.33, Corollary 5.21, Remark 5.22, and Equation (10.22) imply the
following corollary, according to which we may either formulate propositions in
terms of (X=x)-conditional expectation values or, equivalently, in terms of the
corresponding conditional expectations.

Corollary 10.39 (Equivalent Propositions)

Let Y1,Ys: (Q, ¢4, P) — (R,2) be two numerical random variables that are
nonnegative or with finite expectations and let X: (Q, 4, P) — (Q%, </x) be a
random variable. Then:
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i EWM|X) = E(Y, | X) is equivalent to

EY71X=x) = E(Y>|X=x), forPX-a.a.xEQ)/(. (10.34)
(i) E(|X) > E(Y, |X) is equivalent to

EY71X=x) > E(Y>|X=x), forPX-a.a.xEQ)'(. (10.35)
(iii) E(Y71X) % E(Y, | X) is equivalent to

EY71X=x) = E(Y>|X=x), forPX-a.a.xEQ)/(. (10.36)

Remark 10.40 ((X=x)-Conditional Expectation Value of E(Y| X)) Suppose that
f: Q% ofy) — (Q",«4") is a measurable mapping, w € Q", {w} € &«”, and C =
{f (X)=w}, then Equation (10.6) can be written

E[EYIX) |fX0)=w] = ElY|f(X)=w],

: " (10.37)
ifweQ"and P[f(X)=w] > 0.
As a special case, this equation implies
E[E(Y|X,Z)|X=x] = E(Y|X=x), ifxeQywith P(X=x)>0, (10.38)

provided that Z: (Q, o7, P) — (Q%, «/;) is a random variable, too. If Z takes on only
afinite number of values z,,...,z,, and P(X=x,Z=z;) >0, forall i =1,...,m, then
Rule (ii) of Box 9.2 follows from Equations (10.38) and (9.20), which is consistent
with our results already obtained in Exercise 9-2. Similarly, applying (9.19), Equa-
tion (10.38) yields Rule (iii) of Box 9.2 (see Exercise 10-9). <

Generalizing this result, proposition (i) of Corollary 10.39 and Rule (v) of Box
10.2 yield:

E[EYIX)If(X)=w] = E[Y|f(X)=w], forPrxaaweQ”. (10.39)
A special case is

E[E(Y|X,Z)|X=x] = E(Y|X=x), for Px-a.axeQk. (10.40)

10.5 Characterizing a Conditional Expectation by the Joint
Distribution

Using the factorization and Equation (3.59) yields two conditions that are equiva-
lent to those occurring in Definition 10.2. In these conditions we refer to the joint
distribution Py y of X and Y.
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Theorem 10.41 (Conditional Expectation and the Joint Distribution)
Let the assumptions 10.1 hold. Then g(X) € (Y| X) if and only if

(@) g: (Qk, ) — (R, %) is measurable.

(b) forallC'e ofy,

f 10/(x) - g(x) Px(dx) = f 1oy Pxyld(xy)].  (10.41)

(Proof p. 312)

Remark 10.42 (Two Alternative Formulations) According to (3.28) and Equation
(3.59), condition (b) of Theorem 10.41 is equivalent to

fgdPX:f Y dP, VC'ety. (10.42)
C’ {XeC'}

If Ex(-) denotes the expectation with respect to the distribution Px and 1y’
denotes the indicator of {X € C'}, then Equation (10.42) may also be written:

Ex(1cr g) = E(ly ' Y), VC'esty. (10.43)
<

Remark 10.43 (Conditional Expectation With Respect to a Joint Distribution)
Note that in Equation (10.41) we do not explicitly refer to the measure P. Instead
we refer to Py y, the joint distribution of X and Y. Therefore g(X) € £(Y|X) may
also be called a version of the conditional expectation of Y on X with respect to
Py y. This can be used, e. g., to consider a conditional expectation with respect to
the (Z=z)-conditional distribution Py y,,-, (see Def. 17.8). <

10.6 Conditional Mean Independence

In section 5.4 we defined independence of two random variables X and Y. Fur-
thermore, in chapter 7, introducing the covariance Cov (X,Y) and the correlation
Corr (X,Y) of two numerical random variables, we also defined correlational in-
dependence by Cov (X,Y) = 0. Now we add two other related concepts: mean in-
dependence and conditional mean independence.

Definition 10.44 (¢ -Conditional Mean Independence)
Let YV: (Q, o, P)— (R, B) be a numerical random variable that is nonnegative
or has a finite expectation E(Y) and let 2 c «f be a o-algebra.

(i) ThenY is called mean independent from 9, if

E(Y|2) = E(Y). (10.44)
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(ii) Let also € c </ be a a-algebraand let E(Y |6,2) denote the condi-
tional expectation of Y given o(€ U 2). Then Y is called 6€-condi-
tionally mean independent from 92, if

E(Y|€,2) 5 E(Y[€). (10.45)

Remark 10.45 (X- Conditional Mean Independence) Let Y:(Q, </, P) — (R, %)
be a numerical random variable that is nonnegative or has a finite expectation
E(Y) and let Z: (Q, o, P)— (QL, «/7) be arandom variable.

(i) Then Yis called mean independent from Z if
E(Y|Z) = E(Y). (10.46)

(ii) Letalso X: (Q,«, P) — (Q%, <%) be a random variable. Then Y is called X -
conditionally mean independent from Z if

E(YIX,Z) 5= E(Y|X). (10.47)
<

Remark 10.46 (A Special Case) Of course, if 2 < €, then Y is ¢-conditionally
mean independent from 2. In this case, 6 (€ U2) =0 (¥¢) =€ and E(Y|€6,2) is
just a different notation of E(Y|%). Correspondingly, assume that Z is measur-
able with respect to X, i.e., 0(Z) c 0(X). Then o(X, Z) = 0(X) and therefore,

E(YIX,Z) = E(Y|X). (10.48)

Hence, Y is X-conditionally mean independent from all random variables Z that
are measurable with respect to X. In these cases Z does not carry any information
additional to X. In more formal terms, Z does not represent any event that is not
already represented by X, i.e., {Z€A'} € 0(X), forall A’ € o//. <

Example 10.47 (Joe and Ann With no Treatment Effect) Table 10.1 displays an
example for U-conditional mean independence of Y from X, i.e.,

E(YIX,U) = E(Y|U).

The values of the conditional expectations E(Y|X,U) and E(Y|U) can be com-
puted in the same way as in Example 9.20. This new example shows that E(Y | X, U)
= E(Y|U) does not imply E(Y|X) = E(Y). Hence, although E(Y|X) 5 E(Y) does
not hold and the conditional expectation values E(Y| X=x) do depend on the val-
ues x of X, in a sense, the treatment variable X is irrelevant once we condition on
U. In other words, for Joe success does not depend on whether or not he receives
treatment, and the same is true for Ann [see the column headed E(Y | X, U)]. This
example shows that the conditional expectation E(Y | X) is completely misleading
if used for the evaluation of the effect of the treatment variable X on the outcome
variable Y. <
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Table 10.1. Joe and Ann With no Treatment Effects

S S)
= X 2 X
2 > = = X
s¥ S8 3] S8 _

02 02 056 0.6
02 02 056 06
02 02 044 0.6

(Joe, no, —) 0.16
(Joe, no, +) 0.04
(Joe, yes, —) 0.24
(Joe, yes, +) 0.06
(Ann, no, —) 0.06 | Ann
(Ann, no, +) 0.24 | Ann
(Ann, yes, -) 0.04 | Ann
(Ann, yes, +) | 0.16 | Ann

e
e
e

S 'S 5| Person variable U

)
]

08 08 056 04
08 08 056 04
08 08 044 04
08 08 044 04

—~ —~ © © —~ — o o| Treatment variable X
—~ © =~ © = © ~ of Qutcome variable Y

Remark 10.48 (Implication Structure Among Different Kinds of Independence)
According to Rule (vi) of Box 10.1, independence of Y and ¥ implies that Y is
mean independent from ¥. Analogously, according to Rule (vi) of Box 10.2 inde-
pendence of Y and X implies that Y is mean independent from X. Furthermore,
mean independence of Y from X implies that X and Y are uncorrelated, provided
that X and Y are numerical and E(X?), E(Y?) < co (see Exercise 10-10). Hence, if
E(X?%), E(Y? < oo, then

YJI_)LX > E(YlX)gE(Y) => Corr(X,Y)=Cov(X,Y)=0. (10.49)
<

Now we turn to conditions that are equivalent to conditional mean indepen-
dence. We start with a theorem that only applies to a nonnegative numerical ran-
dom variable Y that also has a finite expectation. A second theorem also applies
to a numerical random variable Y with finite second moment.

Theorem 10.49 (¢ -Conditional Mean Independence I)

Let YV: (Q, </, P)— (R,%) bea nonnegative random variable that has a finite
expectation E(Y) and let 6,2 c o/ be o-algebras. Then the following two
propositions are equivalent to each other:

(@) E(Y|€,2) 5 E(Y|€).

(b) For all random variables W: (Q, </, P) — (R, %) that are nonnegative
and 9-measurable,
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EW-Y|€) = EW|€6) -E(Y|6). (10.50)
P
(Proofp. 312)

Remark 10.50 (Mean Independence From a o-Algebra) For € = {Q, 0}, Theo-
rem 10.49 immediately yields the following proposition: If Y: (Q, <, P) — (R, %)
is a nonnegative random variable that has a finite expectation E(Y) and 9 c o«
is a g-algebra, then the following two propositions are equivalent to each other:

(@ E(Y|2) 5 EY).
(b) For all random variables W: (Q, s/, P) — (R, 98) that are nonnegative and

9-measurable,

EW-Y) = E(W)-E(Y). (10.51)

<

In Theorem 10.49 we required that Y is nonnegative and has a finite expecta-
tion. The implication of conditional mean independence formulated in proposi-
tion (i) of the following theorem is not restricted to nonnegative random variables
Y. Instead we have to assume that Y has a finite second moment.

Theorem 10.51 (¢ -Conditional Mean Independence II)
Let Y: (Q, 4, P) — (R, %) be a random variable that has a finite second mo-
ment E(Y?), let €, 9 < <f be o-algebras, and consider:
(@ E(Y|€,2) = E(Y|€).
(b) For all random variables W: (Q, <, P) — (R, %) that are @ -measur-
able and have a finite second moment E(W ?),

EW-Y|€) 5 EW|€)-EY|¥€). (10.52)
Then:
(i) (a) implies (b).

(ii) IfY is also nonnegative, then (a) and (b) are equivalent to each other.
(Proof p. 313)

Remark 10.52 (Mean Independencell) For € = {Q,0}, Theorem 10.51 imme-
diately yields the following proposition. Let Y: (Q, < P) — (R, %) be a random
variable that has a finite second moment E(Y?), let 2 c «f be a o-algebra, and
consider:

(@ EY|2) 5 EY).

(b) For all random variables W: (Q, </, P) — (R, %) that are 9-measurable
and have a finite second moment E(W?),

E(W-Y) = E(W) - E(Y). (10.53)
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Then:

(i) (a) implies (b).
(ii) If Yis also nonnegative, then (a) and (b) are equivalent to each other.

<

For ¢ = 0(X) and 2 = 0(Z), Theorem 10.49 immediately implies the following
corollary.

Corollary 10.53 (X-Conditional Mean Independence I)
Let Y: (Q, 4, P)— (R, %) bea nonnegative random variable that has a finite
expectation E(Y) and let X: (Q, <, P) — (Qk, <fy), Z: (Q,sf, P)— (Q%,<4;) be
random variables. Then the following two propositions are equivalent to each
other:

(@ E(Y|X,Z) 5 E(Y|X);

(b) For all random variables W: (Q, </, P) — (R, %) that are nonnegative
and Z-measurable,

E(W-Y|X) = E(WI|X) - E(Y|X). (10.54)

Similarly, for € = a(X) and 2 = (Z), Theorem 10.51 immediately implies the
following corollary.

Corollary 10.54 (X-Conditional Mean Independence II)
Let Y: (Q, <4, P) — (R, %) be a random variable that has a finite second mo-
ment E(Y?), let X: (Q, <4, P)— (Qk, %), Z: (Q, 4, P)— (QL, <)) be random
variables, and consider:

(a) E(Y|X,Z) = E(Y|X).

(b) For all random variables W: (Q, <f,P) — (R, %) that are Z-measur-
able and have a finite second moment E(W?),

EW-Y|X) = EWI|X)-E(Y|X). (10.55)
Then:

(i) (a) implies (b).
(ii) If Y is also nonnegative, then (a) and (b) are equivalent to each other.

Remark 10.55 (Mean Independence From a Random Variable) For X =a, a €Q},
this corollary immediately yields the following proposition. Let Y: (Q, </, P) —
(R, %) and Z: (Q, <, P) — (Q%, «/}) be random variables with E(Y ?) < oo, and con-
sider:

(@ E(Y|Z) 5 E(Y).
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(b) For all random variables W: (Q, o/, P) — (R, %) that are Z-measurable and
have a finite second moment E(W?),

EW-Y) = E(W) - E(Y). (10.56)
Then:

(i) (a) implies (b).
(i) If Yis also nonnegative, then (a) and (b) are equivalent to each other.

<

Remark 10.56 (Mean Independence and Correlational Independence) For Z =
W, Proposition (i) of Remark 10.55 yields

E(Y|Z) = E(Y) = E(ZY)=EZ)-E(Y), (10.57)

provided that E(Z 2, E(Y?) < oo. Proposition (10.57) is equivalent to the second
implication in (10.49), because E(Z-Y) = E(Z) - E(Y) is equivalent to Cov (Z,Y) =
0, provided that E(Z?%), E(Y?) < oo [see Box 7.1 (i)]. However, Cov(Z,Y) =0 does
not imply E(Y|Z) = E(Y). In other words, correlational independence does not
imply mean independence. <

Further properties of conditional mean independence are treated in chapter
16, in particular the relationship between conditional independence and condi-
tional mean independence.

10.7 Proofs

Proof of Theorem 10.17

Under the assumptions about & = {A;, Ay, ...} and €, a function V: (Q, /) — (R, B) is €-
measurable if and onlyif therearea; € R, i =1,2,...,such that V = Z;?gl a;1,, (see Lemma
2.19). Hence, if V,V* € &(Y|%6), then

18

o0
V=3 a;ly, and V*=
i=1 i

* * _ 0
a;la;, a;,o; €ER.
1

This implies
PU{V#V™H = Y P(A4)p.

i txi#—tx;‘

Because P({V#V™*}) =0 (see Th. 10.9 and Def. 2.68), we can conclude

Y. P(A) =0. (10.58)

i ot,-#ot;‘

Hence if (10.13) holds, then Equation (10.58) implies that there is no i with o; # o, which
implies {V #V*} = @. Now assume that there is an A; € & with P(A;) = 0. Then there are
V,V*e &(Y|¥) and an i with «; # of, which implies @ # A; c {V #V*}. By contraposition,
this proves that {V #V*} = @ implies Equation (10.13).
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Proof of Theorem 10.21

(i) This proofis found in Bauer (1996, (15.13), p. 115). Because the sequence Y;,i € IN, is
increasing and the conditional expectation is monotone [see Rule (i) of Box 10.3], we can
conclude: lim; o Y; = sup;en Yi and lim;—.oo E(Y; [€) = sup;en E(Y; [6).

(i) IfY; 20, forall i € N, then ¥, := Z;‘Zl Y;, n € N, is increasing and lim ;, oo, ¥, =

Zlo.gl Y;. Hence,

(5 wf4) 5 )
= nli_I};OE[Yn <g) [(10.19)]

()

wll

wll

n
lim Y E(Y;|6) [Box 10.1 (xvi)]
n—ooin)

(o)
) E(Y;16).
i=1

wll

Proof of Theorem 10.41

According to Lemma 2.52, g(X) is measurable with respect to o(X). Therefore, according
to Definition 10.2 (b), we only have to show that

E[lc-g(X)] = E(1¢+Y), VCeo(X), (10.59)

and Equation (10.41) are equivalent to each other.
(10.41) < (10.59). By definition, o(X) = {X ~1(C"): C’€ «#{}. Therefore,

flc/(x)-g(x) Px (dx) =f1c/(x)~y Pxyldxy)], VC'est,

S flc-g(X) dp :flC~YdP, vC=X"1CheoX), [(3.59), (3.28)]
o Ellc-g(X)] = E(c-Y), VCeo(X). [(6.1)]
Proof of Theorem 10.49

(a) = (b) If Y and W a nonnegative, then Y - W is nonnegative as well and, for 2-measur-
able W,

E(W-Y[€) = E[EW-Y|6,2)|€] [Box 10.1, (V)]
= EIW-E(Y|€,2)|€] [Box10.1, (xiv)]
P (10.60)
= E[W-E(YI|€)I€] [(@)]
= E(Y|¥)-EW|¥). [Box 10.1, (xiv)]

(b) = (a)
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E[W-E(Y|€,2)|€] 5 E[EW-Y|€,2)|€] [Box 10.1, (xiv)]
= EW-Y[€) [Box 10.1, (V)] 10,61
= E(Y|€)-EW|€) [(b)]
= E[W-E(Y|6)|€]. [Box 10.1, (xiv)]
Choosing in this equation W=1p, D € 9, Definition 10.2 (b) yields,
E[1c1pE(Y |€6,2)] = E[1c1pE(Y|¥6)], VCeSE,
which equivalent to
flCnDE(chg,@) apP = flcﬁDE(Yl%o) dP, VCe<%. (10.62)

Theset {CnD: Ce€,D e 2} isn-stable and generates o(%¢ U2). Furthermore, finiteness
of E(Y) = E[E(Y |6,9)] = E[E(Y |€,)] [see Box 10.1, (iv)] implies that E(Y |6,2) and
E(Y |€6,) are integrable with respect to P. Hence, according to Theorem 3.68 (iv), we can
conclude E(Y |€,9) = E(Y |6).

Proof of Theorem 10.51

(@) = (b) IfFE(Y?), EW?) < 0o, then E(Y) and E(Y - W) are finite as well. Then, for 2-mea-
surable W, (10.60) also applies to this case.

(b) = (a)
E[W-E(Y|6,2)|€] 5 E[EW-Y|%,2)|€] [Box 10.1, (xiv)]
7 EW-Y|€) [Box 10.1, (V)]
= E(Y|6)-EWI|€) [(b)]
= E(W-E(Y|€)|€]. [Box 10.1, (xiv)]

Choosing in this equation W=1p, D € 9, Definition 10.2 (b) yields,
E[1c1pE(Y|¥,9)] = E[1c1pE(Y |¥)], VCeE,

which equivalent to
flCnDE(Yl%o,@) dp = flCmDE(chg) dP VCe<%. (10.63)

Theset {CnD: Ce¢,D e P} isn-stable and generates o(%¢ U2). Furthermore, finiteness
of E(Y) = E[E(Y |6,9)] = E[E(Y |€6,)] [see Box 10.1, (iv)] implies that E(Y |6,2) and
E(Y |€,) are integrable with respect to P. Hence, if additionally Y = 0, then there are ver-
sions E(Y |€),E(Y |6,2) = 0 [see Box 10.3 vi] and, according to Theorem 3.68 (iv), we can
conclude E(Y |6,9) = E(Y|6).

10.8 Exercises

> Exercise 10-1 Table 9.2 (p. 282) presents an element, say V, of &(Y|X,U). Define an
alternative element V*€ &(Y| X, U) and show that the two elements are P-equivalent.



314 10 Conditional Expectation

> Exercise 10-2 Show that, according to Definition 10.2, Equations (9.23) and (9.24) de-
fine an element of & (Y| X) provided that the assumptions of Definition 9.13 hold.

> Exercise 10-3 Prove Equation (10.14) and that ZAiegE(Y |Aj)-14; isaversion of E(Y[¥€),
provided that the assumptions of Theorem 10.17 and Equation (10.13) hold.

> Exercise 10-4 Consider Table 9.2 (p. 282) and compute the expectation of 1x=¢-E(Y| X).
> Exercise 10-5 Prove the propositions of Box 10.1.
> Exercise 10-6 Prove the propositions of Box 10.3.

> Exercise 10-7 Show that P(X=x) > 0 implies that the (X=x)-conditional expectation of
Y defined by Equation (10.27) is uniquely defined and identical to the term introduced in
Definition 9.2.

> Exercise 10-8 Prove Equation (10.32).
> Exercise 10-9 Show that Equation (10.38) implies Rule (iii) of Box 9.2.

> Exercise 10-10 Show that mean independence of Y from X implies that X and Y are
uncorrelated, provided that the second moments of X and Y are finite.

Solutions

> Solution 10-1 Another element V*€ &(Y| X, U) is obtained defining

9, fo=wzormw=w
V) :{ 3 4

V(iw), ifwe,w#wsw#wy,

where w3 = (Joe, yes,—) and w4 = (Joe, yes,+). For V and V*, P(A;) = 1, where A; = {u) €Q:
Viw) = V*(o))}. The probability P(A;) = 1 is obtained from adding the probabilities of all
six outcomes w for which P({w}) > 0 (see the second column of Table 9.2, p. 282).

> Solution 10-2 Let Q) c Q denote the finite or countable set introduced in Definitions
9.13 (i) or (ii). Then {X=x} € o(X) forall xe Q{]. This implies:

(a) For all x € Q/, the indicator 1y, is X-measurable (see Example 2.12), which implies
that erggE(Yl X=x)-1x—, is X-measurable as well (see Lemma 2.19).

(b) For C € 6(X), define Cy := CmX_l(Q(’]). Because, by definition, P[X ~! Q)] =Px(Qp) =
1, this implies P(C\ Cp) = 0 and

E(ler ¥ E(YIX=2)1x=)
xeQ

=E(lgy: ¥ EYVIX=2)Ixe) + E(lervcys ¥ E(YIX=0)1x=x)  [Box6.1 (vi)

! !
erO x(—:QO

=E[ Y E(YlX:x)~1C0~lX:x). (Box 6.1 (iii)]
X€Q

Furthermore, denote C{:= X(Cp) = {x € Q: X ! ({x}) = C}. Then
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E(lc: ¥ B(YIX=x)1xey) = E( ¥ E(YIX=2)"1¢, 1x=x)
X€Qy x€Q
= ) E[E(Y|X=x)-1c,1x=x]
xeQy
= ). E[E(YIX=x)1x=x]
xeCy)
= ) E(Y|X=x)-E(lx=y)
xeCy
= Y E(Y|X=x)-P(X=x)

!
xeCy

- [ LI Y)) -P(X=x)
C/

ec P(X=x)

= Y E(x=rY)

xeCy)
:E( Z 1X:X'Y)
xeCy
=E(l¢,Y)
=E(1c,Y) + E(dc\¢,Y)

=E(cY).

315

[Box 6.1 (vii)]

[def. of Cy]

[Box 6.1 (iii)]

[(6.4)]

[(9.11)]

[Box 6.1 (vii)]

[lCo: Z lX:x]

!
xeCy,

((6.21)]

((6.20)]

> Solution 10-3 (a) If & is a finite or countable partition of Q and o(&) = ¢, then, for all
A; € &, the indicator 14, is 6-measurable. This implies that ZAieg E(Y|A;{)-1y4; is €-mea-
surable as well (see Lemma 2.19). Hence, condition (a) of Definition 10.2 is satisfied.

(b) According to Lemma 1.20 and Equations (1.35), (1.36), for all C €6,

le= Y 1,
Aj€é, AjcC

i
Hence,

E(lc- Y E(YlA,-)~1Ai) :E( h E(Y|Ai)‘1AilC)
Ajeg Aje&

= Y E[E(YIA)14,1c]
Aje&

= Y  E[E(YIA)-14]
Ajeé, AjcC

= ) E(Y|A)-E(1a)
Ajeé, AjcC

1
= ——E(14,-Y)-P(A)
AiEé;ﬂiCC P(A) l

= Y EQ4y-V)
Ajeé, AjcC

B £ 1)
Ajeé, AjcC

E(1cY).

(10.64)

[Box 6.1 (vii)]

[(10.64)]

[Box 6.1 (iii)]

[(9.7), (6.4)]

[Box 6.1 (vii)]

[(10.64)]
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This shows that condition (b) of Definition 10.2 is satisfied and that ZAiEgE(Yl Aj)1y, isa
version of E(Y|%€ ). Equation (10.14) then follows from Proposition (10.9) and the assump-
tion that & is a countable partition of Q and P(A;) > 0 for all A; € & (see Theorem 10.17).

> Solution 10-4 Inspecting Table 9.2 (p. 282) shows that the random variable 1x -
E(Y|X) has two values: .60 and 0. Hence,

E[lx=0-E(Y|X)] = 60-P(1x=0=1,X=0) + 0-P(1x=0=1,X=1)
.60-P(X=0) = .60-(.152+.348+.096 +.024) = .372.

> Solution 10-5 (i) The o-algebra generated by a is {Q, @}, which is a subset of every
o-algebra on Q. Hence, o(a) €, which shows that Rule (i) is a special case of Rule (vii).
(i) Both sides are €-measurable. Furthermore, for all C € €,

Ellc(a+Y)] = Edca+1cY) = E(lca) + E(1cY) [Box 6.1 (vi)]
= E(lco) +E[1c E(Y|€)] [Def. 10.2 (b)]
= E(lca+1cE(Y|€)]) [Box 6.1 (vi)]

E(Lcla+E(Y[6))).

Hence, according to conditions (a) and (b) of Definition 10.2 , a+ E(Y|€) e E(a+Y|¥6).
(iii) Both sides are ¢ -measurable. Forall C €%,

E(lc-aY) = aE(1¢c-Y) [Box 6.1 (iii)]
aE[1c-E(Y|€6)]. [Def. 10.2 (b)]

Hence, according to Definition 10.2, a E(Y|€) € &(aY |6).
(iv) This rule immediately follows from condition (b) of Definition 10.2 for C = Q, be-
cause

E[E(Y|€)] = Ellg E(Y[€)] [(3.3D)]
= E1qY) [Def. 10.2 (b)]
= E(Y). [(3.31)]

(v) The terms on both sides of this equation are 6,-measurable, because of Definition
10.2 (a). Furthermore, for all C €6y < 6,

E(1cEIE(Y |€)1%0]) = E(1cE(Y |6)) [Def. 10.2 (b)]

E(1cY). [Def. 10.2 (b)]

In the first equation, we apply Definition 10.2 (b) to E[E(Y |€) |%6,] and %6, whereas in
the second, we apply it to E(Y |¢) and €. The last equation shows that E[E(Y |€) |6o] €
E(Y|%60).

(vi) The constant E(Y) is measurable with respect to any o-algebra € on Q. Further-
more, if Y and ¥ are independent, then Y and 1¢ are independent for all C € € (see
Rem. 5.42). Hence, for C€ 6, E(1¢cY) = E(1¢) E(Y) for all C €6 (see Th. 6.24). Therefore,
Rule (ii) of Box 6.1 yields

E(lcY) = EQAQ)E(Y) = E[1cE(Y)], VCEeS.
(vii) We assume that Y is ¥ -measurable. Furthermore,
E(lcY) = ElcY), VCES.

obviously holds. Hence, according to Definition 10.2 (b) and Remark 10.10, this implies
that Y € £(Y|¢) and E(Y|€) 5 Y.
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(viii) By definition, E(Y|%€¢) is ¢-measurable. Hence,

E[Y|E(Y|€)]| = E[E(YI€)|E(YI|€6)] [(v) with 6p = o[E(Y|6)]]
= E(Y|6). [(viD)]
(ix)
Yi=Y, = VCe6: E(lc-Y1)=E(lc-Y2) [Th.3.48, € < o/|
> YCe%¥: E[lc-E(V11€)] = Ellc-E(Y216)] [Def. 10.2 (b)]
= E(l¥) = E(Y216). [Th. 3.48, Def. 10.2 (a)]
x)
E(Y)<oo = YVe&(YI|¥): E(V)<oo [E(V) = E(Y), (iV)]
=> VVe&(Y|€): Visreal-valued P-a.s. [Lemma 3.41]

Nowlet V*e€ &(Y|€) and A:= {w € Q: V(w) ¢ R}. Then A € € and P(A) = 0. Define V :=
1o\ - V*. Then V is real-valued, € -measurable, and V = V* which implies V € &(Y|¥€).

(xv) If Y7 (or Y») is real-valued and with finite expectation, then there is a real-valued
version E(Y1|€) € &(Y11€) [or E(Y, |€) € §(Y> |€)] [see Th. 10.9 (i) and Rem. 6.4]. If Y (or
Y,) is nonnegative, then there is a nonnegative version E(Y|6) € £(Y1|€6) [or E(Y2 |€6) €
&(Y2|€)] [see Box 10.3 (vi) for a = 0]. [Note that the proof of Box 10.3 (vi) uses Box 10.2
(ii).]

For versions E(Y1|6) € §(Y1|6), E(Y>|€6) e &(Y>|€) andall Ce¥€,

E(Lc [E(Y116) + E(Y |6)))

=E(l¢c EM1€6))+E(l¢c E(Y216)) [Box 6.1 (vi)]
=E(lc V) + E(l¢ Ya) [Def. 10.2 (i) (b)]
=E[lc (1 +Y2)]. [Box 6.1 (vi)]

(xvi) The conditional expectations E(Y1|%¢) and E(Y» |€) are ¢-measurable by defini-
tion. According to Example 2.61 this implies that a; E(Y1|%) +ay E(Y2 |6) is € -measurable
as well. Furthermore, for C €€,

E(1¢ g E(116) + 0z E(Y2 6)])

= E(1c E(V119)) + 0 E(1c E(Y2 1%6)) [Box 6.1 (vii)]
=1 E(lc ) + apE(1¢c Y2) [Def. 10.2 (i) (b)]
=E[lc (a1 Y1+ oo Y2)]. [Box 6.1 (vii)]

The equation for n summands follows by induction.

(xi) Cor. 8.16 of Klenke, 2008, p. 176).

(xiv) If Y7 is €¥-measurable, then Y; - E(Y> |€) is € -measurable as well [see Def. 10.2
(a), Th. 2.57]. First, consider the case Y; = 1.+, for C* € €. Then, forall C € €,

flc ‘E(lcx- Y2 |€)dP :flc ‘1cx- Yo dP [Def. 10.2 (a)]

:f1CnC*-Yg dp [(1.32)]
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=f1CnC*~E(Y2 |€) dP [CNC* €€, Def. 10.2 (b)]

=flc~lc*~E(Y2|<€) dap. [(1.32)]

IfE(le), E(Yzz) <oo or Y1, ¥» nonnegative, then Remark 3.30, Box 10.1 (xi), (xv), (xvi) imply,
for all ¢-measurable Y7,

flc-E(Yl-Yg |'€)dP :flc-Yl-E(Yglcg) dP, VYCe®¥.
Now Theorem 3.48 yields
EY1-Y21€) 5 Y1-E(Y2]96).

(xii)

Cov[Y,E(Y|€)]
=E[Y-E(Y|€)]-E(Y)-E[E(Y|€)] [Box 7.1 (i)]
=E(E[Y-E(Y|€)|€])—E(Y)-E[E(Y|6)] [Box 10.1 (iv)]
= E[E(Y|€)-E(Y|€)]—EIE(Y|€)]- E[E(Y|€)] [Box 10.1 (xiv), (iv)]
= Var[E(Y|6)]. [Box 6.2 (i)]

(xiii) Note that E(Y>2) < oo implies E[E(Y» |%4)?] < oo [see Box 10.1 (xi)]. Hence,

Cov(11,Y2) = E(Y1-Y2)—E(Y1)-E(Y») [Box 7.1 (i)]
= EV1- Y2 [€]-E(Y1)-E[E(Y2[|€)] [(iv)]
= E[V1-E(Y2 €)1 - E(Y1)-E[E(Y26)] [0(Y1) €€, (xiv)]
= Cov[Y1,E(Y2|6)]. [Box 7.1 (i)]

> Solution 10-6 (vi) First, we prove
Y%O = AVe&(Y|€¥): V=0. (10.65)
Let V*€ &(Y|€). Then

fV* apP = deP =0 [Box 10.2 (iv), (3.50)]

By contraposition, (3.51) implies V* z 0, 1ie,
JA€€: P(A)=0 A VweQ\A: Vi (w)=0.

If we define V := 1q\ 4+ V* = 0, then V is €-measurable (see Th. 2.57), V = V* and V e
E(Y|€6) [see (10.9)]. For a € R, applying (10.65),

Y%a > Y—a%o => EIV(xeé”(Y—(xl%”):Vﬁ%O.

Now Rule (ii) of Box 10.1 implies that thereisa V := Va+asuchthat Ve &(Y|€)and V = a.
(viii)
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Y<a=> -Y=-«a
P P

= AV e&(-Y6): V = -a

= AVe&Y|6): V=a. [Box 10.1 (iii), V := -V]
(vii)
Y =«
P

=>Y % any % [0

= AN e&Y|F): Viza AIVL,e&Y|F): Vo<a [(vi), (viii)]
= AV, Ve Y |€): JA€e€: P(A) =0 A VOeQ\A: Vi(w) = V(w)=a [(10.9)]
= dVe&Y|¥F): V=a. [Vi=a-14+ V1 -1\ 4l

(iii), (v), and (iv) are direct implications of (vi), (vii), and (viii).
(%), (xi) These rules follow from (v) and (5.10).
(i) is a straightforward implication of Theorem 3.43 and (vii).

@) IfY% Z, define W: Q — R by

Zw)-Y(w), ifY(w),Z(w)eR

0, if Y(w) =00 or Z(w) = —oo.

W(w) = {

Then W % 0 and Y + W = Z. Hence, choosing a nonnegative version V* € &(W |€) and a
nonnegative or real-valued version V € (Y |¥) [see Box 10.1 (x)],

E(Z|€) = E(Y +W|[¥6)
= V+V* [Box 10.1 (xv)]
E(Y|€). (@]

~IV

(iii) The proofis by contraposition. Assume that there is a E(Y|%) such that P(A) >0
for A:={weQ: E(Y|€)(w) <a}. Now,

o0
A= U A; for A; :={weQ: E(Y|¥)(w)<a—1/i}, ielN,
i=1

and A; c Ay c ... implies P(A) = lim; o, P(A;). Therefore, there is an i € IN such that
P(A;) > 0. Because E(Y|%) is ¢ -measurable, we can conclude A, A; € € [see Def. 2.5 and
Eq. (1.19)]. Now condition (b) of Definition 10.2 and (3.50) imply

fy~1Al. dp = fE(Y|<g)~1Al. dp < (a—%)P(Ai) < a-P(A),

which is a contradictionto Y % o [see (3.50)].

> Solution 10-7 Let g(X) € &(Y|X). Then, according to Equation (10.26), for all g*(X) €
E(Y|X),

gx) = g*(x), forPx-a.a. xeQk

Hence, if P(X=x) >0foranx € Q)'(, then according to Remark 2.71, g(x) = g*(x), i.e., g(x)
is uniquely defined. Furthermore, Equation (9.6) yields
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E(Y|X=x) = dePX:x (9.5)]
= ﬁ ~le:x~YdP [9.7)]
- ﬁ'll’fzfé’m ar [Def. 10.2 (b)]
B ﬁf L=y -glx)dP [Lx-x - §(X) = Ly—y -g(0)]
- P(Xlzx) 800 f Lx=x dP [(3.32)]
= ﬁ'g(x%P(X:x) = g(x). [(3.8)]

> Solution 10-8 If g is a factorization of E(Y| X) € £(Y|X), then, forall w € {X=x},

E(Y|X)(w) = (goX)(w) [(10.22)]
= glX(w)] = gx) [we {X=x}]
= E(Y|X=x). [(10.27)]

> Solution 10-9 Assume that Z is a discrete random variable with values z;, z,... € Q’Z
such that Pz ({z1,2,...}) = 1 and, for all i = 1,2..., {z;} € &/;. Then, for all xeQ} with
P(X=x,Z=z;)>0forall i €N,

E(Y|X=x) = E[E(Y|X,Z)| X=x] [(10.38)]
= E[g(X,2)| X=x] [(10.22)]
[e.0]
= Y glx,z1)- P(X=x, Z=2; | X=x) [Rem. 10.35, (9.15), (9.21)]
i=1
= 3 E(V|X=x, 2=y PEED 22 X20) [(10.27), (4.2)]
= P =X, L=2Zj P(X=x) 2(), (4.
s L PX=x,Z=2)
= Z;me_x,z_z,) P=n)
[e.0]
= Y E(Y|X=x,Z=2)-P(Z=7; | X=x). [(4.2)]
i=1
> Solution 10-10 If E(Y|X) = E(Y), then
Cov(X,Y) = Cov[X, E(Y|X)] [Box 10.2 (xiii)]
= Cov [ X, E(Y)] [E(YIX) = E(Y), Box7.1 (x)]

=0. [Box 7.1 (vii)]



Chapter 11

Residual, Conditional Variance, and Conditional
Covariance

In chapters 9 and 10 we introduced the concepts conditional expectation and re-
gression. In this chapter we turn to the residual of a conditional expectation. In
a sense, a residual is ‘the other side’ of a conditional expectation and its proper-
ties supplements the properties of conditional expectations. Oftentimes a resid-
ual is what econometricians call a ‘disturbance’, applied statisticians call an ‘error
term, and psychometricians call a ‘measurement error’. Furthermore, we define
the coefficient of determination, which represents the proportion of variance of a
regressand explained by the regressor. It appears under different names in spe-
cial areas of applied statistics, ranging from ‘intra-class correlation’ to ‘reliability’
in psychometrics. The square root of the coefficient of determination is known as
the ‘multiple correlation’. Next, we will define the concepts of a conditional vari-
ance and a conditional covariance given a o-algebra, as well as the partial cor-
relation. Just like the expectation has been used to define variance, covariance,
and correlation, the conditional expectation can be used to define conditional
variance, conditional covariance, and the partial correlation.

11.1 Residual With Respect to a Conditional Expectation

In section 10.4.2 we have shown that a conditional expectation E(Y |€¢) is the best
approximation of Y'in the sense of minimizing the mean-squared error function.
Now we will study the properties of the deviation of Y from E(Y|%). Defining
this deviation, we refer to the following assumptions.

Assumptions 11.1
Y: (Q, o, P) — (R, ) is areal-valued random variable with finite expectation
and € c < is a o-algebra.

According to Rule (x) of Box 10.1, E(Y) < oo implies that there is a real-valued
version E(Y|%). In this chapter it would also suffice to assume that there is a
real-valued version E(Y|%¥ ). Referring to a real-valued version E(Y|€') avoids the
subtraction of co and oo for values of Y and E(Y|¥ ), respectively.
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Definition 11.2 (Residual With Respect to a Conditional Expectation)
Let the assumptions 11.1 hold and let E(Y|€) € £(Y|€6). Then

€:=Y-EY|¥) (11.1)

is called a version of the residual of Y with respect to E(Y|¥).

Remark 11.3 (Versions of the Residual) IfE(Y|¥6), E(Y|€)" € £(Y|€¢)ande, €*
are the respective residuals, then ¢ = ¢*. According to Rule (x) of Box 10.1, finite-
ness of E(Y) implies that there is a real-valued version E(Y|%6) € £(Y|6). <

Box 11.1 summarizes some properties of the residual, which are proved in Ex-
ercise 11-1. All these properties follow from the definition of a residual, provided
that we consider only real-valued versions of E(Y|%) (see Rem. 11.3).

Remark 11.4 (Some Special Cases) Because E(Y|%¥) is €-measurable, the fol-
lowing equations are special cases of Rules (vii) and (viii) of Box 11.1, respectively.

Ele|E(Y|€6)]
Covle,E(Y|€)]

(11.2)
if E(Y?) < oo. (11.3)

I~

0,
0,

According to Equation (11.2), the conditional expectation of the residual € given
E(Y|¥¢) is 0 with probability 1. According to the second equation, the residual
e =Y — E(Y|¥) is uncorrelated with E(Y|¥) if E(Y?) < co. [Note that finiteness
of E(E(Y|€)?) follows from E(Y?) < oo; see Box 10.1 (xi)].

Now consider a random variable X: (Q, <, P) — (Q%, «/x) with o(X) = €. Then
two other special cases of Rule (vii) are

E[e| E(YIX)] = E€|X) = 0. (11.4)

If £(X) denotes the composition of X and a function f: (Q%, o) — (R, %) that is
(%, 9B)-measurable, and if E(Y?), E[f(X)]? < oo, then

Covle, f(X)] =0 (11.5)

is a special case of Rule (viii). Hence, if (Q%, «#¢) = (R, %) and E(X?), E(Y?) < oo,
then

Cov(e,X) = 0, (11.6)
is another special case of Rule (viii).
Now consider the residual € := Y — E(Y| X, Z), where X: (Q, «, P) — (Qk%, %)

and Z: (Q, o/, P) — (Q%, </) are not necessarily real-valued. In this case,

E€|X,Z) z E(e|lX) 5 E(elZ) 5 0 (11.7)
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Box11.1 Rules of Computation for a Residual

Let the assumptions 11.1 hold. Then the following properties hold for all real-
valued versions of E(Y|%€¢) and all versions of the residual € defined in (11.1):

£ = Y-EY|¥). ()

Y = E(Y|€) + e. (ii)

E(e) = 0. (iii)

Var(Y) = Var[E(Y|€)] + Var(e), ifE(Yz) < 0o. @iv)

£ 0, ingE(YI‘g). ()

Additionally, let 6, be a o-algebra and W: (Q, «, P) — (Q1y, «,) be arandom
variable. Then

E(e|6,) = 0, if6,c¥. (vi)

E(e|W) = 0, ifo(W)c<%¥. (vii)

If W is real-valued, (W) c ¢, and E(W?), E(Y?) < oo, then

Cov(e,W) = E(e-W) = 0. (viii)
Cov[W,E(Y|€)] = Cov[W,E(Y|€)+¢€] = Cov(W,Y). (ix)

are special cases of Rule (vii), where € = o (X, Z). If we additionally assume X and
Z to be numerical and E(Y?), E(X?), E(Z?) < oo, then

Cov(X,e) = E(X-€) = Cov(Z,e) = E(Z-€) =0 (11.8)

are special cases of Rule (viii) (see Exercise 11-2). <

Example 11.5 (No Treatment for Joe — continued) Table 11.1 displays the condi-
tional expectations E(Y|X), E(Y|X,U), and P(X=1|U) and their residuals. First,
we illustrate the property E(¢) = 0 for e = Y — E(Y| X). Looking at the table reveals
that e = Y — E(Y'| X) has four different values: —.60, .40, .60, and —.40. Hence, ac-
cording to Equation (6.3),

E(e)

—.60-(.152+.096) + .40-(.348+.024) + .60-(0+.152) — .40-(0+.228)
=0.

Second, we illustrate the property

E(e|X) =0,
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Table 11.1. No Treatment for Joe With Conditional Expectations and Residuals

Conditional
Elements of Q Observables expectations Residuals
s

3 £ 3 _ -

§ 8 % S -2

E 3 = g E g |Xx ~ |5 = &

E 8 |2 |2 § 2|l =B x| | !

> E & A a H O | R =5 A, S S >

(Joe, no, —) 152 | Joe 0 0] .696 .60 O —-696 -60 0

(Joe, no, +) .348 | Joe 0 1 ]|.696 .60 O .304 40 0

(Joe, yes, —) 0 Joe 1 0 0 40 0 0 -40 1

(Joe, yes, +) 0 Joe 1 1 0 40 0 1 60 1
(Ann, no, —) .09 | Anm 0 0 | .20 60 .76 | —.20 -60 -.76
(Ann, no, +) 024 | Ann 0 1 | .20 .60 .76 .80 40  -.76
(Ann, yes, —) 228 | Ann 1 0 40 40 .76 | —.40 —-.40 24
(Ann, yes, +) 152 | Ann 1 1 | .40 40 .76 .60 .60 .24

which follows from Equation (11.7) and Remark 10.16. Because X is an indicator
variable, according to Equation (9.23) and Remark 10.35, it suffices to show that
E(e|X=0)=0and E(e|X=1) = 0. The four values of ¢ = Y — E(Y| X) occur with
(X=0)-conditional probabilities

.152 +.096 .348 +.024

= 40, = 60; Or 0)
.152 +.348 +.096 +.024 .152 +.348 +.096 +.024
and with (X=1)-conditional probabilities
.152 .228
0, 0, — = 40, — = .60,

0+0+.152+.228 0+0+.152+.228

respectively. Hence, according to Equation (9.20),
E(e]|X=0) = -.60-.40 + .40-.60 + .60-0 — .40-0 =0

and
E(|X=1) = —-.60-0 + .40-0 + .60-.40 — .40-.60 = 0.

Because X is dichotomous and P(X=0),P(X=1) > 0, we can conclude:
E(£|X) = E(£|X:0)'1X:0+E(£|X:1)'1X:1 = 0'1X:0+0'1X:1 =0

[see Eq. (9.23) and Rem. 10.35]. <



11.2 Coefficient of Determination and Multiple Correlation 325

11.2 Coefficient of Determination and Multiple Correlation

The coefficient of determination quantifies the strength of the dependence of a
numerical random variable Y on a o-algebra ¢, where we refer to the depen-
dence described by the conditional expectation E(Y|%) (see Rem. 10.18). As we
will see, the multiple correlation is a closely related concept. Reading the follow-
ing definition, remember that E (Y% <00 implies Var(Y) <oo and E(Y) < oo (see
Rem. 6.26). It also implies that the conditional expectation E(Y|%) is defined.

Definition 11.6 (Coefficient of Determination)
Let Y: (Q, < P) — (R, %) be a real-valued random variable with E(Y?) < co
and € c of be a o-algebra. Then

, if Var(Y) >0,
RE o = Var(Y) f var(Y)

0, if Var(Y) =0,

Var|E(Y|€6)]
— { (11.9)

is called the coefficient of determination of E(Y|€).

Remark 11.7 (The Case Var(Y) =0) If Var(Y) = 0, then Var[E(Y|%€)] = 0 [see
Box 6.2 (iv) and Box 10.3 (v)]. Defining Rf,‘(g = 0if Var(Y) = 0 is arbitrary. How-
ever, this choice implies

‘gJﬁLY = EY|€)zEY) = Rf,l(gzo, (11.10)

even if Var(Y) = 0. In other words, with this definition, independence of ¢ and Y
implies mean independence of Y from €, which itself implies Rf,‘cg =0. <

Remark 11.8 (Range of the Coefficient of Determination) Using Rule (iv) of Box

11.1 yields

R _ Var[E(Y|€)] (11.11)
VI ™ Var[E(Y|€)] + Var(e)’ '

provided that Var(Y) > 0. Because Var (¢) is nonnegative, 0 < R?_ <1. The num-

Yle =
ber R12/|<€ is close to 1 if the variance of the residual e = Y — E(Y|¥€) is small com-

pared to the variance of the conditional expectation E(Y|%). In contrast, R12/|<€

is close to 0 if the variance of the residual is large compared to the variance of
E(Y|¥). <

Remark 11.9 (Conditions Implying R12/|<€ =1) If Var(Y) > 0 and we assume that

Y = E(Y|¥), then Rf,ng =1 [see Eq. (11.9) and Box 6.2 (v)]. Note that this does not
necessarily mean that Y is 6 -measurable. However, if Y is ¢ -measurable, then

Y = E(Y|%€) already follows from Box 10.1 (vii). <

Remark 11.10 (Alternative Notation) Suppose that X: (Q, <, P) — (Qk,<fx) is a
random variable and € = o(X), then we also use the notation R2,, instead of

Y|X
2 .
RY‘%, i.e.,
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2 .— p2
Ry = R} - (11.12)

Equations (10.1) and (11.9) yield

RZ

2= Var(Y) (11.13)

VarE(Y| X
YarlEOIXT it var(yy > 0,
0, if Var(Y) =0.
If we consider the multivariate regressor X = (X, ..., X,,), then we also use the
notation

. p2
Yix1..x, = Ryix- (11.14)

<
Remark 11.11 (Correlation and the Coefficient of Determination) Assume that

X: (Q,«,P) — (R, %) is a real-valued random variable, E(X?), E(Y?) < oo, and
that there is a version E(Y| X) € £(Y| X) with

E(Y1X) = Qiin(Y1X) = Po+P1 X. (11.15)
Then
Cov (X,)Y)
= — 11.16
P Var(X) (1116
and
R}y = Corr(X,Y)?, (11.17)
which implies
Ry x=0 & Corr(X,Y)=0 (11.18)

(see Exercise 11-3). Hence, under these assumptions, the correlation Corr (X,Y)
also quantifies the strength of the dependence of Y on X described by E(Y|X).
Both, R12/| « and Corr (X,Y) are normed quantities. The first takes on its values in
the interval [0, 1], the latter in the interval [—1, 1]. In contrast, the slope {3; as well
as Cov (X,Y) quantify the strength of the dependence described by (11.15) by real
numbers without bounds. <
Remark 11.12 (Quantifying the Strength of Dependence) The term R12/| « quan-
tifies the strength of the dependence of Y on X described by E(Y'| X), irrespective
on whether or not Equation (11.15) holds. While E(Y|X) = g(X) describes how
the conditional expectation values E(Y | X=x) of Y depend on the values x of X,
the coefficient of determination Rf,‘ « quantifies the strength of this dependence
by a single real number between 0 and 1. Similarly, Rf,l(g quantifies the strength
of dependence of Y on €6 described by E(Y|¥) (see Rem. 10.18). <

Remark 11.13 (Uniqueness) If V,V* e &(Y|¥), then V and V* are P-equivalent
and, according to Rule (v) of Box 6.2, this implies Var (V) = Var(V*). Hence, Equa-

tion (11.9) implies that Rlz,‘ < 18 identical for all versions V € &(Y|€). <
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Remark 11.14 (Correlation of Y and the Conditional Expectation) If E(Y?) s fi-
nite, then the coefficient of determination R12/|<€ is identical to the squared corre-
lation of Yand E(Y|¥€), i.e.,

R}, = Corr[Y, E(Y|€)) (11.19)
(see Exercise 11-4). Correspondingly,
R}y = Corr[Y, E(Y]X)]?. (11.20)

Note that this equation does not rely on any parametrization of E(Y|X). <

Definition 11.15 (Multiple Correlation)
Let X: (Q, 4, P) — (Qk,o2y) and Y: (Q,<,P) — (R,%B) be random variables
and assume E(Y?) < co. Then

Ryix := \/RZ (11.21)

iscalled the multiple correlation of Y and X. IfX = (X, ..., X,,) isamul-
tivariate random variable, then we also use the notation

Ry|xi,...x, = Ry|x. (11.22)

Equations (11.20) and (11.21) immediately imply
Ry|x = Corr[Y, E(Y|X)]. (11.23)

Remark 11.16 (The Multiple Correlation is Not Symmetric) Note that, in con-
trast to a correlation of two numerical random variables, the multiple correlation
of Yand X is not symmetric. In general, the roles of Y and X cannot be exchanged.

<

Example 11.17 (No Treatment for Joe — continued) In Table 9.2 (p. 282) we dis-
played the conditional expectations E(Y|X), E(Y|X,U), and P(X=1|U). Let us
compute R12/| , for the conditional expectation E(Y|X). Looking at the table re-
veals that E(Y|X) has two different values: .60, which occurs with probability
.152+.348+.096 +.024 = .62, and .40, which occurs with probability 0+ 0+.228 +
.152 = .38. Furthermore, the expectation of Y is

E(Y) = P(Y=1) = .3484+0+.024+.152 = .524
Hence, according to Equation (i) of Box 6.2,

Var[E(Y|X)]

E[E(Y|X)? — EIE(Y|X)]?

E[E(Y|X)?% — E(Y)? [Box 10.2 (iv)]
(.602-.62 + .40%..38) — .5242

284 — 2746 = .0094.

u
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The variance of Y is Var(Y) =.524- (1 —.524) = 0.2494. This yields

w2 VarlE(YIX)] 0094

=1 ~ .0377.
Yix Var(Y) 2494

Similarly, the conditional expectation E(Y | U) takes on each of the two values
.696 and .352 with probability .50. Hence,

Var[E(Y|U)] = E[E(Y|U)? — E[E(Y|U)]?

E[E(Y|U)? - E(Y)? [Box 10.2 (iv)]
(.6962-.50 + .352%..50) — .524°

3042 — 2746 = .0296.

I

Hence,
5 VarlE(Y|U)]  .0296
RYIU = =~ ~ .1187.
Var(Y) 2494
Finally,
Var[E(Y|X,U)] = E[E(Y|X,U)? - E[E(Y|X,U)]?
= E[E(Y|X,U)?] — E(Y)? [Box 10.2 (iv)]
= (.6962-.50 + .20%-.12 + .40%-.38) — .5242
~ .3078 — .2746 = .0332.
Hence,
, Var[E(Y|X,U)]  .0332
Ryxy = ~ ~ .1332.
’ Var(Y) .2494
Note that, in this example, Rlz,‘ x,u 1s smaller than the sum of Rlz,‘ « and R12/|U' <

In the following theorem we present a condition under which the coefficients
of determination are additive [see Eq. (11.30)]. This theorem also contains a con-
dition under which the coefficient of X in the equation E(Y|X) = ap + oy X is
identical to the coefficient of X in the equation E(Y|X,Z) = ¢ +p1 X + . Z (see
section 12.8 for a generalization).

Theorem 11.18 (Additivity of the Coefficients of Determination)

Let X,Y,Z: (Q, e, P) — (R,9%) be real-valued random variables with finite
second moments and positive variances and assume that there are f,f1,
B2, Yoo Y1ER,E(Y|X,Z2) € &(Y|X,Z), and E(Z|X) € 8(Z|X) such that

E(Y|X,Z) = Po+P1 X +P2 2, (11.24)
E(ZIX) = yYo+Y1 X. (11.25)

(i) Then there are agy,a; € R such that

EY|X) = o9 + a1 X. (11.26)



11.3 Conditional Variance and Covariance Given a o-Algebra 329

(i) If E(Z|X) gE(Z) or B, =0, then for oy, &; of (i),
o = Po + P2E(Z) (11.27)

and
o = Py (11.28)

(iii) Finally, if

(E(ZIX) = E(Z) or 52=0) and (E(XIZ) = E(X) or =o),

then
Var[E(Y|X,Z)] = Var[E(Y|X)] + Var[E(Y|Z)] (11.29)

and
Rlzflx.z = R121|x + Rf/\z- (11.30)

(Proof p. 338)

Remark 11.19 (Independence of X and Z) Note that the condition specified in
proposition (iii) of Theorem 11.18 is satisfied, e.g., if X and Z are independent
[see Rule (vi) of Box 10.2]. It is also satisfied, e. g., if

EY|X,Z) = E(Y|X) and E(Y|X,Z2) = E(Y|Z). (11.31)

<

11.3 Conditional Variance and Covariance Given a o-Algebra
The covariance Cov (Y7, Y>) has been defined as the expectation of the product of
the mean centered random variables Y; —E(Y;) and Y> —E(Y,), i.e.,

Cov(Y,Y,) = E([Y1 —E(1)]-[Y2 —E(Yz)]) (11.32)

(cf. Def. 7.7). Similarly, we define the ¢-conditional covariance Cov (Y3, Y>|%) as
the €-conditional expectation of the product [Y; —E(Y1|6)]-[Y>, —E(Y2|6€)] = €1-¢€»
of the residuals of ¥; and Y, with respect to their 6-conditional expectations.

Definition 11.20 (Conditional Covariance Given a o-Algebra)
Fori=1,2, let Y;: (Q,</,P) — (R,%) be real-valued random variables with
E(Yiz) < 00, let € c o/ be ac-algebra, and define €;:= Y; — E(Y;|€). Then

Cov(Y1,Y,|6) := E(e1-€2|6) (11.33)

is called a version of the 6 -conditional covariance of Yy and Y;.



330 11 Residual, Conditional Variance, and Conditional Covariance

Remark 11.21 ( X- Conditional Covariance) Let the assumptions of Definition
11.20 hold and let X: (Q, </, P) — (Q%, <%) be a random variable. Then

Cov(Y,,Y,|X) := Cov(Yl,Yzlo(X)) (11.34)
is called a version of the X-conditional covarianceof Y, and Y,. <

The €¢-conditional variance is defined analogously.

Definition 11.22 (Conditional Variance Given a o-Algebra)
Let Y: (Q, <, P) — (R, ) be a real-valued random variable with E(Y?) < oo,
let € c of be ac-algebra, and define e . =Y — E(Y|¥6).

(i) Then
Var(Y|€) := E(?|€) (11.35)

is called a version of the 6 - conditional variance of Y.
(ii) Assume that Var(Y| 6) is a nonnegative version of the 6 -conditional
variance of Y. Then

SD(Y|¥€) := v/ Var(Y|¥€) (11.36)

is called a version of the € - conditional standard deviation of Y.

Remark 11.23 (Conditional Variance Given X) Let the assumptions of Defini-
tion 11.22 hold and let X: (Q, <, P) — (Q%, </¥) be a random variable. Then

Var(Y|X) := Var(Y|o(X)) (11.37)

is called a version of the X-conditional variance of Y. Correspondingly, assuming
that Var(Y|X) is a nonnegative version of the X-conditional variance of Y, we call

SD(Y |X) = vVar(Y|X) (11.38)

a version of the X-conditional standard deviation of Y. <

11.4 Conditional Variance and Covariance Given a Value of a
Random Variable

While the concepts defined above are random variables, the (X=x)-conditional
covariance is a number. It is defined using the (X=x)-conditional expectation
value E(e;- €, | X=x) that has been introduced as a value g(x) of a factorization
g of an X-conditional expectation E(e;- €, | X) = g(X) (see section 10.4.4).
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Definition 11.24 ((X=x)-Conditional Variance and Covariance)
Let X: (Q, <, P) — (Qk, «/%) be a random variable.

(i) Fori=1,2,letY;: (Q, < P)— (R,B) bereal-valued random variables
with E(Y?) < oo, and let €; := Y; — E(Y;| X). Then we call

Cov(Y1,Y, | X=x) := E(e1-&| X=x) (11.39)

an (X=x)-conditional covariance of Y, and Y;.
(ii) Let Y:(Q,«,P) — (R,9B) be a real-valued random variable with
E(Y? <ooandlet e :=Y — E(Y|X). Then we call

Var(Y|X=x) := E(e?| X=x) (11.40)

an (X=x)-conditional variance of Y.
(iii) If, under the assumptions of (ii), Var(Y|X) is a nonnegative version of
the X-conditional variance of Y, then we call

SD(Y|X=x) := v/ Var(Y|X=x) (11.41)

an (X=x)-conditional standard deviation of Y.

Remark 11.25 (Equivalent Propositions) Note that Cov (Y7, Y> | X=x) is uniquely
defined only if P(X=x) > 0. However, even if P(X=x) = 0 for all x € QY%, then we
can still make propositions such as

Cov(Yy,Y, | X=x) = Cov(Z,,Z,|X=x), for Px-almostx € Q, (11.42)

provided that Z;, Z, are real-valued random variables on (Q, o, P) with finite sec-
ond moments. According to Corollary 10.39, this proposition is equivalent to

Cov(Y1,Y, | X) = Cov (Zy,2,1X). (11.43)
Of course, the same applies to the X-conditional variance. <

Remark 11.26 (Values of the Conditional Covariance) As mentioned before, the
term defined in Remark 11.21 is a random variable. Its values are

Cov(Y,Y,|X) (w) = Cov(Y1,Y> | X=x), ifX(w)=x (11.44)

(see Rem. 10.37). This also implies that the value of Cov (Y3, Y, | X) is constant on
all sets {X=x}. Similarly,

Var(Y|X) (w) = Var(Y|X=x), ifX(w)=x. (11.45)

<



332 11 Residual, Conditional Variance, and Conditional Covariance

Table 11.2. Joe and Ann With Self-Selection and Residuals

Outcomes ® Observables | Conditional expectations Residuals
s > 3

3 = 2 _ =

2 £ 3 =) I

. g ZOE|. s | 8 &

g = 5 z|S o o =2 | |

- £ 8|3 |§ g/l 2 2 ¥ |4V O
S2&| | 28|88 OB x| & =
(Joe, no, —) 144 | Joe 0 0 70 .60 .704 .04 -704 -.04
(Joe, no, +) .336 | Joe 0 1 .70 .60 .704 .04 296 —.04
(Joe, yes, —) 004 | Joe 1 0 80 42 .704 .04 —-.704 .96
(Joe, yes, +) .016 | Joe 1 1 .80 42 704 .04 .296 .96
(Ann, no, =) | 096 | Ann 0 0 | .20 .60 .352 .76 -352 -.76
(Ann, no, +) | 024 | Ann 0 1 .20 .60 .352 .76 .648 —.76
(Ann, yes,—) | 228 | Ann 1 0 | .40 .42 .352 .76 —.352 .24
(Ann, yes,+) | 152 | Ann 1 1 40 42 352 .76 .648 .24

Note. The probabilities of the elementary events are fictive

Example 11.27 (Covariance With Respect to the Measure P*=*) Suppose that X
represents sex with values male and female. Then Cov (Y}, Y, | X=x) is the covari-
ance of Y; and Y, given x = male or given x = female, or loosely speaking, the
covariance of ¥; and Y, in one of the two subpopulations of males and females.
In more precise terms, if P(X=x) > 0, then Cov (Y1, Y, | X=x) is identical to the co-
variance CovX=*(Y1, Y») of Y; and Y, with respect to the conditional-probability
measure PX=*. This immediately follows from Cov (Y1, Y, | X=x) = E(e1-€2| X=x) =
E*=%(¢)-€,) (see Def. 9.2). <

Example 11.28 (Joe and Ann With Self-Selection - continued) For the example
presented in Table 11.2 we consider the (unconditional) covariance of the treat-
ment variable X and the outcome variable Y. Note that X and Y are indica-
tor variables with values 0 and 1. Therefore, E(X) = P(X=1), E(Y) = P(Y=1),
E(X-Y)=P(X=1,Y=1),and

Cov(X,Y) = E(X-Y)-E(X)-E(Y) = P(X=1,Y=1) - P(X=1)-P(Y=1)

(.016+.152) — (.004 +.016 +.228 +.152) - (.336 +.016 +.024 + .152)

.168 — .40-.528 = —0.0432.

Hence, the treatment variable and the outcome variable have a negative covari-
ance.
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Now let us compute the (U=u)-conditional covariances of X and Y for u=Joe
and for u=Ann. First of all, note that P(U = Joe) = .144 + .336 +.004 + .016 = .50
and P(U=Ann) =.096 +.024 +.228 + .152 = .50. According to Equation (9.20) we
have to sum the values of the product variable ¢y - ex weighted by their (U=u)-
conditional probabilities. Hence,

E(ey-ex|U=]Joe)

144 .336 .004 .016
=.704-.04- — —-.296-.04- —— —.704-.96- —— +.296-.96- ——
.50 .50 .50 .50
=.00384.
E(ey-ex|U=Ann)
.096 .024 228 152
=.352.-.76- —— —.648-.76- —— — .352-.24- —— + .648-.24 - ——
.50 .50 .50 .50

.03648.

Both conditional covariances are positive. Hence, in this example, the (uncon-
ditional) covariance of X and Y (which is negative) is highly misleading if used
to evaluate the effects of the treatment on success, because for both persons the
(U=u)-conditional (or person-specific) covariances of X and Y are positive. <

11.5 Properties of Conditional Variances and Covariances

Boxes 11.2 and 11.3 summarize some important properties of conditional covari-
ances and conditional variances. The rules for conditional variances are special
cases of the corresponding rules for conditional covariances with Y1 =Y, =Y and
A = B, respectively [see (xv)]. Hence we only have to prove the rules for the con-
ditional covariances (see Exercise 11-5).
For n=2 variables Y; and m=2 variables Z;, Equation (xiv) of Box 11.2 can be
written
Cov(og Y1+ Yy, P12y +P22: |6)
= aufy Cov (Y, Z1 |6) + aufy Cov (Y1, Z2|6) + (11.46)
0(2[’)1 COU(YZ,Zl |<€) + 0(2[’)2 COU(YZ,ZZ |<€)

Similarly, for two random variables ¥; and Y, Rule (xi) of Box 11.3 can also be
written
Var (o, Y1 +0, Y, |6)

, ) (11.47)
oy Var(Y116) + oy Var (Y2 |€) + 20 a, Cov (Y1, Y, [6).

7

Example 11.29 (Conditional Variance of an Indicator) Let (Q, <, P) be a proba-
bility space, let 1, denote the indicator variable of A € o/, and consider the ran-
dom variable X: (Q, o/, P) — (Q%, </x). Then, according to Rule (xii) of Box 11.3,

Var(1,1X) = P(AlX)-[1-P(A|X)], (11.48)
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Box 11.2 Rules of Computation for 6-Conditional Covariances

Fori=1,2, let Y;: (Q,< P) — (R, %) be real-valued random variables with
E (Yiz) < oo. Furthermore, let o, € R and let 6, € < «/ be o-algebras. Then
the following properties hold for all real-valued versions of E(Y; | ¢’) and all
versions of the residuals ¢;:= Y; —E(Y; | €),i=1,2:

E[Y;-E(Y|6) | €] 5 EMI6)-E(Y,16), if6cE. ()
Cov (Y1, Y, |€6) = EY, Y, |€)-EWN|€6) - E(Y2|6). (i)

Cov (Y1, Y, |6) = Cov (e1,&5|6). (iii)

Cov (Y1,Y, |6) = 0, ifYy; = a. @iv)
Cov(a+Yy,B+ Y |6) = Cov (Y1,Y, |6). )
Cov(aY1,P Y2 |€) 5 aff Cov (Y1, Y, |6). (vi)
E[Cov (Y1,Y,|6)| 6] = E(€1-61%) 5 Cov(Y1,Y2|%60), i€ €. (vi)
E[Cov(Y1,Y>|€)] = E(€;-€2) = Cov(ey,€r). (viii)
Cov(Y1,Y2) = Cov[E(Y1|6),E(Y2|6)] + Cov(ey,&r). (ix)

fW: (Q,< P) — (R, ) is a random variable and E(W?) < oo, then

Cov (e1,W|60) = E(er- W60, if6<=E. (%)
Cov (e, W|€) =0, ifoW)cE. (xi)
Cov (Y1, W |€) = 0, ifo(W)c<¥. (xii)

Let Wi, Wo, Y1, Y, : (Q, 7, P) — (R, %) be random variables such that E(Wf‘),
EW,Y, E(Y}"), E(Y,}) < co. If W; and W, are € -measurable, then

Cov(Wr-Y1, W, Y2 |€) 5 Wi-W,-Cov (Y1, Y, |€). (xiii)

Fori=1,...,n, j=1,...,m,letY;, Z;: (Q, <, P) — (R, %) be random variables

with E(Y;?), E(Z?) < oo, and let ;, 8 € R. Then:

n
Y a;p;Cov(Y;, Z;|6).  (xiv)

=1j=1

1

ey

n m
va(z:(Xin 2:(»22‘3?) %
i=1 j=1

If A,B € o/, then

Cov (14,15 |€) 5 P(ANB|€) - P(A|€)-P(B|€). (xv)
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Box 11.3 Rules of Computation for Conditional Variances

Let Y: (Q, < P) — (R, 2B) denote a real-valued random variable with E(Y?) <
oo. Furthermore, let a € R and let € < «f be a o-algebra. Then the following
properties hold for all real-valued versions of E(Y|%) and all versions of the
residuale:=Y — E(Y|6):

Var(Y|6) = E(Y*|)—-E(Y|€)? M
Yg(x => Var(YI%)gO (ii)
Var(o+ Y |€) = Var (Y |€) (iii)
Var(@Y|6) = o Var(Y|6) (iv)
E[Var(Y|€)] = E(? = Var(e) ()
Var(Y) = Var[E(Y |€)] + E[Var(Y |6)] (vi)

= Var[E(Y |6)] + Var(e). (vii)

If we additionally assume that the random variable X: (Q, <, P) — (Q%, </x) is
% -measurable, then

Var(Y | X)

Var[E(Y |6)|X] + E[Var(Y|6)|X] (viii)
Var[E(Y |6)| X ] + Var(e]X). (ix)

Let X,Y: (Q, < P) — (R,%) be random variables with E(X*), E(Y*) < co. If
X is €-measurable, then

Var(X-Y|¥€) = X2 Var(Y|€). )

Let Y;: (Q, <7 P) — (R, %) be random variables with E(Yiz) <ooand q; € R,
where i =1,...,n. Then:

n n
Var(;aiYi|‘€) = Zlcfoar(Yil‘g) +)
1= i=

n n
Y aja;Cov(Y;, Y;16). (xi)
i=1 j=1,j#i

If A€ «f, then

Var(1,1€) 5z P(A|€)-[1-P(A[€)]. (xii)
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which implies that the (X=x)-conditional variances Var (14| X=x) depend on the
values x of X unless P(A|X) = P(A) (see Exercise 11-6). Hence, we cannot assume
homogenous residual variances in statistical models for the analysis of the con-
ditional expectation E(14|X) = P(A|X) (see, e.g., Agresti, 2007). Furthermore,
note that the X-conditional variance of an indicator variable does not contain
any information additional to the X-conditional expectation E(1,4|X) = P(A|X).

<

11.6 Partial Correlation

Another concept used to describe a certain kind of dependence between two ran-
dom variables Y; and Y is the partial correlation, which is the correlation of the
residuals of Y; and Y, with respect to the conditional expectations E(Y;|%6) and
E(Y,|%6), respectively.

Definition 11.30 (Partial Correlation)
Fori=1,2,letY;: (Q, < P) — (R, %) be random variables with E(Yiz) <00, let
€ c of bea o-algebra, and define €; :=Y; — E(Y;| 6). Then we call

Corr(Y1,Y,;€) = Corr(ey,€3) (11.49)

the partial correlation of Yy and Y, given €. If X: (Q, <4, P) — (Q, %) is
a random variable, then we call

Corr(Y1,Y5; X) := Corr[Y1,Y,; 0(X)] (11.50)

the partial correlation of Y1 andY, given X.

Remark 11.31 (Formulas for the Partial Correlation) If Var(Y;), Var(Y2) > 0and
Ry, ¢, Ry, ¢ <1, then

Corr (Y1, Y2) — Ry, 1% * Ry, ¢ - Corr [E(Y1|6), E(Y2|6 )]
\/1—R§1|<g : \/1—R§M

where Rf,il(g = Var[E(Y;|6)]/Var(Y;), i = 1,2, denotes the coefficient of deter-
mination (see Exercise 11-7). Similarly, if, for i = 1,2, there are versions E(Y; | X)
with E(Y; | X) = Bio + i1 X with slopes B;1 # 0 and Corr (Y;, X)? < 1, then Equation
(11.51) simplifies to

Corr (Y1,Y2;€) = , (11.51)

Corr (Y1,Ys) — Corr (Yy,X) - Corr (Y, X
Corr (Y, Yy: X) = orr (Y1,Y,) orr (Y1, X) - Corr (Y5, X) (11.52)

\/1— Corr (Y1,X)?% - \/1— Corr (Yo, X)?

(see Exercise 11-8). <
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Remark 11.32 ((X=x)-Conditional Correlation) If P(X=x) > 0 and, for i = 1,2,
Var(Y; | X=x) > 0, then we define

Cov (Y1, Y, | X=Xx)
VVar(Y [ X=x) - \/Var(Ys | X=x)

Corr(1, Y2 | X=x) = (11.53)

and call it the (X=x)-conditional correlation of Y, and Y,. If Var(Y;|X=x) =0 or
Var (Y, | X=x) = 0 we define Corr (Y1, Y, | X=x) =0. 4

Remark 11.33 (Interpretation of the Partial Correlation) In a sense, the partial
correlation is an average correlation across the (X=x)-conditional correlations.
More precisely,

E[Cov(Y;, Y, | X)]
VEWVar( X)) -VEVar(Y; 1X)]

Corr(Y1,Y5; X) = (11.54)

This equation immediately follows from the definition of Corr (Y3, Y>; X), Rule (v)
of Box 11.2, and Rule (viii) of Box 11.3. <

Example 11.34 (Joe and Ann With Self-Selection - continued) We compute the
partial correlation Corr (Y, X; U) in the example presented in Table 11.2. For this
purpose we use Equations (11.49), (11.50), and (7.17). The covariance Cov (ey,£x)
of the two residuals is

Cov(ey,ex) = E(ey -€x)
= (—.704--.04)-.144 + (.296 - —.04) - .336 + (—.704 - .96) - .004
+(.296-.96) - .016 + (—.352-—.76) - .096 + (.648 - —.76) - .024
+(-.352-.24)-.228 + (.648-.24) - .152 = 0.02016,

the variance Var(ey) of ey is

Var(ey) = E(e5) = (=.704)*-.144 +.296° - 336 + (—.704)* - .004
+.2962-.016 + (—.352)%-.096 + .6482 - .024
+(—.352)%..228 +.648%-.152 = 0.21824,

and the variance Var(ex) of ex is

Var(ex) = E(€%) = .04*-.144 + .04% - 336+ .96 - .004 + .96 - .016
+.76%-.096+.76% - .024 + .24% - 228 +.24% - 152 = 0.1104.

Hence,

Corr (v, X;U) = ——2Ened) 002016 = 0.129879

o SD(ey)-SD(ex)  /0.21824-/0.1104 ’
which is a positive number. Again, this indicates that using the (unconditional)
covariance of X and Y or the (unconditional) correlation—which both are nega-
tive—for the evaluation of the effects of the treatment on success would be highly
misleading. <
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11.7 Proofs

Proof of Theorem 11.18

(i) Equation (11.26) can be derived as follows:

E(Y|X) = E[E(Y|X,Z)|X] (Box 10.2 (V)]
= EBo+pP1 X+p2Z1X) [(11.24)]
= Po+P1 X+P2E(Z1X) [Box 10.2 (xvi), (vii)]
= Po+P1 X +P2(yo+ V1 X) [(11.25)]
= (Bo+P2v0) +Br +Y1) X
= ap+o X,

with ag := ﬁo +ﬁ2 Yo and o := ﬁl +Y1.

(i) If E(Z|X) = E(Z), then the third line of the equations above yields Equations
(11.27) and (11.28). If B2 = 0, then the proof of (i) shows that E(Y|X) = Bo+P1 X = @ +0 X
which proves the proposition.

(iii) If E(X|Z) = E(X) or f; =0, then

E(Y|Z) = E[E(Y|X,2)|Z] (Box 10.2 (V)]
= EBo+p1 X+p2212) [(11.24)]
= Po+PLEXI|Z)+P2 Z [Box 10.2 (xvi), (vii)]
= Po+PLEX)+P2 Z. [E(X1Z) 5 E(X) or B =0]

Hence, our assumption implies Var[E(Y|Z)] = [322 Var(Z) [Box 6.2 (ii), (iii)]. Now consider

VarE(Y|X,2Z)] = VarBo+p1 X +P22) [(11.24)]

B2Var(X) +P3 Var(Z) +2p1p2 Cov (X, Z). [Box 7.1 (viii)]

Assuming [E(Z|X) = E(Z) or f2=0]and [E(X|Z) = E(X) or B, =0] yields 26, B2 Cov (X, Z)
=0, because E(Z |X) = E(Z)and E(X|Z) = E(X) bothimply Cov (X, Z) = 0 [see Eq. (10.49)].
Hence,

Var[E(Y|X,Z)] = B2Var(X) +p2Var(Z)
o2 Var (X) +p2Var(Z) [(11.28)]
Var[E(Y|X)] + Var(E(Y|Z)],

because Var[E(Y|X)] = 0(12 Var(X) and Var[E(Y|Z)] = [322 Var(Z).Now Equation (11.30) fol-
lows dividing both sides by Var(Y) and using the definition of the coefficient of determi-
nation.

11.8 Exercises

> Exercise 11-1 Prove the rules of computation for the residual € := Y — E(Y|%¥) summa-
rized in Box 11.1.
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> Exercise 11-2 Show thatfor € := Y — E(Y|X, Z), the equations Cov (X,€) = Cov(Z,¢) =0
are special cases of Rule (viii) of Box 11.1 if we consider the conditional expectation
E(Y|X,Z), assume X and Z to be numerical, and E(Y 2), E(X?), E(Z?) < .

> Exercise 11-3 Prove Equations (11.16) and (11.17).

> Exercise 11-4 Show that R2

f1¢ = Corr 1Y, E(Y|6)]%

> Exercise 11-5 Prove the rules of Box 11.2.

> Exercise 11-6 Show: If Y is a dichotomous random variable on (Q, o/, P) with values 0
and 1, and we assume P(X=x) >0, then Var(Y | X=x) = P(Y=1|X=x)-[1-P(Y=1|X=x)].
Furthermore, if P(X=x;),P(X=x2) >0, P(Y=1|X=x1) # P(Y=1|X=x») and P(Y=1|X=x;)
#1—-P(Y=1|X=x,), then Var(Y|X=x;) # Var (Y| X=x,).

> Exercise 11-7 Show that Equation (11.51) holds for Corr (Y1, Y2; 6).

> Exercise 11-8 Prove Equation (11.52).

Solutions

> Solution 11-1 (i) This rule directly follows from Theorem 10.9 (ii) and Proposition
(2.36).

(i) This rule directly follows from the definition € := Y — E(Y|%¥) and the assumption
that Y and E(Y|%€) are real-valued.

)

()
Il

= Y-EYI|¥) [Box 11.1 (i)]

Y-Y =0 Y = E(Y|6)]

(vi) This rule can be derived as follows:

E(e|%60) = E[Y-E(Y|€)|%60] [def. of €]
= E(Y|€60)—E[E(Y|€)|€60] [Box 10.1 (xvi)]
= E(Y|60)—E(Y|%0) [Box 10.1 (v)]
= 0.

(iii) This rule is a special case of Rule (vi) for 6, = {Q, D}.

(vii) This rule is a special case of Rule (vi) for 6y :=c(W)c¥.

(viii) Note that E(Y?) < co implies E[E(Y|%)?] < co [see Box 10.1 (xi)], which in turn
implies E(%) < oo (see Rem. 7.1).

Cov(e,W) = E(e-W)—E(e)- E(W) [Box 7.1 ()]
= E(-W)-0 [Box 11.1 (iii)]
= E[E(e-W|[¥F)] [Box 10.1 (v)]
= E[W-E(e|¥)] [Box 10.1 (xiv)]
= E(W-0) [Box 11.1 (vi)]

E©) = 0. [Box 6.1 (i)]
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The second equation of (viii) following from Box 6.2 (i).

(iv)
Var(Y) = Var[E(Y|¥€)+¢€) [Box 11.1 (ii)]
= Var[E(Y|€)]+ Var(e)+2-Cov [E(Y|¥),¢€] [Box 7.1 (viii)]
= Var|E(Y|¥€6)] + Var(g). [Box 11.1 (viii)]

In the last equation we used the fact that E(Y |%) is € -measurable, thus taking the role of
W in Rule (viii) of Box 11.1.
(ix) Note that E(Y?) < oo implies E[E(Y|%)?] < oo [see Box 10.1 (xi)]. Hence,

Cov(W,Y) = Cov[W,E(Y|€) +¢] [Box 11.1 (ii)]
= Cov[W,E(Y|€)]+ Cov(W,¢) [Box 7.1 (ix)]
= Cov[W,E(Y|¥€6)]+0. [Box 11.1 (viii)]

> Solution 11-2 E(Y|X,Z2) = E(Y|¥€¢) with € := 0(X, Z). Hence, X and Z are both €¢-
measurable [see Eq. (2.17)] and Rule (viii) of Box 11.1 applies if we assume E(Y?), E(X?),
E(Z%) < oo0.

> Solution 11-3 Assume that Var(X), Var(Y) > 0. Then

Cov(X,Y) = Cov(X,Bo+P1X+¢) [(11.15), (11.1), (10.1)]

By Var(X). [Box 7.1 (ii), (iii), (iv)]

Dividing both sides by Var (X) yields Equation (11.16). Now

%, = 7‘/”‘/[2(5/';0] [(11.13)]
_ Var(otpiX) [(11.15)]
Var(Y)
pvar(X) o
= T(Y) [Box 6.2 (ii), (iii)]
(Cov (X’Y))ZVar(X)
- L Var [(11.16)]
Var(Y)
_ Cov(X,Y)?
" Var(X)-Var(Y)
= Corr(X,Y)2 [(7.17)]

If Var(Y) =0, then R12/|X = Corr (X,Y) = 0 by the definitions of the two terms. If Var(X) =
0,Var(Y) > 0, then Corr(X,Y) = 0 by definition and Var[E(Y|X)] = Var(Bo + 1 X) =
ﬁf Var(X) =0, and Equation (11.13) implies Rlz, =0 as well. Hence, in both cases Equa-
tion (11.17) holds.

| X

> Solution 11-4 Assume that Var(Y), Var[E(Y|%)] > 0. Then
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Corr (Y, E(Y|6)] = — vV EQT%)] [(7.17)]
SD(Y)-SDIE(Y|€)]
_ VarlE(Y|€))
"~ SD(Y)-SDIE(Y|€)]
_ SDIE(Y|€)]-SDIE(Y|€)]
- SD(Y)-SD[E(Y|€¥)]
_ SDIE(Y|€)]
T SD(Y)

[Box 10.1 (xii)]

Squaring both sides and inserting the definition of R}, ., yields R, = Corr[Y, E(Y|6)]°.
If Var(Y) = 0, then Corr[Y,E(Y|%)]* = 0 = R, by the definitions of Corr [V, E(Y|€)]
and R}, .. If Var[E(Y|€)] = 0, then Corr[Y, E(Y|€)]? = 0 by definition of Corr[Y, E(Y|€)],
and Rlz,‘(g =0, either because Var[E(Y|€)] =0, or, if Var(Y) =0, by definition of R12/I<€'
> Solution 11-5 (i) If 6y < €, then E(Y>|%6)) is € -measurable. Therefore, Box 10.1 (xiv)
yields

E[Y1-E(Y21%0) | €] = E(Y1]6)-E(Y2|%0).

(i)
Cov(11,Ys |6)
= Ele1-€21€) [(11.33)]
= E(lYi-EM116)]-[Y2 - E(Y2|6)]|€6) (def. of &;]
= E[V1-Ys = Y1-E(Y2|€) - E(V1|€)- Y2 + E(Y1|6)-E(Y2|€6) | €]
s EM-Y21€) - E[Y1-E(Y219)|€] - E[E(V1]96)- Y2 €]
+ E[EMN|€)-E(Y2|€)|€] [Box 10.1 (xvi)]
= E(Y;-Y216) - EMV116)-E(Y216). [Box 11.2 ()]
(iif)
Cov (1,82 |6) S E(e1-€2|6) — E(e116)-E(e2|6) [Box 11.2 (ii)]
7 Ele1-e21¢) [Box 11.1 (vi)]
= Cov(Y1,Y216). [(11.33)]
(iv)
Cov(Y1,Y26) = E(Y1-Y2|6) = E(V1|€)-E(Y2|6) [Box 11.2 (ii)]
= E(@Y2|6) - a E(Y2[6) [V = &, Box 10.1 (i)]
= aE(Y2|€) — a E(Y2|6) = 0. [Box 10.1 (ii)]
)
Cov(a+Y1,p+ Y [6)
= E([a+ i ~Ela+ Y 16)] - [B+ Yo ~EB + Y2 [6)] )cg) [(11.33)]
= E([n-Ewi 1)) [ Y2 ~E(Y, [6)] j%) [Box 10.1 (ii)]
= Ele1-€116) [def. of g;]

Cov (Y1, Y2 [6). [(11.33)]
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(vi)
Cov(a Y1,P Y2 |6)
= E[[a Yi-E@Y1[6)]-[p Y2 —EP Y2 16)] )35) [(11.33)]
= E([a i~ EM )] - [B-[¥2 — E(Y2 |€)]] (%) [Box 10.1 (ii)]
= E(ae;-Pexlb) [def. of €;]
> aP E(e;-€216) [Box 10.1 (iii)]
= af Cov(h,Ys |6). [(11.33)]
(vii)
Cov(11,Y2160) 3 Ele1-£21%0) [(11.33)]
= E[E(e1-£21%) | %0] [Box 10.1 (V)]
= E[Cov(Y1,Y; )| 6]- [(11.33)]
(viii)
E[Cov (Y1, Y2|€)] = E[E(e; -£216)] [(11.33)]
= E(e1-€2) [Box 10.1 (iv)]
= Cov(€y,€2). [Box 7.1 (i), Box 11.1 (iii)]
(ix)
Cov (Y1, Y2) = Cov(E(Y1|€)+e1, E(Y2|€) +é2) [Box 11.1 (ii)]
= Cov(E(V11€), E(Y2|€)) + Cov (E(Y1|6),€2)
+ Cov (&1, E(Y2|€)) + Cov (€1, €2) [Box 7.1 (ix)]
= Cov(E(V116),E(Y2|€)) + Cov (€1, €2). [Box 11.1 (viii)]
)
Cov(e1, W|%60) E(le1 — E(e11%60)] - [W — E(W |60)]| 6) [(11.33)]
= E(e1-[W - E(W %) | %) [€o =€, Box 11.1 (vi)]
H E(e1-W—¢1-E(W |%60) |(50)
= E(e1-W|%0) — E(e1- E(W |%0) | 60) [Box 10.1 (xvi)]
= E(e1- W [6) — E(e1160) - E(W |6o) [Box 10.1 (xiv)]
= E(e;-W|%). [Box 11.1 (vi)]
(xi)
Cov (g1, W|6) E(e1-W|¥). [Box11.2 x)]

E(e|€6)- W [o(W) <%, Box 10.1 (xiv)]
0. [Box 11.1 (vi)]

oI o=l sl

(xii)
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Cov (Y1, W |€6)

= E[[YI—E(Y1|<¢€)]-[W—E(W|<g)])<g) [(11.33)]
= E(—EM|6) |€)-(W-EW|%¥)) [0(W) €€, Box 10.1 (xiv)]
> 0. [Box 11.1 (vi)]

(xiii) For i = 1,2, consider the residual of W; - Y; with respect to its €-conditional ex-
pectation,

Wi Y; —EWi-Y; |6) = Wi Yy - WiE(Y; |%) = Wi [Yi— B 1)) = Wie.

This equation implies
Cov(Wy-Y1, W2 Y2 [6) 7 E(Wy-€1- W2 £216) [(11.33)]
> Wi-Wy-E(€1-€2|%6) [Box 10.1 (xiv)]
= Wy- Wy Cov (Y1, Y2 |6). [(11.33)]

(xiv) Define

g = Y;—-E(Y;|€), i=1,..,n, and §;:= Z;-EY;|¥), j=1,...,m.
Then
n n n
> Y - E Zam'% = ) oY —E(Yi|€)] [Box 10.1 (xvi)]
i=1 i=1 i=1
n
= ) i,
i=1
and, analogously,

€

2 BiZj - E(Z BiZj
j=1 j=1

m
= 2 Bjoj.
j=1

a a)-(z 5151)
i=1 i=1

‘

«iB; E(ei-6;1€) [Box 10.1 (xvi)]

Hence,
n m
Cov O(in', Z ﬁij
i=1 j=1

€ E

it

Cgl [(11.33)]

m
2 ifj€id;
j=

M=

wll

Sl
M=
™s L

1

I

—
[

I

1|
M=
Mz

;B Cov (Yi, Z; 16). [(11.33)]
1j=1

Il
~
Il

(xv)

Cov(14,1p1€) E(4151€)-E(14l€6)-E(1|€) [Box 11.2 (ii)]

P(ANB|€)—-P(A|€)-P(B|¥). [(1.32), (10.2)]

|l
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> Solution 11-6 If P(X=x) > 0, then (11.48) and Remark 10.35 imply
Var(Y|X=x) = P(Y=1|X=x)-[1-P(Y=1|X=x)].
Using some algebra shows that this equation implies
Var (Y| X=x1) # Var(Y| X=x3),

provided that P(X=x;), P(X=x2) >0, P(Y=1|X=x;) # P(Y=1|X=xp),and P(Y=1|X=x;) #
1-P(Y=1|X=x).
> Solution 11-7 Because E(Y;|%) and E(Y,|%¥) are €-measurable, Rule (ix) of Box 11.1
implies
Cov[Y1,E(Y2]|6)] = Cov[E(Y1|6),E(Y2|€)] = Cov[Ys, E(Y1]|6)].
Therefore,
Cov (€1, €2)
= Cov[Y1 —-E(1h|¥), Y2 —E(Y2|6)]
= Cov (Y1, Y2) + Cov [E(Y1|€), E(Y2|€)] —

Cov (11, E(Y2|€)] - Cov|[Yz, E(Y1|€)] [Box 7.1 (ix)]
= Cov (Y1, Y2) — Cov [E(V1€), E(Y2]€6)]
=8D(\1)-SD(Y2) - Corr (Y1, Y2) = Cov [E(Y11€6), E(Y2]6)] ((7.17)]

Cov[E(Y116),E(Y2|€6)]
SD(Y1)-SD(Y2)
Cov[E(Y1|6),E(Y2|6)]

Corr (Y1,Y2) — Ry, | Ry,|¢ SDIE(Y11€)] - SDIE(Y,|€)] ((11.21)]

=S8D(Y1)-SD(Y2) - | Corr (Y1, Y2) —

=S8D(Y1)-SD(Y2)-

=S8D(Y7)-SD(Y>)- [Corr(Yl, Y,) —Ry1|chy2‘<g -Corr [E(Y11€6),E(Y |<€)]] .

Furthermore, fori = 1,2,

SD(g;) = \/Var(ei) = \/Var(Yi)—Var[E(Yil%)] [Box 11.1 (iv)]
= \/Var(Yi)—Var(Yi)-Rlz/il(g = \/Var(Y,-)-(l—Rf,M) [(11.9)]

p— s ). —_ 2
= SD(Y))-\/1-R2 .0

which implies

SD(e1)- SD(g3) = SD(Yl)-SD(Yz)-\/l—Rf/l‘(g-\/1—R§2|<€.

Using these results, Definition (11.49) yields

Cov (€1,¢€3)
SD(g1) - SD(g2)

_ SD(Y1)~SD(Y2)-[Corr(Yl,Yz)—Ry1|<gRy2‘<g~C0rr[E(Y1|‘€),E(Y2|<€)]]
SD(Y1)-SD(Y2)-\/1-RZ -\ /1-RE,
_ COIT(YI,YZ)—Ryl‘cg'RYZFg -Corr [E(Y1]€6),E(Y2]€6)]

\/1—312,1'%) . \/1—312,2‘%

Corr (Y1,Y,;€) := Corr (€1,€2) =

)

which is Equation (11.51).
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> Solution 11-8 We have already proven Equation (11.51) and we assume that, fori = 1,2,
the conditional expectations E(Y; | X) have linear parametrizations with nonzero slopes
and that Corr (Y;, X)? < 1. Hence, there are Bio, Pi1 €R, i =1,2, such that

EMIX) 5 Pro+PpuX and  E(V21X) 5 Pao+P2arX,  Pu1, P21 #0.

Therefore,

EMIX) = ap+ mE(,1X), with o =Pro—Pa- 2L and @y =P

B21 PBor”
Furthermore, B;; # 0, Corr(Y;,X)%? <1,i=1,2, and Equations (7.17) and (11.16) imply
0 < Corr (Y3, X) 2 < 1. Now we consider two cases.

Case 1: The slopes 11 and B2 have identical signs. Then a; > 0 and the correlations
Corr (Y1, X), Corr (Y2, X) have identical signs as well [see (11.16)], and

Ry, xRy, x = Corr(Y1,X)-Corr (Y2, X)

[see Eq. (11.23)] and Corr[E(Y11X), E(Y2|X)] =1 [see Cor. 7.22]. This implies that Equa-
tion (11.51) simplifies to

Corr (Y1, Ys) — Corr (Y1,X) - Corr (Y2, X
Corr (Y1,Yy: X) = orr(Y1,Y2) orr (Y1, X) - Corr (Y2, X)

\/1—Corr(Y1,X)2 . \/l—Corr(Yg,X)2

Case 2: The slopes f1; and P2; have different signs. Then a; < 0 and the correlations
Corr (Y1,X), Corr (Y2, X) have different signs as well [see (11.16)]. In this case, the same
equation holds, because Ry,|x 'Ry, x = —Corr (Y1, X) - Corr (Y2,X) [see Eq. (11.23)] and,
according to Corollary 7.22, Corr [E(Y1|X),E(Y2|X)] = -1.






Chapter 12
Linear Regression

In chapter 10, we introduced the general concepts of a conditional expectation
and a regression, and in chapter 11 we treated the residual with respect to a con-
ditional expectation, the concepts of a conditional variance, a conditional covari-
ance, and a partial correlation. Now we turn to parametrizations of a conditional
expectation. A parametrization serves to describe a conditional expectation with
a few parameters (real numbers). Oftentimes these parameters have important
substantive meanings. We treat a linear parametrization of a conditional expec-
tation, which is also called the linear regression, if it is uniquely defined. We start
with the basic ideas, present the definitions, treat some examples, consider the
relationship between a linear regression and a linear quasi-regression, and deal
with uniqueness of a linear parametrization and the identification of the regres-
sion coefficients. Finally, we present a theorem on the invariance of regression
coefficients and a theorem on the existence of a linear regression if the regres-
sand and the regressors have a joint multivariate normal distribution.

12.1 Basic Ideas

Consider the random variables X: (Q, </, P) — (R, %) and Y: (Q, </, P) — (R, %),
and let Y be nonnegative or with finite expectation. Furthermore, let € < </ be a
o-algebra and assume that X is €-measurable. Now assume that there is a real-
valued version E(Y|%) of the ¢-conditional expectation of Y and coefficients
Bo,P1 € R such that

E(Y|€) = Po+P1X. (12.1)
Then we call the function g: R — R defined by
g(x) := Po+P1x, VxeR, 12.2)

a linear parametrization of E(Y|%€). This definition implies g(X) € &(Y|¥),
where g(X) denotes the composition of X and g.

If € = o(X), then a function g: R — R satisfying E(Y|€) = E(Y|X) = g(X)
always exists (see Rem. 10.3 and Cor. 10.23). However, g is not necessarily a linear
function. Hence, even if € = o(X), a linear parametrizationof E(Y|€) = E(Y|X)
does not necessarily exist. Yet, if we assume that
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(a) Equations (12.1) and (12.2) hold, and
(b) the variance of X is positive and finite,

then E(Y|X) and g, and therefore, the coefficients f, and £;, are uniquely de-
fined. Under the assumptions (a) and (b), the function g is also called the linear
regression of Y on X and the numbers 3, and 3, are called regression coefficients.

Remark 12.1 (Composition of X and a Linear Function) Because the condition-
al expectation E(Y|¥) is a function with domain Q, strictly speaking, it is not
a linear function itself. Assuming that Equation (12.1) holds and saying that
E(Y|¥) is a linear function of X we mean that E(Y|€¢) is the composition of the
random variable X: (Q, ¢4, P) — (R, 28) and the linear function g: R — R satisfy-
ing (12.2). This is why g and not E(Y|%€) itself is called a linear parametrization
and a linear regression if the assumptions (a) and (b) hold. <

Remark 12.2 (Estimation) Although estimation is beyond the scope of this book,
it is worthwhile noting that estimation is one of the reasons why a parametriza-
tion is useful. The definition of a concrete version of a conditional expectation
E(Y| X) requires that we know for all w € Q which values E(Y| X)(w) are assigned
to w. In empirical applications, these values are often unknown, i.e., we do not
know which concrete number E(Y|X)(w) is assigned to a concrete w. In these
cases estimating the values of the conditional expectation may be an issue. In
particular, if Equations (12.1) and (12.2) hold and the variance of X is positive
and finite, then the coefficients 3, and ; —and with them E(Y|X) = ¢+ X —
can be computed from estimable quantities such as the variance of X and the
expectations and the covariance of X and Y. In this case, estimation of the values
of E(Y|X) is relatively simple because the variance of X and the expectations and
the covariance of X and Y can be estimated in a data sample. <

Example 12.3 (Joe and Ann With Self-Selection - continued) Table 12.1 shows
nine random variables, the first five of which may be called observable (or mani-
fest), whereas the last four are unobservable (or latent). The difference between
the two kinds of random variables is that, in empirical applications, the val-
ues of the conditional expectations, the unobservable random variables, are un-
known parameters that we might wish to estimate in a sample. These parame-
ters can be computed from the joint distributions of the random variables in-
volved. In this fictitious example, the information about the joint distribution of
the random variables U, X, and Y is contained in the second column of the ta-
ble, whereas in empirical applications these parameters usually have to be es-
timated using a data sample. Examples in case are the conditional expectation
values E(Y|U=Joe,X=0) =.70 and E(Y|X=0) = .60. In contrast to the values of
the conditional expectations, the values of the five observables are known for
all eight possible outcomes w € Q of the random experiment. For example, if
w = (Joe,no,-), then U(w) = Joe, X(w) = 0, and Y (w) = 0, and these values are
known, because the definitions of these observables do not involve unknown pa-
rameters that depend on the joint distribution of the random variables involved.
In this example, we may consider, for instance, the conditional expectations
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Table 12.1. Joe and Ann With Self-Selection: Conditional Expectations

Outcomes ® Observables Conditional Expectations
(S} If
R T e
=) =
g 2 2 %%
- £ & & z g - =
5 = 5 3 8 B|§ o o 2
g 3 | = 3 g 8§ &5 s|= = =) I
2 5 8 |3 z 5 5 3 =858 5 = =
S &£l | 2 2 &€ 8| § & &
(Joe, no, —) 144 | Joe 1 0 0 0 70 .60 .704 .04
(Joe, no, +) 336 | Joe 1 0 0 1 70 .60 .704 .04
(Joe, yes, —) .004 | Joe 1 0 1 0| .80 .42 .704 .04
(Joe, yes, +) 016 | Joe 1 0 1 1 80 42 704 .04
(Ann, no, =) | .096 | Ann 0 1 0 O | .20 .60 .352 .76
(Ann, no, +) | .024 | Ann 0 1 0 1 |.20 .60 .352 .76
(Ann, yes, —) 228 | Ann 0 1 1 0 40 42 352 .76
(Ann, yes, +) 152 | Ann O 1 1 1 40 42 352 .76

Note. The probabilities of the elementary events are fictive

and

E(Y|X,U) = .20+.20- X +.50- 1y joe —.10- X - Ly— e

E(Y|X) = .60 -.18- X,

E(Y|U) = .352+-.352 Ly=joe,

349

(12.3)

(12.4)

(12.5)

The computation of the parameters of these equations is illustrated in Examples

12.16 and 12.23.

12.2 Assumptions and Definitions

<

In this section we often refer to the following assumptions and the following no-

tation.

Notation and Assumptions 12.4
Y:(Q, 4 P)— (R,B) and X = (Xi,...,X,): (Q, <, P) — (R" 8B,) are random
variables, where Y is nonnegative or has a finite expectation E(Y). Further-

more, 6 c &f is a o-algebra and X is € -measurable.
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Referring to these assumptions we define a linear parametrization as follows:

Definition 12.5 (Linear Parametrization)
Let the assumptions 12.4 hold and let By, 1, -..,pn €R. Ifthereis areal-valued
version E(Y|€) € (Y |€) such that

n
E(Y|€) = Bo+ ) B:i Xi, (12.6)
i=1
then the function g: R" — R defined by

n
g(x) :=Po+ ) Pixi, Vx=(xy,...,X) ER?, 12.7)
i=1

iscalleda linear parametrization of E(Y|€).

Note that, even if it exists, then a linear parametrization of E(Y|%¥) is not
uniquely defined unless additional assumptions hold (see Example 12.9). Unique-
ness of a linear parametrization is treated in Corollary 12.30.

Remark 12.6 (Another Notation) If 0(X) = %6, then Equation (12.6) is equivalent
to

n
EYIX) = Bo+ ) Bi Xi. (12.8)
i=1

<

Remark 12.7 (X-Conditional Mean Independence) Equation (12.6) implies o (X)

c € and that Y is X-conditionally mean independent from € (see Def. 10.44). If

0 (X) # 6, then this conditional mean independence is nontrivial (see Rem. 10.46).
<

Remark 12.8 (Other Versions and Other Factorizations) Note thatalinear para-
metrization g of the conditional expectation E(Y|%) is a factorization of E(Y| X),
i.e, E(Y|X) = g(X) is the composition of X and g (see section 10.4). Also note
that there may be other factorizations g* of E(Y|X) and versions in V*e &(Y|%€)
that do not satisfy Equations (12.6) and (12.7), respectively. However, according
to Theorem 10.9 (ii), Equation (12.6) implies

n
Vi=PBo+) BiXi, VYV eEYIF). (12.9)
i=1

Furthermore, if g, g* are factorizations of versions V,V* € &(Y| X), respectively,
then

g" 58 (12.10)

(see Cor. 10.29). <
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Example 12.9 (Constant Regressor) Suppose that E(Y|¥4) = g(X) = Po + 1 X
and X is a constant function such that, for all w € Q, X(w) = o, a € R. Then
Var(X)=0and g,g": R — R defined by

VxeR: gx) = Po+Prx and g"(x) = Bo—-yO)+P1+Y)x, 0#YER,

are two linear parametrizations that differ from each other but satisfy g(X) =
g*(X) = E(Y| X). This example shows that a linear parametrization g is not uniquely
defined unless additional assumptions hold. <

Remark 12.10 (Other Linear Parametrizations) Remember that E(Y|X) is just
a simplified notation for E(Y|%¥¢) with ¢ = o(X). Hence, if Z = (Z},..., Z,): Q —
IR™ is an m-variate random variable on (Q, < P), and o(Z) = ¥, then for one
and the same version E(Y|¥) € £(Y|¥) there may be another parametrization
f:R™ — R with coefficients vy, Y1,..., Ym € R satisfying

m
f(@ =Yoo+ Y Yizi, Yz=(21,...,2m) ER™. (12.11)
i=1

In other words, one and the same version E(Y|¥€) € £(Y|¥) may have several
linear parametrizations such as f and g with different regression coefficients vy,

Yi,---»Ym € R and Py,P1,...,Pn € R pertaining to different random variables Z =
(Z1,...,Zp) and X = (X3, ..., X;,), respectively. <

Remark 12.11 (Conditional Expectation Values) If g is a linear parametrization
of E(Y|X) satisfying Equation (12.7), then, according to Definition 10.33,

E(Y|X=x) = E(Y|X;=x1,..., Xp=X3)

12.12
g(x) = Po+Prx1+...+Puxn, Vx=(x1,...,%x,) ER". ¢ )

Note that another factorization g* of E(Y|X) might yield other conditional ex-
pectation values E(Y|X=x). <

Remark 12.12 (Px-Equivalence of Different Parametrizations) If g,g* are fac-
torizations of versions V, V* € £(Y|X), then, according to Equation (12.10),

g(x) = g*(x), for Py-almost all x € R", (12.13)

[see Eq. (10.26)]. <

12.3 Examples
Example 12.13 (Univariate Real-Valued X) If X: (Q, «, P) — (R, %) and
E(Y|X) = Po+P1 X, (12.14)

then the function g: R — R defined by
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gx) = Po+P1x, x€R, (12.15)

is a linear parametrization of E(Y|X). If 0 < Var(X) < oo, then g is uniquely de-
fined and also called the simple linear regression of Y on X (see Cor. 12.30 and
Rem. 12.33). <

Example 12.14 (Intercept and Slope) If E(Y|X) = +p; X, then
Bo = E(Y|X=0). (12.16)

Furthermore, if x1, x, € R and x, > x;, then

1
pr = [E(Y|X=x,) - E(Y|X=x,)] (12.17)
Xo— X

[see Exercise 7-4 and Eq. (12.12)]. Equation (12.17) yields
f)l = E(Y|X=x2) - E(Y|X=x1), ifo—xl =1. (1218)

This justifies calling p, the intercept and p, the slope of E(Y| X), respectively (see
Fig. 7.3). Note that these equations also apply if P(X=0) = P(X=x;) = P(X=x,) =
0. They even apply if 0, x1, x, € X(Q). <

Example 12.15 (Dichotomous Regressor) If X is dichotomous with values 0 and
1 (see Def. 5.10), then there is always a version E(Y|X) € £(Y|X) such that

E(Y|X) = Po+P1X (12.19)

with
Bo = E(Y|X=0), (12.20)

and
P = E(Y|X=1)-E(Y|X=0) (12.21)
(for a proof see Th. 12.36). <

Example 12.16 (Joe and Ann With Self-Selection - continued) Inthe example of
Table 12.1,

E(Y|X) = .60 — .18 X, (12.22)

and the function g: R — R defined by g(x) = Bo+p1 x, x € R, isalinear parametri-
zation of E(Y'| X).
The intercept is most easily obtained via Equation (12.20):

Bo = E(Y|X=0) = P(Y=1|X=0)
P(Y=1,X=0) _ 336 +.024 _ 60 (12.23)
P(X=0)  .144+.336+.096+.024

The slope is obtained via Equation (12.21):
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P

E(Y|X=1) — E(Y|X=0) = P(Y=1|X=1) - P(Y=1|X=0)

_ P(Y=1,X=1)

T P(X=1)
.016+.152

= - .60 = 42 - .60 = —-.18.
.004 +.016 +.228 +.152

— P(Y=1]X=0) (12.24)

<

Example 12.17 (Dichotomous Regressor — continued) Continue Example 12.15
and define the random variable Z: (Q,«/, P) — (R,28) by Z :=2X —1. Then Z is
dichotomous with values —1 and 1, and

VweQ: X(w)=0< Z(w)=-1 and Xw) =1 < Z(w) =1.

Note that 0(Z) = o(X) holds for the o-algebras generated by X and Z. Because
X=3(Z+1),

E(Y]X) = Po+p1X = 50+%‘(Z+1) = 50+%+%-Z = E(Y|Z). (12.25)
the function g*: R — R defined by g*(z) = ap + a; 2z, z € R, is a linear parame-
trization of E(Y| X), where

oy = Po + % = E(Y|X=0) + E(Y|X:1);E(Y|X:O)
(12.26)
_ E(Y|X=1)+E(Y|X=0)
- 2
and
a = E _ E(YlX:l)—E(YIX:O)‘ (12.27)
2 2
Note that 1
{X=1} = {E(Z+l):1} = {Z=1},
(12.28)

(X=0} = {%(Z+1):0} = (Z=—1}.

Because X and Z are dichotomous with positive probabilities for both of their
values, Equation (12.28) and E(Y|X=x) = E(Y|{X=x}) [see Eq. (9.6)] imply

E(Y|Z=1)+E(Y|Z=-1)

o = ; (12.29)
E(Y|Z=1)-E(Y|Z=-1
o = LXIZ=D 5 v ). (12.30)

Comparing Equations (12.26) and (12.27) to Equations (12.20) and (12.21) shows
that the meaning of the regression coefficients depends on the choice of the par-
ticular parametrization. <
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Example 12.18 (Joe and Ann With Self-Selection—continued) Using the results
of Example 12.16 as well as Equations (12.25) to (12.27) yields

42 +.60 .42 -.60
E(Y|X) = E(Y|Z) = 2 + 2 = .51 —.09-Z. (12.31)

Note again that E(Y|X) and E(Y|Z) are only different notations for a version of
&(Y|¥),where € = 0(X) =0(Z) and that g: R — R defined by g(x) =.60—-.18-x,
xeR,and g*: R — R defined by g*(z) =.51-.09-z, z€ R, are two different linear
parametrizations of one and the same version E(Y|€) € §(Y|¥6). <

Example 12.19 (Quadratic Function) Let X;: (Q, <, P) — (R, %) be areal-valued
random variable, let X, := Xlz, X :=(X3,X,), and assume that there is a version
E(Y|X)e &(Y|X) with
E(Y|X) = Bo+P1 X1 +P2 X2 (12.32)
Then the function g: R? — R defined by
g(x) = Po+Pixi +Pox2, x=(x1,%) ER?, (12.33)
is a linear parametrization of E(Y| X). <
Example 12.20 (Logarithmic Function) Consider Z: (Q,«, P) — (R, %), a real-
valued and positive random variable, define X :=In Z, and assume that there is a
version E(Y|X) € £(Y|X) with
E(Y|X) = ﬁ0+ﬁlan = ﬁ0+ﬁ1X. (1234)
Then the function g: R — R defined by
gx)=Po+P1x, xeR, (12.35)
is a linear parametrization of E(Y|X). Note that the definition of X implies that
there is also a version E(Y|Z) € §(Y|Z) with E(Y|Z) = E(Y|X), because o(X) =
o(Z) (see Exercise 12-1). <
Example 12.21 (Two Regressors) If X;: (Q,«/, P)— (R,%), i = 1,2, are univari-
ate real-valued random variables, X := (Xj, X,), and there is a version E(Y|X) €

&(Y|X) with
E(Y1X) = Po+P1 X1 +P2 X, (12.36)

then the function g: R? — R defined by
g(x) = Po+Pr1x+P2xz, x=(x1, %) ER, (12.37)

is a linear parametrization of E(Y| X). <
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Example 12.22 (Two Regressors and Their Product) Let X;: (Q, </, P) — (R, %),
i = 1,2, be univariate real-valued random variables, define X; := X;-X, and
X := (X1, X5, X3), and assume that there is a version E(Y | X) € &(Y| X) with

E(Y|X) = Bo+P1 X1 +P2Xo+Ps X1 - Xo. (12.38)

Then the function g: R® — R defined by
g(x) = Po+Prx1 +Poxo+Ps X3, V= (x1,%,x3) ER?, (12.39)
is a linear parametrization of E(Y| X). <

Example 12.23 (Joe and Ann With Self-Selection - continued) Consider the ran-
dom variables X and 1y- . specified in Table 12.1 and define Z := (Z,, Z,, Z3) :=
(X, Ly=joe, X - Ly=joe)- Then

E(Y|Z) = Po+P1- X +P2-Ly=joe + B3 X Lu=joe, (12.40)
and the function g: R® — R defined by
g(2)=.20+.20-2; +.50-2,—.10- 23, Vz=(z1,2,23) eRS,

is a linear parametrization of E(Y | Z).
The coefficients ¢ to 3 in Equation (12.40) are most easily obtained as fol-
lows. Table 12.1 and Equation (12.40) yield:

Bo = E(Y|Z,=0,2,=0,73=0) = P(Y=1|X=0,U=Ann) = .20,

Bo+P1 = E(Y|Z1=1,2,=0,7;=0) = P(Y=1|X=1,U=Ann) = .40,

Bo+P2 = E(Y|Z,=0,Z,=1,73=0) = P(Y=1|X=0,U=Joe) = .70,
Bo+P1+P2+Ps = E(Y|Z1=1,Z,=1,Zs=1) = P(Y=1|X=1,U=Joe) = .80.

Solving these equations for the four coefficients and inserting them into Equation
(12.40) yields

E(Y|Z) = 20+.20- X +.50- 1y joe — .10 X - 1y joe. (12.41)

In this example, 0(Z) = (X, U) and Z(Q) = {0, 133, According to Remark 10.16,
this implies E(Y|Z) = E(Y|X,U) and that the function g is also a linear para-
metrization of E(Y| X, U). <

Remark 12.24 (Generalizing the Examples) Generalizing the Examples 12.19 to
12.23, let Z: (Q, o, P)— (Q, «/7) be a (univariate or multivariate) random vari-
able. For i =1,...,n, let h;: (Q}, <) — (R,28) be measurable functions, define
X;:=h;(Z2),and X := (X],..., X,,). If there is a version E(Y| X) € £(Y| X) such that

E(Y1X) = Bo+ ) Pihi(2), (12.42)

i=1
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then g: R” — R defined by

gx) = Po+ Y Pixi, Yx=(x,...,x,) ER", (12.43)

i=1

is a linear parametrization of E(Y|X). Remember that o(X) < o(Z), but note that
0(X) = a(Z) does not necessarily hold. If a(X) # g(Z), then there is not neces-
sarily a version E(Y|Z) € £(Y|Z) with E(Y|Z) = E(Y|X). However, if we assume
that there is aversion E(Y|Z) € &(Y|Z) with E(Y|Z) = E(Y| X), then

n
E(Y|Z) = Bo + ) Pi hi(2). (12.44)
i=1
In this case, the function g is also a linear parametrization of E(Y|Z). <

12.4 Linear Quasi-Regression

In the following corollary Q;;,(Y]Xj,...,X,) denotes the function that has been
introduced in Definition 7.26. This corollary immediately follows from Theorem
10.26 and Definition 12.5.

Corollary 12.25 (Linear Regression and Linear Quasi-Regression)

Let the assumptions 12.4 hold and suppose that E(Y %), E(X?) <oo,i =1,...,n.
If there is a version E(Y|€) € §(Y|€6) with E(Y|€) = + Z;’Zl B; X;, where
Bo,P1,---,Pn ER, then

n
E(Y|€) = Qin(Y|Xy,...,X,) = Po +Z[’)in-. (12.45)
i=1

Hence, if E(Y|€) = fo +Z;l:1[3,- X;, then E(Y|¥¢) and Q,(Y|Xy,...,X,) =
f(X), then the composition of X and the linear quasi-regression f: R” — R (see
Def. 7.26), are identical.

Remark 12.26 (Dichotomous Regressor) If X is dichotomous with values 0 and
1 (see Def. 5.10), then E(Y|X) = Q,(Y|X). If P(X=x;) > 0 for at least three
different x; € R, then it is not necessarily true that Q,(Y|X) € &(YX). If
Quin(Y|X) ¢ £(Y|X), then there are no fo,B; € R such that the function g defined
by g(x) =Po+P1x, x €R, is alinear parametrization of a version E(Y|X) € (Y |X)
(see Example 12.40). <

Remark 12.27 (Unbounded Regressor, Dichotomous Regressand) Suppose that
X and Yarereal-valued random variables on (Q, & P), and that Y is dichotomous
with values 0 and 1. Because P(0 <Y =<1) =1, Rules (iii) and (iv) of Box 10.3 imply
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0= E(Y|X)=P(Y=1]|X) s L (12.46)

Suppose that the regressor X is not P-almost surely bounded, i. e., suppose
VceR,c>0: P(X<-c)+P(X>c) > 0. (12.47)

Then there is no linear parametrization of E(Y| X) with slope ; # 0 (see Exercise
12-2). Note that the premise (12.47) holds, e. g., if X has a normal distribution. <

Example 12.28 (No Treatment for Joe - continued) In the example presented in
Table 9.2 (p. 282),
E(Y|X) =Bo+pP1X =6-2-X (12.48)

(see Example 12.15) and
g(x) =Po+P1-x=6-2-x, VxeR, (12.49)

defines a linear parametrization g: R — R of E(Y|X). Hence, according to Re-
mark 12.11, we may define

E(Y|X=x) = gx) =.6-.2-x, VxeR, (12.50)

(see Def. 10.33). For x=0, Equation (12.50) yields E(Y|X=0) = .6, and it yields
E(Y|X=1) = .4 for x=1. Note that the definition of the conditional expecta-
tion values E(Y|X=x) for x € R \ {0,1} via Equation (12.50) is arbitrary, because
Px(X € R\{0,1}) = 0. Using any other factorization of E(Y|X) for the definition
of the conditional expectation values E(Y| X=x) for x € R\{0, 1} would do as well.

Remark 12.26 and Definition 7.26 imply that the function MSE: R? — [0, 00|
defined by

MSE (ay, @) = E(IY — (ao+ a X)1?), V(ap, a) € R?, (12.51)
has its minimum for (ay, a;) = (.6, —.2). Hence, in this example,
E(Y|X) = Qin(Y|X) = .6 -.2-X,

and the function g: R — R defined by Equation (12.49) is a linear parametriza-
tion of E(Y| X). <

12.5 Uniqueness and Identification of Regression Coefficients
In Example 12.9 we showed that a linear parametrization is not uniquely defined

unless additional assumptions hold. Such assumptions are specified in Corollary
12.30, which is uses the following notation and general assumptions:
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Notation and Assumptions 12.29

Let the assumptions 12.4 hold. Furthermore, x := [Xy,..., X,]' is the column
vector of X = (Xy,...,X,), p:= [E(X1),...,E(Xy)]" the column vector of the
expectations of Xi,..., Xy, and p = [B1,...,Pnl" a column vector of n real num-
bers.

Assuming finite second moments of Yand Xj,..., X,

2
0X1 Ox1X, o OXx1x,
2
, O Xx,X, O'X2 o Ox,x,
S = E[lx—pl [x—pl'] =
o o F
XnX1 XnXo Xn

denotes the covariance matrix of X = (Xj,..., X,,) (see section 7.4.1). Furthermore,
Zyx = [O'yxl, ooy UYX,,]

denotes the row vector of the covariances Cov(Y,X;) = oyy,, i =1,...,n, and
2,y =X, the column vector of these covariances. Remember that the notation
X =(X,,...,X,) refers to an n-variate random variable, whereas x = [X},..., X,]
denotes the row vector of the random variables Xj, ..., X),.

The following corollary immediately follows from Theorem 7.28 and Corollary
12.25. It shows how to compute (identify) the regression coefficients of a linear
parametrization of E(Y|%) and it specifies the conditions under which a linear
parametrization of E(Y|%) is uniquely defined.

Corollary 12.30 (Identification of Parameters)
Let the assumptions 12.29 hold. If there is a version E(Y|€) € §(Y|€) with

E(Y|€) = Bo+B'x = Po+ ) P:i X, (12.52)
i=1

then
Bo = E(Y) - p'p. (12.53)

If, in addition, Y and X, ..., X,, have finite second moments and the inverse
=1 exists, then
P=2. 2 (12.54)

and the linear parametrization g: R" — R of E(Y|¥) = g(X) with

n
g(x) = Po+ ) Pixi, Yx=(x,...,x,) €ER", (12.55)
i=1

is uniquely defined.
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X g (linear regression)
Q— R” > R

E(Y|X) =g(X)

Figure 12.1. E(Y| X) as the composition of X and the linear regression g

12.6 Linear Regression

The uniqueness property formulated in Corollary 12.30 allows us to define a lin-
ear regression as follows:

Definition 12.31 (Linear Regression)

Let the assumptions 12.29 hold and suppose that there is a version E(Y |¥€) €
&(Y|€6) such that Equation (12.52) holds. Furthermore, assume that Y and
Xi,..., X, have finite second moments and that the inverse Z;xl exists. Then
the function g: R" — R defined by Equation (12.55) is called the linear re-
gression of Y on X (with respect to P).

Figure 12.1 shows the conditional expectation E(Y | X) as the composition of X
and the linear regression g. Hence, while the conditional expectation E(Y|X) is
a function with domain Q and codomain R, the linear regression g is a function
with domain R"” and codomain R.

Remark 12.32 (Simple and Multiple Linear Regression) If n = 2, then the linear
regression of Y on X is also called the multiple linear regression of Y on X. The
coefficients By, B1,...,P, are called regression coefficients, and P, the intercept. If
n =1, then a linear regression of Y on X is also called a simple linear regression of
Y on X with slope p,. <

Remark 12.33 (Simple Regression as a Special Case) If n =1 and we define X :=
Xj, then Equation (12.52) can be written

E(Y|€) = Bo+p1 X. (12.56)
If Equation (12.56) holds, then there is a version E(Y|X) € (Y| X) such that
E(Y|€) = E(Y|X) = Po+P1 X = Quin(Y]X). (12.57)

Therefore, we obtain the same results for the regression coefficients that have
already been described in Theorem 7.13. In particular, Equation (12.53) yields
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Po = E(Y)—P1 E(X), (12.58)
and (12.54) implies
B, = Cov (X,Y) (12.59)
T var(x) '
If n=1and X = Xj, then 2! = [z | and the existence of the inverse X! is
equivalent to Var(X) > 0 (see Th. 7.13 and Rem. 7.24). <

In the following theorem, we consider the implications of assuming that Z =
(Y,Xi,...,X,) has an (n + 1)-variate normal distribution (see Def. 8.50).

Theorem 12.34 (Linear Parametrization and Normal Distribution)
Let the assumptions 12.29 hold and let Z = (Y, X3, ..., X,,) be an (n+1)-variate
real-valued random variable on (Q, &, P) with Z ~ N, a2, Furthermore, as-
sume that the inverse Z;xl exists. Then there is a version E(Y|X) € &(Y|X)
with

E(Y|X) = Po+p'x

such that Equations (12.53) and (12.54) hold for B, and B, respectively.

Existence is proved by Rao (1973, pp. 523, Eq. 8a.2.16) and Corollary 12.30 im-
plies that Equations (12.53) and (12.54) hold for By and § = [By,...,P.] .

12.7 Parametrizations of a Discrete Conditional Expectation

Now we consider two parametrizations of a discrete conditional expectation
E(Y|Z). In the first one, we assume that the possible values of Z are z, ..., z,.
In this parametrization the coefficients are

Po =0, P1=EY|Z=21), ..., Pn=EY|Z=2,).

Theorem 12.35 (Means as Coefficients)

Let the assumptions 12.4 hold, assume that Z: (Q, s, P)— (Q%,<47) is a dis-
crete random variable, and P(Z € {zy,...,z,}) = 1 with P(Z=z;) > 0, for all
i=1,...,n. Furthermore, define X; :=1,—,,,i=1,...,n, and X := (X,..., X,).
Then there is a version E(Y|Z) € £(Y | Z) with

n n
E(Y|Z) =) Bi-1z= =) Bi- X, (12.60)
i=1 i=1

where

pi = E(Y|Z=z), Vi=1,...,n. (12.61)
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The function g: R" — R defined by

n
gx) =0+ Pi-xi, Yx=(x1,...,%;) ER", (12.62)
i=1

is a linear parametrization of E(Y|Z). If Z(Q) = {z1,...,2,}, then V. = V* for

allV,V*e 8(Y|Z).
(Proof p. 365)

In the following theorem we present another linear parametrization of E(Y | Z),
generalizing Example 12.15. For convenience, now we assume that the possible
values of Z are zy, zy, ..., z,. In this parametrization the coefficients are

Po = E(Y|Z=2y),
Pr = E(Y|Z=2) — E(Y|Z=2,),
Pn = E(Y|Z=2,) — E(Y|Z=2,).

Theorem 12.36 (Differences Between Means as Coefficients)

Let the assumptions 12.4 hold, assume that Z: (Q, 4, P) — (Qy, <, is discrete,
P(Z €{zy,2z1,...,2n}) = 1 with P(Z=z;) >0, forall i =0,1,...,n. Furthermore,
define X; := 15, i=1,...,n, and X := (X,,...,X,). Then there is a version
E(Y|Z)e 8(Y|Z) with

n n
E(Y|Z) =Po+) PBi-lz—z; =Po+) Bi-Xis (12.63)
i=1 i=1
where
Bo = E(Y|Z=2,) (12.64)
and
B, = E(Y|Z=2z;)-E(Y|Z=2,), VYi=1,...,n. (12.65)

The function g: R" — R defined by
n
gx) = Po + ) Pi-xi, VYx=(x1,...,%;) ER", (12.66)
i=1

is a linear parametrization of E(Y | Z). If Z(Q) = {z, z1,...,2n}, then V = V*
forallV,V*e (Y| Z).
(Proof p. 365)
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Now we treat a lemma on the covariance matrix of the indicators 1,-;,; for
the values zj, zy, ..., 2, of a discrete random variable Z. Among other things this
lemma helps to prove that the covariance matrix of the indicators 1,-,,,...,1z=2,
is regular. This implies that the inverse of this covariance matrix exists so that
Corollary 12.30 can be applied.

Lemma 12.37 (Covariance Matrix of Indicators)
Let Z: (Q, s, P)— (Qy, s47) be discrete with P(Z €{zy, z1,...,2,}) =1 and p; :=
P(Z=z)>0, foralli=0,1,...,n. Then:

(i) The second moments of the indicators 1;-,,,...,1z-,, are finite, and
foralli,j=0,1,...,n,
i-A=p), ifi=j
0jj = Coy(]_Z:Zi,]_Z:zj) — {p ( pi) lfl ] (12.67)
—PiPj» ifi#j.

(ii) Foralli=1,...,n,

n
Oij;i > Z |0ij|- (12.68)
j=Lj#i
(Proof p. 366)

Remark 12.38 (Strict Diagonal Dominance) Proposition (ii) of Lemma 12.37 im-
plies that the covariance matrix of the indicators 1,-,,,...,1;=, is strictly diago-
nally dominant, i. e., it satisfies

n
loul > Y logl, Vi=1l,...,n. (12.69)
j=Lj#i

<

Remark 12.39 (Regularity of the Covariance Matrix of Indicators) According to
Corollary 5.6.17 of Horn and Johnson (1991, p. 302), (12.69) implies that the
covariance matrix of the indicators 1;-,,,...,1,-,, is regular [see Cor. 12.30].
In contrast, the covariance matrix of the indicators 1,-.,,1,=;,,...,1z=, is not
strictly diagonally dominant and it is not regular. The reason is that 1,_,, =

1- Z:’:l 1;-;;,i.e,1z-; isalinear combination of 1,_.,,...,1—; , which implies
that the covariance matrix of 1;-,,,12-,,...,12=,, is not regular (see Exercise
12-3). <

Example 12.40 (Tom, Jim, and Kate — continued) Table 5.1 displays an example
in which the treatment variable X has three values. The conditional expectation
E(Y| X) has three values as well, namely the following conditional probabilities:

(10+15+8)/99
P(Y=1|X=0) = = .55,
(10+10+5+15+12+8)/99
6+5+3)/99 —
P(Y=1|X=1) = = .583,

2+6+3+5+5+3)/99
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E(Y|X=x)
1.0
0.8
06 1 __ _——— ®———_ __

0.4

0.2

Figure 12.2. A regression with a parametrization that is linear in (X, X 2) but not
in X

and
(4+3+1)/99 —
P(Y=1|X=2) = = .533.
1+4+2+3+4+1)/99

There are several linear parametrizations of this conditional expectation. For
example, we can use the linear parametrization specified in Equation (12.33). In
this case, the coefficient 3, would inform us whether or not the conditional ex-
pectation does not only have a parametrization that is linear in (X, X 2), but also
linear in X. In this example, the function g: R — R with g(x) =0 +p1x, x€R, is
not a linear parametrization of E(Y|X), and this is illustrated in Figure 12.2 (see
Exercise 12-4). Note that X and the conditional expectation E(Y|X) = P(Y=1|X)
have only three different values.

We could also use the linear parametrizations specified in Equations (12.62)
and (12.66). In the first case, the coefficients are 0 and the conditional probabil-
ities P(Y=1|X=0), P(Y=1|X=1), P(Y=1|X=2), whereas in the second case, the
coefficients are P(Y=1|X=0), P(Y=1|X=1)-P(Y=1|X=0), and P(Y=1|X=2)-
P(Y=1|X=0). <

12.8 Invariance of Regression Coefficients

Remark 12.41 (Simple vs. Multiple Regression) Let the assumptions 12.4 hold
with n = 2 and let the second moments of Y, X;, and X, be finite. Assume that
the inverse of the covariance matrix of (X;, X,) exists and that there is a version
E(Y|X;,X,) € 8(Y]X;,X,) such that
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E(Y|X1,X2) = ﬁg + ﬁl X1 + ﬁng. (1270)
Furthermore, assume that there is a version E(Y|X;) € £(Y| X;) with
E(Y|X)) = ag + oq X;. (12.71)

Then a; = f; does not necessarily hold. <

In the following theorem we formulate a sufficient condition for a; = f; and
generalize it to the n-variate case, where n = 2. That is, instead of E(Y|X;), we
consider E(Y|Xj,...,X;,) and replace E(Y|X;, X3) by E(Y| X;,..., X,,), presuming
m<n.

Theorem 12.42 (Invariance of Regression Coefficients)
Let the assumptions 12.4 hold, let m < n, and suppose that there is a version
EY|X,,...,X,)€E&EX|X,,...,X,) such that

E(Y|X1,..., Xn) = Po + )_PiXi + Y, BiXi. (12.72)
i=1

i=m+1
If
Vi=m+1,...n: (5,:0 or E(XiIXl,...,Xm)gE(X,-)), (12.73)

then there is a version E(Y | Xy,..., X,) € 8(Y|Xy,...,X,,) such that

m
EYIX1,..., Xm) = Go+ ) o X; (12.74)
i=1
with ;
® =Po+ ), BiEX) (12.75)
i=m+1
and
a =P, Vi=l..,m. (12.76)

(Proof p. 366)

Note that E(X; | X,..., X»)
follows from

=l

E(X;), forall i =m+1,...,n, [see Eq. (12.73)]

Xl,...,Xml})LXi, Vi=m+1,...,n

[see Box 10.2 (vi)].
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12.9 Proofs

Proof of Theorem 12.35

The existence of a version E(Y| Z) satisfying (12.60) and (12.61) immediately follows from
Definition 9.13 and Remark 10.15. Note that

0(X) = 0lz=zser1z22,) € o({{Z=z;}: i=1,...,n}) = 0(2),

where X := (Xy,...,X;) = (1z=¢,,...,12=z,). This implies that the function g defined by
Equation (12.62) is a linear parametrization of E(Y | Z) with coefficients

Bo=0, P1=EY|Z=z), ..., Pn=EY|Z=z,)

(see Def. 12.5). Uniqueness is an immediate implication of Remark 10.16, provided that
Z(Q) =A{z1,...,2n}

Proof of Theorem 12.36

Let h: Q) — R be a function such that h(Z) € £(Y|Z). Then

n
hZ) = ) hzi)1z-z [(5.33)]
i=0
n
= ) E(Y|Z=zi)1z= [(10.27)]
i=0

n
E(Y|Z=20) 17z + ) E(Y|Z=2i)1z=
i=1

n n
E(Y|Z=20) = ) E(Y|Z=20)-1z=z; + ) E(Y|Z=21) 17 [(5.32)]
i=1 i=1

n
E(Y|Z=29) + Y [E(Y|Z=2))~E(Y|Z=29) |- 12,
i=1

n
60 + Z ﬁi '1Z:zl~v
i=1

~ll

where P := E(Y|Z=2p) and P; := E(Y|Z=2;)—E(Y|Z=%), for i =1,...,n. Because the
function on the right-hand side of the last equation is Z-measurable (see Rem. 2.17), it is
an elementof £(Y|2),i.e.,

n
Bo + ) PBi-lz—z; € EYI|Z).
i=1
This proves equations (12.63), (12.64), and (12.65). Note that
oX) = o({{Z=z;}: i=1,...,n}) c o({{Z=z;}:i=0,1,...,n}) € 0(2),

where X := (Xi,...,Xp) = (1z=z,,...,12=¢,). This implies that g [see Eq. (12.66)] is a lin-
ear parametrization of E(Y|Z) (see Def. 12.5). If Z(Q) = {z¢,21,...,2,}, then Remark 10.16
implies that E(Y| Z) is the only version in &(Y|2).
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Proof of Lemma 12.37

(@i). For i=j, Equation (12.67) immediately follows from Equation (6.29) for the event
A = {Z=z;}. For i # j, Equation (12.67) follows from Equation (7.13) and the fact that
P(Z=z;,Z=zj)=0if i # j. Equation (12.67) also shows that the variances and covariances
of the indicators 17=,,...,17=, are finite, which implies that their second moments are
finite as well [see Box 7.1 (i)].

(ii). This proposition can be derived as follows: Foralli =1,...,n,

o = pi-(1-pi) [(12.67) for i = j ]
n n
=pi- Y P [1-pi= ¥ »pj
j=0,j#i j=0,j#i
n
= ), PiPj*Pi'Po
Jj=1,j#i
n
= Y pipj+pi-po [p; >0,foralli=0,1,...,n]
j=Lj#i
n
> ) pipj [pi-po>0]
j=Lj#i
n
= Y |-pipjl [pipj=1-pip;l]
j=Lj#
n
= Y ol [(12.67) for i # j ]
j=Lj#
Proof of Theorem 12.42

E(Y|X1,.., Xm)

= E(E(Y|X1,..., Xn) | X100, X)) [m < n, Box10.2 (v)]
m n
= E(o+ 2 BiXi + ) BiXi le...,Xm) [(12.72)]
i=1 i=m+1
m n
=Py + E Zﬁixi‘xl,...,xm) +E( X ﬁl-Xi'Xl,...,Xm) [Box 10.2 (xvi)]
i=1 i=m+1
m n
7B+ X BiXi+ ) PiEXiIXy,., Xm) [Box 10.2 (xiv), (iii), (xvi)]
i=1 i=m+1
m n
= Po+ Y BiXi+ 3 BiEX) [(12.73)]
i=1 i=m+1
m
= ap + ZﬁiXi. [(12.75)]
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12.10 Exercises

> Exercise 12-1 Consider Example 12.20 and show that ¢(X) = a(2).

> Exercise 12-2 Show that under the assumptions made in Remark 12.27, there is no lin-
ear parametrization g with g(x) =fo +p1x, x € R, of E(Y|X) with slope 3; #0.

> Exercise 12-3 Assume Xj, X1,...,X,: (Q, P) — (R, %) are random variables with fi-
nite second moments. Show: If X, = a’x + b, where x := [X1,..., X, 1", a’ :=[ay,...,a,] e R",
and b € R, then the covariance matrix 2, of Xy, X,..., X, is singular.

> Exercise 12-4 Compute the parameters of the quadratic function displayed in Figure
12.2 using the three conditional probabilities computed in Example 12.40.

Solutions

> Solution 12-1 Because the function In:]0,c0[— R is continuous, it is (%]} oo %)-
measurable (see Klenke, 2008, Th. 1.88, p. 36). For X = In, the inverse function is X ™! =
exp. Hence, for all ¢ >0, monotonicity of X ~! = exp implies

X '(1-o0,Inc)) =10,cl.

Note that ] —oo,Inc] € 8. Define &} :={] -0, b]: b>0}. Then

oX) = X 1)
= X7 (oY) ((1.19)]
= o(X7'(6Y) (2.12)]
= o({]0,c]: ¢>0})
= B10,001 [(1.15), (1.19)]
=0o(2).

> Solution 12-2 This proposition follows from

P(X<—E—O)+P X>—1‘;j) >0, ifp1>0

Pg(X)<0] + P[g(X)>1] = ﬁl 1_“3
P(X>——0 +P{X<- °)>o, if B1 <0,

p1 [

because P[g(X)<0] + P[g(X)>1] > 0is a contradiction to (12.46).

> Solution 12-3

2
OXO OX0X1 OXoXp
2
OX1Xg 0X1 OXx X,
Zyx =
(o) (o) 0'2
XnXo XnX1 e Xn

Iy /
:E(ax E@'x)

x—E(x)

) (a’x-E@'x), x' -Ex") [Xo =a'x, (7.33)]
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a'[x—Ew)[x'-E(x"]a a'[x-E®)]x'-Ex’)]
[x-Ex)][lx' - Ex")]a [x—E®)][lx' - Ex")]

a'E([x—Ew)][x'-Ex"])a a'E([x-E®)][x'-Ex"])
E(lx—E®)][x'-Ex"])a E([x—E®)][x' - E@x"])

[Box 7.2 (iii), (V)]

. [((7.27)]

The first row of this matrix is obtained by multiplying the lower two submatrices by a’ from
the left. Hence, the first row of this variance-covariance matrix is a linear combination of
its other rows. This implies that 2, is singular.

> Solution 12-4 For x; = x and x» = x2, the parametrization g(x) = fo + P1 x1 + P2 x2 [see
Eq. (12.33)] yields
55 = Po,
ifx=0,
583 = ﬁ() +ﬁ1 +ﬁ2,
ifx=1, and
53§ = ﬁ() +ﬁ1 '2+ﬁ2~4,
if x=2. Hence, By = .55 and solving the last two equations for the remaining two unknowns
yields f; = .0750 and 2 = —.0416.



Chapter 13
Linear Logistic Regression

In chapter 12 we treated the notions of a linear parametrization of a conditional
expectation and of a linear regression. In this chapter we turn to the linear logit re-
gression, presuming that the regressand, say Y, is an indicator variable. In Remark
10.4 we noted that in this case a version E(Y |€’) of the 6 -conditional expectation
of Yis also called a version of the ¥ -conditional probability of the event {Y=1}
and that it is also denoted by P(Y=1|%). As noted in Remark 12.27, if X is a 6-
measurable real-valued random variable on (Q, <, P) and X is P-almost surely
unbounded, then there is no linear parametrization g of E(Y|6¢) = P(Y=1|¥¢) =
g(X) with a nonzero slope. However, in this case, there might be a linear logistic
parametrization.

We start with the logit transformation, define the logit of a ¢-conditional
probability P(Y=1|%), a linear logistic parametrization and then present a theo-
rem on uniqueness and the identification of the parameters. Finally, the concept
of a linear logit regression is defined.

13.1 Logit Transformation of a Conditional Probability

The general assumptions and notation are as follows:

Notation and Assumptions 13.1
LetY: (Q, <, P) — (R, 9B) be a random variable with Y = 1y_y, let€ c of bea
o-algebra, and let P(Y=1|%) € (Y=1|%¢) with 0< P(Y=1|¥¢) < 1.

Remark 13.2 (The Logit Transformation) Aversion P(Y=1|%) of the conditional
probability is P-almost surely bounded, because

P(lweQ:0< P(Y=1|€) ()< 1}) = 1 (13.1)

[see Box 10.3 (iii), (iv)]. It can be transformed using the logit transformation, i.e.,
using the function logit: ]0,1[ — R defined by

logit (p) := ln(%) = In(p) — In(-p), Vpelo1[, (13.2)

where In denotes the natural logarithm. If p represents a probability, then In (L)

1-p
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logit of p
(=]
=

Figure 13.1. Graph of the logit transformation of p

is also called the log-odds of p. Figure 13.1 shows the graph of such a logit trans-
formation. In the context of generalized linear models [see, e.g., McCullagh &
Nelder, 1989; ?, ?], this function is an example of a link function. Some algebra
yields

_expllogit(p)]

= , Vpelo,1[, 13.3
1+ expllogit(p)] pelo.dl ( )
(see Exercise 13-1). <
Definition 13.3 (Logit of P(Y=1|%))
Let the assumptions 13.1 hold. Then
. P(Y=1[|¥)
logit [P(Y=1|¥)] = In| ———— |, 13.4
ogit [P(Y=1|¢)] n(l—P(Y:1|<€)) (13.4)

is called the logit of P(Y=1|%¥).

Remark 13.4 (One-to-One Transformation) Note thatlogit [P(Y=1|%)] denotes
the composition of P(Y=1|%) and the function logit defined by Equation (13.2).
Hence, logit [P(Y=1|%)] is arandom variable on (Q, &, P). Also note that P(Y=1|%)
and its logit contain the same information, i. e., the o-algebras they generate are
identical (see Lemma 13.5). While P(Y=1|%) informs us about the likelihood
of the event {Y=1} on the probability scale with values between 0 and 1, a logit
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of P(Y=1|%¥¢) informs us about this likelihood on the log-odds scale with values
between —oo and oo [see Eq. (13.2)]. Applying the exponential function on both
sides of Equation (13.4) and rearranging terms (see Exercise 13-1) yields

exp (logit[P(Y=1|%)])

P(Y=1|¥¢) = : .
1+ exp (logit[P(Y=1|€)1)

(13.5)

Hence, P(Y=1|%) and logit [P(Y=1|%¥)] are one-to-one transformations of each
other. <

Lemma 13.5 (0-Algebra Generated by P(Y=1|%) and its Logit)
Let the assumptions 13.1 hold. Then

o[P(Y=1|%)] = o(logit [P(Y=1|%¥)]). (13.6)
(Proofp. 378)

Remark 13.6 (Motivation for Considering the Logit of P(Y=1|%¢)) Suppose that
X is a real-valued ¥ -measurable random variable on (£, </, P) and that X is not
P-almost surely bounded [see Eq. (12.47)]. Then it is still possible to assume that
there is a version P(Y=1|%) € 22(Y=1|%¢) and numbers Ay, 1; € R such that

logit [P(Y=1|€)] = Ay + 1, X. (13.7)

In contrast, assuming P(Y=1|¥¢) = 1y+ A1 X for real numbers Ap,1;, 4; # 0,
would be contradictory if X is not P-almost surely bounded. <

13.2 Linear Logistic Parametrization

Notation and Assumptions 13.7

Let Y: (Q, <, P) — (R, %) be a random variable with Y = 1y-, let € < of be
a o-algebra, and let P(Y=1|¥¢) € 2(Y=1|¥¢) with 0 < P(Y=1|€¢) < 1. Fur-
thermore, let X;: (Q, 4, P) > (R,%B), i =1,...,n, be real-valued random vari-
ables, define X := (X,...,X,): (Q,9, P) — (R", 8,), and assume that X is 6 -
measurable.

Using this notation and these assumptions a linear logistic parametrization of
a conditional probability P(Y=1|%) is now defined as follows:

Definition 13.8 (Linear Logistic Parametrization)
Let the assumptions 13.7 hold. If there are Ay, A,,...,A, € R and a version
P(Y=1|€¢) € 22(Y=1|€) such that
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exp(Ao+X7 A Xi)

P(Y=1|¥¢) = 5 13.8
( I€) 1+exp(/10+2;‘:1/1iX,-) ( )
then the function g: R" — [0, 1] satisfying
exp(Ao+ X, i x;)
= = , VxeR", 13.9
8 = oot s by O E (439
iscalled a linear logistic parametrization of P(Y=1|%).
If € = 0(X), then Equation (13.8) is equivalent to
exp(lo+ X7 A X))
py=11x) = — Dot 2 i X (13.10)

l+exp(Aog+ X i X))

Remark 13.9 (Univariate Real-Valued X) If Equation (13.8) holds for n =1, then
there is a version P(Y=1|X) € 22(Y=1| X) such that

eXp(/lo +AIX)

P(Y:1|Cg) = P(Y:1|X) = 1+eXp(Ao+f)1X)

(13.11)
In Example 17.80 we present a sufficient condition of Equation (13.11) related to
the normal distribution. <

Remark 13.10 (Conditional Probabilities) If gisalinearlogistic parametrization
of E(Y|X) satisfying Equation (13.9), then, according to Definition 10.33, we can
define

P(Y=1|X=x)

P(Y=11X1=x1,..., X =Xp)
n . .
exp(Ao+ 21, Ai x;) v (13.12)
1 +exp(/10 +Z;l:1 ﬂ,i X;i)

glx) =

This definition is convenient, but note that another factorization g* of P(Y=1|X)
might yield other conditional probabilities P(Y=1|X=x) for values x of X with
P(X=x) = 0. However, according to Equation (12.10), if g, g* are factorizations of
two versions V,V* € 22(Y=1|X), then g(x) = g*(x), for Px-almost all x € R” [see
Eq. (12.13)]. Q

Remark 13.11 (Meaning of Coefficients) Figure 13.2 displays the graphs of lo-
gistic transformations in which the logits of P(Y=1|X) are linear functions A, +
A1 X. As is easily seen,

Ao exp(0) 1 1

P(Y:I‘X:——) - _ _ L
M) T Trexp(® 141 2

This equation shows that x = —% is the point on the x-axis at which the con-
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P(Y=1|X=x)

A

1.0 +

Adp=-3, 11 =-15

Figure 13.2. Graphs of three logistic functions

ditional probability P(Y=1|X=x) is .5. Furthermore, the derivative of the linear
parametrization g with respect to x is
d exp(lo+1;x) A1 exp(Ap+ A1 x)

d
L o= 2 = : (13.13)
dx § dx 1+exp(Ao+A1x) (1+exp(/10+/11x))2

Hence, the derivative (i. e., the slope) of g at x = —% is % (see Exercise 13-2). <

Nagel: Folgenden Abschnitt eingefiigt

13.3 A Parametrization of a Discrete Conditional Probability

In Theorem 12.36 we already considered a parametrization of a discrete condi-
tional expectation E(Y|Z) in which the parameters f34,...,0, are the differences
E(Y|Z=z;) — E(Y|Z=zy), i =1,...,n. If Y is dichotomous, then there is also a
logistic parametrization of the conditional probability E(Y|Z) = P(Y=1|2).

Theorem 13.12 (Existence of the Logit Effects)

Let Y: (Q,94,P) — (R,9B) and Z: (Q, 4, P)— (QY,<4;) be random variables,
where Y = 1y-, and Z is discrete with P(Z € {zy, z1,...,2,}) = 1 and P(Z=z;),
P(Y=1|Z=z;) >0, foralli=0,1,...,n. Then P(Y=1|2) is uniquely defined
and there are coefficients Bo,P1,.-.,Bn Ao, A1,..., Ay € R such that

P(Y=1|Z) = Po + Y_Pi-1z— (13.14)
i=1
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exp[lo+ X0 Ai-1zz]

= 13.15
1+exp[Ao+ YA Lxoy; ] ( )
with
Bo = P(Y=1|Z=2z) (13.16)
exp (o)
= — = 13.1
1+ exp (1) (317
and
Bi = P(Y=1|Z=2z) — P(Y=1|Z=2)) (13.18)
exp (Ao + 1) exp (Ao) (13.19)

T lrexp(lo+ Ay 1+exp(ho)
(Proofp. 379)

Remark 13.13 (Log Odds) In terms of conditional probabilities, the logit inter-
cept can be written

P(Y=1|Z=2z))

Ao = ln[— . (13.20)
1-P(Y=1|Z=2)
Hence, Ag is the log odds of P(Y=1|Z=z%). Similarly,
P(Y=1|Z=z;
Ao+ As =1n[M . Vi=1,...,n, (13.21)
1-P(Y=1|Z=z)

[see Egs. (13.16) to (13.19) and (13.2)]. This equation shows that Ay + A; is the log
odds of P(Y=1|Z=2z;). <

Remark 13.14 (Log Odds Ratio) Equations (13.20) and (13.21) immediately im-
ply

PY=1|Z=2 P(Y=1|Z=
A = | LE=NZ=2) | m[$ (1322
1-P(Y=1|Z=z;) 1-P(Y=1|Z=2)
P(Y=1|Z=2)
_ o | Lo P(Y=11Z=2) o
h ln P(Y:]"Z:Z()) ’ Vl—l,...,n, (1323)
1-P(Y=1|Z=2)

for the logit effect ;. Hence, A;, i =1,...,n, is the difference between the log
odds of P(Y=1|Z=z;) and P(Y=1|Z=z), respectively [see Eq. (13.22)]. Equation
(13.23) shows that A; is the log odds ratio of P(Y=1|Z=z;) and P(Y=1|Z=2zy). <

Remark 13.15 (Odds Ratio) The exponential function of A; is
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P(Y=1|Z=z)
1-P(Y=1|Z=2z;)

P(Y=1Z=z,) '
1-P(Y=1|Z=2)

exp(1;) =

Vi=1,...,n. (13.24)

This equation shows that the number exp(A;) is the odds ratio of P(Y=1|Z=z;)
and P(Y=1|Z=2z). <

Remark 13.16 (Risk Ratio) Another closely related parameter is

P(Y=1|Z=z;) .
= —— Vi=1,...,n. (13.25)
P(Y=1|Z=2z)
This parameter is called the risk ratio of P(Y=1|Z=z;) and P(Y=1|Z=z). <

Remark 13.17 (Four Effect Parameters) Hence, under the assumptions of The-
orem 13.12, we may consider four different effect parameters: p;, A;, exp(A;), and
k;. They all quantify the effect of x; compared to x, on Y, each one on a different
scale. <

il Nagel

13.4 Identification of Coefficients of a Linear Logistic
Parametrization

The following theorem specifies the conditions under which a linear logit parame-
trization of P(Y=1|X) is uniquely defined.

Theorem 13.18 (Identification of Coefficients and Uniqueness)
Let the assumptions 13.7 hold and let Ay, A+, ..., A, € R. Furthermore, assume:

(a) there is a version P(Y=1|¥¢) € 22(Y=1|€¢) such that Equation (13.8)
holds,

(b) Xi,..., X, have finite second moments, and

(c) theinverse Z;xl of the covariance matrix of X = (X, ..., X,) exists.

Then, using
L := logit[P(Y=1|€)] = Ao+ A'x, (13.26)
the following two equations hold:

Ao = E(L)-A'p, (13.27)

A=Z213,, (13.28)
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where p := [E(Xy),...,E(Xy)]" and Z,; denotes the column vector of the co-
variances Cov (X;, L). The coefficients Ay and A are uniquely determined and
hence, the linear logistic parametrization g: R" — [0,1] of P(Y=1|%) satisfy-
ing (13.9) is uniquely defined.

(Proof p. 380)

Remark 13.19 (Identification vs. Estimation) Note that, for a version P(Y=1|%)
€ P(Y=1|¥), the logit of P(Y=1|%¥) is uniquely defined. This also applies to the
expectation vector p = [E(X;),..., E(X,,)], the covariance matrix X, and the co-
variance vector Z,; in Equation (13.28). This means that the coefficients of the
linear logistic parametrization are uniquely defined (or ‘identified’). Estimation
in the logistic case is more difficult as compared to the linear regression, because
L = logit[P(Y=1|%)] is a nonobservable random variable (see Rem. 12.2). For
methods of estimation, see, e. g., McCullagh and Nelder (1989). <

13.5 Linear Logistic Regression and Linear Logit Regression

The uniqueness property formulated in Theorem 13.18 allows us to define a lin-
ear logit regression as follows:

Definition 13.20 (Linear Logistic and Linear Logit Regression)

Let the assumptions 13.7 hold and suppose there are an E(Y|€) € &(Y|€6)
and Ao, Ay,...,A, € R such that Equation (13.8) holds. Furthermore, as-
sume that Y and X,...,X, have finite second moments and that the in-
verse E;xl of the covariance matrix of X = (Xy,...,X,) exists. Then the func-
tion g:R" — [0,1] defined by Equation (13.9) is called the linear logis-
tic regression or the linear inverse logit regression and the function
f:R" — R defined by

n
f) = 2A+) Aix;, VxeR", (13.29)
i=1

the linear logit regression of Y on X.

Figure 13.3 shows P(Y=1|X) as the composition of the functions introduced
above. According to this figure, P(Y=1]|X) is the composition of X and the linear
logistic regression g, which itself is the composition of the linear logit regression
f and the logistic function £ that transforms a logit into a probability.

Remark 13.21 (Simple and Multiple Linear Logistic Regression) If n =2, then a
linear logistic regression is also called a multiple linear logistic regression.If n =1,
then it is also called a simple linear logistic regression. <
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X f (linear logit regression) h (logistic function)

Q—R" > R

> [0,1]

hl (logit link function)

g = h(f) (linear logistic regression)

P(Y=1|X) = g(X) = h[f(X)] (conditional probability)

Figure 13.3. P(Y=1|X) as the composition of X, the linear logit regression f,
and the logistic function h.

Example 13.22 (Joe and Ann With Random Assignment — continued) Table 9.1
shows the random variables U, X, and Y as well as the conditional expectations
E(Y|X,U) and E(Y|X). Considering E(Y|X) = P(Y=1|X), we may write

exp(og +a; - X) N exp(—.2007 +.6061 - X)
1+exp(ag+a-X)  1+exp(—.2007 +.6061- X)

P(Y=1|X) = (13.30)

(see Exercise 13-3). Inserting the two values of X, this equation yields the proba-
bilities
P(Y=1|X)(w) = P(Y=1|X=0) = .45, forw e {X=0}
and
P(Y=1|X)(w) = P(Y=1]X=1) = .60, forwe{X=1}.
The function g: R” — [0, 1] defined by
exp(—.2007 +.6061 - x)
1 +exp(—.2007 +.6061 - x)’

gx) = VxeR,

is the linear logistic regression of Y on X.
Considering the conditional expectation E(Y|X,U) = P(Y=1|X,U) we can
write
exp (Ao +A1- X+ Az Ly—ann + A3- X - Ly=ann)
l+exp (/10 +/11 'X+/12 . 1U=Ann + /13 'X'lU:Ann)

. exp(.8473+.5390- X —2.2336 - 1 y=ann +.4418- X-1y-pnn)
T+ exp (.8473 +.5390- X —2.2336- 1 y=ann +.4418- X-Ly—ann)

P(Y=11X,U) =

(see Exercise 13-4) Inserting the two values of X and the two values of 1y_4.,,
this equation yields the four probabilities P(Y=1|X=x, U=u) listed in Table 9.1.
The function g: R?® — [0,1] defined by

exp (.8473 +.5390-x; —2.2336 - x, +.4418- x3)

, VxeR?3,
1+exp(.8473+.5390-x; —2.2336- x, +.4418- x3)

gx) =
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is the linear logistic regression of Yon X = (X3, X5, X3) = (X, Ly—ann, X - Lu=ann)-
Rearranging the equation for P(Y=1|X, U) yields

P(Y=1|X,U) = exp (Ao + A2~ Ly=ann) + (M + A3 - Ly=ann) - X)
TP Ttexp (Ao + Az Lycann) + Ay + Az Ly—amm) - X)

exp ((.8473 —2.2336 -1 y_ann) + (:5390+.4418 17 anp) - X)
Sl exp ((-8473 —2.2336 L y_ann) + (:5390+.4418 L y_ann) - X)
showing that the logit is f,(U) + f;(U) - X with logit intercept function
foU) = Ao+ A2 Ly—ann = .8473-2.2336-Ly—am

and logit effect function
fl(U) = Al + Ag . 1U:Ann = .5390+ .4418- 1U:Ann .
Note that

o) = .6061
# E[fi(U)] =.5390 +.4418 E(1y=ann) = .7599.

Hence, although X and U are independent, the slope o; of the logit in the logistic
parametrization of E(Y | X) = P(Y=1|X) is not equal to the expectation of the logit
effect function f;(U) of the logit in the logistic parametrization of E(Y|X,U) =
P(Y=1|X,U).

From a methodological point of view this means that random assignment of a
unit to one of two treatment conditions—which creates independence of a treat-
ment variable X and the person variable U—does not imply that the slope a; of
the logit in the logistic parametrization of E(Y|X) = P(Y=1|X) can be interpreted
as an average effect of treatment variable on Y [or on the logit of the linear logit
parametrization of E(Y|X)]. In examples in which f; (U) = 1, is a constant, this
implies that oy = A; does not follow from independence of X and U. In contrast,
compare the corresponding invariance property formulated in Theorem 12.42 for
a linear parametrization. <

Remark 13.23 (Existence of a Linear Logistic Regression) Here is a sufficient con-
dition for the existence of a linear logistic regression. Let X: (Q, </, P) — (R, %8)
be a continuous random variable, let A€o/ with 0 < P(A) < 1, and let Y =1,4.
Furthermore, assume that X has a normal distribution with respect to each of
the two conditional-probability measures pY=y, y=0,1, and that Var(X|Y=0) =
Var(X | Y=1). Then P(Y=1|X) has a linear logistic parametrization (for a proof
see Examples 17.80 to 17.82). <

13.6 Proofs

Proof of Lemma 13.5

Let V: (Q, < P) — (R,9%) be a version in 2(Y=1|%¥¢) with values in ]0,1[. Furthermore,
let g:10,1[— R be a continuous and strictly monotone function with g(10,1[) =R. Then
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the inverse function g_lz R —]0,1[ exists (see Ellis & Gulick, 2006, section 7.1) and it is
continuous (Ellis & Gulick, 2006, Th. 7.4, p. 436) and strictly monotone with g_l(]R) =
10,1[. Hence,

olg(V)]

=(goV) '(B) [(2.14)]
=V legTl(®) [(2.29)]
=V log™! [o({]—oo,b]: beR})] [(1.19)]

o[V'og™ ({I-00,bl: beR})] [(2.12)]
=g[V! ({] -o00,g 1 (B)]: beR})] [monotonicity, continuity]
=0 [V '({I-0ocl: c€10,1(})] [codomain of g]
=o[V'({l-oco,bl: beR})] [b<0:V ! (1-00,b])=0, b=1: V' (]-00,b]) =R]
=o[V7'({l-o00,bl: beR})] [(2.12)]
=v 18 [(1.19)]
=a(V). [(2.14)]

The result 0[g(V)] = (V) can now be applied to g = logit [see Equation (13.2)].

Proof of Theorem 13.12

By definition, P(Y=1|Z) = E(1y=1 | Z). Hence, the existence of coefficients $¢,p1,...,Pn
and a version P(Y=1|2) € 22(Y=1| Z) satisfying Equations (13.14), (13.16), and (13.18) has
already been proved in Theorem 12.36. In order to show that there are 19, 1;,...,A, satis-
fying Equation (13.15) we define

Ao = logit[P(Y=1|Z=2)], (13.31)
[see Eq. (13.2)] and
Ai = logit[P(Y=1|Z=2z;)] — logit[P(Y=1|Z=2%))], Vi=1,...,n. (13.32)

These definitions and Equation (13.3) then yield

logit[P(Y=1|Z=
P(Y=1|Z=7)) = eXp(ogl[.( Z=z0)l) __ exp(to)
1 +exp (logit[P(Y=1|Z=27)]) 1+exp(Ag)
and
logit[P(Y=1|Z=2z; .
P(Y=1|Z=2) exp (logitlP(Y=112=2)]) _ _exp(ho+ A1) Vi=1,..n.

~ 1+exp(logit[P(Y=1|Z=2z;)]) 1+exp(lo+A;)’
Hence, Equation (13.16) implies

exp (o)
= P(Y=1Z=20) = — 2,
Bo (Y=1|Z=20) T+ exp (A0)

and Equation (13.18) yields

i = P(Y=1|Z=2z;)-P(Y=1|Z=2p)
_ exp(lo+ A1) B exp (o)
1+exp(lo+A;) l+exp(dg)’

vi=1,...,n.
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Proof of Theorem 13.18
Denote x := [X1,..., Xul’, p:= [E(X1),..., E(Xp)l', A=1[A4,...,A,]', aswell as
L := logit[P(Y=1|%)] = Ao+ A'x

[see Eqgs. (13.26) and (13.5)]. Taking the expectation on both sides, using the definition of
p and rearranging yields

Ao = E(L)-A'p.
Furthermore, consider the n-dimensional covariance vector

Zaz = Ty pin'x [(13.26)]
= A [Box 7.3 (i), (iii)]

Multiplying both sides by 2 ;! yields
A=303

This equation also shows that the vector A is uniquely defined, and this implies that A is
uniquely defined as well. Uniqueness of 1y and A implies that the linear logit parametriza-
tion g satisfying Equation (13.9) is uniquely defined as well.

13.7 Exercises

> Exercise 13-1 Prove Equation (13.5).
> Exercise 13-2 Calculate the derivative (13.13).

> Exercise 13-3 Consider Example 13.22 and compute the coefficients of the linear logit
parametrization of E(Y|X).

> Exercise 13-4 Consider Example 13.22 and compute the coefficients of the linear logit
parametrization of E(Y| X, U).

Solutions

> Solution 13-1

exp(logit(p)] = exp

(5] - 25

1-p 1-p
Hence,
_r _r

p 1-p 1-p 1-p _ expllogit(p)]

+ -p p 14 P 1+expllogit(p)]”

1-p p 1-p

P=—7"=7=

=
=
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> Solution 13-2 The chain rule and the quotient rule of differential calculus yield

d d exp(lo+2A1x)
¥ " dx Trew o+ i)
_ Arexp(Ag+A41x) (1+exp(Ag +A1x)) —exp(Ao + A1 x) - Ay exp(Ag + A1 X)
- (1+exp(/10+/11x))2
_ Aexp(Ag + 41 x) (1+exp(Ao + A1 x) —exp(Ag + A1 x))
N (1+exp(/10+/11x))2
A1 exp(Ap+ A1 x)
B (1+exp(10+/11x))2.

> Solution 13-3 Inserting the value x = 0 in the equation

P(Y=1|X=x)

logit[P(Y=1|X=x)] = ln(m

) = pt+tapx

[see Egs. (13.2) and (13.12)] yields

.45
1-.45

logit[P(Y=1|X=0)] = ln( ) ~ —.2007 = o,

and inserting the value x = 1 yields

.6
logit[P(Y=1|X=1)] = ln(l—ﬁ) ~ 4055 =~ ag+0q7.

[In R these values are obtained by gl 0gi s(.45) and gl 0gi S(.60), respectively.] Solving
the last equation yields a; = .4055 — (—.2007) = .6061.
> Solution 13-4 For x; =0, x, =0, and x3 = 0, the equation

P(Y=1|X=0,U=Ann)
1-P(Y=1|X=0,U=Ann)

logit[P(Y:1|X:0,U:Ann)] = ln( ) = do+ A1 X1 +Aoxo + A3 X3

[see Egs. (13.2) and (13.12)] yields

P(Y=1|X=0,U= .
ln( ( | 0,U=Joe) ) = ln(—7) ~ —.8473 = Ay,
1-P(Y=1|X=0,U=Joe) 1-.7

for x; =1, x, =0, and x3 = 0 it yields

( P(Y=1|X=1,U=]Joe) ) ( .8 )
In =In
1-P(Y=1|X=1,U=]Joe)

u

1.3863 = /10 +A4,

for x; =0, x, =1, and x3 = 0 it yields

ln( P(Y=1|X=0,U=Ann) )_ n( 2 )
1-P(Y=1|X=0,U=Ann))

u

—1.3863 =~ Ag+ Ay,

and for x; =1, xp = 1, and x3 = 1 it yields

) ( P(Y=1|X=1,U=Ann)
n
1-P(Y=1|X=1,U=Ann)

A4
) = ln(l_ 4) ~ —.4055 ~ Ao+ A; + Ao + A3.

[In R these values are obtained by gl 0gi s(.7) to gl 0gi s(.4).] Solving the second equa-
tion yields 1, = .5390, solving the third equation yields 1, ~ —2.2336, and solving the last
one yields 13 = .4418.






Chapter 14

Conditional Expectation With Respect to a
Conditional-Probability Measure

In chapter 10 we treated the concept of a ¢-conditional expectation E(Y|%)
with respect to a probability measure P on a measurable space (Q,«/). In this
chapter we introduce the concept of a ¢ -conditional expectation E B(Y|€6) of Y
with respect to the conditional-probability measure P2 on (Q, /). A special case
with € = o(X) is the X-conditional expectation of Y with respect to P% which
is also denoted by E B(y|X). If B = {Z=z} is the event that a random variable
Z on (Q, <, P) takes on the value z and P(Z=z) > 0, then we use the notation
EZ=%(Y| X) and call it a version of the X-conditional expectation of Y with respect
to P%7%,

In empirical applications the conditional expectation EZ=?(Y| X) can be used
to describe how the conditional expectation values of Y depend on the values x
of X given that Z takes on the value z. The dependency of Y on X described by
EZ7*(Y|X) may not only differ for different values z, and z, of Z, but it may also
differ from the dependency described by the X-conditional expectation E(Y|X)
of Ywith respect to P. If, for instance, X denotes a treatment variable and Z = sex
with values m (male) and f (female), then E“="(Y|X) and E“=/(Y|X) refer to
the X-conditional expectation of Y for males and females, respectively. In a data
sample, these are the conditional expectations estimated using only the y-values
and x-values obtained within the male and female subsamples, respectively. In
contrast, EX=*(Y| Z) refers to the Z-conditional expectation of Y given treatment
x, and this is the conditional expectation estimated in the analysis of experimen-
tal or quasi-experimental data using only the y-values and z-values obtained in
treatment condition x. If the treatment variable X is dichotomous with values 0
(control) and 1 (treatment), then the difference g,(Z) := EX*}(Y|Z)- EX¥%(Y|2)
is the Z-conditional effect function of X. The values g (z) are the effects of X on
Y given the value z of Z.

14.1 Introductory Examples

Example 14.1 (Joe and Ann With Random Assignment - continued) Table 14.1
displays the random variables U, X, Y, and, among other things, the conditional
expectations E(Y| X) and E(Y| X, U). In this example, the conditional expectation
E(Y|X,U) is uniquely defined and satisfies
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Table 14.1. Joe and Ann With Random Assignment: Conditional Expectations
With Respect to PX=*

Outcomes Observables | Conditional expectations

S > S

= 5] —

2 3 2 %

= =t < =1

= s B =)
- g 2 Bl c 5 5 |8 = =
: = E iS5 _ 2% £ |E % O3
. E 8|58 E g|l=== T ¢ Z |y ¢ F
2 8 S |2 [E & 5|z 2 ¥ % = |& = =
2 = @ A =¥ H O | R 0 oY 8| 0 33| Ay oY
(Joe, no, =) | .09 | Joe O O | .7 45 4 7 8 1 15 0
(Joe, no, +) 21 | Joe O 1 7 45 4 7 .8 1 .35 0
(Joe, yes, —) 04 | Joe 1 0 8 6 4 7 .8 1 0 1
(Joe, yes, +) | .16 | Joe 1 1 | .8 .6 4 7 8 1 0 4
(Ann, no, —) 24 | Ann 0 0 2 45 4 2 4 2 4 0
(Ann, no, +) .06 | Ann O 1 2 45 4 2 4 2 .1 0
(Ann,yes,-) | 12 | Ann 1 0 | 4 .6 4 2 4 2 0 3
(Ann, yes, +) 08 | Ann 1 1 4 6 4 2 4 2 0 2

EY|IX,U) =24+ 5 1y=je +.2:X = 1-1y=jpe- X
= (2+.5-1y=joe) + (2—=.1-Ly=joe) - X (14.1)
= gU)+gU)-X.

In this equation, go(U) = .2+.5-1y=j is the U-conditional intercept function and
&) =.2-.11y-pe

is the U-conditional effect function. The effect function g;(U) is a random vari-
able on (Q, < P). It is the composition of the person variable U and a function
g1 assigning the person-specific effect to each value u of U. In this example,
the treatment effect for u = joe is g,(Joe) = .2—.1-1 = .1, and for u = Ann it is
gi(Ann)=.2-.1-0=.2.

In Theorem 15.3 we show that Equation (14.1) implies

g(U) = EX(Y|U) (14.2)
and
g (U) = EXY(YIU) - EX"(Y|U), (14.3)

where EX=*(Y|U), x = 0,1, denotes the U-conditional expectation of Y with re-
spect to the conditional-probability measure PX=*.

Furthermore, because E(1y=j.) = P(U=Joe) = .5 [see Eq. (6.4)], the expecta-
tion of the effect function is



14.1 Introductory Examples 385

Table 14.2. Joe and Ann With Self-Selection: Conditional Expectations With Re-
spect to PX=*

Outcomes @ Observables | Conditional expectations
N
; g 8 F|_ = 5 =5 ~
g S 5 gl _ 2 T 2 ERC)
E 8 |= g E g|xX X T s Fls s F
EE 8|2 | B Elzr o5 o4 L4
5 & & | & & £ O |lRm 7 ¥ ST I IV B Y Q
(Joe, no, =) | 144 | Joe 0 0 7 60 .04 7 8 1 24 0
(Joe, no, +) | 336 | Joe 0 1 7 60 .04 7 8 d 56 0
(Joe, yes, —) 004 | Joe 1 0 8 42 .04 7 .8 1 0 .01
(Joe, yes, +) | .016 | Joe 1 1 8 42 04 7 8 d 0 .04
(Ann, no, =) | .096 | Ann 0 0 2 60 76 2 4 2 16 0
(Ann, no, +) | .024 | Ann 0 1 2 60 76 2 4 2 .04 O
(Ann, yes,—) | 228 | Ann 1 0 4 42 76 2 4 o2 0 .57
(Ann, yes,+) | 152 | Ann 1 1 4 42 76 2 4 o2 0 .38

Elgi()] = E(2=.1-1y_pe) = 2—.1-E(ly—joe) = .2—.1-.5 = .15.  (14.4)

For simplicity, this expectation is also called the average treatment effect. In this
example, E[g;(U)] is also the slope of X in the equation

E(Y|X) = 45+.15-X. (14.5)

From a methodological point of view, note that in this example the function
g1(U) and its expectation E[g; (U)] have a causal interpretation as a U-condition-
al effect function and the average effect of the treatment. Furthermore, the slope
of X in Equation (14.5) is also identical to the average causal effect of the treat-
ment variable X. As shown in Corollary 15.21, this follows from independence of
X and U [see the column headed P(X=1|U) in Table 14.1]. In empirical appli-
cations, independence of X and U is created by randomly assigning the drawn
person to treatment x with identical probabilities for all persons. <

Example 14.2 (Joe and Ann With Self-Selection — continued) Table 14.2 shows
another example with Joe and Ann. In this example, the drawn person is not
randomly assigned to one of the treatment conditions. Instead, assignment is
by self-selection into one of the treatment conditions with the person-specific
probabilities displayed in the column headed P(X=1|U). Equation (14.1) still
holds for E(Y|X,U). Therefore, the conditional treatment effect for u = Joe is
again g;(Joe) = .1, and for u = Ann it is g,(Ann) = .2. Furthermore, because
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P(U=Joe) = .5 still holds, the average treatment effect is again E[g;(U)] = .15. In
contrast to Example 14.1, E[g;(U)] is not identical to the slope of X in the equa-
tion

E(Y|X) = .60 —.18- X. (14.6)
Obviously, now the slope —.18 has no causal interpretation. This slope would
be extremely misleading if used for the evaluation of the treatment. While the
function g;(U) and its expectation E[g;(U)] can still be causally interpreted as
a U-conditional effect function and the average effect of the treatment, respec-
tively, the slope of X in Equation (14.6) does not have a causal meaning. In this
example, X and U are not independent because the conditional probabilities
P(X=1|U=u) do depend on the values u of the person variable U. <

Example 14.3 (No Treatment for Joe — continued) Table 14.3 displays a third ex-
ample with Joe and Ann. Now the conditional expectations E(Y | X) and E(Y | X, U)
are still well-defined (see Exercises 14-1 to 14-3). However, in this example, there
are infinitely many versions of this conditional expectation. In Table 9.2 we al-
ready specified a version V € £(Y'| X, U) with

V(w) =0, if we{(oe,yes,-),Joe,yes,+)},

and in Example 10.19 we noted that assigning any other real number instead
would do as well. For instance, assigning

V¥w) =9, if we{(oe,yes,-),Joe,yes, +)},

we define a second version V* € &(Y|X,U), provided, of course, that the other
values are assigned as in Table 9.2. In Example 10.19 we also noted that two ver-
sions V and V* of E(Y| X, U) are P-equivalent.

In this example, there are also infinitely many versions of the U-conditional
effect function. In contrast to different versions of E(Y | X, U), different versions of
the U-conditional effect function are not necessarily P-equivalent. For instance,
if we consider the version V € &(Y|X,U) specified above, then the associated
effect function g; (U) has the two values

g1(Joe) = 0—-.696 = —.696 and g1 (Ann) = .40-.20 = .20,

whereas considering the version V*e€ &(Y| X, U) specified above, the associated
effect function g; (U) has the two values

gr Joe) = 9—.696 = 8.304 and g/ (Ann) = .40-.20 = .20.

Furthermore, the expectations of different versions of the effect function also
differ from each other. The expectation of g, (U) is

Elg(U)] = —.696-.5 + .20- -5 = —.448,
whereas the expectation of g/ (U) is

Elg; (U)] = 8.304-.5 + .20-—5 = 4.05.
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Table 14.3. No Treatment for Joe: Conditional Expectations With Respect to

PX:x
Outcomes ® Observables Conditional expectations
gL 3
5 ©§ 2 =
2 £ 3 3
S & g S
- £ z £ |- = 5 5| = ~
g . S g gzl .2 % £|3 3
E 8 |2 § E s|® = T & F|& F
Ef |2 |8 £ 8| = o5 & A& A
5 H o | A A& B O |/ S S N A &
(Joe, no, =) | 152 | Joe 0 0 [ 696 .6 0 696 9 245 0
(Joe, no, +) | 348 | Joe 0 1 696 6 0 696 9 | 561 0
(Joe, yes, —) 0 Joe 1 0 9 4 0 .696 9 0 0
(Joe, yes, +) 0 Joe 1 1 9 4 0 696 9 0 0
(Ann,no, =) | .096 | Ann 0 0 [ .2 6 76 2 4 | 155 0
(Ann, no, +) | .024 | Ann 0 1 2 6 76 2 4 1.039 0
(Ann, yes,—=) | 228 | Ann 1 0 4 4 76 2 4 0 .6
(Ann, yes,+) | 152 | Ann 1 1 4 4 76 2 4 0 4

Remark 14.4 (Methodological Conclusions) Obviously, the notions effect func-
tion, conditional effects, and average effects are crucial for the evaluation of treat-
ments, interventions, and expositions. This does not only apply to U-conditional
effects, but also to conditioning on other variables, say Z, such as Z = gender,
Z = severity of symptoms, Z = educational status, etc. However, although a con-
ditional expectation E(Y| X, Z) is uniquely defined up to P-equivalence, consid-
ering a dichotomous treatment variable X with values 0 and 1 neither guarantees
that the effect function g; (Z) is uniquely defined up to P-equivalence nor that the
expectation of g;(Z) is identical for different versions of the effect function. This
suggests that we need to learn more about the effect function and its components
EX=*(Y|U) [see Eq. (14.3)]. In more general terms, we need to learn more about
a conditional expectation with respect to a conditional-probability measure. <

14.2 Assumptions and Definitions

In section 4.2 we considered a probability space (Q, o/ P) and an event B € <« with
P(B) > 0. According to Theorem 4.23, the function P?: o — [0,1] defined by

P(AnB)

B _ —
P”(A) = P(AIB) = PB)

, VAed, (14.7)
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is a probability measure on (Q, &), called the B-conditional-probability measure.
We also noted that (Q, of, P?) is a probability space sharing the measurable space
(Q, «/) with the original probability space (Q, «, P).

In section 9.1 we used the conditional-probability measure P in order to in-
troduce the B-conditional expectation

E(Y|B) = EE(V) =dePB, (14.8)

assuming P(B) > 0 [see Eq. (9.2)] and that the expectation of Y with respect to
P38 exists (see Def. 6.1), i. e., that Yis quasi-integrable with respect to P35 (see Def.
3.28). Hence, E(Y|B) denotes the B-conditional expectation of Y and, by defini-
tion, it is identical to the expectation E2(Y) of Y with respect to P2 If Z is a ran-
dom variable on (Q, <, P) and B = {Z=2z} = {w € Q: Z(w) = z} with P(Z=z) > 0,
then we use the notation E4=?(Y) and

E(Y|Z=2z) = EF7*(Y) (14.9)

instead of EB(Y) as well as PZ~% instead of P2 Note, however, that E(Y|Z=z) is
also defined if P(Z=z) = 0. [For the definition see Eq. (10.27) and for uniqueness
see Rem. 10.28.]

14.2.1 Conditional Expectation With Respect to a
Conditional-Probability Measure

In this section, we often refer to the following assumptions and notation:

Notation and Assumptions 14.5

Y: (Q,< P) — (R, ) is a random variable, B € «f with P(B) >0, € c o/ a
o-algebra, and P8 is defined by Equation (14.7). Furthermore, Y is nonnega-
tive or such that EB(Y) is finite.

Remark 14.6 (Finite Expectation With Respect to P®) If Y is a random variable
with finite expectation E(Y), then E B(Y) is finite, too (see Exercise 14-4). In con-
trast, finiteness of EZ(Y) does not imply that E(Y) is finite. <

Reading the following definition, note that V, X, Y are random variables on the
probability space (Q, «, P) if and only if they are random variables on (Q, </, PB,
provided, of course, that P(B) > 0 so that P38 is defined (see Exercise 14-5). Also
remember that g (V) = V ~1(%) denotes the o-algebra generated by the random
variable V: (Q, <, P) — (R, %) (see section 2.3.2).

Definition 14.7 (¢-Conditional Expectation With Respect to P5)

Let the assumptions 14.5 hold. A random variable V: (Q, <, P) — (R, B) is
called a version of the €-conditional expectation of Y with respect to
P8, if the following two conditions hold:
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(@) (V) c €.
() EB(1:-V) = EB1:-Y), VCe%.

If V satisfies (a) and (b), then we also use the notation E(Y|€):= V.

According to Equation (6.1), condition (b) of this definition is equivalent to
flc-VdPB = flC~YdPB, VCeéb. (14.10)

This equation shows more clearly how the measure P? is involved in the defini-
tion of EB(Y|%6).

Remark 14.8 (Existence and Uniqueness) Obviously, the definition of E By|6)
is analog to the definition of a version of a 6-conditional expectation E(Y|¥)
(see Def. 10.2). The only difference is that, instead of referring to P, now we re-
fer to the conditional-probability measure P® defined by Equation (14.7). Hence,
Theorem 10.9 (i) implies that, under the assumptions of Definition 14.7, there
exists at least one version E?(Y|%). Furthermore, Theorem 10.9 (ii) implies that
two versions V and V* of the €-conditional expectation of Y with respect to P2
are PE-equivalent. In other words, EZ(Y|€) is PZ-unique (see Rem. 10.11). <

Remark 14.9 (Set of all Versions of the ¢ -Conditional PB-Expectation) The no-
tation EB(Y|€) refers to a version of the 6-conditional expectation of Y with re-
spect to PZ. In contrast, the set of all random variables V on (Q, «, P) that satisfy
conditions (a) and (b) of Definition 14.7 is denoted by &2 (Y|%). Hence, we can
write EB(Y|€) € £5(Y|6) (see also Exercise 14-6). <

Remark 14.10 (E2(Y|%) is not Necessarily P-Unique) Although E2(Y|%)is P2-
unique, it is not necessarily P-unique (see Rem. 10.11). In section 14.4 we present
necessary and sufficient conditions for P-uniqueness of E2(Y|%), a property that
has important implications (see, e. g., section 14.4.4 and Box 14.1). <

Remark 14.11 (Properties of E5(Y|%€)) Because EZ(Y|%) is a conditional ex-
pectation, the properties that have been treated in detail in chapters 10 to 11
analogously also apply to EB(Y|€). We simply have to exchange the probability
measure P by P5, the expectation E(-) by E5(-), the variance Var(-) by Var3(-),
and the covariance Cov (-, -) by CovB(-, ). <

Remark 14.12 (Existence of a Real-Valued Version E5(Y|%)) Box10.1 (x) imme-
diately yields: If the assumptions 14.5 hold and E B(Y) is finite, then there is a
real-valued version V € &8(Y|€). <

Remark 14.13 (¥- Conditional Probability With Respect to P?) Letthe assump-
tions 14.5 hold and let A € «/. Then we call

PBA|€¢) = EB(141€) (14.11)

a version of the €-conditional probability of A with respect to P2 Correspond-
ingly, 28(A|€) denotes the set of all these versions PE(A|¥€). <
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Now we adapt notation and terminology of a 6 -conditional expectation with
respect to a conditional-probability measure to the case in which the o-algebra €
is generated by a random variable.

Definition 14.14 (X-Conditional Expectation With Respect to P?)
Let the assumptions 14.5 hold and assume that X: (Q, <4, P) — (Qx, <fy) is a
random variable. Then we define:

EP(Y|X) := EP (Y] 0(X)), (14.12)

and call it a version of the X-conditional expectation of Y with re-
spect to PE.

Correspondingly, we use &B(Y|X) to denote the set of all versions of the X-
conditional expectation of Y with respect to P2,

Remark 14.15 ( X- Conditional Probability of an Event With Respect to PZ) If
A€o, then
PBAIX) := EB(141X) (14.13)

is called a version of the X -conditional expectation of A with respect to P®, and
28(A|X) denotes the set of all these versions. <

If B is the event {Z=2z} = {w € Q: Z(w) = z} that a random variable Z takes on
the value z, then we adapt the notation and the terminology correspondingly.

Notation and Assumptions 14.16

Y:(Q, 4 P) — (R, %) and Z: (Q, o4, P)— (Q, o4}) are random variables and
€ < o is a o-algebra. Furthermore, z € Q; with P(Z=z) > 0 and P%* := P58
with B = {Z=z}, and Y is nonnegative or such that E=*(Y) := E3(Y) is finite.

Remark 14.17 (Conditional Expectation With Respect to P?~%) Let the assump-
tions 14.16 hold. Then we define

E“7*(Y|€) := E¥2(Y|¥) (14.14)

and call it a version of the € - conditional expectation of Y with respect to PZ=% The
measure P#=* is defined by Equation (14.7) with B = {Z=z}. Correspondingly,
&%=%(Y|€) denotes the set of all versions of the €-conditional expectation of Y
with respect to PZ=%, <

Remark 14.18 (¢-Conditional Probability With Respect to PZ=?) Correspon-
dingly, for A € of we define PZ=*(A|€) := E¥7*(14|€), a version of the € -condi-
tional probability of the event A with respect to the measure PZ=%, and we use
P2=%(A|€) to denote the family of all versions of the €-conditional probability
of the event A with respect to the measure P%=%. <



14.2 Assumptions and Definitions 391

In the next definition we additionally consider a random variable X and use it
such that o(X) takes the role of the g-algebra 6.

Notation and Assumptions 14.19

X: (Q, &, P)— (Qk, ), Y: (Q, 4, P) — (R, B), and Z: (Q, <4, P) — (QL, ) are
random variables. Furthermore, z € Q) with P(Z=z) >0, and P?=% := P8 with
B ={Z=z}. Finally, Y is nonnegative or such that E*=*(Y) is finite.

Under these assumptions and using this notation we define an X-conditional
expectation with respect to a (Z=z)-conditional probability measure as follows:

Definition 14.20 ( X- Conditional Expectation With Respect to PZ=%)
Let the assumptions 14.19 hold. Then

EZ*(Y|X) := E¥?(Y]o(X)), (14.15)

is called a version of the X-conditional expectation of Y with re-
spect to P,

Again note the distinction between a version E Z=2(Y|X) and &£7%(Y | X), the
family of all versions of the X-conditional expectation of ¥ with respect to PZ=%,
Of course, what has been said in Remark 14.11 about the properties of a ¢ -con-
ditional expectation with respect to P2 applies to EZ=*(Y | X) as well.

Remark 14.21 ( X-Conditional Probability With Respect to P?=?) Correspon-
dingly, for A €./ we define PZ=*(A|X) := EZ7#(1,|X), a version of the X-condi-
tional probability of the event A with respect to the measure P#=%, and we use
%7%(A| X) to denote the family of all these versions. <

Remark 14.22 (Rules of Computation) The rules of computation for conditional
expectations E(Y|%¥) with respect to a probability measure P analogously hold
for conditional expectation E2(Y|%) with respect to a conditional-probability
measure P5. For example, according to Rule (iv) of Box 10.1,

EBIEB(Y|€¥)] = EB(Y). (14.16)
Similarly, according to Rule (iii) of Box 10.1,

E8-Y|¥) = o-EB(Y|€), aeR. (14.17)

We simply have to exchange the notation E(-), which refers to the measure P,
by E B(.y referring to the conditional-probability measure P8 and, of course, ex-
change P by P2 <

In the following theorem we extend Equation (14.17) showing how to deal with
a 6-conditional expectation with respect to PZ=% of f(Z)-Y.
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Theorem 14.23 (Regressand f(2) - Y) _
Let the assumptions 14.16 hold. If f : (Qf, «42) — (R, %) is a measurable func-
tion and f(z) € R, then

E7If(2)-YI€] = f()-E7F(YI6). (14.18)
(Proof p. 409)

Remark 14.24 (Two Special Cases) For the constant Y =1, Rule (i) of Box 10.1
yields EZ:Z(YI%)P = 1 Therefore, Equation (14.18) implies

Z=

EZFIf(DI€] =, [ (14.19)

Another special case of Equation (14.18) is
EZf(2) = f(a), (14.20)
which follows from Remark 10.5 and (14.19) for € = {Q, @}. <

Remark 14.25 (Two Probability Spaces) There are also some properties of a con-
ditional expectation EB(Y|%) that are related to the fact that two probability
spaces, (2, P) and (Q, o, P5), are involved. By definition, a version of the condi-
tional expectation E B(y|€) with respect to P8 is a random variable on the prob-
ability space (Q, <7, P®). Therefore, it is also a random variable on (Q, </, P). How-
ever, different elements of £2(Y|%) are not necessarily P-equivalent; they are
necessarily equivalent only with respect to P2 Hence, if V,V* € &8(Y|€), then
the expectations E(V) and E(V*) with respect to P may differ from each other,
whereas EB(V) and EB(V*) are necessarily identical. These issues are treated in
detail in section 14.4.2. <

14.2.2 Partial Conditional Expectation

Now we introduce the concept of a partial conditional expectation using a factor-
ization of a version g(X,Z) = E(Y|X,Z) € £(Y|X,Z). We show how this concept
is related to a conditional expectation with respect to a conditional probability
measure. In Definition 14.26 we refer to the functions g,: Q% — R that, for all
z € Qf, are defined by

g.(x) = g(x,2), VxeQk. (14.21)

Referring to the concept of an (X=x, Z=z)-conditional expectation value intro-
duced in Definition 10.33, we can write

g.(x) = g(x,2) = E(Y|X=x,Z=2), VY(x,2)e€QkxQ}. (14.22)

In Equations (14.21) to (14.23) we do not assume P(Z=z) > 0.



14.2 Assumptions and Definitions 393

Definition 14.26 (Partial Conditional Expectation)

LetX: (Q, o, P) — (Qk, <#), Y: (Q, <4, P) — (R, %B), and Z: (Q, <4, P) — (Ql, <1}
be random variables and assume that Y is nonnegative or with finite ex-
pectation E(Y). Furthermore, let g(X,Z) = E(Y|X,Z) € §(Y|X,Z) and, for
z€Qf, let the function g,, be defined by Equation (14.21). Then the function
E(Y|X,Z=z): Q — R defined by

E(Y|X,Z=2) = g,(X) (14.23)

is called a version of the partial (X,Z=z)-conditional expectation
of Y (with respect to P).

To emphasize, for each z € QY, the function E(Y| X, Z=z) denotes the compo-
sition of X and g.. Hence, for each z € Q7 it is a random variable on (Q, o/ P) that
is X-measurable (see Lemma 2.52). In Theorem 14.29 we show that E(Y | X, Z=2)
is a version of the conditional expectation of ¥ on X with respect to P%=%, pro-
vided that P(Z=2z) > 0.

Remark 14.27 (Partial Conditional Probability) If Yis dichotomous with values
0 and 1, then we also use the notation E(Y| X, Z=z) := P(Y=1|X, Z=z) and call it
the partial (X, Z=z)-conditional probability of the event {Y=1} — or simply of
Y=1— (with respect to P). <
Remark 14.28 (Discrete Z) Under the assumptions of Definition 14.26, suppose
that Z: (Q, o, P)— (QL, «/7) is discrete and Z(Q) < Q is finite or countable with
{z}e o} forall ze Z(Q). Then

E(Y|X,Z) = Z EY|X,Z=2)1,-, (14.24)
z€Z(Q)

holds for the specific version E(Y | X, Z) that is used in Definition 14.26 (see Exer-
cise 14-7). Furthermore,

V= Z E(Y|X,Z=2)1;-,, VVe&(YI|XZ). (14.25)
zeZ(Q)

<

Theorem 14.29 (Relationship Between E(Y| X, Z=z) and EZ=*(Y| X))
Let the assumptions of Definition 14.26 hold and suppose that z € Q) with
P(Z=z) >0. Then

E(Y|X,Z=z) € &“7%(Y|X), (14.26)

and therefore

E(Y|X,Z=2) = EZ7(Y|X), VEZ*Y|X) e &% 4(Y|X). (14.27)
P (Proof p. 409)
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Remark 14.30 (An Immediate Implication) Ifthe assumptions of Theorem 14.29
hold and if Z is discrete with P(Z € Q}) =1 and P(Z=z) > 0 for all z € Q}, then

V= Z EZ4(Y|X) 1y, VYV €&(Y|X,Z). (14.28)

!
z€Qy

14.2.3 Examples

Example 14.31 (Joe and Ann With Self-Selection-continued) We continue Ex-
ample 14.2 illustrating how to compute EX=° (Y|U) and E*=} (Y| U), which, in this
example, are both uniquely defined. First we compute the probabilities of the el-
ementary events with respect to the measures P*=° and P*!, and then specify
E*¥%(Y|U) and E*='(Y|U).

Enumerating the eight elementary events {w;} to {wg} from top to bottom of
the first column of Table 14.2, the probabilities of these elementary events with
respect to P*=% can be computed as follows:

PX0(w,h) = PXO({(Joe, no, =)} = P[{(Joe, no, =)} N {X=01}]

P(X=0)
_ PliUoe, no, -)}1 _ 144 o
- P(X=0) T 144+ .336+.096+.024

For the elementary event {w,} we obtain

Pl{(Joe, no, +)} n{X=0}]

X=0 _ X=0 _
P77 ({wo}) = P [{(Joe, no, +)}] = POX=0)
_ Pl{Uoe, no, +)}] _ 336 _ 56
- P(X=0) T 144+ .336+.096+.024

For {ws} we obtain

P[{(Ann, no, -)} n{X=0}]

X=0 _ pX=0 N =
P7 " ({ws}) = P [{(Ann, no, -)}] PX=0)
_ Pl(Ann, no, )}l _ .096 _ s
B P(X=0) © 144+ 336+.096+.024
and for {wg},
X=0 o X=0 _ Pl(Ann, no, +)}n{X=0}]
P ({lwe}) = P [{(Ann, no, +)}1 = PIX=0)
_ PlU(Ann, no, ©)}1 _ 024 ~ o4
B P(X=0) T 144+ 336+.096+.024

The probabilities of the other four elementary events with respect to P*=° are
0 (see also the last but one column of Table 14.2). The probabilities of the eight
elementary events with respect to PX~! are computed analogously (see the last
column of Table 14.2).
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Now we specify the U-conditional expectation of Y with respect to P*=°. Be-
cause Y is an indicator variable with values 0 and 1, the conditional expectation
EX=%(Y| U) can also be denoted by PX=°(Y=1|U) [see Eq. (14.13)]. It has two dif-
ferent values, one for U(w) = Joe and one for U(w) = Ann. These values can be
computed as follows:

_ PX0(Y=1,U= Joe .56
PX¥EYY=1|U= Joe) = (7 Joe) _ = 7.
PX=0(U= Joe) .24+ .56
and
=0 P*=0(Y=1,U= Ann) .04
PX%y=1|U=Ann) = - = = 2.
PX=0(U= Ann) 04+ .16

The results of the corresponding computations for P*=!(Y=1|U) are displayed in
the last but two column of Table 14.2).

Note that, in this example, there is only one single element of &X=°(Y|U)
and one single element of &%= (Y| U). In contrast, in Example 14.32 there is one
single element of &X~°(Y|U), but an infinite number of different elements of
&Ny |U). <

Example 14.32 (No Treatment for Joe — continued) We continue Example 14.3.
In this example, EX=°(Y|U) is uniquely defined (see Exercise 14-8). In contrast,
this is not true for EX~1(Y|U). The probabilities of the elementary events with
respect to the measures PX=* are computed analogously to Example 14.31. The
results are displayed in the last two columns of Table 14.3.

Now we specify a version of the U-conditional expectation of Y with respect
to the measure PX=!. Because Y is an indicator variable with values 0 and 1, a
version of this conditional expectation can also be denoted by PXl(Y=1|U) [see
Eq. (14.13)]. It has two different values, one for U (w) = Joe and one for U (w) = Ann.
The latter is

P¥Y(Y=1,U=Ann) 4

PX¥YY=1|U=Ann) = - = = 4.
PX=1(U= Ann) 6+.4

In contrast, the conditional probability PX=1(Y=1|U=Joe) is undefined, because
PX1(U=Joe) = 0. Therefore, we can choose any real number as the value of
EX=1(Y|U) for w € {U=Joe} = {wy,...,w,}. For example,

V(@) 9, ifU(w)=Joe,
UJ =
! 4, ifU(w) = Ann,

[see Eq. (14.38)] defines a first element of £ (Y |U) (see Table 14.3), and

0, ifU(w)=Joe,

Vi) =
v {.4, if U(w) = Ann,

isa second element of the set £~ (Y|U). Obviously, V; and V;*are PX=l_equivalent,
because P*=1(A;) = 0, where
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A = {weQ: Vi(w) V" ()} = {w,...,04)
= {(Joe, no, -), (Joe, no, +), (Joe, yes, =), (Joe, yes, +)}.

This probability can be computed by

P¥A) = Y P¥({o) = 040+0+0 =0
WEA]

(see the last column of Table 14.3). In contrast,

P(A) = Y P({w}) =.152+.348+0+0 = .5.
weA]

Hence, the two versions V; and V;* of the U-conditional P*=!-expectation of Y
are PX!-equivalent, i.e., they are equivalent with respect to the measure PX=!,
However, the two versions are not equivalent with respect to the measure P. (This
issue will be treated in more detail in section 14.4.)

Note that the values of the conditional expectations E X=X(Y|U) are defined
for all elements w € Q and that these conditional expectations are random vari-
ables on all three probability spaces (Q, «/, P), (Q, «#, PX=), and (Q, «¢, P*!). Fur-
thermore, the values of each of the conditional expectations E X=xy|U), x=0,1,
only depend on the drawn person. This illustrates that they are measurable with
respect to U [see Def. 14.7 (b)]. <

14.3 Factorization

Let the assumptions 14.5 hold and let X: (Q, «/, P) — (QY%, «/x) be a random vari-
able. Because EB(Y|X) is measurable with respect to X, Lemma 2.52 implies that
there is a measurable function gp: (Q%, /%) — (R, ) such that

EP(Y|X) = gp(X) (14.29)
is the composition of X and gp. A function gp satisfying Equation (14.29) is called
a factorization of the version EB(Y|X) e &B(Y|X) (see also section 10.4.4).
14.3.1 Conditional Expectation Value With Respect to P®

The values of a factorization gz of E B(y|X) are called (X=x)-conditional expec-
tation values with respect to P? and they are denoted by

EB(Y|X=x) := gg(x), VxeQj (14.30)

(see Def. 10.33). Instead of E5(1,]| X=x) we also use the notation P2(A|X=x), pro-
vided that A€o
Correspondingly, under the assumptions 14.5,

EZ (Y| X=x) = gz-.(x), Y xeQk (14.31)
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and PZ7%(A| X=x) := E?7*(14] X=x) for A€ o/. Note that g, is not necessarily
identical to the function g, defined by Equation (14.21) (see Rem. 14.33 for more
details).

Remark 14.33 (Relationship Between the Functions g, and g,-,) The relation-
ship between the function g, defined by Equation (14.21) and the function g,-,
defined by Equation (14.31) is as follows:

@ g . 87 if P(Z=2z)>0
X

(i) g, =gz-.ifz€Qywith P(Z=z,X=x)>0forallx €Q}
(see Exercise 14-9). If P(Z=z) =0, then g,- is not defined. <
Remark 14.34 (Relationship Between Factorizations) Suppose that the assump-
tions 14.19 hold, where Y is nonnegative or with finite expectation E(Y). Then
Theorem 14.29 implies

E?™*(Y|X=x) = E(Y|X=x,Z=2)

- , (14.32)
E(Y|X=x,1z_,=1), for Py *-a.a.xeQy,

where E4=?(Y|X=x) and E(Y|X=x, Z=z) are the conditional expectation values
defined by (14.30), (14.31), and (10.27), respectively (see Exercise 14-10). Note
that B = {15 = 1}. Therefore, for B € «f with P(B) >0, Z = 13, and z = 1, the first of
these two equations yields

EB(Y|X=x) = E(Y|X=x,15=1), for Pf-a.a.xeQj. (14.33)

<

14.3.2 Uniqueness of Factorizations

Remark 14.35 (Uniqueness of Factorizations) For a fixed version E2(Y|X), the
factorization gz of E3(Y|X) is uniquely defined, provided that Q is identical to
the image X(Q) = {w € Q: X(w) € Qk}. If Qk # X(Q), then there can be different
factorizations of a single version E3(Y|X) (see Rem. 10.28).

If gz and g3 are factorizations of two versions V and V*of £2(Y|X), respec-
tively, then, according to Corollary 10.29,

8s = 85 (14.34)

i.e., gg and g} are P{-equivalent, where P{ denotes the probability measure on
(Q%, ox) defined by

Pi(A) = PP(XeA), V A'eh. (14.35)

Hence, because P?(X € A') is just another notation for P#[X ' (A")], P is the im-
age measure of P? under X (see Th. 2.78 and Def. 2.79). <
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Remark 14.36 (Family of Factorizations) Note the distinction between (a) a fac-
torization, i. e., arandom variable gz on the probability space (QY%, </x, P}g ), which,
for a version EB(Y|X) € £8(Y | X) satisfies Equation (14.29), and (b) the family of
factorizations, i. e., the family of random variables gz that satisfy

V 5 8s(X), VVe&B(Y|X). (14.36)
<

Remark 14.37 (Values of the X-Conditional Expectation With Respect to P%) If
P(B) >0and EB(Y|X) e £8(Y|X), then, for all x € Q%,

EBY|X)(w) = EB(Y|X=x), Vwe{X=x} (14.37)

(see Rem. 10.37). This also implies that the value of E5(Y|X) is constant on all
sets {X=x}, x € Qx. Correspondingly, if P(Z=z) >0, then, for all x € Q%,

EF*(Y|X)(w) = EF*(Y|X=x), VYwe{X=x}. (14.38)

In other words, whenever the random variable X takes on the value x, and this
is the case if w € {X=x}, then the random variable E4=%(Y | X) takes on the value
EZ7*(Y|X=x). Note that Equation (14.38) also holds if Q is finite or countable
and some w € {X=x} have probability PZ=*({w}) = 0. [As an example, consider
the values of E*=1(Y|U) for w € {(Joe, yes, —), (Joe, yes, +)} in Example 14.32.] <

14.4 Uniqueness

14.4.1 A Necessary and Sufficient Condition of Uniqueness

In Theorem 10.17 we presented a necessary and sufficient condition for unique-
ness of a conditional expectation. In the following corollary we translate this re-
sult to a conditional expectation with respect to P2,

Corollary 14.38 (Uniqueness of E By |€))
Let the assumptions 14.5 hold, let & be a finite or countable partition of Q,
and assume € = (&). ThenV = V* forall V,V* € 5(Y|€) if and only if

PBA) >0, VAeé&. (14.39)

Remark 14.39 (Values of EZ(Y|%)) In other words, under the assumptions of
Corollary 14.38, the conditional expectation EB(Y|6) is uniquely defined if and
only if (14.39) holds. Furthermore, if (14.39) holds, then

EP(Y|6) = Y EP(Y|A) 1, (14.40)
Ae&
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[see Eq. (10.14)] and
VAe&: EBY|€)w) = EB(Y|4), ifweA (14.41)

[see Eq. (14.41)]. The last equation shows that EZ(Y|€) describes how the condi-
tional expectation values E5(Y| A) depend on the events A€ &. <

The corresponding result for the X-conditional expectation EB(Y|X) of Y with
respect to P5 is as follows:

Corollary 14.40 (Uniqueness of E By | X))

Let the assumptions 14.5 hold. Furthermore, let X: (Q, <, P) — (Qx, <fx) be a
random variable such that QY% is countable, X(Q) = Qk, and <ty = P (QY%).
ThenV = V* forall V,V*e &8(Y|X) if and only if

PE(X=x) >0, VxeX(Q). (14.42)

Remark 14.41 (Values of E2(Y|X)) Hence, under the assumptions of Corollary
14.40, EB(Y|X) is uniquely defined if and only if (14.42) holds. And, if (14.42)
holds, then

EPY|X) = ) EP(Y|X=X)1x-s (14.43)
xeX(Q)
and
VxeX(Q): E5Y|X)(w) = EB(Y|X=x), ifwe{X=x}. (14.44)

This equation shows that the conditional expectation E B(Y| X) describes how the
conditional expectation values E By| X=x) depend on the values x of X. <

Example 14.42 (Joe and Ann) Applying Corollary 14.40 to the introductory Ex-
amples 14.1 and 14.2 yields that the conditional expectations E X=0(y|U) and
EXI(Y |U) are uniquely defined. Furthermore, in these two examples, the con-
ditional expectation values E X=x(y|U=u) are also uniquely defined, which fol-
lows from the fact that P*=*(U=u) > 0 for all pairs (x, «) of values of X and U.
In contrast, in Example 14.3, only EX=°(Y | U) is uniquely defined, but X! (Y |U)
is not. In fact, in this example, EX~!(Y |U) is even not P-unique, although it is
PB-unique. This issue is dealt with in section 14.4.2. <

14.4.2 Uniqueness w.r.t. P and Other Probability Measures

A conditional expectation EB(Y|%¥) is always PZ-unique (see Rem. 14.8). How-
ever, we may also ask if E5(Y|€) is Q-unique, where Q is any probability measure
on (Q,<#). This includes Q = P, but also Q = P, where C € «/ and C # B (see Re-
marks 5.13 and 5.16). If EB(Y|€) is Q-unique, then two versions V, V*e &5 (Y |€)
do not only have identical distributions, expectations, variances, etc. with respect
to PB but also with respect to Q (see Cors. 5.20 and 6.17). The following example
shows why this is of interest.



400 14 Conditional Expectation With Respect to a Conditional-Probability Measure

Example 14.43 (Pre-Post Design) Suppose that X is an indicator variable with
values 0 (control) and 1 (treatment), Y represents life satisfaction after treatment,
and Z life satisfaction before treatment. Then P-uniqueness of EX=*(Y| Z) is cru-
cial if we consider

E(YIX,Z) = &(Z)+&(2)-X
with the Z-conditional-effect function
81(Z) s EX'(Y12)-EX°(Y12),
or its expectation
Elg1(2)] = E[E*'(Y|2)]-E[E*°(Y|2)].

Furthermore, for x =0 and x = 1, we may also consider the (X=x)-conditional
expectation values of g;(Z)

Elg(Z2)|X=x] = E[E*"(Y|2)| X=x] - E[E*°(Y|2)| X=x],

the average effect of X on Y given x =0 (control) given x =1 (treatment), respec-
tively. Considering E[g; (Z)|X=x], where x=0or x=1, itis crucial that EX0%Y|2)
and EX71(Y|Z) are unique with respect to the measure PX=* for the following
reason: For x=0 or x=1, if P(X=x) > 0 and EX*(Y| Z) is P*~*-unique, then the
conditional expectation value E[E*'(Y|Z) | X=x] is identical for different ver-
sions EX7}(Y|Z) € &%°1(Y| Z). Correspondingly, for x=0 or x=1, if P(X=x) >0
and EX=°(Y|Z) is PX*-unique, then E[E*=°(Y|Z)| X=x] is identical for differ-
ent versions EX=%(Y|2Z) € £%=°(Y| Z) (see Exercise 14-11). <

14.4.3 Necessary and Sufficient Conditions of P-Uniqueness

Now we present conditions that are equivalent to P-uniqueness of EB(Y|¥). Note
that, in this theorem, we do not refer to the expectation E B(V) of V with respect
to the measure P2, but to the expectation E(V) of V with respect to P.

Theorem 14.44 (Conditions Equivalent to P-Uniqueness of EZ(Y |€6))
Let the assumptions 14.5 hold. Then the following propositions are equivalent
to each other:

(@) EB(Y|6) is P-unique.

(b) P < PB

() P(B|€) > 0.
Ifthereis aversionV € &5(Y|€) such that E(V) is finite, then (a) to (c) are also
equivalent to

(@) YV, V*e &8(Y|€): E(V)=E(V*.
(Proofp. 410)
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Remark 14.45 (Sufficient Conditions for Finiteness of E(V)) Remember, the ex-
pectation of a random variable Y exists if [Y*dP or [Y~dP are finite (see
Def. 3.28). Hence, the expectation E(V) of a version V € &B(Y|€) exists and is
finite, e. g, if one of the following conditions holds:

(a) % is afinite set and EB(Y) is finite (see Exercise 14-12),
(b) EB(Y|¥) has only a finite number of real values (see Rem. 6.5),

(c) EB(Y|¥) is P-almost surely bounded on both sides, i.e.,
JaeR: —a < EB(Y|€) s« [see Eq. (3.50)], or

(d) Y is P-almost surely bounded on both sides, i.e.,
JaeR: —a = Y sa [see Box 10.3 (vi) (viii), and (b)].

A special case of (d) is 0 % Y % o, forO<aeR.Anotheroneis Y =1,,if Aeof. <

In the following corollary we translate Theorem 14.44 to the special case of an
X-conditional expectation EB(Y'| X) with respect to P? and apply Lemma 5.25.

Corollary 14.46 (P-Uniqueness of E2(Y | X))
Let the assumptions 14.5 hold and let X: (Q, <, P) — (Qx, <) be a random
variable. Then the following propositions are equivalent to each other:

(a) EB(Y|X) is P-unique.
(b) P < P2
o (X)
(© P(B|X) > 0.
(d) Px < PE.
ez
If there is a version V € &2(Y|X) such that E(V) is finite, then (a) to (d) are
also equivalent to

(e) VYV, V*e&B(Y|X): E(V)=E(V*).

Remark 14.47 (Absolute Continuity if X is Discrete) Under the assumptions of

Corollary 14.46: If X is discrete and {x} € <#x for all x € Q%, then Px < P}f [see

14.46 (d)] is equivalent to I
VxeQk: PBX=x)=0 = PX=x)=0 (14.45)

(see Exercise 14-13). <

Example 14.48 (Joe and Ann With Random Assignment - continued) In the ex-
ample displayed in Table 14.1 (p. 384), P*=*(U=u) > 0 for all pairs of values of
X and U. This implies that the conditional expectations EX=*(Y |U) are uniquely
defined for both values of X (see Cor. 14.40), which implies that they are P-unique.
Furthermore, the expectations

EIE*(Y|U)] = Y E(Y|X=x,U=u) - P(U=u), x=0,1, (14.46)
u
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are finite. According to Remark 14.45 (b), this follows from the fact that the con-
ditional expectation values E(Y|X=x,U=u) = E X=x(y|U=u) are finite. Finally,
E(V)=E(V* = E[EX*(Y|U)], forall V,V* e £X*(Y|U) [see Cor. 14.46 (e)]. <

Example 14.49 (No Treatment for Joe - continued) Continuing Example 14.32,
consider the event

{X=1} = {(Joe, yes, ), (Joe, yes, =), (Ann, yes, =), (Ann, yes, +) |,
that the drawn person is treated and the event
{U=Joe} = {(Joe, no, -), (Joe, no, +), (Joe, yes, =), (Joe, yes, +) },

that Joe is drawn. In this example, we already computed the {X=1}-conditional
probability P*=! (U= Joe) = 0 and the (unconditional) probability P(U=Joe) = .50.
Because {U=Joe} € o(U), in this example, it is not true that P*~!(A) = 0 implies
P(A) = 0 for all A € o(U). Therefore, P < PX=! does not hold (see Def. 3.70).
Hence, Corollary 14.46 implies that the”Conditional expectation EX1(Y|U) is
not P-unique.

In Table 14.3 (p. 387), the values of EX=!(Y|U) are not uniquely defined for
all four w € {U=Joe}, because, instead of 9, we could have assigned any real
number to these four possible outcomes w. Because PX=1(U=Joe) = 0, the con-
ditional expectation E*=1(Y'|U) is well-defined. It is P*=!-unique. However, be-
cause EX=1(Y|U) is not P-unique, in this example, E(V;) = E(V;*) does not hold
for all Vi, Vi* € &X71(Y'|U). This has already been illustrated in Example 14.3. <

14.4.4 Properties Related to P -Uniqueness

Box 14.1 summarizes some important properties related to P-uniqueness (for
proofs see Exercise 14-14), some of which have already been treated and illus-
trated in section 14.4.3. In the following remarks we comment some of the impli-
cations of P-uniqueness.

Remark 14.50 (Implications of P-Uniqueness) Suppose that Y is nonnegative
or with finite expectation E(Y), that EB(Y|6) is P-unique, and C € &« with
P(C) > 0. Then, according to property (v) of Box 14.1, EB(Y|%) is also Pc-unique,
and according to property (vi) of Box 14.1, the distributions P with respect to
PC of all versions V € &3(Y|%) are identical (see Cor. 5.20). This implies, e.g.,
that the expectation EC[EB(Y|€)] of EB(Y|€) with respect to the conditional-
probability measure PC is identical for all versions V € &5(Y|€) [see Box 14.1
(vii)]. The same applies to its variance VarC[EB(Y|€)] [see Rem. 6.27 and Box 6.2
(v)] as well as to its covariance Cov  [EZ(Y|%€), W] with another random variable
W: (Q, <, P) — (R, %) [see Box 7.1 (x)], provided that this variance and this co-
variance with respect to P exist. <

Remark 14.51 (The Special Case C = Q) A special case is C = Q. Hence, under
P-uniqueness of E3(Y|%€), the following equations hold for all V, V*e &2(Y|%):
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Box14.1 P-Uniquenessof EZ(Y|%)

Let (Q, < P) be a probability space, let 6,2 c & be o-algebras, let B,C € o with
P(B), P(C) >0,andlet Y: (Q, <, P) — (R, 28) be arandom variable that is nonnegative
or with finite expectation E(Y). Then:

EB(YI%”) is P-unique :

EB(YI%”) is P-unique
EB(YI%”) is P-unique
EB(Y|6)is P-unique
EB(YI%”) is P-unique
EB(YI%”) is P-unique
EB(YI%”) is P-unique

<
<
<
=
=
=
=

YV, Ve&Bv|¥): V=V @
P« P8 (ii)
€
P(B|6) > 0 (iii)
EB(Y|2) is P-unique, if 2 <€ (iv)
EB(Y|9¥) is PC—unique )
vV, vregB(v|%): PS =PG5 (vi)
vV, V*e&Bv|6): ECV)=EC(V™). (vii)

Ifo,p eR and EB(Y|€) or EC(Y|¥€) is real-valued, then

EB(Y|€), E€(Y|%6) are P-unique = o E2(Y|%)+p EC(Y|€) is P-unique. (viii)

If X: (Q, o, P) — (Q%, /%) is a random variable, then:

VxeQ): PBX=x)>0 = EB(Y|X)is P-unique. (ix)

If gp is a factorization of EB(Y|X), then

EB(Y|X)is P-unique & gz is Px-unique. x)
Py = Py, (14.47)
E(V) = E(V", (14.48)
Var(V) = Var(Vh, (14.49)
Cov (V,W) = Cov (V' W), (14.50)

provided that these expectations, variances, and covariances with respect to the

measure P exist.

<

Remark 14.52 (Another Implication of P-Uniqueness) Let the assumptions 14.5
hold. Furthermore, let 2 c «f be a o-algebra, € < 9, C € of with P(C) >0, and
suppose that E2(Y|%€) is P¢-unique. Then

ECIEB(Y|¥)12] = EBY|¥), (14.51)

which immediately follows from Rule (vii) of Box 10.1, because, by definition,
EB(Y|%) is €¢-measurable, and because we assume %€ < 2. For the special case

C = Q, this yields
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E[EB(Y|¥) 2] = EB(Y|€6). (14.52)
<

Remark 14.53 ( Expectation of a Linear Combination) An immediate implica-
tion of Box 14.1 (viii) is:

E[a-E*(Y|€6) + B-E€(Y|6)]| = a-E[ER(Y|9)]| + B-E[E“(Y|¥)], (14.53)

provided that E3(Y|€) and E¢(Y|€) are P-unique, that E3(Y|€) or EC¢(Y|¥)
is real-valued, and the expectation E[E®(Y|%6) | or E[ E€(Y|%) ] is finite. Under
these assumptions, for all real-valued versions V3 € £3(Y|%) and Ve € (Y |¥6),

E(-Vg + B-V¢) = a-E(Vg) + p-E (Vo).
<

Example 14.54 (Joe and Ann With Self-Selection - continued) Consider again
Table 14.2 (p. 385). In this example, the U-conditional-effect function g,(U) =
EXY(Y|U)-E**°(Y|U) is a uniquely defined random variable on (Q, /, P), be-
cause EX=%(Y|U) as well as EX=}(Y|U) are uniquely defined, i. e., each of the sets
&X°(Y|U) and &*°(Y| U) has only one single element. This implies that the
average treatment effect

Elgi(U)] = E[EX' (YD) -E*X°(Y|U) ]

is uniquely defined as well. Note that the assumptions of Box 14.1 (viii) are less
restrictive, because they allow that each of the sets £*=°(Y|U) and & 7! (Y|U) has
more than one element. The requirement of Box 14.1 (viii) is not uniqueness but
only P-uniqueness.

<

Example 14.55 (No Treatment for Joe — continued) In Table 14.3 (p. 387) the set
&*=°(Y|U) has only one single element. However, & *=!(Y|U) has infinitely many
elements: Replacing the value 9 by any other real number yields a new element
of &1 (Y |U). More important, it is not true that all these elements are pairwise
P-equivalent. Hence, in this example, the U-conditional-effect function g, (U) =
EX=Y(Y|U) - EX=%(Y|U) is not P-unique. In other words, it not true that all ele-
ments of the set

Vi = Vo: Ve &Y ), ie &N (Y )}
are pairwise P-equivalent. Therefore
EWVi=Vy) = BV = V3), VYV, V5 e (YIU) and VYV, Vi e 8571 (YIU)

does not hold (see Rem. 14.53), and this means that there is no average treatment
effect in this example. <
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In the following corollary we extend Theorem 14.29, adding another assump-
tion. Remember, if assumptions 14.19 hold, then according to Theorem 14.29,

EZZZ(YIX)P;Z E(Y|X,Z=2), (14.54)

referring to the partial conditional expectation E(Y|X, Z=z) [see Def. 14.26 and
Eq. (14.32)].

Corollary 14.56 (Implications of P¢-Uniqueness of EZ=%(Y| X))
Let the assumptions 14.19 hold, where Y is nonnegative of with finite expecta-
tion E(Y), and let C € o with P(C) > 0. IfE¥*(Y | X) is PC-unique, then

EZZZ(YIX) = E(Y|X,Z=2), (14.55)
and

EZ#(Y|X=x) = E(Y|X=x,Z=2), forP)?-a.a.xEQ;’(. (14.56)
(Proofp. 411)

Remark 14.57 (Implications of P-Uniqueness of EZ=*(Y| X)) For C = Q, this cor-
ollary yields: If E Z=2(Y|X) is P-unique, then

EZZZ(YIX) = E(Y|X,Z=2), (14.57)

and
EZZZ(YIX:x) = E(Y|X=x,Z=2), forPX-a.a.x€Q§(. (14.58)
<

Now we consider the family of factorizations gz of E B (Y| X), which are defined
by Equation (14.29). Because each element of &8(Y]X) has at least one factoriza-
tion g, there is a family of factorizations, which are random variables on the
probability space (QY, <7, Px).

The next corollary immediately follows from Corollary 5.21 (i) if P¢ takes the
role of P and Py the role of Py.

Corollary 14.58 (P“-Uniqueness and P{ -Uniqueness)

Let the assumptions 14.5 hold, let X : (Q, o4, P) — (Qx, sfy) be a random vari-
able, let V = gg(X) and V* = gi(X) be two elements of &5 (Y| X), and let C € of
with P(C) > 0. Then

1% = V' o ng:; g5. (14.59)

Remark 14.59 (P-Uniqueness and Px-Uniqueness) For C = Q, Corollary 14.58
yields: If V = gz(X) and V* = g§(X) are two elements of &5 (Y| X), then
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8s(X) 7 g(X) = g 5 8- (14.60)
Note that both sides of (14.60) are not only equivalent to each other but also to
gs(x) = gp(x), for Px-a.a.xeQy, (14.61)

as well as to the propositions on the left-hand side and the right-hand side of (x)
in Box 14.1. <

Remark 14.60 (Some Formulas for the Expectation of E5(Y|X)) Suppose that
the assumptions 14.5 hold, where Y is nonnegative or with finite expectation
E(Y), and let X: (Q, <, P) — (Qk, </4) be a random variable. If EB(Y|X) is P-
unique, then, according to Equations (6.13) and (14.33),

E[EB(Y|X)] =fEB(Y|X=x) Px(dx) =fE(Y|X=x,1B=l) Px(dx). (14.62)

Furthermore, if X is discrete and Px(Q{) = 1, then

E[ER(YIX)] =fEB(Y|X=x) Px(dx) [(6.13)]
_ B — ). _
_xé(’)E (Y| X=x)-P(X=x) [(6.15)] (14.63)
=) E(Y|X=x,13=1)-P(X=x).  [(14.33)]
x596
<

Remark 14.61 (Some Formulas for the Expectation of E#=*(Y| X)) Correspond-
ingly, let the assumptions 14.19 hold, where Y'is nonnegative or with finite expec-
tation E(Y). If EZ=%(Y| X) is P-unique, then for B = {Z=2z}, Equations (14.62) and
(14.58) yield

E[E“7*(Y|X)] =fEZ=Z(Y|X=x) Px(dx) =fE(Y|X=x,Z=z) Px(dx), (14.64)
and, if X is discrete and Px(Qg) = 1, then Equations (14.63) and (14.58) yield

EIEZ(Y|X)] =fEZ:Z(Y|X=’” Px(dx)

= Z E(Y|X=x,Z=2)- P(X=Xx). (14.65)

!
XeQ

14.5 Conditional Mean Independence With Respect to PZ=>

According to the following theorem, a numerical random variable Y on (Q, «/, P)
that is nonnegative or with finite expectation E(Y) is 6-conditionally mean inde-
pendent from Z with respect to PZ=% For simplicity, we use the notation
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E**(Y|€,2) := E“*(Y|o(€u2)), (14.66)
and

E**(Y|€,Z) := E“7*(Y|ol€ ua(2)). (14.67)

Theorem 14.62 (Conditional Mean Independence)

Let the assumptions 14.5 hold, where Y is nonnegative or with finite expecta-
tion E(Y). Furthermore, let Z: (Q, <, P) — (Q%, <#7) be a random variable, and
suppose that z € Q} with P(Z=z) > 0. Then

E“*(Y|6),E(Y|€,2) € §°7*(Y|%,2),
which implies

Z= Z=

E7(Y|6,2) = E(YI€) = E(YI€,2). (14.68)
(Proof p. 411)

Remark 14.63 (A Caveat) Ifo(€,Z) # €, then E*(Y|€,Z) and E(Y|€,Z) are
not necessarily elements of EZTA(Y|€) [see Def. 14.7 (a)]. Nevertheless,

EZ7*(Y|€) = E(Y|¥,2).
PZ:z

According to Box 6.1 (ix) and Box 10.2 (iv), this implies

EZ4(y) = EZ:z[EZ:Z(chg)] — EZ:Z[E(Y|<€,Z)], (14.69)
and, for € = 0(X),
EZ*(Y) = EZ*[EZ*(Y|X)] [Box 10.2 (iv)]
= E”*|E(Y|X,Z=2)| ((14.27)] (14.70)

= E*|E(Y|X,Z)].  [(14.27), (14.68)]
Note that we still presume that assumptions of Theorem 14.62 hold. <

Remark 14.64 (Two Implications Concerning Mean Independence) Let the as-
sumptions 14.19 hold, where Y'is nonnegative or with finite expectation E Z=z(y),
Then

EZ:Z(YI%,X)P = EZ*(YI%), ifo(X)ca(2) (14.71)

Z=

(see Exercise 14-15). Furthermore, considering a o-algebra & and assuming that
Y is nonnegative or with finite expectation E(Y),

E“*|E(YI€,2)19] o EF*(Y|92), if2co(€,2) (14.72)

V4

(see Exercise 14-16). <
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In the following theorem we generalize the propositions of Remark 14.61.

Theorem 14.65 (Expectation of EZ=*(Y | X,W) With Respect to P"=%)

Let the assumptions 14.19 hold, where Y is nonnegative or with finite expecta-
tion E(Y), let W: (Q, <, P) — (Qly, <}) be a random variable, let w € Q3 with
P(W=w) >0, and assume that E“=*(Y | X, W) is PY=%-unique. Then

E"=Y[EFA(Y1X,W)] =fEZ:Z(Y|X=x,W=w) PY=" (dx)
(14.73)
=fE(Y|X=x,W=w,Z=z) PY=Y (dx).

(Proofp. 412)

Remark 14.66 (Discrete X) If the assumptions of Theorem 14.65 hold, X is dis-
crete, and Px(Qg) = 1, then Equations (14.73), (6.15), (14.58), and (9.13) yield

EV=Y[EZ4(Y|X,W)] =fEZ:Z(Y|X=x,W=w) PY=" (dx)
=Y E(Y|X=x,W=w,Z=2)-P"~"(X=x)

rea) (14.74)
= Z EY|X=x,W=w,Z=2) - P(X=x|W=w).
xeQy
<

In the following theorem we study an implication of conditional mean inde-
pendence [see Def. 10.44 (ii)] on conditional expectations with respect to PZ=%,

Theorem 14.67 (An Implication of Conditional Mean Independence)
Let the assumptions 14.5 hold, where Y is nonnegative or with finite expecta-
tion E(Y), and let 6,2 c o be o -algebras. Then

E(Y16,9,2) 5 EYI€.2) = E**(Y|6,9) = E“*(Y|6). (14.75)
(Proof p. 413)

Remark 14.68 (An Implication of Conditional Mean Independence) Let the as-
sumptions of Theorem 14.67 hold. If X and W are two random variables on the
probability space (Q, &/, P), then

Z:

EYIX,W,2)$E(YIX,Z) = E"(YIX,W) = E7*(Y[X). (1476)
Furthermore, for X = «, a € Q%, we can conclude that E(Y|W, Z) = E(Y|Z) im-
plies

EZF(YIW) = E7*(Y). (14.77)

<
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14.6 Proofs
Proof of Theorem 14.23

Because f(2) = f(2) (see Rem. 9.1),
pZ=z

EZ2[f(2)- Y|<5]PZ§Z E**[f(2)-Y|€] [Box 10.1 (ix)]

= [ EZ2(Y6). [Box 10.1 (xiv)]
pZ=z

Proof of Theorem 14.29

If the assumptions of Definition 14.26 hold, g(X, Z) is a composition of (X, Z): (Q, & P) —
Q% x QL oy ® o7) and a function g: Q% x Q) — R, and g, is defined by (14.21), then

17-.-8X,2) = 17-2-g:(X). (14.78)
This is easily seen as follows: Forall w € Q,

0, iflz-;(w)=0

1:Z . X ;Z =
z=2(0)-g1X(), Z(w]] {gz[X(wn, if17-c()=1

_ 17— () g [X(w)], iflz—z(w)=0
17— () g [X(w)], iflz—z(w)=1

17-z(w)- g [X(w)].

Because g: Qk x Q) — R is (o/y ® o/}, %)-measurable, the function g, defined in (14.21) is
(af;é, 98) measurable (see Bauer, 2001, Lemma 23.5. p- 138). Hence, condition (a) of Defini-
tion 14.7 holds. Furthermore, for all C € o(X), we can conclude Cn{Z=z} € 0(X, Z), and
therefore, for all C € o(X),

flc E(Y|X,Z=z) dP*~* = ! f1C~lZ:z E(Y|X,Z=z) dP [(9.15)]
P(Z=2)
1
- P(Z:z)flc'lZzzgz(X) dp [(14.23)]
1
- m[lC'lZ=zg(XyZ) dP [(14.78)]
1
- mflc'lz:z E(Y|X,Z) dP [(10.22)]
1
T P(Z=z) flC'12=szP [Def. 10.2 (b)]
- flc' v aprT. [(9.15)]

This shows that condition (b) of Definition 14.7 holds as well.
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Proof of Theorem 14.44
(b) = (a). Remember that (b) is defined by
vce¢: PEC)=0 = P =0.
IfV,V*e &B(Y|6), then (VAV*} €6, PB{V#V*}) =0, and (b) implies P({V #V*}) = 0.
(a) = (b). This proposition is proved by contraposition, i.e., we show = (b) = =
(a). Assume that there is an A € € with PB(A) = 0 and P(A) > 0, and let V € &5(Y|¥)

with V(w) = 0 for all w € A. [Note that if V' € £8(Y|%4) and A € € with P3(A) = 0, then
Vi=V'1,c€ &B(Y|€).] Then V* =V +14 is also €-measurable and, for all C € &,

flCV*dPB = f1c.(v+1A) dpB
= flCVdPB+f1C1AdPB

= flCVdPB,

because flc -1, dPB=P5(Cn A) = 0. Hence, according to Definition 14.7, V* =V + 1, €
&B(Y|€). However, P({V #V*}) = P(A) > 0.
(c) > (b). Let P(B|%6) > 0. This implies P(A) =0, where
A={weQ: E(1p|6)(w) =0}.
However, if P(A) = 0, then, according to Rule (vii) of Box 4.1,
P(AuC) = P(C), VCEe®. (14.79)
Now, let C € € with PB(C) = 0. This yields
fE(lB |€)-1c dP = le-lc dpP [Def. 10.2 (b)]
P(BNC) = P2(C)-PB) = 0.

Because E(15 |€6) - 1CP2 0 [see Box 10.3 (iii)], Lemma 3.44 yields E(15 |6) - 1¢ = 0, which is
equivalent to

—
I

P({w € Q: E(1519%)(w) - 1c(w) = 0})
PlweQ:weAorweC) = P(AUCY)
= P(CY). [(14.79)]

Hence, P(C) = 0, which shows that P(B|€) > 0 implies (b).
=i(c) = = (b). Again, let A = {we€Q: E(13|¥)(w) = 0} and assume P(A) > 0. Now,
E(15|%)(w) =0 for all w € A implies E(1 |€) - 14 = 0. Therefore,

0 = E[E(15|¥)-14] [Box 6.1 (i)]
= E[E(1g-14|9)] [A€€,Box 10.1 (xiv)]
= E(1z-1) [10.1 (iv)]
= E(lanB) [1g-1a =1anpBl.

P(ANB). ((6.4)]
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Because P(B) > 0, the equation P(ANB) = P3A)-P(B)=0 implies PB(A) =0.Hence, Ae€
with PB(A) = P(AnB)/P(B) =0 and P(A) > 0.

(b) = (d). As has been shown above, (b) is equivalent to P-uniqueness of EZ(Y|%€), and
according to Remark 10.8 and Box 6.1 (ix), P-uniqueness of EB(Y|€¢) implies (d).

(d) = (b). This proposition is proved by contraposition, i. e., we show =1 (b) = =1 (d). As-
sume that there is an A € € with P5(A) = 0 and P(A) > 0, and let V € &5(Y|%) be real-
valued [see Box 10.1 (x)] and have a finite expectation E(V). Then V*=V + 1, is also ¢-
measurable and, for all C € €,

flCV*dPB = flc-(V+1A) dpB
- flCVdPB+f1ClAdPB
:f1CVdPB,

because flc-lA dP3 = PB(Cn A) =0. Therefore, according to Definition 14.7, V* = V+1,
€ gB(Y|<g) and P({V #V™*}) = P(A) > 0. Now,

E(V") :fv*dp [(6.1)]
:f(V+1A)dP (V*:=V+14]
:deP +f1AdP [(3.34)]
= E(V) + P(A). [(6.1), (6.4)]

Because E(V) is finite and P(A) > 0 it follows that E(V) # E(V*).

Proof of Corollary 14.56

If EZ=%(Y|X) is Pc—unique, then all pairs of elements of 8£=%(Y|X) are PC—equivalent. Ac-
cording to Theorem 14.29, E(Y|X, Z=z) is an element of §4=2(Y| X), which implies Equa-
tion (14.55). Finally, according to Corollary 5.21, Equation (14.56) is equivalent to (14.55).

Proof of Theorem 14.62

First, we show that E(Y|€,Z) € §27%(Y|€, Z). By Definition 10.2 (a), o[E(Y|€,2)] c
d(€,Z), which implies that condition (a) of Definition 14.7 holds. In order to show con-
dition (b) of Definition 14.7 note that, for all C € (¥, 2), {Z=2z},{Z=z}nC € 0(¥,Z) and
1{z=znc =1z=;1c. Hence, forall C € 0(¥€, 2),

7=z _ 1 .

F eI 21 = P(Z:Z)E[lZ=le EY|€,2)] [(9.11D)]
1

" P(Z=2) E(1z=:1c"Y) [Def. 10.2 (b)]

= EZ:z(lc'Y). (9.11)]

Now we show that EZ=%(Y|€) € &2=%(Y|€, Z). By Definition 14.7 (a) and the defini-
tion of 0(€¥, 2),
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GIEZA(Y|€)] c¢ € < 6(€,2),

and hence, 6[EZ4=*(Y|€,Z)] c 6 (€, Z).
In order to prove condition (b) of Definition 14.7, note that, for the traces (see Example
1.10),

0(€,2)|17=2) = €liz=2

[see Egs. (1.16) and (1.16) with & = 0(Z) and A := {Z=z}]. Hence, for all C € (¥, Z), there
is an A¢ € €6 such that

{Z=2}nC = {Z=z}n Ac. (14.80)
Therefore, for all C € (€, Z2),
Z=z pZ=z — _ pZ=z
E“[1c-E777(Y]€)] PZ=2) Ellz=z1c-E“ (Y [6)] ((9.11)]
— ; pZ=z
= piz=g Fllz=slac-E (Y196)] [(14.80)]
= E*F1lac - EX2(Y19)] [(9.11)]
= E%%(1p.-Y) [Def. 14.7 (b)]
1
= m E(1z=214c"Y) [(9.11)]
= E%*(1z=21ac - Y) (z=z = 1z=7"12=7]
= EZ%*(1¢-Y). [(14.80)]

Proof of Theorem 14.65

Let h: Q4 xQ}, — IR be nonnegative or with finite expectation with respect to the mea-
sure P, Then

fh(x, w') P 1d(x, w")]

:fh(X, W) ly=y, dPV=" ((6.13), (9.7)]

(14.81)
=fh(X, w)dp"=" (R, W) - Lw=w = h(X, W) - Lw=p, (9.7)]
= f h(x, w) PY =" (dx). (6.18)]

Furthermore, let z € Q), with P(Z=z) > 0 and w € Q{;, with P(W=w) > 0. If W takes the
role of Z and PZ~% the role of P in Equation (14.70), then the last equation of (14.70) yields

EV=Y[E“=*(Y |X,W)] =EV=Y[E“7*(Y | X, W=w)].
Hence,
EW=W[EZ=*(Y |X,W)] = EV=Y[EZZ4(Y | X, W=w)]

= fEZ:z(YIX, W=w)dp"=v [6.2)]
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:fEZZz(YlX:x, W=w) PY="(dx) [(6.13)]
:fEZZZ(YlX:x, w=w") P 1d(x, w')] [(14.81)]
:fE(YIX:x,Z:z, w=w") Py ldx,w)] [(14.56)]

:fE(YIX:x,Z:z, W:w)P)V(Vzw(dx). [(14.81)]

Proof of Theorem 14.67

Obviously, EZ=#(Y|€) is 0(€, 2)-measurable. Furthermore,

E“(Y|6,2) = E(Y|%,2,2) [Egs. (14.68)]
ps=z

= E(Y|¥,2) [E(Yl%”,@,Z)§E(Y|<€,Z),Cor.5.18]
ps=z

= EX(Y|96). [Egs. (14.68)]
pZ=z

14.7 Exercises

> Exercise 14-1 Compute the values of the conditional expectation E(Y|X) in the exam-
ple presented in Table 14.3 (p. 387).

> Exercise 14-2 Compute the values of the conditional expectation E(Y|X,U) in the ex-
ample presented in Table 14.3 (p. 387).

> Exercise 14-3 Consider Table 14.3. Why do the values of the conditional expectation
E(Y|X,U) have to be identical for w3 = (Joe, yes,—) and w4 = (Joe, yes, +)?

> Exercise 14-4 Show that if Y: (Q, <, P) — (R, 2) is a random variable with finite expec-
tation E(Y), then EB(Y) is finite.

> Exercise 14-5 Let (2, P), (2,4 Q) be probability spaces, and consider the random
variable X: (Q, <, P) — (Q)'(,a{)é). Show that X is a random variable on (Q, &, P) if and only
if it is also a random variable on (Q, 7, Q).

> Exercise 14-6 Show that the assumptions 14.5 imply &8(1p- Y |%€) c £B(Y|%).
> Exercise 14-7 Prove Equation (14.24).

> Exercise 14-8 Compute the values of the conditional expectation EX=°(Y |U) in the
example presented in Table 14.3 (p. 387).

> Exercise 14-9 Prove propositions (i) and (ii) of Remark 14.33.

> Exercise 14-10 Show that Theorem 14.29 implies Equation (14.32).
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> Exercise 14-11 Prove: For all x € X(Q) = {0,1}: If P(X=x) > 0 and EX=0(Y|Z) is PX=*-
unique, then E(Vy | X=x) = E(V§ | X=x) for all versions Vy, Vi € £X70(Y | Z).

> Exercise 14-12 Show that the expectation E(V) of a version V € &B(Y|€) exists and is
real-valued if € is a finite set and EB(Y) is finite.

> Exercise 14-13 Prove Remark 14.47 for X being discrete.

> Exercise 14-14 Prove the propositions summarized in Box 14.1.
> Exercise 14-15 Prove Equation (14.71).

> Exercise 14-16 Prove Equation (14.72).

> Exercise 14-17 Table 14.3 (p. 387) contains a first element, say V, of §(Y| X, U). Define
a second element of £(Y| X, U) and show that the two elements are P-equivalent. Repeat
this task for the conditional expectation E X=1(y|U) and show that the two elements are
PX=1_equivalent.

Solutions

> Solution 14-1 The values of the conditional expectation E(Y| X) are the two conditional
expectation values E(Y|X=0) and E(Y|X=1). Because E(Y|X=x) = P(Y=1|X=x), they
can be computed as follows:

P(Y=1,X=0) .348 +.024
P(Y=1|X=0) = = = .60,
P(X=0) 152 +.348 +.096 +.024
and
P(Y=1,X=1) 0+.152
P(Y=1|X=1) = = = .40.
P(X=1) 0+0+.228+.152

> Solution 14-2 The values of E(Y|X,U) are the four conditional expectation values
E(Y|X=x,U=u). Because E(Y | X=x,U=u) = P(Y=1|X=x,U=u), they can be computed
as follows:

P(Y=1,X=0,U=Joe) .348
P(Y=1|X=0,U=Joe) = = = .696,
P(X=0,U=Joe) .152+.348
P(Y=1,X=0,U=Ann .024
P(Y=1|X=0,U=Ann) = ( ) = = .20,
P(X=0,U=Ann) .096 +.024
P(Y=1,X=1,U=Ann) .152
P(Y=1|X=1,U=Ann) = = = .40.
P(X=1,U=Ann) .228+.152

The conditional expectation value E(Y | X=1,U=Joe) = P(Y=1|X=1,U=Joe) is undefined,
because P(X=1,U=Joe) = 0. Choosing any number (such as 9) as a value of E(Y| X, U) for
w3 = (Joe, yes,—) and w4 = (Joe, yes, +) yields an element of &(Y| X, U). Different elements
of £(Y| X, U) are identical almost surely with respect to the measure P.

> Solution 14-3 If E(Y|X,U)(w3) # E(Y|X,U)(wy), then E(Y|X,U) would not be mea-
surable with respect to (X, U). Measurability of a random variable V with respect to (X, U)
requires that V takes on only one single value for all w € (X, U) “L({(x, u)}) (see Cor. 2.53).
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> Solution 14-4 According to Equation (9.11),

EBv) = 1 E(1Y).
P(B)
If Y has a finite expectation with respect to P, then [Y*dP < oo and [ Y ~dP < co. Be-
cause 0 < 1Y < Y+ and 0 < 13Y~ < Y, Equation (3.24) yields [13Y *dP < oo and
J1pY ~dP < oo, and therefore —co < [1gYdP < oo. Therefore, if —oo < E(Y) < oo, then
—00< E(1gY) <oo.

> Solution 14-5 The definition of a random variable X: (Q, 7, P) — (Q2 S(, &@é) only requires
that there is a probability measure, here denoted P, on a measurable space (Q, <) and
that X is measurable with respect to «, i.e., X "1 (A") € o, for all A’ € . Hence, if X is a
random variable on (Q, < P), then it is also a random variable on (Q, o/, Q), whenever P
and Q are probability measures on (Q, &).

> Solution 14-6 According to condition (a) of Definition 14.7, EB(15-Y|%€) is measurable
with respect to €. Condition (b) holds as well, because, for all C €€,

EBl1c-EB(15-Y16)] = EBEB(1c-15-YI6)]  [CE€€,Box 10.2 (xiv)]
= EB8(1c-15-V) [Box 10.2 (iv)]
1
= ﬁ'E(]-C'lB'lB'Y) [(9.7)]
1
= ﬁ‘E(lC‘lB‘Y) [1p-1p = 13]
= E81c V). [9.7)]
> Solution 14-7
YoeQ: Y E(YlX,Z:z)~1ZZ)(w)

z€Z(Q)
= 8:(X) '1Z=z) () [(14.23)]

z€Z(Q)
= gX,2) -1Zzz) () [(14.78)]

zeZ(Q)
= ) gX 2)(w)1z-z(w) [(2.3D)]

zeZ(Q)
= Y glX),Z()] 1z-;(0) [(2.3D)]

z€Z(Q)
= g[X(w), Z(w)] Y lz=z(w)= 1]

ze€Z(Q)

= gl(X, Z)(w)] [(5.18)]
=g(X,Z)(w) [(2.26)]
= E(Y1X, 2)(w). [Def. 14.26]

> Solution 14-8 The values of the conditional expectation E X=0(y|U) are the two condi-
tional expectation values EX=%(Y |U=Joe) and EX=0(Y |U=Ann) with respect to the mea-
sure PX=0, Because EX=%(Y |U=u) = PX=%(Y=1|U=u), they can be computed as follows:
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PX0(y=1,U=Joe) 561

PX0(y=1|U=Joe) = ~ ~ .696
( |U=Joe) PX=0(U=Joe) 561 +.245
and
Y0 PX=0(y=1,U=Ann) .039
P (Y=1|U=Ann) = — = ~
PX=0(U=Ann) .039 +.155

> Solution 14-9 (i)
Ifg(X,2)e &YX, Z) and gz=2(X) € &Z=%(Y | X=x), then for all C € o(X),

flc-gz(X)dPZ:Z

- ﬁflc'lkzgz(x)dp [(14.21), (9.11)]
= P(lez)f1C'1Z:zg(X,Z)dP [(14.78)]
= @flc'landP [Cn{Z=z}€0(X,Z), Def. 10.2 (b)]
:flchPZ:Z (9.11))
= f 1cgz=-(X)d P#=%. [Def. 14.7 (b)]

Hence, gz(X) 2 g7=2(X) (see Th. 3.48) or, equivalently, g~ (x) = gz=.(x), for PXZ:z—a.a.
xeQk. P

(i) If P(X=x,Z=z) > 0 for all x € Q%, then P(Z=z) >0 [see Box 4.1 (v)] and
P(X=x,Z=2)

P = PR (=) = =

>0, Ver)'(.

Hence, if P(X=x,Z=z) > 0, then Remark 2.71 and gz(X) = g7=2(X) imply gz (x) =
gz=z(x) forall x e Q%. pz=

> Solution 14-10 Note that {Z=z} = {1,-,=1}. Hence,
E(Y|X,Z=2z) = EZZZ(YIX) [(14.27)]
PZ:z
= Elz===l(y|X) [(14.15)]
pZ=z

= E(Y|X,1z-2=1). [(14.27)]
pZ=z

ForE(Y|X,Z)=g(X,2) e &(Y|X,Z),

E(Y|X=x,Z=2) = 8(x,2) [(10.27)]
= 8z(x) [(14.21)]
= gz=2(x), forP{ *-aa.xeQf [Rem. 14.33 (i)]
= EZ7%(Y | X=x). [(14.31)]

> Solution 14-11 This proposition follows from the definition of uniqueness of a condi-
tional expectation with respect to a probability measure PX=*, equivalence of two random
variables with respect to a probability measure PX=*, Corollaries 5.20 and 6.17, and Equa-
tions (9.5) and (9.6) with B = {X=x}.
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> Solution 14-12 If ¢ = {Ay,..., A,} is finite, then there is a finite partition {By, ..., By} of
Qwith € = o({By,..., Bn}) (see Rem. 1.21). Then, according to Lemma 2.19,

it PB(Bj) =0,

m 0
V= oilg., wherea; = {
2 ls; J {lej-YdPB, otherwise

j=1

hold for all versions V € &3(Y|%). Hence, if EB(Y) = dePB is finite, then all aj, j=
1,...,m, can be chosen as elements of R, and for such a choice

m
E(V) =) «aj-P(B))
Jj=1
is finite as well.

> Solution 14-13
(d) = (14.45). By definition, condition (d) of Corollary 14.46 is equivalent to

vA'edy: PE(AY =0 = PxA)=o.

If X is discrete and {x} € o} for all x € Q%, then we can choose A’ = {x} for all x € Q%, and
this yields

VxeQf: PE{x) =0 = Px({xh) =0,

which is (14.45) in a different notation [see Eq. (5.30) and Rem. 5.53].
(14.45) = (d). Assume that (14.45) holds and let A’ € oy with

PE(A) = PB(iXeA’) = PBn{XeA') =0
[see Egs. (5.2), (5.3), and (14.7)]. Because

0 = P(BniXeA'}) = Y PBn{X=x}), [ o-additivity of P]
xeA
P(X=x)>0

we can conclude: P(BN {XeA'}) =0 for all x € A’, and with (14.45), also P(X=x) = 0 for all
x € A'. However, using o-additivity of P, this implies

Px(A) = P(XeA) = Y P(X=x) = 0.
xeA
P(X=x)>0
[see again Egs. (5.2) and (5.3)].

> Solution 14-14 (i). This is the definition of P-uniqueness of EB(Y |%€).
(i), (iii). These propositions have been proved in Theorem 14.44.

(iv). This proposition follows from Theorem 14.44, because P < P8is equivalent to

vCe¥¢: P5C)=0 = PO)=0,

and 2 c € implies that this implication also holds for all C € 2.

(v). This proposition immediately follows from applying Corollary 5.18 to the 6-con-
ditional expectation EB(Y|€) of Y with respect to PB,

(vi), (vii). According to Remark 10.11, PC-uniqueness of EB(Y|¥¢) implies V' P:C V*.The-



418 14 Conditional Expectation With Respect to a Conditional-Probability Measure

orem 2.84 then implies PS¢ = Pg*. If the two distributions are identical, then the corre-
sponding expectations are identical as well (see Cor. 6.17).

(viii). This proposition immediately follows from Remark 2.76 (iii).

(ix). This proposition is an immediate implication of Corollary 14.40, because unique-
ness of EB(Y|X) implies that EB(Y|X)is P-unique.

(x). This proposition follows from (14.60) and Remark 10.11.

> Solution 14-15 If X is measurable with respect to Z, then

EZ*(Y|6,X) = E*[E“*(Y|%,2)|€,X]  [Box10.1 ()]
pi=z
o E“#[E#=4(Y |6) |6, X] [(14.68)]
= EX(Y 6. [Box 10.1 (vii)]
pZ=z

> Solution 14-16 Because Y c 0(¥€,2),
EZ73(Y|9) = EZ=3[EZ73(Y|€,2)|12] [Box 10.1 (v)]
pi=z
= EZ*E(Y|€,2)1D]. [(14.68)]
pZ=z

> Solution 14-17 A second version, say V* of the conditional expectation E(Y | X, U) is
obtained by replacing the value 9 by the value 8 for w3 = (Joe, yes,—) and w4 = (Joe, yes, +).
For these two elements, P(4;) = 1, where 4; := {w € Q: V() = V*(w)}. The probabil-
ity P(A;) = 1 is obtained from adding the probabilities of all six outcomes w for which
P({w}) > 0 (see the last column of Table 14.3, p. 387).

The same argument holds for the conditional expectation EX=1(Y|U). Table 14.3 dis-
plays a first element, say V), that takes on the values 9 for w, = (Joe, no,-) to wyg =
(Joe, yes,+) and .40 for ws = (Ann, no,—) to wg = (Ann, yes,+). A second element, say /¥,
of the conditional expectation E*=!(Y|U) would be obtained by replacing the value 9
by another (arbitrary) value such as 8. For these two elements, PX=1(C)) = 1, where
C; = {w e Q: Vi(w) = ()} = {(Ann, no,-), (Ann, no,+), (Ann, yes,—), (Ann, yes, +)}. This
probability PX=1(C;) = 1 is obtained by

P(Cin{X=1}) _ P({(Ann,yes,-),(Ann,yes,+)})
P(X=1) P(X=1)
P({(Ann, yes,-)}) + P({(Ann, yes, +)})
P(X=1)
228+ .152 228 +.152

0+0+.228+.152 38

PN C) = P(C11X=1) =




Chapter 15
Conditional Effect Functions

In chapter 14 we treated E X=x(y|Z), the Z-conditional expectation of Y with re-
spect to the (X=x)-conditional probability measure PX=*. There we already noted
that, if the values of X represent treatment conditions, then E*=*(Y|Z) refers
to the Z-conditional expectation of Y given treatment x. If X is dichotomous
with values 0 and 1, then the difference g,(2) := EX¥*}(Y|Z) - EX=°(Y| Z) is the
Z-conditional effect function of X. Its values g (z) are the effects of X on Y given
the value z of Z.

From a methodological point of view, conditioning on a (possibly) multi-
dimensional random variable Z serves at least two purposes. The first is to control
for potential confounders, i. e., to make sure that the effects of X on Y cannot be
explained by the dependencies of X and Y on Z. The second purpose is to obtain
more specific effects that are more informative than unconditional effects. Know-
ing such conditional effects we can choose individualized treatments rather than
giving all individuals the same treatment that possibly is suboptimal for all.

In this chapter we introduce the concepts of conditional intercept functions
and conditional effect functions and consider these functions for the parametriza-
tions of the conditional expectation E(Y | X, Z) that have been treated in chapters
12 and 13.

15.1 Assumptions and Definitions

In section 14.1 we treated three examples that motivated introducing the con-
ditional expectations E*X=*(Y|Z). These examples also motivate this chapter on
conditional effect functions. In Examples 14.1 and 14.2, the conditional effect
function g;(U) and each of its values g; (1) are uniquely defined, whereas in Ex-
ample 14.3 this is not the case. While in the latter example the value g;(Ann) is
uniquely defined, the value g; (Joe) is not, and we can choose any real number as
the value g, (U)(w) if U(w) = Joe and still go(U) and g, (U) satisfy

EYIX,U) = gWU) + &1(U)- X, (15.1)

for all versions E(Y|X,U) € £(Y|X,U). In other words, the function g;(U) spec-
ified in Example 14.3 is only one out of infinitely many versions of such a con-
ditional effect function satisfying Equation (15.1), and even the expectations
E[g:(U)] of these conditional effect functions are not necessarily identical. There-
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fore, we have to introduce an assumption that guarantees that the values of the
functions gy(U) and g;(U) are not arbitrary and that the expectations E[g,(U)]
and E[g;(U)] are uniquely defined. Instead of the person variable U used in the
examples with Joe and Ann, now we choose Z as a random variable with respect
to which we consider conditional intercept and effect functions.

Throughout this chapter we refer to the following assumptions and notation.

Notation and Assumptions 15.1

X:(Q, &, P)— (Qk, oy, Y:(Q,P) — (R,B), and Z: (Q, o, P)— (Qk, L2
are random variables, where E(Y?) < oo and Var(Y) > 0. Furthermore,
X: (Q, o, P) — (Qk, <f) is discrete with P(X € {xy, X1,...,X,}) = 1 and P(X=x;)
>0, foralli=0,1,...,n.

According to Remark 6.26, E(Y ) < co implies that E(Y) is finite as well.

Remark 15.2 (Two Additional Assumptions) Two additional assumptions are of-
ten used in this chapter. The first is

P(X=x;1Z) 3 0, Vi=01,...,n. (15.2)

According to Corollary 14.46, this assumption is equivalent to P-uniqueness of
the conditional expectations E*=*i(Y| Z). Remember, P-uniqueness of the con-
ditional expectations EX=*/(Y|Z) implies that different versions of E*=*i(Y|Z)
do not only have identical distributions with respect to the measure P*=*/ but
also with respect to P. Therefore they also have identical expectations and vari-
ances with respect to the measure P. Also note that each of the conditions that
are equivalent to (15.2) such as absolute continuity

PU<(§)PX:X", Yi=0,1,...,n, (15.3)
and
E(V) = E(V)), VV, V€& (Y|Z), Vi=01,.,n (15.4)

(see again Cor. 14.46) are also equivalent to P-uniqueness of the conditional ex-
pectations EX=%i(Y| Z).

The second additional assumption used in this chapter is finiteness of the sec-
ond moments of the conditional expectations EX=*i(Y|Z), i.e.,

E[EX(Y12)’] < 00, Vi=0,1,...,n. (15.5)

<

15.2 Conditional Intercept Function and Effect Functions
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Theorem 15.3 (Existence of Conditional Intercept and Effect Functions)
Let the assumptions 15.1 hold. Then therearean E(Y|X,Z) € £(Y|X,Z) and,
foralli=0,1,...,n, real-valued EX=*i(Y | Z) € £X=*(Y| Z) such that

n
E(Y|X,Z) = g(2) + ) 8i(2) 1x=x,, (15.6)
i=1
with
8(2) := EX(Y|2), 15.7)
and
gi(2) := EX%(Y|Z) - EX*%(Y|2), Yi=1,...,n. (15.8)

(Proof p. 432)

Referring to Equation (15.6), now we can define the conditional intercept func-
tion and the conditional effect functions as follows.

Definition 15.4 (Conditional Intercept Function and Effect Functions)

Let the assumptions 15.1 hold as well as (15.2) and (15.5). Then the function
go: (Qf,7) — (R, 9B) is called the Z -conditional intercept function, and,
foralli=1,...,n, the function g;: (Qy,<4;) — (R,9B), the Z-conditional
effect function of x; vs. xo on Y pertaining to the version E(Y|X,Z) €
&(Y|X,Z) in Equation (15.6).

Remark 15.5 (The Functions g; vs. the Functions g;(Z)) Note that the functions
gi(Z),i=0,1,...,n, denote the compositions of Z and g;. Because Z is arandom
variable on (Q, o, P), the compositions g;(Z) are random variables on (Q, o/, P) as
well. In contrast, the functions g;: (Q%,<f7) — (R, %), i =0,1,...,n, are random
variables on the probability space (Q%, </, P7), where P, denotes the distribu-
tion of Z. <

Remark 15.6 (P-Uniqueness of the Conditional Intercept and Effect Functions)
Suppose that the assumptions of Definition 15.4 hold. Then all measurable func-
tions g;, &g;---, & (QF, 7)) — (R, 9B) with

(852) + Y. /(2 1xey,) € E(VIX2)
i=1

satisfy
8'(Z) = gi(Z), Yi=0,1,..,n. (15.9)

This property is called P-uniqueness of the conditional intercept and effect func-
tions. Among other things, itimplies that the expectations, the variances, and the
second moments of the functions g;(Z), i =0,1,..., n, are uniquely defined. <
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Remark 15.7 (Finite Second Moments of the Effect Functions) Assuming (15.5)
implies Ez(giz) <oo,foralli=0,1,...,n. According to Equation (6.13),

Ez(g® = Elgi(2)%, Vi=0,1,..,n. (15.10)

Hence, assuming (15.5) implies
Elgi(Z)],Elgi(Z)"] < oo, VYi=0,1,...,n, (15.11)
(see Rem. 7.1). <

Remark 15.8 (Partial Conditional Expectation E(Y|X,Z=z)) Let the assump-
tions of Definition 15.4 hold. Then Equation (15.6) immediately implies

n
E(Y|X,Z=z) = go(z) + Z 8i(2)-1x-y; (15.12)

i=1
for the partial conditional expectation E(Y|X, Z=z) (see Def. 14.26). This equa-
tion justifies the terminology introduced in Definition 15.4. <

Remark 15.9 ((Z=z)-Conditional Intercept and Effects) Under the assumptions
of Definition 15.4: If z € Q} with P(Z=z) > 0, then Equation (15.12) and (14.26)
imply that there is an EZ=*(Y| X) € £27%(Y | X) with

n
E“5*(Y|X) = E(Y|X,Z=2) = go(2) + Y gi(z) 1y, (15.13)

i=1
If P(Z=z) > 0, the number g,(z) is called the (Z=z)- conditional intercept and
gi(z) the (Z=2z)-conditional effect of x; vs. xo on Y, where i =1,...,n. Equation
(15.13) and Corollary 12.30 imply that g,(z) is the intercept and g;(z),i =1,...,n,
are the partial regression coefficients pertaining to a linear parametrization of
the X-conditional expectation of Y with respect to the measure PZ=%, provided
that Y has finite second moments with respect to P?=? and that the matrix of

the covariances with respect to P~ of the indicators 1 X=x1»--+»1x=x, is regular.
According to Lemma 12.37 and Remark 12.38 this is the case if P?7*(X=x;) > 0
foralli=1,...,n. <

Remark 15.10 (Versions of EZ=*(Y| X)) Under the assumptions of Definition 15.4,
Remark 14.8 and Equation (15.13) immediately imply

n

V: 2, 8@ + ) 8@ Lxes, YV:EETTHYIX). (15.14)
i=1

<

Remark 15.11 (Partial Conditional Expectation E(Y|X=x, 7)) Letassumptions
of Definition 15.4 hold. Then Equation (15.12) immediately implies

E(Y|X=x,2) = g(2) + gi(2Z) (15.15)

for the partial conditional expectation E(Y|X=x, Z) (see Def. 14.26). <
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Remark 15.12 (Conditional Expectation £ X=x(y|Z)) Under the assumptions of
Definition 15.4: If x € Q% with P(X=x) > 0, then thereisan EX=*(Y|Z) e §X°*(Y | Z)
with

Exzx(YlZ) = E(Y|X=x,Z) = g(2) + gi(Z). (15.16)

<

Remark 15.13 (Versions of EX=*(Y|Z)) Remark 14.8 and Equation (15.16) im-
mediately imply

Ve 2,802 + &i(2), VVie&T(YI2). (15.17)

<

15.3 Adjusted Conditional Effect Functions

Remark 15.14 (Methodological Background) In Definition 15.4 we considered
the Z-conditional intercept function g, as well as the Z-conditional effect func-
tions g;, i =1,...,n, where Z = (Z,,...,Z,) can be an m-dimensional random
variable consisting of m uni-dimensional random variables, such as prefest, sex,
educational status, body mass index, and blood type. As mentioned before, condi-
tioning on a (possibly multi-dimensional) random variable Z serves at least two
purposes. The first is to control for potential confounders, and the second is to ob-
tain more specific effects that are more informative than unconditional effects.

However, the Z-conditional effects described by the effect functions g; might
be relatively fine-grained and one may wish to re-aggregate them. The most rad-
ical re-aggregation is to consider the (unconditional) expectation (the ‘average’)
of the Z-conditional effects. However, we might also be interested in the condi-
tional expected values of the Z-conditional effect functions given sex = male and
given sex = female, or in the conditional expected values of the Z-conditional ef-
fects given various scores of the pretest.

A particular way of re-aggregation is coarsening the effects. Knowing coars-
ened effects is important, e.g., if, knowing the Z-conditional effect functions
(e.g., from a previous study), we want to conduct an as much as possible indi-
vidualized treatment, but are not able to assess all components Z,...,Z,, of Z,
but just Z; or just Z; and Z,, for instance.

In Definition 15.15 we consider re-aggregating the Z-conditional intercept
function and the Z-conditional effect functions to a W-conditional effect func-
tion that is adjusted for Z, where W is another random variable. If Z = (Z,,..., Z,)
with m =2, then W = Z; and W = (73, Z,) are examples in case. In these two cases,
W would be Z-measurable. However, Z-measurability of W is not absolutely re-
quired.

Note that re-aggregating the Z-conditional effect functions is not equivalent
to ignoring Z and considering W instead. Conditioning only on W instead of
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conditioning on Z we might miss the purpose of controlling and adjusting for im-
portant confounders. Re-aggregation as described in Definition 15.15, still con-
trols for Z, and with it we control for potential confounders contained in Z. Re-
aggregating the Z-conditional effect functions, only the second purpose of con-
ditioning suffers, because re-aggregation means to obtain less informative and
less individualized conditional effects. However, as mentioned above, applying a
known probabilistic model that involves Z, sometimes we are only able to assess
W =27, or W = (Z,,Z,), but not all components Z,...,Z,, of Z. <

Definition 15.15 (Adjusted Conditional Effect Function)

Let the assumptions of Definition 15.4 hold and let W: (Q, <4, P) — (Qiy, </}
be a random variable. Then, for each i = 1,..., n, the conditional expectation
E|[gi(Z2)|W] is called a Z-adjusted W-conditional effect function of
X; vS. Xy on Y. Furthermore, for eachi =1,...,n, the expectation E [g;(Z)]
is called the Z -adjusted effect of x; vs. xo on Y or the average of the
Z-conditional effects of x; vs. x, on Y orsimply the average effect of
X; US. Xy, if there is no ambiguity about Y and Z.

The values of E [ g;(Z) | W] are the (W= w)-conditional effects of x; vs. x, on Y
that are adjusted for Z.

Remark 15.16 (Z-Adjusted W-Conditional Expectation of Y given X=x;) Using
the definition of the functions g;(Z) [see Eq. (15.8)] yields

E(gi(2)| W]
=E[E*(Y|Z) -E*"(Y|2) | W] (15.18)
=E[E*"(Y|2)|W] - E[E*(Y|2)|W], Vi=L1,...,n.

A conditional expectation E [EX:xi(YlZ) |W] is called a Z-adjusted W-condi-
tional expectation of Y given X=x;, where i =0,1,...,n. <

15.4 Mean Independence of the Conditional Effect Functions

In the following theorem we presume that the assumptions of Definition 15.4
hold, which implies Equation (15.6) for the conditional expectation E(Y|X, Z).
Now we consider the implications for the conditional expectation E(Y|X) if we
additionally assume

E[E*"(Y|Z)|X] = E[EX"(Y|2)], VYi=0,1,...,n. (15.19)

Note that (15.19) follows from independence of X and Z [see Box 10.2 (vi)] and it
implies

Elgi(2)|X] = E[gi(2)], Vi=01,..,n, (15.20)

for the conditional intercept and conditional effect functions.
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Theorem 15.17 (Mean Independence and Average Effects)
Let the assumptions of Definition 15.4 hold. Then there is a version E(Y|X) €
E(Y|X) with

n
E(Y|X) = Bo+ ) Bi-lx=x (15.21)
i=1
with
Bo = E(Y [ X=xo) (15.22)
and
B: = E(Y|X=x;) — E(Y|X=xy), (15.23)

If additionally Equations (15.19) hold, then

B: = Elgi(Z)], Yi=0,1,...,n. (15.24)
(Proof p. 433)

Remark 15.18 (Uniqueness of Regression Coefficients) According to Equation
(15.22) the regression coefficients fo,p1,...,B, are uniquely defined. The crucial
assumption is P(X € {xg, x1,...,X,}) =1 and P(X=x;) >0, foralli =0,1,...,n. <

Remark 15.19 (Independence of X and Z) If we assume that the Equations
(15.19) hold, then the regression coefficients fo,p1,...,P, are the expectations of
the functions g;(Z2), i =0,1,...,n [see Eq. (15.24)]. As mentioned before, Equa-
tions (15.19) follow from X JﬁL Z [see Box 10.2 (vi)]. <

Remark 15.20 (The Role of Randomization) From a methodological point of
view it should be noted that independence of a treatment variable X and a vari-
able Z can be created by randomly assigning the observational unit (e. g., a per-
son) to one of the treatment conditions, provided that Z represents a pretreat-
ment variable. Random assignment creates independence of X and all pretreat-
ment variables Z. Examples for such pretreatment variables are the person vari-
able U (see Table 14.1 for a concrete example) as well as any function of U such
as sex, race, and any other attribute of persons prior to treatment. <

According to Corollary 15.21, Equation (15.2) — and therefore P-uniqueness
of the functions g;(Z) — follows from independence of X and Z, if we presume
P(X=x;)>0 foralli=0,1,...,n.

Corollary 15.21 (Independence of X and Z and P-Uniqueness)
Let the assumptions of Definition 15.4 hold. If X1z, then E*=%i(Y|Z)
and the functions g;(Z) in Equations (15.7) and (15.8) are P-unique, for all
i=0,1,...,n.

(Proof p. 433)
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15.5 Conditional Logit Effect Functions

In the previous sections of this chapter we studied the conditional intercept and
conditional effect functions gy, g1,...,8,- Now we consider the special case, in
which Y is dichotomous with values 0 and 1. In this case E(Y| X, Z) is also called
a conditional probability and is also denoted by P(Y=1| X, Z).If Yis dichotomous
there are also Z-conditional logit intercept and logit effect functions, denoted f;,
and we can consider the functions g; and f; at the same time.

Theorem 15.22 (Existence of the Conditional Logit Effect Functions)

Let the assumptions 15.1 hold, let Y be dichotomous with values 0 and 1,
and suppose there is a P(Y=1|X,Z) € 22(Y=1|X,Z) with 0< P(Y=1|X,Z) <
1. Then there are a version P(Y=1|X,Z) € 2(Y=1|X,Z), measurable func-
tions o, 81,---,8n: (Qz,47) — (R,B) with finite second moments, measur-
able functions fo, fi,..., fn: QL <fy) — (R,9B), and, for all i =0,1,...,n, a
real-valued PX=%i(Y=1|2Z) € *=*i(Y=1|Z) such that

n
P(Y=1|X,2) = g(2) + Y. 8i(2) - 1x=y, (15.25)
i=1
Z)+X0  £i(2) L1xes,
_ exp [fo(2)+ X1, filZ) 1x—y,] (15.26)
1+exp []%(Z)"'Z?:lfi(z)'lx:xi]
with
g(2) == P¥M(Y=1|2) (15.27)
z
_ e [h@D)] (15.28)
1+exp [fo(2)]
and
8i(Z) == P*¥i(Y=1|2) - P*=(Y=1|2) (15.29)
2+ fi(Z z

T ltexp D)+ fi(2)] 1+exp|fol2)]
(Proof p. 433)

Remark 15.23 ( P-Uniqueness of the Functions f;(Z)) Note that Remark 15.5
still applies to the functions g;(Z), and it also applies to the functions f;(Z2),
i=0,1,...,n. If we additionally assume (15.2), then, for all i =0, 1,..., n, the con-
ditional probabilities PX=%i(Y=1|Z) and the functions gi(Z) are P-unique. If we
assume (15.2), then the functions f;(Z) are P-unique as well, i. e., all measurable
functions fy*, fi*,..., f»' : (Q%, <47) — (R, %B) with

exp (o' (D) + X1 | f*(2) - 1x=y;)
L+exp (fo'(Z2)+ X1, ff(Z) - 1x=y;)

e 2(Y=11X,2)
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satisfy
fi(2) = filZ), Yi=01,..,n, (15.31)

(see Exercise 15-1). <

Definition 15.24 (Conditional Logit Intercept and Effect Functions)

Let the assumptions of Theorem 15.22 as well as (15.2) hold and suppose that
the second moments of the functions f;,i =0,1,..., n, are finite. Then the func-
tion fy: (Qh,fy) — (R, 9B) is called the Z-conditional logit intercept
function, and, foralli =1,...,n, the function f;: (Q%,<4;) — (R, %), the Z -
conditional logit effect function of x; vs. X, on Y pertaining to the ver-
sion P(Y=1|X,2) e 2(Y=1|X, Z) in Equation (15.26).

Remark 15.25 (Partial Conditional Probability P(Y=1|X, Z=z)) Letthe assump-
tions of Theorem 15.22 hold. Then Equation (15.26) immediately implies

exp (fo2) + X1, fi(2)-1x-y;)

P(Y=1|X,Z=2) =
1+exp (fo(2) + X7, fi(2) - 1x=x;)

(15.32)

for the partial conditional probability P(Y=1|X, Z=z) (see Rem. 14.27). This equa-
tion justifies the terminology introduced in Definition 15.24. <

Remark 15.26 ((Z=z)-Conditional Logit Intercept and Effects) Ifthe assumptions
of Theorem 15.22 hold and z € Q with P(Z=z) > 0, then Equation (15.32) and
(14.26) imply that there is a PZ=*(Y=1|X) € 2227%(Y=1|X) with

exp (fo(2) + X1, fi(2) - 1x=x;)

PZ(y=1|X) = P(Y=1|X,Z=2) = .
‘ 1+exp(fo(2) + X1, fi(2) - 1x=y,)

(15.33)

Equation (15.33) and Corollary 13.18 imply that fy(z) is the intercept and f;(z),
i=1,...,n, are the coefficients pertaining to a linear logistic parametrization of
PZ#=*(Y=1|X), provided that the matrix of the covariances of the random vari-
ables Xj,..., X}, with respect to the measure P%% s regular (see Th. 13.18). Ac-
cording to Lemma 12.37 and Remark 12.38 this is the case if P?=*(X=x;) > 0 for
alli=1,...,n.

Under the assumptions of Theorem 15.22, Remark 14.8 and Equation (15.33)
immediately imply

exp(fol2) + X, fi(2) - 1x-y;)

. = . . VV,eP@?F(Y=1]X).  (15.34)
P7== 1+exp(fo(2) + X1, fi(2) - 1x=x;)

<

Remark 15.27 (Conditional Probability PX=%i(Y=1|Z)) Remark 14.8 and Equa-
tion (15.25) immediately imply



428 15 Conditional Effect Functions

exp (fo(2))

= — "2 YV,e2XYY=12), 15.35
OPX:xl_,’_eXp(ﬁJ(Z)) 0€ ( | ) ( )
and, foralli =1,...,n,
= 0 (/2 + fi(2) VYV e 2XFi(y=1|2). (15.36)
=i 1vexp (fo(2) + fi(2) !
<

Remark 15.28 (Second Moments of the Functions f;(Z)) Note that the second
moments of the functions f;(Z) are not necessarily finite unless assumptions are
introduced that are additional to those mentioned in Theorem 15.22. <

Remark 15.29 (Conditional Log Odds Functions) In terms of conditional prob-
abilities, the Z-conditional logit intercept function can be written

PX=*0(y=1|2) ]

folZ) =1n [ pmT=1Z]

(15.37)

Hence, f; may also be called the Z-conditional log odds function of xy. Similarly,

PX=xi(y=1|2)
1-PX=xi(Y=1|2)

f)+fi(Z)=In , VYi=1,...,n (15.38)

(see Exercise 15-2). The function f; + fi: (Q, «Z}) — (R, %) satisfying (fy + 1) (Z) =
fo(Z2) + fi(Z) is called the Z-conditional log odds function of x;. <

Remark 15.30 (Conditional Log Odds Ratio Functions) Equations (15.37) and
(15.38) immediately imply

O il T B T
i = 1n — .
1-PX=xi(Y=1|Z) 1-pX=x(y=1|Z)
PX=i(Y=1|Z)
_ DX=x; —
S [AEEEROEND gy, (15.40)
PX=%(y=1|2)
| 1-PX=x0(Y=1]Z)

for the Z-conditional logit effect functions. Hence, f;(2), i = 1,..., n, is the differ-
ence between the Z-conditional log odds functions of x; and xy, respectively [see
Eq. (15.39)]. Referring to Equation (15.40), f; is also called the Z-conditional log
odds ratio function of x; and xo. <

Remark 15.31 (Conditional Odds Ratio Functions) The exponential function of
fi(2)is
PX=ri(y=1|Z)
1-PX=*i(Y=1|2)
PX=%0(y=1|2)
1-PX=x0(Y=1|2)

explfi(2)] = , Yi=1,...,n. (15.41)
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The composite function exp(f;): (Q%,<77) — (R,9B) is called the Z-conditional
odds ratio function of x; and xo. <

Remark 15.32 (Conditional Risk Ratio Functions) Another closely related func-
tion is

k(2 = =D 1 (15.42)
i(Z) = ————, =1,...,n. .

' PX=x0(Y=1|2)

The function k;: (Q%, ;) — (R, %) satisfying (15.42) is called the Z-conditional
risk ratio function of x; and x,. <

Remark 15.33 (Four Conditional Effect Functions) Hence, under the assump-
tions of Theorem 15.22, we considered four different Z-conditional effect func-
tions: g;, fi, exp(f;), and k;. They all describe Z-conditional effect functions of x;
compared to x, on Y on different scales. <

Remark 15.34 (Independence, Regression Coefficients, and Adjusted Effects)
A property of the conditional effect functions g; not shared by the other effect
functions is the following one: If

E|g(2)|X] = E[gi(2)], Vi=0,1,...,n,

[see Eq. (15.20)] — and, according to Remark 15.19 this follows from indepen-
dence of X and Z — then according to Theorem 15.17,

Elgi(2)] = p:, i=0,1,...,n, (15.43)

holds for the expectations of the functions g;(Z), where p3; are the parameters in
the equation

n
P(Y=11X) = Bo+ ) Bi-Lx=x;- (15.44)
i=1
Note that, under the assumptions of Theorem 15.22, there are always coefficients
Bo,P1,---,Pn € R such that Equation (15.44) holds. From a methodological point
of view, this means that we can ignore pretreatment variables Z in a randomized
experiment with treatment variable X and dichotomous response variable Y and
still interpret the coefficient 3; as the average effect E[g;(Z)] of x; compared to x,
on Y,wherei=1,...,n (see Rem. 15.20). <

Remark 15.35 (Mean Independence and Logit Effect Functions) Note that the
analog to Equation (15.43) does not hold for the expectation of the logit effect
functions. That is, although, under the assumptions of Theorem 15.22, there are
always coefficients Ag, A4,...,1, € R such that

eXpM«O +Z::l=1 A’i : 1X:xi)
L+exp(lo+ X1, Ai1x=y;)

P(Y=1|X) = (15.45)
holds, neither Equation (15.20) nor independence of X and Z imply that A; is
identical to E[f;(Z)]. In fact it is even possible that A; is negative and E[f;(Z)] is
positive (see Example 15.37). <
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Example 15.36 (Joe and Ann With Random Assignment-continued) In Example
14.1, we considered the conditional expectation

P(Y=1]|X,U)

2+ -5'1U=]0e +.2-X - '1'1U=]OE'X
(2+.5-1yepe) + (2—.1-1y_pe) - X (15.46)
= &) +&(U)-X.

with intercept function g satisfying
&) = PU(Y=11U) = 2 + 5-1y_joe
and effect function g; satisfying
g (U) = P (Y=11U) - P=Y=1|U) = 2 = .1-1y—joe
[see Eq. (14.1)]. The average of the U-conditional effects of X on Y is
Elgi()] = E(2 = 1-1y—jee) = 2 — .1-E(Ly=jpe) = .2 — .1-.5 = .15.
In this example this average effect is equal to p; in the equation
P(Y=1|X) = Py + P1-X = 45+.15-X, (15.47)

which illustrates Equations (15.24), (15.43), and (15.44).
The same random experiment is also considered in Example 13.22. There, we
computed

exp(Ao+4;-X) exp(—.201 +.606- X)
P(Y=1|X) = ~ (15.48)
1+exp(Ao+1;-X) 1+exp(-.201+.606- X)
and
e +Yo- 1o + +v3-1y- - X
PY=11X,U) = xp ((Yo+ Y2 Lu=ann) + (Y1 + Y3 - Lu=ann) - X)
1+exp ((Yo+ Y2 Lu=ann) + (Y1 + Y3 - Lu=am) - X)
(15.49)

exp ((.847 —2.234-1yy_ any) + (.539+.442 -1y _pnn) - X)
T 1+exp ((.847 —2.234-1 - pnn) + (539+ 442 -1y ) - X)

showing that the logit of P(Y=1|X) is fo(U)+ f1(U)-X with logit intercept function
JoU) = Yo+ Y2 -Ly=ann = .847—2.234-1y_ann

and logit effect function
AW = Y1 +Y3-Lyeann = 539+.442 -1y .

Note that

A = .606
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Table 15.1. Joe and Ann: Reversed Average Logit Effect

15-3

Outcomes ® Observables Conditional expectations
S
- =
M S =
) = 5} = g
> & = % 2]
= = < =l =]
- = = g =
= = c = | = 2 B S o B
: = § &[S > 5 2| & £
£ fls s E §gl¥ & v F F b 5
&= < %] < o o Il Il ‘Br
= & g E 8 Sl = ¥ 9% = £ &
5 & & | & £ £ &6 |na Q A m o s S
(Joe, no, -) .067 | Joee 0O O | .732 732 5 732 984 252 3.114
(Joe, no, +) 183 | Joe O 1 732 732 5 732 .984 252 3.114
(Joe, yes, —) .004 | Joe 1 0 984 626 5 .732 984 252 3.114
(Joe, yes, +) 246 | Joe 1 1 984  .626 5 732 .984 252 3.114
(Ann, no, -) .067 | Ann 0 0 732 732 .5 732 .268 | —.464 -2.010
(Ann, no, +) 183 | Ann 0 1 732 732 5 732 268 | —.464 -2.010
(Ann, yes, —) 183 | Ann 1 0 .268  .626 5 732 .268 | —.464 -2.010
(Ann, yes, +) .067 | Ann 1 1 268 626 .5 732 268 | —.464 -2.010

# E[fi(U)] = .539+.442 - E(Qy=pnn) = .760.

Hence, although X and U are independent, the logit effect A; of X in the logistic
parametrization of P(Y=1|X) is not equal to the expectation of the logit effect
function f; (U) of the logit in the logistic parametrization of P(Y=1|X,U).

From a methodological point of view this means that random assignment of a
unit to one of two treatment conditions—which creates independence of a treat-
ment variable X and the person variable U—does not imply that the slope A, of
the logit in the logistic parametrization of P(Y=1|X) can be interpreted as the ex-
pectation of the U-conditional logit effect function of treatment variable X on Y.
As mentioned before, it is even possible that 1, is negative and E[ f; (2Z)] is positive
(see Example 15.37).

In examples in which f; (U) = y; isa constant, this implies that A, = y; doesnot
follow from independence of X and U. In contrast, compare the corresponding
invariance property formulated in Theorem 12.42 for a linear parametrization of
a conditional expectation. <

Example 15.37 (Joe and Ann: Reversed Average Logit Effect) Table 15.1 displays
an example in which the coefficient A, in the equation

exp(Alo+4;-X)

P(Y=1|X) =
( | ) 1+eXp(/10+/11 X)

(15.50)

is negative, whereas the expectation E[f;(U)] of the function f;(U) in the equa-
tion
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e U)+ fiU)-X

P(Y=1X,U) = xp (fo(U) + AW)-X)
P 1+exp (fo(U)+ £i(U)-X)

is positive, although X and U are independent. The coefficients of Equation

(15.50) are Ay = 1.005 and A, = —.490, whereas the expectation of the conditional
logit effect function is E[f; (U)] = .552 (see Exercises 15-3 and 15-4). <

(15.51)

Example 15.38 (Joe and Ann With Self-Selection - continued) In this example,
the results are the same as in 15.36. However, whereas in Example 15.36 the aver-
age effect E[g;(U)] = .15 is equal to 3; in Equation (15.47), this is not the case in
Example 15.38. Here, 3; = —.18 [see Eq. (14.6)]. <

Example 15.39 (No Treatment for Joe — continued) In Example 14.3, the func-
tion g;(U) is not P-unique although the intercept function gy(U) and the con-
ditional effect g; (Ann) are uniquely defined. In this example, there are (infinitely)
many functions g; (U) satisfying Equation (15.1). <

15.6 Proofs

Proof of Theorem 15.3
Foralli=0,1,...,n,

E(Y)<oo = E(Y)<oo [Rem. 6.26]
= EX¥(Y)<oo [Rem. 14.6]
= Jareal-valued EX=*{(Y|2) e £57%1(Y|Z). [Box10.2 (x)]

According to Theorem 10.9 and Corollary 10.23, finiteness of E(Y) also implies that there
isa g(X,Z2) € £(Y|X,Z) such that, for real-valued versions EX=Xi(y|z)

n
Y EXN(Y12) 1x=y [(14.28)]
i=0

8X,2)

n
= EXT0(Y[2) dxory + ) EXTN(Y12) 1x=y,
i=1
n

n
= EXTN0(Y|2) = 3 XY 2) 1xas; + )3 EXN(Y|2)1x=y;  [(5.32)]

i=1 i=1

n
EX=%Y|2) + ) [EXN(Y12) - EXTX0(Y|2) |  1x=y,.
i=1

Because the function on the right-hand side of the last equation is (X, Z)-measurable and
P-equivalentto g(X, Z2) € £(Y|X,Z) (see Th. 2.57), itis an element of (Y| X, Z). Defining
the specific version

n
E(Y|X,Z2) = EX*%Y|Z) + Y [EX=¥(Y|2) -E*=0(Y|2)] - 1x=x,
i=1

completes the proof.
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Proof of Theorem 15.17

The existence of a version E(Y|X) € &(Y|X) for which Equations (15.21) to (15.23) hold
has already been proved in Theorem 12.36. Hence, we only have to prove Equation (15.24).
For all versions E(Y | X) € (Y| X),

E(Y|X) = E[E(Y|X,2)|X] [Box 10.2 (v)]
n
= E|8(2) + _Zlgi(Z)'lxzxi X] [(15.6)]
1=
n
= Elgo(2)|X] + ) E[gi(Z)- 1x=y; | X] [Box 10.2 (xv)]
i=1
n

7 Elgo(2)1X] + ) Elgi(Z2)|X]- 1x=x;  [Box10.2 (xiv), 0(1x=x;) € 0(X)]
i

Il
—

n
= Elg(2)] + )_ Elgi(2)]- 1x=x;. [(15.20)]
i=1

According to Lemma 12.37 (i), the second moments of the indicators 1x=y,,...,1x=x, are
finite. Because in Definition 15.4 we also assume (15.5), which implies that the second
moments of the functions g;, i =0,1,..., n, are finite, we can apply Rule (xiv) of Box 10.2.
Furthermore, Remark 7.1 and (15.11) imply E[g;(Z) - X;] < co. Hence, we can apply Rule of
(xv) Box 10.2.

According to Remark 2.18, the right-hand side of the last equation above is X-measurable.
Because it is P-equivalent to all versions E(Y|X) € &(Y|X), the existence of a specific ver-
sion E(Y|X) satistfying Equations (15.21) and (15.24) follows from (10.8).

Proof of Corollary 15.21

According to Box 10.2 (vi) and Equations (6.5) and (10.4), independence of X and Z im-
plies P(X=x;|Z2) = P(X=x;). Because P(X=x;) > 0, we can conclude P(X=x; |Z) > 0. Fur-
thermore, P(X=x; | Z) > 0 is equivalent to P-uniqueness of EX=%i(Y|Z) [see Cor. 14.46
(a) and (c)]. According to Box 14.1 (viii), this implies P-uniqueness of the functions g; (2),
i=0,1,...,n.

Proof of Theorem 15.22

By definition, P(Y=1|X,Z) = E(1y=1 | X, Z). Hence, the existence of measurable func-
tions go, g1,...,8n: (Q%, 7) — (R, ) satisfying Equations (15.25), (15.27), and (15.29) has
already been proved in Theorem 15.3. Assuming 0 < PX=%i (Y=1|Z) < 1 implies finiteness
of the second moments of the P*=*i (Y=1| Z), which in turn implies finiteness of the sec-
ond moments of the g; = PX=Xi(y=1|Z)- PX=%0(Y=1|Z). In order to show that there are
measurable functions fy, fi,..., fn: (Q'Z,dz’) — (R, %) satisfying Equation (15.26) we de-
fine

1;(2) := logit[P*=*i(Y=1|2)], Vi=0,1,...,n, (15.52)
using the logit of PX=%i(Y=1| Z) defined by Equation (13.4). Furthermore, we define

fo(2) = (D), (15.53)
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and
i) = L) -lh(2), Vi=1,...,n. (15.54)
These definitions and Equations (13.5) then yield

logit[PX=*i(Y=1|Z L,z
Pt (y117) exp ( oglF 7( 12)1) _ exp (1i(2)) Vi=ol,...n.
1 +exp (logit[PX=¥i (Y=1|Z)]) 1+exp (1;(2))

Hence, for i = 0, Equation (15.27) implies

exp(fo(2)

= PXEO(Y=112) = —————,
g0 1+exp (fo(2)

and Equation (15.29) yields

gi(2) = PXri(y=1|2) - P*0(¥Y=1|2)
exp (fo(2) + fi(2)) exp (fo(2)

— — , Vi=1,...,n.
l+exp (fo(D) +fi(2)) 1+exp(fo(2)

15.7 Exercises

> Exercise 15-1 Prove that, under the assumptions of Theorem 15.22, assuming (15.2) im-
plies that the conditional probabilities PX=Xi(y=1|Z2), their logit transformations /;(2) :=
logit[P*=¥i(Y=1]2)], i =0,1,...,n, and the differences of these logit transformations are
P-unique.

> Exercise 15-2 Prove Equations (15.37) and (15.38).

> Exercise 15-3 Compute the values of the conditional expectations displayed in Table
15.1 from the probabilities of the elementary events in the second column of this table.

> Exercise 15-4 Using the results displayed in Table 15.1, compute the coefficients 1o and
A1 of Equation (15.50) as well as the expectation of the conditional logit effect function f;.

Solutions

> Solution 15-1 According to Theorem 14.44, assuming (15.2) implies that the condi-
tional probabilities PX=Xi(y=1|Z) are P-unique, which in turn implies that the functions
gi are P-unique [see (2.36)].If, forall i =0, 1,...,n, the PX=Xi(y=1|Z) are P-unique, then
the functions /;(Z) and their differences [see Egs. (15.53) and (15.54)] are P-unique as well
[see (2.34) and Rem. 2.76].

> Solution 15-2 The conditional logit intercept function can be written

fo(2) = logit(PX=% (v=1|2)) [(15.28), (13.5)]

_ | P OEUD) [(13.4)]
T 1-pX=xv=112) ]’ ’
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Furthermore,

fo(2) + fi(2) = logit(P*="i(Y=1|2)) [(15.30), (13.5)]
PX=xi(y=1|2)

—I—PX:xi(Y:IIZ) . [(13.4)]

=1In

> Solution 15-3 All these values are displayed in Table 15.1.

> Solution 15-4 Using Equations (13.5), (13.7), as well as the conditional probabilities
P(Y=1|X=x) displayed in Table 15.1 yields

Ao = In(.732/(1-.732)) = 1.005,
Ado+A1 = In(.984/(1-.984)) =~ .515,

and A; =.515—-1.005 = —.490. The expectation of the logit effect function f; is

E[fiU] [(6.15)]
3.114-.5-2.010-.5 = .552. [Table 15.1]

Ey(fi)

u
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independence
and P-equivalence, 169
and absolute continuity, 169
and conditional mean independence,
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and distribution function, 182
and probability densities, 184
and product measure, 169
conditional, see conditional inde-
pendence
family of o-algebras, 143
family of events, 142
family of random variables, 167
family of set systems, 142
measurable mappings, 170
of Nn-stable set systems, 143
of n random variables, 168
of a constant and a set of events,
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of arandom variable and a set sys-
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of an event and a set system, 143
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infinite measure, 23
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w.r.t. a measure with density, 107
w.r.t. aweighted sum of Dirac mea-
sures, 101
w.r.t. a weighted sum of measures,
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w.I.t. an image measure, 102
w.r.t. the Lebesgue measure, 94
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joint distribution, 164
joint distribution function, 181
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Lebesgue measure, 22
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linear logit parametrization, 372
identification, 376
linear logit regression, 376
linear parametrization
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efficients, 361
identification, 358
means as coefficients, 360
linear parametrization of a conditional
expectation, 350
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linear quasi-regression, 213
and linear regression, 356
and regression, 301
equivalent characterizations, 219
linear regression, 359
and linear quasi-regression, 356
and normal distribution, 360
identification, 358
linearity
of the integral, 96
link function, 370
log odds, 374
log odds ratio, 374
log-odds, 370
logit effect function, 427
logit intercept function, 427
logit of a conditional probability, 370
logit transformation, 369

marginal density, 178
marginal distribution, 165
marginal distribution function, 491
marginal probability density, 491
marginalization of a conditional expec-
tation, 487
mean centered random variable, 206
mean independence, 307
and conditional distributions, 484
and correlational independence, 311
mean squared error, 213, 227
measurability w.r.t. a mapping, 57
measurable mapping, 46
measurable set, 5
measurable space, 6
measure, 17
measure space, 17
measure with density, 106
mixture of probability measures, 131
moment, 206
moment of a numerical random variable,
205
monotonicity
of a conditional expectation, 299
of a measure, 19
of an integral, 93, 100
MSE, mean squared error function, 213
{-almost everywhere, 100
multiple correlation, 327
multiple linear logistic regression, 376
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multiple linear quasi-regression, 227
multiple linear regression, 359
multiplication rule for probabilities, 133
multivariate Bernoulli distribution, 243
multivariate Bernoulli variable, 242
multivariate mapping, 55

multivariate normal distribution, 260
multivariate random variable, 164

negative part of a function, 63
nonnegative step function, 83
and counting measure, 88
and Dirac measure, 87
normal representation, 84
normal distribution, 252
and linear regression, 360
bivariate, 261
density, 252
multivariate, 260
standard, 252
univariate, 252
normal representation of a nonnegative
step function, 84
null set, 27
integral over a null set, 98
null-set equivalence of two measures, 109

odds ratio, 375
outcome of a random experiment, 128

pairwise independence, 142
P-almost all, 158
partial (X, Z=z)-conditional expectation,
393
partial correlation, 336
partition of a set, 10
P-equivalence, 158
and absolute continuity, 161
and conditional distributions, 477
and distributions, 160
and independence, 169
of compositions, 160
of random variables, 158
PB_expectation, 198
pointwise convergence, 91
Poisson distribution, 246
approximation of the binomial dis-
tribution, 246
distribution function, 246
positive part of a function, 63
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power set, 6
probability density, see aso densityl76
ofa continuous real-valued random
variable, 183
of a probability measure, 175
of arandom variable, 176
probability function, 172
and density, 177
of a marginal distribution, 174
probability measure, 127
with density, 175
probability of an event, 127
probability space, 127
product o-algebra, 14, 56
product measure, 24
and independence, 169
product set, 3
projection mapping, 56
P-uniqueness, 292
of a conditional expectation, 292
of a conditional expectation w.r.t.
conditional-probability mea-
sure, 403
PB_uniqueness, 392

quantile, 180
quantile function, 180
and inverse distribution function,
180
quasi-integrable, 94
quasi-regression
linear, 213

Radon-Nikodym derivative, 109
Radon-Nikodym theorem, 109
and probability density, 176
random sample, 168
random variable, 153
continuous, 183
discrete, 172
discrete real-valued, 173
numerical, 154
real-valued, 154
regressand, 279, 301
regression, 301
and linear quasi-regression, 301
discrete, 279
regression coefficients, 359
invariance, 364
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regressor, 279, 301
residual
w.r.t. a conditional expectation, 322
w.r.t. alinear quasi-regression, 219,
228
residual w.r.t. a conditional expectation
rules of computation, 323
restriction of a measure, 23
Riemann integral and Lebesgue integral,
104
risk ratio, 375
rules of computation
for a residual w.r.t. a conditional
expectation, 323
for conditional covariances, 334
for conditional expectation values
given a value of a random vari-
able, 277
for conditional expectation values
given an event, 276
for conditional expectations given
a o-algebra , 297
for conditional expectations given
arandom variable, 298
for conditional variances, 335
for covariance matrices, 226
for covariances, 218
for expectations of random matri-
ces, 225
for measures, 19
for probabilities, 129
for the expectation of arandom vari-
able, 204
for variances, 207

set system, 4
o-additivity of a measure, 17
o-algebra, 5
Borel, 12
countably generated, 11
final, 53
generated by a composition, 59
generated by a family of mappings,
55
generated by a mapping, 52
generated by a multivariate map-
ping, 55
generated by a set system, 9
generated by an indicator, 52

SUBJECT INDEX

trivial, 28
o-field, see o-algebra
o-finite measure, 23
o-subadditivity, 19
sign function, 64
simple function, 83
simple linear logistic regression, 376
simple linear regression, 352, 359
identification of the intercept, 359
identification of the slope, 360
intercept, 352
slope, 352
singleton, 6
skewness, 209
slope
ofalinear quasi-regression and cor-
relation, 221
of a simple linear quasi-regression,
215
of a simple linear regression, 352
stability of a set system w.r.t. intersec-
tions, N-stability, 15
standard deviation, 206
of the sample mean, 208
standard error
of the sample mean, 208
standard normal distribution, 252
step function, 49
normal representation, 84
strictly diagonally dominant matrix, 362

t-distribution, 256
theorem
B. Levi, 103
Bayes’ theorem for densities, 491
Bayes’ theorem for events, 137
central limit, 253
Fubini, 110
of total probability, 136
Radon-Nikodym, 109
transformation theorem for a con-
ditional expected value, 274
transformation theorem for an in-
tegral, 102
transformation theorem of an ex-
pectation, 201
trace o-algebra, 8
trace of a set system, 8
transformation theorem
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for a conditional expected value,
274

for an expectation, 201

for an integral, 102

for conditional distributions, 486
triple-wise independence, 142
trivial o-algebra, 28
trivial o-algebra w.r.t. a measure, 28

uncorrelated random variables, 217
uncountable union, 6
uniform distribution, 250
union
of countably many sets, 5
of finitely many sets, 5
uniqueness
of a conditional expectation w.r.t.a
probability measure, 292
of a conditional expectation given
a o-algebra, 291
of a factorization, 302
univariate normal distribution, 252
density, 252
distribution function, 252

variance, 206
of an indicator, 206
of the sample mean, 208
rules of computation, 207

Z-transformation, 208
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m o<Wy > <

(e}

=N ®V =A ) ©O

=V

Aanot, IX

Ab or, IX

Ab and, IX

Aca implies, IX

Acb equivalent to, IX

Ada there is (synonymously, there exists), IX

Adb forall, IX

Sacaaa element of, IX

SadaaaVmgaaa indicator (function) of the set A, 20
Saeaaa union of sets, IX

Safaaa intersection of sets, IX

Sahaaa set difference, IX

Sahcaa complement of a set A with respect to a set Q, IX
Sajaaa subset or equal, IX

Sajbaa Cartesian product or product set, IX

Sajbba product o-algebra, 14

Sajbba product measure, 24

Sajbbb composition of two mappings, 58
SajbbbUfoaaa measure with density, 106

SajbbbVmaaaa p-equivalence of mappings, 65

SajbbbVmhaaa smaller than except for a y-null set, 67
SajbbbVmkaaa greater than except for a p-null set, 67

SajpbbVmmaaa smaller than or equal except for a p-null
set, 67

SajpbbVmoaaa greater than or equal except for a p-null
set, 67

SajbbbVmogaa P-equivalence of random variables, 158
SajbbbVmsaaa equal for py-almost all w € Q, 65

SajbbbVpuaaa absolute continuity of a measure with re-
spect to another measure, 109

SajbbbVpvaaa null-set equivalence of two measures, 109
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JPL SajbbbVtvaaa independence with respect to the probability
measure P, 142
[a,b] Sajbca closed interval between real numbers a and b, 6
la,b] Sajbcc half-open interval including b but not a, 12
{x} Sajbcg singleton, i. e., the set that contains x as the only el-
ement, 6
(0} Sajbcj empty set, IX
(Aj,iel Sajhcg family of sets A;, i € I, where the index set I may be
finite, countable, or uncountable, IX
UierAi Sakaaa union of the sets A;, i € I, IX
NierAi Samaaa intersection of the sets A;, i € I, IX
;?:1 Aj Samcaa union of finitely many sets Aj,..., A, 5
U‘l?zl A; Sameaa union of countably many sets Ay, Ay, ..., 5
;?:1 A; Samfba intersection of finitely many sets Ay, ..., A,, 6
r’];’.gl A; Samfca intersection of countably many sets A;, A, ..., 6
X?:1Ai Samfga Cartesian product or product set of n sets A4;, IX
nli_l}loo an Sbaaaa limit of a sequence ay, ay, ... of real numbers, IX
?:1 a; Scaaaa sum of the numbers a;,..., a,, IX
‘1?21 a; Sccaaa nll_I:Iloo y ;‘:1 a;, IX
?:1 a; Sdaaaa product of the real numbers a,,...,a,, IX
A ®...09, Sdchaa product o-algebra of the o, ...,7,, 14
?:1 o Seaaaa product o-algebra of the «#,...,o7,, 14
f fdp Siaaaa integral of a measurable function f: (Q,«/, u) — (R ,AB)
with respect to the measure y, 94
f Wfdu Sigaaa integral of a measurable function f(Q, o/, u) — (R, %)
with respect to the measure p over a subset A of Q, 96
J, f fx) dx Simaaa Riemann integral of the function f from a to b, 105
o | Qo Svcaaa trace of the set system «f in the set Qp, 8
‘6} Svgaaa final o-algebra of € under f, 54
(Q, <) Tcaaaa measurable space, 6
(Q, <, 1) Tcfaaa measure space, 17
(Q, <, P) Tcjaaa probability space, 127
ftA—B Uaaaaa mapping fassigning to each a € A one and only one
element b eB, IX
fa Udaaaa image of the set A under f, 41
fhAh Ugaaaa inverse image of the set A’ under f, 41
{feA Uhaaaa := f~1(4"), 41
{f=w'} Ujaaaa:= f 1({n'}), 42
(fi,iel Umaaaa family of mappings, 55
e Umaaaa set of the inverse images of all sets A’ € &'. If &'is a

o-algebra, then f ~1(&") is the o-algebra generated by f, 49
gof, 8(f) Umgaaa composition of f and g, 58
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Umiaaa absolute value function of f, 63
Umkaaa positive part of the function f, 63
Umlaaa negative part of the function f, 63

Umoaaa the sequence fi, f>,... of functions converges point-
wise and monotonically from below to f, 91

Vaaaaa (Q, ), (', &) are measurable spaces and the map-
ping f: Q — Q' is («/, ¢ ")-measurable, 47

Veaaaa (Q, o/, ) is ameasure space and f: Q — Q' is amap-
ping, 65

Vhaaaa f: Q — Q' is an («/, </ ')-measurable mapping and
p is a measure on (Q, &), 65

Vmaaaa the mappings f and g are y-equivalent, 65

Vmhaaa f is smaller than g except for a set A of arguments
with u(A) =0, 67

Vmkaaa f is greater than g except for a set A of arguments
with u(A) =0, 67

Vmmaaaf is smaller than or equal to g except for a set A of
arguments with p(A) =0, 67

Vmoaaa f is greater than or equal to g except for a set A of
arguments with p(A) =0, 67

Vmsaaa f(w) = g(w), for p-almost all w € Q, 65

Vptaaa image measure of 4 under f, 68

Vpuaaa the measure v is absolutely continuous with re-
spect to the measure u, 109

Vpvaaa the measures p and v are null-set equivalent, i.e.,
they are absolutely continuous with respect to each other, 109
Vtvaaa the events A and B are independent with respect to
the probability measure P, 142

Vtvea a family of events A; that are independent with re-
spect to the probability measure P, 142

Vtveda the events A and C are B-conditionally independent
with respect to the probability measure P, 144

Vtvgaa the set systems &; and &» are independent with re-
spect to the probability measure P, 143

Vtvhaa a family of set systems &; that are independent with
respect to the probability measure P, 143

Vtvoaa the event A and the set system &) are independent
with respect to the probability measure P, 143

Vtvtha a family of random variables X; that are indepen-
dent with respect to the probability measure P, 167
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L Xy, Xn
&1 X
P

XA (Yiiel

L& ieDIB
Y

A, B,€,9,8
A ®...0 )y
| q,

B

an

B

B

Cov(X,Y)

Cov (11, Ys | X=Xx)

Cov™ =% (Y1, Y2)
Cov(Y1,Y2 |6)

Corr (X,Y)
Cov (11, Y2 | X)

!
€y

Corr (Y1, Y2 | X=x)

Corr(Y1,Y2;6)
Corr (Y1, Y2; X)
dv

du

0w

E(Y)

E(x)
EB()

E(Y|B)
E(Y|X=x)

E(Y|X=x)

List of Symbols

Vtvtla the random variables Xj, ..., X, are independent with
respect to the probability measure P, 168

Vtvtoa the set system & and the random variable X are in-
dependent with respect to the probability measure P, 168
Vtvtua the random variable X and the (o-algebra generated
by the) family of random variables are independent with re-
spect to the probability measure P, 168

Vtvwaa a family of set systems &; that are B-conditionally
independent with respect to the probability measure P, 146

Xtyaaa arithmetic mean (sample mean) of the random vari-
ables Y1,...,Y,, 204

Zababe set systems, sometimes o-algebras , 4

Zaeabe product o-algebra of the «#,..., ), 14

Zahabe trace of the set system < in the set Qg, 8
Zbcaaa Borel o-algebra on R, 12

Zbccaa Borel o-algebra onIR”, 13

Zbcfaa Borel o-algebra on R, 13

Zbgaaa Borel g-algebraon R ", 13

Zccaaa covariance of the random variables X and Y, 216
Zccmaa (X=x)-conditional covariance of Y7 and Y», 331

Zccoaa covariance of Y; and Y, with respect to the conditional-
probability measure PX=%, 332

Zcgaaa a version of the ¢ -conditional covariance of ¥; and
Y, 329

Zcgaaa correlation of the random variables X and Y, 220

Zcgcaa a version of the X-conditional covariance of ¥; and
Y>, 330

Zchaaa final o-algebra of € under f, 54

Zcllaa (X=x)-conditional correlation of Y; and Y>, 337
Zclmaa partial correlation of ¥; and > given €, 336
Zclnaa partial correlation of ¥; and Y» given X, 336

Zdgaaa Radon-Nikodym density (also Radon-Nikodym deriva-

tive) of v with respect to u, 109

Zdmaaa Dirac measure at (point) w, 21

Zeaaaa expectation of the random variable Y, 197
Zefaaa column vector of expectations, 223

Zehaaa expectation of the random variable Y with respect
to the probability measure P5, 198

Zeiaaa conditional expectation value of Y given the event
B, 272

Zeifaa conditional expectation value of Y given the event
{X=x}, also denoted by E(Y[{X=x}), 272

Zeifga (X=x)-conditional expectation value of Y, 303
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E(X)
Ey(g)

E¥=*(g)
EXZ)C(Y)

EX=5(y)

E(Y|X)
E(Y|X)

EY|X1,..., Xn)

EY|¥€)
E(Y|€6)

EB(Y|96)
&B8(y|¢)
EB(Y|X)
EB(Y|X=x)
EB(Y|X)
EZ=2(Y|6)
EZTE(Y|€6)
EZ=%(Y|X=x)
E(Y|X,Z=2)
EZ=%(Y|X)
EZHY|X)
EZ=%(Y|X=x)

EZ=2(Y| X, W)
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Zejaaa matrix of expectations, 224

Zejaaa expectation of the random variable g with respect to
the distribution of the random variable Y, 201

Zelaaa expectation of g with respect to the distribution P;(:x, 274

Zemaaa expectation of Y with respect to the conditional-
probability measure PX=%, 273

Zemaaa expectation of Y with respect to the conditional-
probability measure PX=%, 273

Zepaaa residual of a random variable Y with respect to its
% -conditional expectation, 322

Zepbaaresidual with respect to a (multiple) linear quasi-re-
gression, 228

Zeqgaa a version of the X-conditional expectation of Y, 290
Zeqgca set of all versions of the X-conditional expectation
of Y, 292

Zeqgce a version of the conditional expectation of ¥ given
the multivariate regressor X, ..., X, 291

Zeqgea a version of the 6-conditional expectation of Y, 290
Zeqgha set of all versions of the ¢ -conditional expectation
of Y, 292

ZEYCCc a version of the ‘¢-conditional expectation of Y
with respect to the measure P53, 389

ZEYCCfthe set of all versions of the 6-conditional expecta-
tion of Y with respect to the measure PB, 389

ZEYXXc a version of the X-conditional expectation of Y
with respect to the measure P53 390

ZEYXXe an (X=x)-conditional expectation value of Y with
respect to the measure PB, 396

ZEYXXf the set of all versions of the X-conditional expecta-
tion of Y with respect to the measure P2, 390

ZEZCCc a version of the %¢-conditional expectation of Y
with respect to the measure PZ=%, 390

ZEZCCfthe set of all versions of the 6-conditional expecta-
tions of Y with respect to the measure PZ=%, 390

ZEZXXb an (X=x)-conditional expectation value of Y with
respect to the measure PB 397

ZEZXXbb a version of the partial (X, Z=z)-conditional ex-
pectation of Y (with respect to the measure P), 393
ZEZXXc a version of the X-conditional expectation of Y
with respect to the measure PZ=%, 391

ZEZXXf the family of all versions of the X-conditional ex-
pectation of Y with respect to the measure PZ=%, 391
ZEZXXj an (X=x)-conditional expectation value of Y with
respect to the measure PZ=%, 398

ZEZXXk a version of the (X, W)-conditional expectation of
Y with respect to the measure PZ=7, 408
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ZEZXX1 a version of the o(%¢ U 2)-conditional expectation
of Y with respect to the measure PZ=2, 407

ZEZXXn a version of the ¢[%¢ U o(Z)]-conditional expecta-
tion of Y with respect to the measure PZ=%, 407

Zfcaaa distribution function of a real-valued random vari-
able X, 179

Zfcgaa joint distribution function of Xj, ..., X;, 181
Zfgaaa F(b) — F(a), 105

Zfgbaa probability density of a continuous real-valued ran-
dom variable X, 183

Zfgjaa absolute value function of f, 63

Zfhaaa positive part of the function f, 63

Zfiaaa negative part of the function f, 63

Zflaaa family of mappings, 55

Zfoaaa measure with density f with respect to y, 106
Zgfaaa composition of f and g, 58

Ziaaaa indicator (function) of the set A, 20

Ziahaaindicator of theevent {X€A'},i.e., Iycar=1x1 ah 156

Zialaa indicator variable of the event {X=x}, 273

Zicaaa set system of all half-open intervals in R, 12

Zidaaa identity mapping, 48

Zigaaa set system of all half-open cuboids in R", 13
Zloaaa logit transformation, 369

Zlobaa logit of P(Y=1|¥), 370

Zlraaa Lebesgue measure on (R", %8,), where A := A, 22
Zmaaaa general symbols for measures, 17

Zmaaaa counting measure, 21

Zmfaaa image measure of y under f, 68

Zmgaaa product measure of yy,..., 1, 24

Zncabe the measure v is absolutely continuous with respect
to the measure u, 109

Zngabe the measures p and v are null-set equivalent, i. e.,
they are absolutely continuous with respect to each other, 109
Znhabe set of all positive integers without zero, i.e., IN =
{,2,...,}, 5

Znhcbe set of all nonnegative integers including zero, i. e.,
Ny=1{0,1,2,...,}, 4

Zohaaa probability space, 127

Zpbhaa power set of Q, 6

Zpcaaa probability measure, 127

Zpceaa probability of the event A, 127

Zpcgaa probability of the event {X=x} = X "1 ({x}), 154
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P(XeA) Zpcjaa probability of the event {X €A’} = X ~1(A"), 154
P(A|B) Zpcjaa conditional probability of A given B (with respect to
the probability measure P), 132
P(X €A, X,eB) Zpcjca probability of the event {X; € A’} n{X,eB'}, 166
P(A|X=x) Zpcnca conditional probability of the event A given the
event {X=x}with P({X=x}) > 0, also denoted by P(Al{X=x}), 273
P(A|X=x) Zpcnce conditional probability of the event A given the
event {X=x}, also called (X=x)-conditional probability of
A, 303
P(Y=y|{X=x}) Zpcncfa conditional probability of the event {Y=y} given
the event {X=x} with P({X=x}) >0, also denoted by P(Y=y|X=x), 274
P(Y=y|X=x) Zpcnda conditional probability of the event {Y=y} given

the event {X=x}, also called (X=x)-conditional probability
of {Y=y} and also denoted by P({Y=y}|X=x), 303

P(A|€6) Zpcnga a version of the 6-conditional probability of the
event A, 290

P(A|€6) Zpcnha set of all versions of the ¢ -conditional expectation
of the event A, 292

P(A|X) Zpcnia conditional probability of the event A (with respect
to P) given the discrete random variable X, 278

P(AIX) Zpcniaa a version of the X-conditional probability of the
event A, 290

P(AlX) Zpcnja set of all versions of the X-conditional expectation
of the event, 292

P(Y=y|X) Zpcnjb a version of the X-conditional probability of the
event {Y=y}, 290

pX=x Zpcpaa the (X=x)-conditional probability measure on (Q2, &), 161

Py Zpcpca distribution of the random variable X (with respect
to P), 154

Px,,..x, Zpcphajoint distribution of the random variables Xj, ..., X,

the distribution of the multivariate random variable X =
(X1,...,X5,), 164

(Px)g Zpcqaa image measure of Px under g, 155

pE Zpcnaa B-conditional-probability measure, 138

P)? Zpfgaa distribution of X with respect to the conditional-
probability measure PB, 161

px Zpiaaa probability function of a discrete random variable
X, 172

Px1, X2 Zpifaa probability function of the bivariate random variable
X =(X1,X2), 174

T Zpkaaa jth projection mapping, 56

PB(A|%) ZPYCCc a version of the %-conditional probability of the
event A with respect to the measure P?, 389

PB(A1€) ZPYCCH the set of all versions of the ¢-conditional proba-

bility of the event A with respect to the measure P5, 389
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PB(A|1X) ZPYXXc a version of the X-conditional probability of the
event A with respect to the measure P53, 390

2B(A1X) ZPYXXe the set of all versions of the X-conditional proba-
bility of the event A with respect to the measure P5, 390

PBA|X=x) ZPYXXe an (X=x)-conditional probability of A with respect
to the measure PB, 396

PZ=2(A|X=x) ZPYXXe an (X=x)-conditional probability of A with respect
to the measure P4=%, 397

P72 (A|€6) ZPZCCc a version of the ¢-conditional probability of the
event A with respect to the measure P53, 390

PL=Z(A|€) ZPZCCfthe family of all versions of the ¢ -conditional prob-
ability of the event A with respect to the measure PZ=%, 390

PZ=2(A|X) ZPZXXc a version of the X-conditional probability of the
event A with respect to the measure PZ=7, 391

PL=2A|X) ZPZXXe the family of all versions of the X-conditional prob-
ability of the event A with respect to the measure P%=%, 391

Qx Zqgfaaa quantile function of a real-valued random variable
X, 180

Q Zghaaa set of all rational numbers, 13

Qiin(Y1X) Zqglaaa the composition of X and the linear quasi-regression
(or linear least-squares regression of Y on X), 214

Qiin(Y1Xy,..., Xn) Zgmaaa linear quasi-regression of Y on Xj,..., X, 227

Ry|x Zrgaaa multiple correlation of Y and X, 327

Ry|x1,... X, Zrgcaa multiple correlation of Y and (Xj,..., X,,), 327

R12/|<g Zrhjaa coefficient of determination of E(Y|€¢), 325

R12/|X Zrhjca coefficient of determination of E(Y|X), 325

Rlz/IXu...,Xn Zrhjda coefficient of determination of E(Y| X,..., X};;), 326

R Zrjcbe set of all real numbers, 3

R? Zrjfaa Cartesian product R xR, 3

R" Zrjfaaa n-fold Cartesian product Rx... xR, 3

R Zrjjaa extended set of all real numbers, i. e., R =RuU{oco,—o0}, 13

SD(Y) Zscaaa standard deviation of the random variable Y, 206

SE(Y) Zscdaa standard error of the sample mean of the random
variables Y7,...,Y,, 208

sgn(f) Zscdha sign function of f, 64

SD(Y|X=x) Zsckaa (X=x)-conditional standard deviation of Y, 331

SD(Y|¥6) Zscmaa a version of the € -conditional standard deviation
of Y, 330

SD(Y1X) Zscmaa a version of the X-conditional standard deviation
of Y, 330

a(&) Zsdhaa o-algebra generated by the set system &, 9

a(f) Zsdhda o-algebra generated by the mapping f, 52

a(fi,..., fn) Zsdhfa o-algebra generated by the mappings fi,..., fu, 55
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a(X)

Zxy

Zyx

Var(Y)

Var (Y| X=x)
Var(Y|X)
Var(Y|€6)

X

X

XN ety)

X = Y
X(w)P_:a‘Y(o))

a.

XY

Zy
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Zsdhja o-algebra generated by the random variable
X, 166

Zsiaaa covariance matrix of x and y, 224

Zsmaaa variance-covariance matrix of x, 226

Zvaaaa variance of the random variable Y, 206

Zvcmaa (X=x)-conditional variance of Y, 331

Zvcmaa a version of the X-conditional variance of Y, 330
Zvgaaa a version of the €-conditional variance of Y, 330
Zxcaaa column vector of numerical random variables, 223
Zxdaaa matrix of numerical random variables, 223

Zxdhjb o-algebra generated by the random variable X, 166
Zxhaaa X and Y are P-equivalent, 158

Zxhjaa X and Y are identical for P-almost all w € Q, 158

Zyjaaa arithmetic mean (sample mean) of the random vari-
ables Xj,..., X, or Y1,..., Yy, respectively, 204

Zzaaaa Z-transformation of the random variable Y, 208



